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The study of quantum degenerate atomic Bose–
Fermi mixtures has become very active in the field of
dilute quantum gases. Degenerate Bose–Fermi mix-
tures are very rich systems: depending on the relative
sign and magnitude of the scattering lengths, the mix-
ture can coexist, phase-separate, or collapse [1, 2]. In
particular, Bose–Fermi mixtures in which the fermions
are well inside the boson cloud are very appealing,
since this implies an efficient sympathetic cooling of
the fermionic species down to the degenerate regime
and opens the possibility of investigating the BCS tran-
sition of Cooper pairs.

So far the mixtures experimentally realized are the
following three: 

 

6

 

Li–

 

7

 

Li [3], 

 

6

 

Li–

 

23

 

Na [4], and 

 

40

 

K–

 

87

 

Rb
[2, 5, 6]. The first two mixtures are characterized by a
repulsive Fermi–Bose interaction and, therefore, do not
exhibit a large overlap between the two species, but
they could undergo a two-component separation [2, 5].
On the contrary, 

 

40

 

K–

 

87

 

Rb mixtures have a large attrac-
tive boson–fermion interaction, thus allowing for an
overlap between fermions and bosons. This mixture
was first obtained by the LENS group, who observed
the collapse above some critical values of the particle
numbers [7] and determined the interspecies scattering
length from collisional measurements [6, 8, 9]. Very
recently a new experimental determination of the
boson–fermion interaction of the 

 

40

 

K–

 

87

 

Rb mixture was
done in JILA by measuring the relaxation rates [10]; the
value obtained is in slight disagreement with the one
obtained in [6, 8].

From a theoretical point of view, a fairly large
amount of work has been devoted to the study of boson-
fermion mixtures, including their ground-state configu-
rations [1, 2, 11] and the spectrum of collective excita-
tions [12, 13], but the study of vortex states has not been
yet addressed in degenerate Bose–Fermi mixtures, only
in binary Bose–Bose mixtures [14]. The occurrence of
quantized vortices is an essential feature of superfluid
systems [15]. Since their first experimental observation
[16], these topological singularities have been studied

in detail in confined condensates (see [17–19] and ref-
erences therein). It may thus be interesting to investi-
gate the physical appearance of such vortices that arise
in the bosonic component in the presence of a fermionic
cloud that is in the normal (nonsuperfluid), but quantum
degenerate, phase. This is the aim of our work, which
bears some similarities with the description of quan-
tized vortices in 

 

3

 

He–

 

4

 

He nanodroplets that was
recently addressed [20].

This work is organized as follows. In Section 1, we
describe the mean-field model we used. In Section 2,
we derive analytical expressions for the position of the
maximum of the bosonic and fermionic densities in
some particular cases. In Section 3, we present the
numerical results obtained by solving the mean-field
coupled equations when the condensate sustains a
quantized vortex for a different number of bosons and
fermions up to the critical values where collapse of the
mixture occurs. A summary is given in Section 4.

1. THE MEAN-FIELD MODEL

We consider a mixture of a Bose–Einstein conden-
sate (B) and a degenerate Fermi gas (F) at zero temper-
ature confined in spherically symmetric traps 

 

V

 

B

 

 and 

 

V

 

F

 

and with angular frequencies 

 

ω

 

B

 

, 

 

ω

 

F

 

 for bosons and fer-
mions, respectively.

Within the mean-field framework, bosons are
described by the Gross–Pitaevskii theory and, for the
fermionic component, the Thomas–Fermi–Weizsäcker
(TFW) approximation provides a good description
when the number of trapped fermions is large [2]. The
fermionic kinetic-energy density can then be written as
a function of the local fermion density 

 

n

 

F

 

 and its gradi-
ents. For fully polarized spin-1/2 fermions, it reads

(1)τF r( ) 3
5
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where 

 

M

 

F

 

 is the mass of the fermionic species. The
Weizsäcker coefficient 

 

β

 

 is fixed at 1/18. This term con-
tributes little to the kinetic energy, and it is usually
neglected [2]. However, its inclusion [13] has the major
advantage that it yields an Euler–Lagrange (EL) equa-
tion for 

 

n

 

F

 

 that is well-behaved everywhere, thus avoid-
ing the classical turning-point problem that arises when
this term is neglected (the Thomas–Fermi approxima-
tion).

Neglecting all 

 

p

 

-wave interactions, the energy-den-
sity functional for the Bose–Fermi mixture at zero tem-
perature has the form [2]

(2)

where 

 

n

 

B

 

 = 

 

|Ψ|

 

2

 

 is the condensate density and 

 

M

 

B

 

 is the
boson atomic mass. The boson–boson and boson–fer-
mion coupling constants 

 

g

 

BB

 

 and 

 

g

 

BF

 

 are written in
terms of the 

 

s

 

-wave scattering lengths 

 

a

 

B

 

 and 

 

a

 

BF

 

 as

 

g

 

BB

 

 = 4

 

π

 

a

 

B

 

�

 

2

 

/

 

M

 

B

 

 and 

 

g

 

BF

 

 = 4

 

π

 

a

 

BF

 

�

 

2

 

/

 

M

 

BF

 

, respectively.
We have defined 

 

M

 

BF

 

 

 

≡

 

 2

 

M

 

B

 

M

 

F

 

/(

 

M

 

B

 

 + 

 

M

 

F

 

).

When the condensate sustains a quantized vortex
line along the 

 

z

 

 axis, the condensate wave function can
be written using the Feymann–Onsager ansatz as 

 

Ψ

 

 =

 

|Ψ|

 

e

 

im

 

φ

 

, where 

 

m

 

 = 1, 2, 3… is the circulation quantum
number and 

 

φ

 

 is the angle around the 

 

z

 

 axis. The
kinetic-energy density for the bosonic component is
then

(3)

The second term is the centrifugal energy arising from
the velocity flow of bosons around the vortex core with
quantized circulation, which pushes the bosonic atoms
away from the core. In the present paper, we have con-
sidered only singly quantized vortices (

 

m

 

 = 1). We
assume that the Fermi component is not superfluid and
consider it to be in a stationary state. This situation can
be achieved experimentally by waiting sufficiently long
after the generation of the vortex in the condensate for
the drag force between bosons and fermions to dissi-
pate.

The variation of 

 

�

 

 with respect to 

 

Ψ

 

 and 

 

n

 

F

 

, under
the constraint of the given number of bosons and fermi-
ons (

 

N

 

B

 

 and 

 

N

 

F

 

), yields the following coupled Euler–
Lagrange equations:

(4)
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(5)

where µB and µF are the boson and fermion chemical
potentials, respectively. Eq. (4) is the Gross–Pitaevskii
(GP) equation for bosons with a new term describing
the boson–fermion interaction. The ground state
(m = 0) or a vortical state can be obtained by solving
the GP equation for bosons (Eq. (4)) coupled to the
Thomas–Fermi–Weizsäcker equation for fermions
(Eq. (5)). Due to the inclusion of the Weizsäcker term

in �( ), solving Eq. (5) is no more complicated than
solving the GP equation. This can be readily seen by
writing the latter in terms of nB:

(6)

which is formally equivalent to Eq. (5). We have dis-
cretized these equations using nine-point formulas and
have solved them on a 2D (r, z) mesh. The results have
been tested for different sizes of the spatial steps (∆r =
∆z ~ 0.1 µm). We have employed the imaginary time
method to find the solution of these coupled equations
written as imaginary time diffusion equations [21].
After every imaginary time step, the densities are nor-
malized to the corresponding particle numbers. To start
the iteration procedure, we used positive random num-
bers to build both normalized densities. This avoids the
introduction of any bias in the final results. We also
checked that the solutions fulfill the generalized virial
theorem [22].

2. DENSITY PROFILES: ANALYTICAL 
CONSIDERATIONS

We investigate the shape of the density profiles and
obtain analytical expressions for the position of the
maximum of the bosonic and fermionic density in two
limiting cases. These points are interesting since it is
around them that the densities grow indefinitely and,
thus, the mixture collapses. In the next section, we will
see that these analytical expressions obtained in two
particular cases remain valid for an arbitrary number of
fermions and bosons.

2.1. Large Number of Bosons

Let us consider a large Bose condensate in the Tho-
mas–Fermi (TF) regime and a small number of fermi-
ons. The condensate density hosting a vortex line along
the z axis can be approximated from Eq. (4) by neglect-

�
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ing the first kinetic energy term and the interaction term
with fermions [17]:

(7)

with Θ(x) = 1 if x > 0 and zero otherwise. This density
is zero at r = 0 due to the flow around the vortex core
and reaches its maximum value on a circle of radius

r0 =  around that axis. We consider now
the effect of a quantized boson vortex line in the fer-
mion distribution. The effective fermion potential has
two main terms, namely, the external potential and the
mean-field term arising from the interaction with the
bosons, which is proportional to the condensate den-
sity:

(8)

The minimum of  inside the condensate can be cal-

culated using  and defining the dimensionless
parameter

(9)

with i = r, z; this yields that it is located at z' = 0 and

(10)

Thus, the minimum of the effective fermion potential
and, therefore, the maximum of the fermion density is
attained on a circle of radius r' around the vortex line.

2.2. Large Number of Both Bosons and Fermions

We consider now a Bose–Fermi mixture with a large
number of bosons and fermions. In this case, the effect
of the fermions in the GP equation cannot be neglected.
However, the gradient terms in the EL equations can be
neglected since both components are large; in the case
of bosons, this is the TF approximation, and in the case
of fermions, the gradient term is a correction to the

leading term proportional to . From Eq. (4) we
obtain the following expression for nB:

(11)
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Substituting it into Eq. (5), where the gradient terms
have been neglected, and deriving the resulting expres-
sion with respect to r, we get

(12)

The extremum in the fermionic density is found by set-
ting ∂nF/∂r = 0 with nF ≠ 0, which means that the fol-
lowing equation has to be fulfilled:

(13)

whose solution coincides precisely with the value of r'
found in the previous case (Eq. (10)).

3. NUMERICAL RESULTS

We consider a singly quantized vortex line along the
z axis in a 40K–87Rb mixture. We have assumed spheri-
cally symmetric traps for bosons and fermions, with the
trap frequencies ωB = 2π × 100 Hz and ωF =

. Using the set of scattering lengths of [9],
namely, aB = 98.98a0 and aBF = –395a0, where a0 is the
Bohr radius, dimensionless parameters (9) introduced

in the previous section are  = 0.136 and (1 – )1/4 =
0.964. And using the value of the boson–fermion scat-
tering length measured in JILA [10], aBF = –250a0, we

find  = 0.1996 and (1 – )1/4 = 0.946. The two val-
ues of aBF yield different values of γr . However, from
Eq. (10) it follows that, in the presence of a vortex state
in 40K–87Rb mixtures, the position of the maximum of
the fermionic density is very close to the bosonic one
for the two different boson–fermion scattering lengths
measured in [9] and [10]: r' ~ 0.96r0.

We have numerically solved Eqs. (5) and (6) for dif-
ferent numbers of bosons and fermions using the set of
scattering lengths from [9]. We plot in Fig. 1 several
density profiles in the z = 0 plane for configurations
hosting a singly quantized vortex line in the conden-
sate. We have fixed NB = 105 and have considered three
different fermion numbers, namely, NF = 0 (dotted
line), 1500 (solid line), and 15000 (dashed line). As
expected, the condensate density vanishes on the z axis
due to the velocity flow of 87Rb atoms around the vortex
core. When NF = 0, the maximum of the condensate
density is located in the z = 0 plane, in a circle of radius
r0 = 1.13 µm that is marked with a vertical line in the
graph. The density profiles of fermions are also peaked
around r0 independently of the number of trapped fer-
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mions. This is in agreement with the positions r' ~
0.96r0 obtained using the simplified model of the previ-
ous section. It is interesting to note that upon increasing
NF at a constant NB, the fermion and boson density pro-
files become sharper due to their mutual attraction. The
attractive boson–fermion interaction produces an
enhancement of the density of both species in the over-
lap volume.

It can be seen in Fig. 1 that fixed NB when the fer-
mion concentration is small, namely, NF/NB ≤ 5% (solid
line), the fermion cloud is completely inside the con-
densate because the attractive interaction between
bosons and fermions dominates the repulsion of the
Pauli principle. However, when the number of trapped
fermions is above a certain value, namely, NF/NB ~
10%, a fairly large number of fermions remains
unmixed. In this case, the Pauli principle forces the fer-
mions to occupy excited single particle states of the
trapping potential with a larger radial extension,
whereas the bosons are in the vortex state. The manifes-
tation of the Fermi pressure can be seen in the inset of
Fig. 1 as the long tail in the fermion density profile out-
side the condensate for a dilution NF/NB = 15% (dashed
line). It is interesting to note that, when the condensate
hosts a vortex line, fermions can separate from bosons
not only outside the condensate but also occupying the
region inside the vortex core (see the finite fermion
density along the z axis).

In Fig. 2 we plot several density profiles in the z = 0
plane for a fixed number of fermions NF = 20000, and
we consider three different numbers of condensate
atoms, namely, NB = 10000 (dotted line), 50000

(dashed line), and 80000 (solid line), all of which host
a quantized vortex line along the z axis. From this figure
one can see that, even for large fermion concentrations
NF/NB > 25%, the densities of fermions are peaked
around the maximum of the condensate density, which
remains in the same position, namely, r0 = 1.13 µm, as
in the case of a vortex state in a pure condensate
(marked with a vertical line in the graph). The enhance-
ment of the overlapping densities increases with the NB

due to the attractive interaction between bosons and fer-
mions. And the tail of fermions outside the condensate
increases with NF/NB, as the number of fermions with-
out mixing increases.

Due to the attractive boson–fermion interaction, sta-
ble trapped 40K–87Rb mixtures can only have a limited
number of fermions and bosons. If the numbers of

atoms increase above some critical values  and ,
an instability occurs [2]. It has been shown that the
mean-field framework is able to reproduce the critical
numbers for collapse [9]. We have calculated the stabil-
ity diagram of the 40K–87Rb mixture by solving coupled
mean-field Eqs. (5) and (6) for different values of NB

and NF . In our study, the instability signature is the fail-
ure of the numerical iterative process. In particular, the
instability onset appears as an indefinite growth of the
maximum of the densities, which triggers the collapse.

We display in Fig. 3 the stability diagram for the
40K–87Rb mixture in the NB – NF plane. The dots are the

theoretical prediction for ( , ). The lines have
been drawn to guide the eye and represent the critical
instability lines that determine the boundary between
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Fig. 1. Boson and fermion density profiles in the z = 0 plane
of 40K–87Rb configurations hosting a vortex line with m = 1.
In all cases, NB = 105. The different lines correspond to
NF = 0 (dotted line), NF = 1500 (solid lines), and NF =
15000 (dashed lines). The inset shows a magnified view of
the fermion density distributions.
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Fig. 2. Boson and fermion density profiles in the z = 0 plane
of 40K–87Rb configurations hosting a vortex line with m = 1.
In all cases, NF = 20000. The different lines correspond to
NB = 10000 (dotted lines), NB = 50000 (dashed lines), and
NB = 80000 (solid lines). The inset shows a magnified view
of the fermion density distributions.
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the stable (left) and unstable (right) regions in two dif-
ferent cases: (a) vortex-free configurations and (b) vor-
tex state in the condensate component of the Fermi–
Bose mixture. From Fig. 3 one can conclude that, for
the 40K–87Rb mixture, the presence of a vortex in the
condensate allows for a stable mixture for larger parti-
cle numbers. The reason is that a vortex state, as well as
a sag displacement [22], diminishes with respect to the
concentric case with no vorticity the enhancement of
the density of both species in the overlap volume
caused by their attractive mutual interaction.

4. SUMMARY

We have studied vortex states in Fermi–Bose mix-
tures with attractive mutual interactions. In particular,
we studied 40K–87Rb mixtures confined in spherically
symmetric trapping potentials for both species.

We have derived analytical formulas for estimating
the position of the maximum of the fermionic and
bosonic densities in two different limiting cases:
(i) when NB � NF and the condensate is in the Thomas–
Fermi regime, and (ii) when the numbers of bosons and
fermions are large. In both cases we obtained the same
analytical expression: the position of the maximum of
fermions is proportional to the position of the maxi-
mum of bosons by a factor that only depends on γr . This
dimensionless parameter depends only on the values of
the boson and boson–fermion scattering lengths,
masses, and confining frequencies, and it yields that, in
40K–87Rb, the maxima of both species are very close.

We have solved numerically the coupled mean-field
equations (GP equation for bosons coupled to the TFW
equation for fermions) for different numbers of bosons
and fermions. We have shown that the position of the
maximum of the condensate density is fixed by the
presence of a quantized vortex and that it is insensitive
to the presence of trapped fermions. Moreover, we have
seen that the position of the maximum of the fermionic
density is also very insensitive to the fermion concen-
tration NF/NB and that it is located close to the maxi-
mum of the condensate density. The analytical values
are thus in good agreement with the numerical results
and remain valid up to the critical atomic numbers.

Finally, we have shown that the critical atomic num-
bers that the mixture can sustain before it collapses may
be increased when the condensate hosts a quantized
vortex line. In this case, a larger overlap region between
both species has been found, which may favor sympa-
thetic cooling.
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