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Within the theoretical framework of divergence-type theories (DTTs), we set up a consistent nonlinear
hydrodynamical description of a conformal fluid in flat space-time. DTTs go beyond second-order (in
velocity gradients) theories, and are closed in the sense that they do not rely on adiabatic expansions. We
show that the stress-energy tensor constructed from second-order conformal invariants is obtained from
the DTT by a consistent adiabatic expansion. The DTT satisfies the second law, and is causal in a set of
fluid states near equilibrium. Finally, we compare, analytically and numerically, the equations of motion
of the DTT and its truncation to second-order terms for the case of boost invariant flow. Our numerical
results indicate that the relaxation towards ideal hydrodynamics is significantly faster in the DTT than in
the second-order theory. Not relying on a gradient expansion, our findings may be useful in the study of

early-time dynamics and in the evolution of shock waves in heavy-ion collisions.
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I. INTRODUCTION AND MOTIVATION

There is currently a great interest in relativistic dissipa-
tive hydrodynamics, mainly due to its application to the
description of the hot dense QCD matter created in the
Relativistic Heavy-Ion Collider experiments [1-16]. The
application of the AdS/CFT correspondence [4,17-24] to
study strongly-coupled conformal plasmas inaccessible to
kinetic theory, has also fueled considerable interest in the
formal aspects of this formalism. The study of the hydro-
dynamic regime of conformal field theories is important
since QCD is approximately conformal at high tempera-
tures [25].

The need for dissipative corrections in modeling heavy-
ion collisions is (at least) twofold. First, quantum uncer-
tainty prevents the existence of a perfect fluid. Since first-
order relativistic hydrodynamics [26,27] is known to have
strong drawbacks, among them lack of stable solutions and
acausal propagation of perturbations, one should really go
to second-order theories (see, however, Refs. [28,29]).
Second, the description of heavy-ion collisions in terms
of perfect hydrodynamics works well in almost central
Au + Au collisions near midrapidity, but gradually breaks
down in noncentral collisions and at forward rapidity [1—
3,13-15].

The complete second-order stress-energy tensor of a
strongly-coupled conformal fluid in d =4 space-time
was given independently by Baier er al. [20], and by
Bhattacharyya et al. [21]. Recently, Loganayagam [30]
developed a very useful Weyl-covariant formalism and
proposed a local entropy current consistent with the
second-order T, derived previously and with the second
law (see, also, related work of Romatschke, Ref. [31]). One
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of the most important results of Refs. [20,21,30] is that
these works show that the hydrodynamic description of a
conformal fluid does not belong to the conventional Israel-
Stewart (IS) [3,9,13,32,33] formalism (see, also,
Refs. [3,4] for a discussion of this issue). This is because
the conventional (or entropy-wise) IS theory, not being a
controlled gradient expansion [3,14], cannot account for
shear-shear coupling, which is present in the stress-energy
tensor of the conformal fluid [3,8,20,31] (see Refs. [14-16]
for interesting discussions on this and related issues in the
context of dissipative fluid dynamics as derived from ki-
netic theory).

The main purpose of this paper is to set up a consistent
hydrodynamical description of a conformal field theory
within the theoretical framework of divergence-type theo-
ries (DTTs) [34—40]. Our goal is to go beyond second-
order theories (in velocity gradients) by formulating a
theory in closed form, that is, without reliance on adiabatic
expansions. We will not tackle the full problem of a
conformal fluid in curved space-time [20,21,30,31], but
limit ourselves to Minkowski space-time. Another aim of
this work is to analyze the causality properties of the DTT
developed here, and to compare our results for the stress-
energy tensor with those obtained from the derivative
expansions of Refs. [20,21,30]. We note that we do not
calculate transport coefficients in this paper, but assume
they are known either via kinetic theory or the AdS/CFT
correspondence.

DTTs are interesting alternatives to the IS formalism
(although they may be physically equivalent in certain
cases) because the conditions for hyperbolicity and cau-
sality of the full nonlinear evolution can be stated in very
simple terms. As clearly shown by Liu, Muller, and
Ruggeri [36], DTTs are often more general and flexible
than the IS theory, allowing a systematic derivation of
nonlinear terms in constitutive equations, which are not
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captured by entropy-wise IS theory (see Refs. [3,9,14—
16,20,23]). Besides, they have the extra advantage that,
being the equations of motion of divergence type, discon-
tinuous solutions (shocks) can be given mathematical
meaning, which is relevant to the phenomenon of conical
flow in heavy-ion collisions [23,24]. Moreover, and this is
an important point for what follows, the symmetries of the
theory can be coded directly on the generating function of
the DTT.

The main results we arrive at are that: (i) for the case in
which the second-order transport coefficients A, and A3
vanish, the second-order (in velocity gradients) stress-
energy tensor constructed from conformal invariants
[20,21,30] can be consistently derived via an adiabatic
expansion from the DTT we set up; and (ii) the DTT and
its adiabatic expansion are causal for states near equilib-
rium, and satisfy the second law. We also obtain, as a
simple illustration, the hydrodynamic equations of the
DTT for the case of boost invariant flow, and compare
them to those of the second-order theory. Our numerical
results show that the DTT approaches the ideal fluid be-
havior faster than the second-order theory.

We believe that the DTT presented here may be useful in
the study of two aspects of heavy-ion collisions, both of
which seem to require theories going beyond second-order
velocity gradients: first, early-time dynamics, where veloc-
ity gradients are not small and for which even IS formalism
shows unphysical behavior such as reheating [14] (see also
Chesler and Yaffe [24], who study the creation and evolu-
tion of a boost invariant anisotropic plasma directly from
the gravity side, and El, Xu, and Greiner [11], who develop
a novel third order theory); second, the evolution of initial
state fluctuations [38], for which higher order terms are
crucial (see particularly the work of Lublinsky and
Shuryak [23], who developed a linearized hydrodynamical
theory that includes, in principle, all-order velocity gra-
dients). In this respect (that of “resumming” higher order
velocity gradients), the developments of Ref. [23] are
related to ours. We note that the DTT developed here
contains, in addition, all quadratic terms in velocity.

The paper is organized as follows. In Sec. II, we briefly
review divergence-type theories. In Sec. III, we first review
some basic properties of the hydrodynamics of conformal
field theories, and then set up the divergence-type theory of
a conformal fluid. We also prove that the DTT satisfies the
second law exactly, and obtain the hydrodynamic equa-
tions. In Sec. IV, we investigate the causality properties of
the DTT, for fluid states near equilibrium. In Sec. V, we
show that the dissipative part of the stress-energy tensor
obtained from second-order (in velocity gradients) confor-
mal invariants can be obtained from a consistent adiabatic
expansion of the DTT. We note that the DTT cannot
reproduce terms containing the vorticity tensor. In
Sec. VI, we compare, analytically and numerically, the
hydrodynamic equations of the DTT and of the second-
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order theory for the case of Bjorken flow. The paper closes
up with a brief summary of results.

II. DIVERGENCE-TYPE THEORIES

In this section we give a brief summary of DTTs.
Detailed discussions can be found in Refs. [34,38-40]
(see, also, Ref. [36]).

According to Geroch and Lindblom [34], the hydro-
dynamical description of a nonequilibrium state requires,
besides the particle current N, and the stress-energy tensor
T,,, anew third order tensor A,,,, obeying an equation of
motion of divergence type. The dynamical equations are
the conservation laws of N, and T,,, together with an
equation describing the dissipative part:

ARYP = 7P (1)

where A and [ are algebraic local functions of N and 7" and
symmetric in the indices (v, p). A semicolon stands for a
covariant derivative. The entropy current is extended to

SH = QK — B,TH — aNF — AF"PE,  (2)

where B, = u, /T is the temperature vector, « = /T is
the affinity, ®# is the thermodynamic potential, and §,,, is
symmetric, traceless, and vanishes in equilibrium. Note
that, in equilibrium, S# is Killing and « is constant.

We now require that the entropy and the thermodynam-
ical potential be algebraic functions of («, B8, &,,,). If the
entropy production is to be nonnegative, then

LR [ |
Ja aBV aé:vp

Thus, as a consequence of the equations of motion, the
entropy production rate is

S,l,ll't = _vafllp' (4)

= ArvP,.(3)

Since the stress-energy tensor is symmetric, we must
also have

Ix
OH = 5
9B, &)
where x(a, B, £,,,) is the so-called generating function
of the theory. This means that every DTT is completely
determined once y and [ are specified as algebraic func-
tions of «, B, £,,. The theory thus constructed satisfies
the principles of relativity and entropy, and fully exploits

the latter [36].

Introducing the symbols /4 to denote the set
(@, By €ur)s Af the set (N#, T#?, A#7P), and Iy the set

(0,0,1 ;w)’ the theory is summed up in the equations
dPH
= ¥ Sto=—1z0"  Ah, =1z (6

The equations of motion can also be written as
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M LS =1 (N
where
Mpe = Mgy = 0°®#/aPacC. (8)

The system of equations (7) is automatically symmetric
since matrix M/, is symmetric in the indices A and B due
to the fact that partial derivatives conmute. Causality is
therefore ensured if the quadratic form M} w, is negative
definite for all future directed timelike vectors w,, or
equivalently if Q* = M}.6{88¢C is timelike and future
oriented for any displacement 6{* from an equilibrium
state [34,35]. Note that causality depends on the form of
MY and not of I5.

III. CONFORMAL HYDRODYNAMICS AS A
DIVERGENCE-TYPE THEORY

We consider the hydrodynamic regime of a conformal
quantum field theory in d = 4 flat space-time (for a general
discussion, not limited to conformal fields, see
Refs. [7,41]). In such a theory, the classical action eval-
uated on the classical equations of motion is invariant
under a Weyl transformation g,, — ¢ 2¢®"g . where
w is a function of space-time coordinates x”. The classical
stress-energy tensor of such a theory is necessarily trace-
less, while the quantum one presents Weyl anomaly. As
shown in Ref. [20], in even dimensions d the number of
derivatives appearing in the Weyl anomaly is precisely d,
which means that second-order hydrodynamics in d = 4
dimensions is Weyl invariant. It is straightforward to show
that, for a conformal theory,

THY e(d+2)wT,u.V (9)

under a Weyl transformation. Therefore, for a conformal
fluid the conservation law of energy momentum 74" = 0,
where a semicolon denotes covariant differentiation, is
automatically Weyl covariant (see, for example,
Refs. [5,30,42]).

The tracelessness condition 7}, = 0 imposes p = (d —
1)p and ¢ = 0, where p is the energy density in the local
frame, p is the thermodynamic pressure, and ¢ is the bulk
viscosity. The transformation rule for 7#" implies p —
e?“ p, the four velocity u* — e“u*, and the temperature
T — ¢“T, which means that the temperature vector S* =
u*/T has conformal weight equal to zero. In addition,
Eq. (9) implies that the shear viscosity n = AT¢"!, with
A a constant (see, for instance, Refs. [20,21,30,31]). In
equilibrium B,.,) = 0, which means that B, is a Killing
vector (the parenthesis around the indices stand for sym-
metrization). The four velocity is normalized as u, u* =
—1, and we use the signature (—, +, +, +). We will make
use of these properties in what follows.

A divergence-type theory is completely specified by its
generating function y(a, B*, £#7) and source tensor

PHYSICAL REVIEW D 80, 126002 (2009)

Ipy(a, B*, £#), where (a, B, £7) are the fugacity, the
temperature vector, and a symmetric and traceless tensor
that vanish in equilibrium, respectively. Our starting point
will therefore be the specification of y and I as algebraic
functions of the set («, B*, £#7). We will deal with the
source tensor later on, so for the moment we focus on y.

Since we want to construct a quadratic DTT (in devia-
tions from equilibrium), we will consider terms which are
at most quadratic in the nonequilibrium tensor £#”. For
simplicity, we will restrict ourselves to a conformal theory
with no conserved charges, which means a = 0. In this
case, it is convenient to employ the energy or Landau-
Lifshitz frame [7,13,27]. The generating function which
satisfies these requirements can be written as

X=Xo0 T xontxe

3
= xo(T) + X1 (Déurbu + 3 ¥ (T)SEP7 €6 py
i=1

(10)
with

1
MHVpo pAO)Y _ VApo
StyPT = AHOATY — AR AP

Sé;””’ = e APy o)

11
wvpo 3 [(AHY 3 (ArC (h
S =——+u“u”ZT+w"u"

3) 4\ 3

ARV = ghV + yty?,

This is the most general local scalar constructed from 7',
guv» u*, and &,,, which is quadratic in the latter. In
Eq. (11), A*” is the spatial projector orthogonal to u*.
From the transformation rule for g*” and u* we immedi-
ately obtain A*” — ¢*“A*”. The tensors S(;”” produce
the most general decomposition of a symmetric and trace-
less tensor around a timelike direction u*.

As already mentioned, conformal invariance requires
T+ — ed¥DoTry and Th = 0. In a DTT, this means

2 2
_ X — e(d+2)wa—X (12)
B,9B, BB,
and
82X
guw———=0. (13)
" 0BLoB,
Note that
out
= TA~®Y
B,
IAYY oT
= T2 [A®”BY + BXAY? d = T2y".
9B, [A®"BY + B*AY"] an 9B, u
(14)
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In the following, we will describe how these conditions

determine the scalar functions y,; and X(zi) appearing in
Eq. (10). It is clear that the conditions given in Egs. (12)
and (13) must be satisfied separately by the zeroth-, first-,
and second-order terms of the expansion of y. This is
because truncating the expansion at zeroth-, first-, and
second-order does not break the conformal invariance of
the resulting hydrodynamic theory. In other words, the
zeroth-, first-, and second-order terms of 7#” are indepen-
dent of each other.

A. Perfect fluid

At zeroth order, condition (13) on the stress-energy
tensor

5" = pgh” + utu'lp + p] (15)

implies p = (d — 1)p. In a DTT we have (recall that p and
p are equilibrium quantities and thus completely deter-
mined by yg)

dxo dxo &> xo
THY = T3guv ZAY 4 T30 V<3_——-+-T————), 16
0 g dT u~u dT de ( )
which implies
dxo dxo d*xo
=732 d =T3<2—+T ) 17
P="rar P ar ") 7

Therefore, we find that in a conformal DTT y, must satisfy

d’xo _(d—3)dxo

= . 18
dT? T drT (18)

The solution to Eq. (18) is
xo=aT? 2 +da (19)

where a and a’ are constants. Note that @’ is irrelevant since
it does not change T4, so we set it to zero.

From the transformation rule for 7 we immediately
obtain y, — e¢¢"2¢ y,. Taking into account that B¢ is
Weyl invariant while

—w

e “u, Cnu
Ba— g =€ *Ba (20)
we have
62Xo
THY = A9 e(d—2)we4wT,U«V _ e(d+2)¢uT/.LV (21)
O 9BLIB, 0 0

as it should.

From the above it is clear that, in order to obtain the
correct conformal weight for the complete second-order
stress-energy tensor [Eq. (12)], the generating function
given in Eq. (10) must transform like y, under a Weyl
transformation. That is, we require that

x — ey (22)

As already noted, this implies that the first- and second-
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order terms x(;) and () have conformal weight equal to
(d—2).

B. Linear DTT

We will now determine y;(A) and from it the stress-
energy tensor at first order in the nonequilibrium tensor

faB:

T =Tg" + (23)
with
I’ xa
= — 2 (24)
IBLIB,
It is convenient to rewrite the first-order term in y as
X)) = lepo‘upuo- = lepa’ﬁplga (25)

with y; = T?x,. The tracelessness condition g,,,7}"" =0
implies the following the differential equation for y:

d* ¥ dxi
T———2->—=0 26
dT? dT (26)
whose solution is
Y1 (T)=b+ cT? 27)

with b and ¢ constant.

The issue of how to choose the integration constants b
and c is not trivial. The criterium of a bounded solution is
not compelling enough [43] to support the choice of con-
stant ¢ = 0. However, we would like to point out that the
requirement that the generating function must have a defi-
nite transformation law under conformal transformations
means that the two constants b and ¢ cannot be both
different from zero at the same time. Therefore there are
two families of conformal divergence-type theories: one
with b = 0, ¢ # 0 and the other with » # 0 and ¢ = 0.
Moreover, the physical content of both familes is the same.
Indeed, if we substitute b by ¢T?, but after computing the
energy-momentum tensor we replace §,, by T3¢ v WE
obtain once again Eq. (41). Of course, to reach this con-
clusion we use that the physical nonequilibrium tensor §,,,
is transverse with respect to the four-temperature B* (this
fact will be shown in what follows), so extra terms in the
energy-momentum tensor vanish identically. Given the
physical equivalence of both classes of theories, we have
chosen to investigate only the b # 0 case as a matter of
simplicity.

As it can be seen from Egs. (22) and (25) and the fact
that B# is Weyl invariant, setting ¢ = 0 implies that the
conformal weight of £, is equal to d — 2. Therefore,

£,,—eVE, and EFY— eldTDgnr o (28)

From the generating functional determined above, the
tensor of fluxes
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*xa
65&7835

APy = (29)

becomes
b
A2Y = b(g™*BY + g7 B%) — 5 B2, (30)

where we have used that

8¢,y 1
54y 2

1
(8505 + 8580) = 78,007 (31)

which follows since £, is symmetric and traceless.
The divergence of the tensor of fluxes is

, b
A2 5 = b = 2 B 5. (32)
The first-order divergence-type theory is summed up by
Eq. (32) together with
" = DbErY (33)
and
A&W;és = ], (34)

The system of equations (32)—(34) must lead to the same
T’f " of Eckart’s theory (for a conformal fluid), which can be
written as [34,36,38]

Ty B
T?I; = _nsﬁ;}pg(u(ﬁ;a) - ?ﬂu(p) = _nTSfJi)pUB(p;U)
(35)
where the last equality follows from the transversality of
Sﬁ;’ P7 Note that, since
Bipio) = €2 Bloir Sy — €Sy (36)

we must have, from Eq. (35), that n — e 71, and therefore
1(T) = const T°.

In order for the first-order stress-energy tensor obtained
from the DTT to coincide with that of Eckart’s theory we
must provide a linear relationship between the source
tensor /%Y and the nonequilibrium tensor £%7:

%Y = —pewog (37)

Using Eqgs. (32)—(35) we obtain

b2
pever = s, (38)
n

where we have used that

g ShyPT = AR AL —IALAPT =0 (39)
since
ABAY = AP, A =ABa  and AK =3
(40)
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Since the conformal weights of £,, and /7 are both
equal to 2 [see Egs. (32)—(34)], it is seen from Eq. (37) that
the tensor D*Y?? must be Weyl invariant. From Eq. (38)
this implies n = T?, as before. Note also that the require-
ment 7}, = 71" automatically implies 8,&*” = 0, since

Sﬁ)yp 7 is transverse. We have

fary == go-a'y (41)
where o, = S(l)aw,,u(”;”). The physical meaning of &#”
being transverse is that the bulk viscosity and the heat flux,
which are both proportional to 8%, [38], vanish. The
vanishing of the heat flux is expected since the chemical
potential is zero, whereas the bulk viscosity is zero since
the theory is conformal. In the next section we will show
that the transversality of £#” holds in the quadratic theory
as well.

C. Quadratic DTT

We now go over to the quadratic stress-energy tensor
given by

TR =T + 747 + 74" (42)
with
X0
= A (43)
o 0BLIB,

From the conformal weights of £,,, given in Eq. (28),
and of Sg)y P7 [see Eq. (36)] it is seen that, to obtain the

correct conformal weight for 7#”, we must have X(zi) =

c;T™%, where c¢; are constants to be determined. This
ensures that y(;) in Eq. (10) has conformal weight equal
to (d — 2), which means 75" has conformal weight equal to
(d+2).

The tracelessness condition, Eq. (13), will determine
relations among the coefficients c¢;. The quadratic contri-
bution to the stress-energy tensor can be written as

3
=T Y S Eavépe (44)
i=1

where we have defined the operator

Ff“’=6T’4(4T2,8”B”—6””)—6T*4<,8”i+ g )

B, B,
82
+T0— (45)
9BLIB,
In this notation, the trace of 75" becomes
3
8unm =T Y S Eavépe (46)
i=1

with
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2

d
-2
NI 5.0 ﬁ") (47)

Computing the derivatives and equating the coefficients
of the Lorentz invariants

4 = —T—4<48 + 128, — —
9B,

APAYTE 0y € por
IBaIBUApyfa'y fpo‘r and (48)
B BB’ B7éayé por

to zero (g, 75" = 0), we find a linear system of equations
for the three unknowns c;. It turns out that the equations
involving ¢, and c¢3 (which come from the invariants
B2AE? and B*€?) are inconsistent with each other, the
only way out being imposing that

B*éay =0. (49)

That is, the tracelessness of 75" forces the transversality of
the nonequilibrium tensor &,g. This means that the heat
flux and the bulk viscosity remain zero at second order,
which is a satisfying result. With this additional require-
ment on the nonequilibrium tensor, ¢, is left unspecified,
while the remaining equation (coming from the invariant
A“PAY7E €, - and relating ¢; and c3) reads

cp = _%C3. (50)

Therefore, we have found that the quadratic part of
generating function of a conformal fluid can be written as

X2 = T_G[CI(SEXJPU - %Sé;/pg) + CZSéilpg]ga'yé:pa'
(51

From Eq. (51) we can calculate the tensor of fluxes

X

AT = A e
ay

=AY + A (52)

where A2*? is the first-order term given by Egs. (29) and

(30). We can rewrite A, as
Agav — Gﬁa)/po'fpm (53)
with
G2a7P7 = 2T~ (=6B°S(177 + RSP + BYS"T)
+ 2c, A7 (AP BY + BXAPY)
+ 2¢, AP (A2 BY + BEAY)]. (54)
The divergence of A3*7 is

Saypo 9
5 aG Epor
AZ;%Y IBW;5§P¢T + Gore

8577 agﬂ'ﬁ

We get, after some algebra,

Engs (55)
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A‘;;’é)’ — _4T237TG8a'yp(r§pa_ﬁﬂ_;§ + 2T—4cl(_6K;75a7Po'
8 8

+ K;TO( Ypo 4 K;Tya pg)fpa'ﬁﬂ';ﬁ + G(Saypa'é‘:pg_;a

+ AT ey (ATD (AP 67 + APY57e)
+ AP (AT*E™Y + ATYE™))E oy B (56)

with
moaypo 8 cuYpaT a QTYPT ampo
K727 = §m0S P + T2 B2(BS()"7 + BYS7).

(57)

In order to have a complete theory at second order in
deviations from equilibrium, we must find a suitable source
tensor I, quadratic in £#”. We will find the constraints
imposed on 7, by requiring that the second law holds, and
by the fact that £#” is traceless and transverse, and find an
explicit expression for /,. Guided by linear results, we will
consider that /, has the form

L7 = JOPTRYE (58)

where J = J(B%, A°7).
In a DTT, the entropy production is simply S, =
=17 ,,. We have

S:l:L = Sﬁ!,l] + SilZ = Daypa-gp(ré‘:ay - Izoz‘yé:ay
= Daypo'é‘:p(ré:ay - Jayp(rﬂvfayfpafﬂw (59)

S%.1; is the entropy production of the linear DTT (in &),
and is clearly positive definite. The problem comes from
S%.1>, which has no definite sign. In order for the second
law to hold for arbitrary £, we must require that

7€, = 0. (60)

We will now find the explicit form of J*YP7X" [see
Eq. (58)]. Since 157 is a local function of B* and A*”,
&MY is traceless and transverse, and Eq. (60) must hold, we
see that J*YP7»” can only have two terms, one proportional
to B¥BY and the other to A®”. In addition, the only non-
vanishing scalar we can form out of £,,§,,, is

S(p][;-luyfp(ré:y,y = fpggpu' (61)
Therefore, we have
JOvPorr = (f(T)B*BY + fo(T)A*)S{TH (62)

where the f;(T) are functions of temperature we must
determine. It can be checked from Eq. (56) that

BaByAYS =0, (63)

which means that f; = 0. In order to find f,(T), we will
consider a power law dependence and use the fact that /,
has conformal weight equal to 2. Recalling that A% and
S{7“" have conformal weights 2 and 4, respectively, we
immediately obtain f, = g7~ 8, where g is a constant.
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So, the final expression for I, becomes
7 = gT‘SA”fl,UfP". (64)

We have proven that the DTT satisfies the second law for
arbitrary values of the nonequilibrium tensor £#¥, provided
I, is given by Eq. (64). The entropy production is simply
[recall Eq. (38)]

b2

S‘:L = D‘”’"’fpafay = ﬁ

&7 o (65)

D. Exact hydrodynamic equations

In this subsection we will obtain the explicit form of the
equations of motion of the DTT.

We first turn our attention to the quadratic part of the
stress-energy tensor, 7,. From Eq. (44) we get after some
algebra

Y= ETTHEREL — AR L), (66)

where & = 2¢; + ¢,. We note that B, 75" = B,75" =0
and, of course (we calculated the coefficients for this to
happen) 75, = 0. The divergence of 75" reads,

ThY = —AG T2 (ER gL — LAV ETE ) BTR,
— LT 2E E (BHAYT + BTART)B.,,,
+ETHEE,, + E108y )
= 3T AR ETE . (67)

From Egs. (15), (33), and (67), the conservation of the
complete stress-energy tensor becomes

) = [§T6(4u”u” + ghv) — 46, T2
1
X (f'uaflo}( - gA'u'Vfayfa'y>]:87T:8ﬂ';V

+ (gT6 - %51T—2§“7§M)(3”A” + BYA*T) By

+ 51T74(§W9§g;,, + fue‘fz;v)
2
- 551T74AMV§‘#0§#0;V + b‘fﬁ/y =0, (68)

where we used that p = aT* and p = p/3.

In the spirit of divergence-type theories, the stress-
energy tensor conservation should be supplemented with
Ai;” = %Y, which stands on the same footing as the
conservation equations [7,36,38]. We have already ob-
tained /%7 in Sec. III C. Together, they completely describe
the space-time evolution of the system (within the hydro-
dynamic approximation).

In this section, we completed our first task of finding the
generating function y and the source tensor /57 that de-
scribes a conformal fluid in flat space-time. We constructed
the DTT by requiring: (i) y is quadratic in deviations from
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equilibrium, represented by the dissipative tensor ¢; (ii) the
stress-energy tensor derived from y is traceless and has the
correct conformal weight; (iii) the theory reproduces, at
first order, the relativistic Navier-Stokes stress-energy ten-
sor; and (iv) the theory satisfies the second law for arbi-
trary &£. We have also obtained the equations of motion of
the exact theory, which will be used in Sec. VI in the
context of Bjorken expansion.

IV. CAUSALITY

In this section we investigate the causality properties of
the DTT constructed above. As noted in Sec. II, causality is
determined solely by the generating function y of the
theory, and not by the source tensor /%”. In order to analyze
causality of a DTT, let us define

A= (B €m) and My, =a'x/aB,al" 0L, (69)

being (A, B) collective indices. The DTT is causal (in a set
of fluid states near equilibrium) if the vector M} 67%6¢¢
is timelike and future oriented for any displacements
(8B, 8£€) from an equilibrium state [34—40].

Since we are interested in proving causality for fluid
states near equilibrium, it will be sufficient to deal with

3’ x
MY = (7) (70)
AB g BRIl g
where
i@ = (e =0) )
Tg
denotes equilibrium values.
The only nonvanishing terms of M X 5lE are
M| = ( X0 )
" e \oBLap Bl g
MIL — ( 83/\/(1) ) — (6A§V5) and
vom E aﬁﬂaﬂﬂafvﬁ 52 aBﬂ' {2
9’ dA%
Mysm| = (%) = ( 2;(53) . (72
' E aﬂ,u,af af a af &

where x(o), x(1), and x() are given by Egs. (19), (27), and
(51), respectively.

Performing the corresponding derivatives, we get

M} s|e = 8aT[(6TzB,Bs + 85,)8* + Bs8Y + 8,05 Ik
MYs g =0(8,,65 + 85,64 —%g’;é,,é) and
lejﬁ,ﬂ'(ilE = TE_4(2F1//LS779 o %gpg-Fll/LSp(r(SW@)E’ (73)

where, for brevity, we have defined the tensor
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Fz}/tﬁpa' = Cl(_6ﬂMS(1)V8p(r + %E'MAVSApa-
+ TZA/JO’BVBSBM + lgvszul)‘spo— + BBSG)W)O—
- %(A’;/LBS + BVA’:SL)Apa')
+ ZCZAg(ApVﬁ(S + ﬁVApB)' (74)

Since Eqgs. (73) are covariant, we can use any frame to

study causality of our DTT. The frame u* = (1,0) turns
out to be very convenient. In this frame we have

0B, = (—t,w) (75)
and
A B! B* B3
B' 4,
ny —
o0& B d, (76)
B3 dy

In writing the above equations, we have used the general
decompositions of a vector V# and a tensor W*” in time-
like and spacelike parts

V# = Vyut + X* and

77
WH” = Autu” + B*u” + u*C” + E* 77

PHYSICAL REVIEW D 80, 126002 (2009)

with
V=-u,V¥ XH = Abvy,
A=W*uy,u,, B* = —AyWrey,, (78)

CH = —ASW™u,, and E* = AKALWeP.

Note that X*u, = B*u, = C*u, = E*'u, = E*'u, =
0, and that, being real and symmetric, £ can be diagonal-
ized. In the case of S8&*” we have put 8&V =
diag(d,, d», d3). Since §&*” should remain traceless and
symmetric (as £#7), we have B* = C* = (0, B) and d, +
dy, +d; = A.

In the frame u* = (1, 0) we have

My sle = 8aT3[85(68,0850 + 85,) = 84850 — 85 8,0]
(79)

and

7
TaMYs ole = 2C186L(_36Vi6m'65j89j —30,64i05;0, + §8Vi86i677j60j + 3771‘301'31/0550) —¢1678,0(8,:05;60;

- 255i57rj50j) - 015#550(571'&;50]' - 251/1'577}'59]') — (e + 402)5#(550501'5 Oq + 5yo55i5m'50j)

vy=mj

c
- ?1555770(51»[55[ —368,0050) + (ca — ¢1)8(8,;650 + 8,005:)8 1p. (80)

Note that M“

v, 18 frame invariant [see Eq. (73)].
Putting

rkt = M’Z5|E5,3V5ﬂ5,

ot =My |p867°6B7, and (81)
st = Mga,walEéfp%fﬁg
we get, from Egs. (75), (76), (79), and (80),
3 . -
rt = SanE(S(é,BO)2 + 2(6,8’)2, —25,806,8)
i=1
3
= 8a73(56 + 3w, ~213), (82)

i=1

2 = b8B,8EM = b(—tA + B - i, —tB/ + d;wl),
(83)

and

2
sH = Tgs<c1|:12G + ;Az], —[c,(3d; + A)

+dcyd ,]Bi), (84)

where G = ¥ ,(d;)?, j = (1,2, 3) and no sum is implied in
the spatial part. So, we must now see whether y* = r* +
z* + s* is timelike and future oriented, for arbitrary val-
ues of the fluctuations. It is clear that r* poses no problem;
it is timelike and future oriented if a > 0. This was ex-
pected since r* corresponds to a perfect fluid.

Before analyzing the vectors z* and s*, it will be
convenient to determine the constraints that the transver-
sality of £€*” imposes on them. We have found before that,
in order for the DTT to be consistent, the nonequilibrium
tensor had to be transverse. From a physical point of view,
this meant that the heat flow and the bulk viscosity remain
zero when the conformal fluid departs from equilibrium.
This is a sensible result since we want the theory to remain
conformal even in the presence of dissipation. Therefore,
the condition we must impose is

B,u,(é‘:lule + 65"“}) = (B,u.lE + 83#)85/'“’ =0 (85)
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where we have used that £#”|; = 0. Using Egs. (75) and
(76) we get

BSEM = (—iA+ V- B, —iB/ + d;w/)  (86)

with 7 = (t + T;"'), Tx being the equilibrium temperature
of the fluid. Requiring 6 £#” to be transverse we obtain
JA=vw-B and 7B/ = d;w/ (no sum inj)  (87)

or

\I\)

(88)

“a B

Using these results obtained from the transversality of
&MY we can rewrite the vector z# in a simple way:

b .
#* =—(A B). (89)
Tg
Therefore, putting [* = z* + s* we have
b 26
P=_—A+ —(12G + —Az) and
Tg T3 3

) (90)
li = (T— - TES[C](3di + A) + 4C2d,’])Bi.
E

In order to prove that (1°)> > (I')? (i.e., that [* is timelike)
it is convenient to reexpress /* in tensorial notation. From
Eq. (87) we get

?(d w) and Tr(d)——(w d-w), (C2Y)]

where d = d; is the spatial part of 6¢,,,, which we do not
assume to be dlagonal Using these relations, /#* becomes

26C1 12C1

0 — v -d-w v -d-w)?
- b N Cl N N N
l=fTEd-w—ﬁ(w-d-w)(d-w)
3c; +4
7

where d:d stands for Tr([d]?). It is clear that if w = 0, [* is
trivially timelike and future oriented, provided ¢; > 0, and
therefore the theory is causal in this case. By continuity, the
DTT will remain causal provided w is not too large. One
can actually quantify this (at lowest order) by keeping
linear terms in v and requiring that (1°)2 > - [, but the
resulting expression is not too illuminating.

V. ADIABATIC EXPANSION IN VELOCITY
GRADIENTS

In this section, we set up a consistent adiabatic expan-
sion of the DTT to compare with previous approaches
based on conformal invariants, first put forward in
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Refs. [20,21]. As stated in the Introduction, we will limit
ourselves to Minkowski space-time.

For a conformal fluid in flat space-time, the dissipative
part of the stress-energy tensor complete at second order in
velocity gradients can be written as [20,21,30,31]

14 vpo 1
™! = —no*’ + 91, (Sﬁ)p Do, + ga'“”(uis))

/\1 vpo )‘ vpo
Sﬁ)p 0'p 0'A+_S€/i)p /\Q
+ 2380777000, (93)

(1

where the subscript c.i. is a remainder that this form of 7, is
constructed from conformal invariants (as explained in
detail in Refs. [20,21,30,31]). D = u, d* is the convective
time derivative, (7, A;) are second-order transport coeffi-
cients, and (), is the vorticity. As already mentioned, this
expression for 7, represents an extension of the Israel-
Stewart entropy-wise approach.

We will now show that, for the case A, 3 = 0, 7' ¥ can be
obtained from a consistent adiabatic expansion (at second
order in velocity gradients) of the exact hydrodynamic
equations. We start by requiring that 75" calculated from
x be equal to 747 calculated from second-order (in velocity
gradients) conformal invariants. We have

bg,u,v + H'uvayp(rgayfpa

1
= —qnot’ + n7, (Sﬁ) oo T gaﬂy(ufa))
LS b+ S k0,
n
+ 385777080 ), (94)

()

where we have put [see Eq. (66)]

_ aypo
i = TS e

- 5T ( (anSITP7 + s7RSTIPT

ayvo ou aaypy 1 v oaYypo
OIS + RS = S AR )

(95)

Putting
G =&y HEG = Tyt e 90)

in Eq. (94), and retaining terms up to second order we get
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1
£y = (s:ﬁ?”"namgaw(uz))

A S/wptr AQ

A
HYpo )
+ —S 0,0, (1)

n? M

’72
o 0 (9T)

+ 3807708 ) ayTpo-

M
Using Eq. (95), we can rewrite the last equation more
explicitly
1
5(*;;’ = 777'77(<D0"‘“’> + gaﬂv(u%))
2x -4
el )0_<,u)\0.1/>

+ (ﬁ _
772 bZ

2% T4
n C]T v o AZ v
BEToa A*r P, , + ?a‘“)‘ﬂf

+ QO (98)

+

where we introduced <...> to denote the spatial, sym-
metric, and traceless projection of a tensor:

= S{ " Ay (99)

<uv>
B~ )

At second order in velocity gradients, the equation
A’ = [°7 reads

Gﬁaypo

€p0

Sa
(aAE Y n 0 (1)>,87,.5 + Goaypa ZSPT 5(12}5
8B7T aBn’ afm? e
= =Dy + Epo) + ST FAELTED),

(100)
where we have used Eqgs. (55) and (64). Explicitly, we have

D“””fg) ‘f(z)

aGﬁayp(r ) aé‘: P
— é:( - Géaypo- 14 fﬂ- .
ﬁ ﬁ ° 6§W0 0:0
+ gTSAELT £, (101)

The crucial point is that, in order for 77 to be derivable
from the DTT, both expressions for £ ) glven in Egs. (97)

and (101), should coincide. We see immediately that (ac-
tually, this equation holds for the exact £,,)

&)
afw’()

Using Eq. (56), we can rewrite Eq. (101) as
+ 877—8)5(03/377;8
+20Q2¢; + e)T~HEY BS + £33 B%)

Gﬁaypa' g%;a — Gﬁaypa-gl(ol()r;g. (102)

§(‘12“)y = 12¢, T *(4u™u®

- 12¢, T*SM5SCWP(7§(1)

)
0 € s T 8T PAELTE,

(103)
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The third term becomes

12
_ 12C1 SSHYPUDf(l) ne

=5< ay>
o L p-s<pger>,

(104)
which reproduces the first term of Eq. (98) if 7.
12¢,/(bT?). Using that

u’y = —3DInT, (105)

it can be seen that the first term of Eq. (103) reproduces the
second term of Eq. (98). The second term of Eq. (103)
reproduces the third and fourth terms of Eq. (98), provided

e

Mo [
The last term of (103) reproduces the fifth term of Eq. (98)
if 2¢, +c, =3gT *n?. However, it is not possible to re-
produce, from Eq. (103), the vorticity terms of Eq. (98). So,
we conclude that the DTT we have constructed is limited to
the case A,3 = 0. We note that this is not a serious re-
striction on the application of the DTT to heavy-ion colli-
sions (see especially Ref. [8]).

We have proven that (for A3 = 0) 747, as given by
Eq. (93), can be obtained from a consistent adiabatic
expansion (at second order in velocity gradients) of the
exact divergence-type theory we have developed. This is
one of the most important results of this work.

We have already proven that the DTT satisfies the sec-
ond law. It is clear that its adiabatic expansion satisfies it
too. It is interesting to remark that, when expanding the
entropy production given in Eq. (65), i.e., when putting

+ %](m + cy). (106)

Eay = f(l) + 6(0[2))/ terms up to fourth order in velocity
gradients arise. This agrees with the entropy production
form calculated by Loganayagam in Ref. [30], based on the
developments of Refs. [20,21]. Dropping fourth-order
terms in the entropy production, although it may be justi-
fied under some circumstances, actually spoils the consis-
tency of the adiabatic expansion (see Ref. [31] for
interesting discussions on higher order terms in the entropy
production).

VI. BOOST INVARIANT FLOW

We will now obtain the equations of motion of the DTT
for the case of Bjorken flow [44] (see also
Refs. [3,7,13,20]), which, besides being much more simple
than general flow, is a successful toy model of heavy-ion
collisions in the midrapidity region. The comparison be-
tween the equations of the DTT and the second-order ones
for the case of boost invariant flow is interesting because it
clearly shows the difference between the exact and trun-
cated equations, in a relatively simple situation. In the last
part of this section, we compare the numerical solution to
the exact and truncated equations.

The motion in the Bjorken flow is a 1D expansion, along
an axis which we choose to be z, with local velocity equal
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to z/t. It is convenient to choose comoving coordinates
(Milne coordinates), proper time 7, and rapidity i, given
by

=V -7z and ¢ = arctanh(z/1).

The advantage of using these coordinates is that each
element is at rest: (u”, ut, u?) = (1,0, 0). Although the
velocity vector is constant, the dynamics is nontrivial
because not every Christoffel symbol is zero. The metric
tensor is

(107)

= diag(1, —1, —1, —7%)
(108)

where (x, y) denote transverse directions, so we have

Suv = diag(grr’ 8xx 8yys gl/fl/’)

D=u,o*— 09, and aﬂu“—>; (109)
The only nonvanishing component of the dissipative part of
the stress-energy tensor is the (¢, ) component. Note that
the motion is irrotational, and that the energy density and
the dissipative part of the stress-energy tensor only depend
on proper time (i.e., are independent of rapidity). The only
conservation equation that is nontrivial for Bjorken flow is
the energy equation, i.e., u,T%" = 0, where T is the
complete stress-energy tensor.

A. Second-order theory

At second order in velocity gradients, the hydrodynamic
equations for Bjorken flow are (see Refs. [3,8,20] for de-
tailed discussions)

4
+ I1
op=—-L"Lyt
T T
mny 4 4
itho TV = ——¢ 4 1 _ v e
Wi 9710y T, 37,7 31 Y 27'7777 ;LI ]
(110)
where, in the notation used here,
H’“’ET{”wLTé“’. (111)

Actually, the differential equation for Hi shown in
Eq. (110) is exact up to terms which are second order in
velocity gradients. It is obtained by replacing o*” by I1#”
in the gradient expansion of the latter [20] [see Eq. (93)].

For a conformal perfect fluid in d = 4, p(r) = C7*/3,
where C is a constant. Because of conformal invariance,
the viscosity and the second-order transport coefficients
must scale as follows:

P 3/4 P -1/4 P 1/2
n= Cﬂo(z) Tr= TQT(E) A= C/\?(E) ,

(112)

where 7, 7%, and A} are constants.
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Note that the Navier-Stokes equations are recovered
formally by setting 7., A; — 0, whereby

4
i), =22

= (113)

B. Divergence-type theory
Projection of Eq. (68) onto u,, leads to

Dp=—(p+p+ %Ele

+ET er T,

Y E )V ut + bE T,
(114)

For Bjorken flow, energy conservation reads

1 2
d.p = ——<p +p+ 5 Qe + Cz)T"‘[fi]z) il
T 3 T

(115)
while the equation A;‘s;y = [*? becomes
v
b
el o0 - 220 80T sE0
i
b L [ U
=_ﬁ§¢+3gT [ér,l,]’ (116)

where we made use of Eq. (105).

The DTT as well as the second-order theory reduce to
Eckart’s theory when retaining first-order velocity gra-
dients. Therefore, it is clear that the hydrodynamic equa-
tions of both theories must coincide in that limit (of course,
this statement is valid for general flow, but we will discuss
Bjorken flow only). Noticing that at first order in gradients
we can write [1#7 = b&f{l and (cy, ¢3, 8, 75, A) = 0, we
immediately see that the hydrodynamic equations of the
DTT and the second-order theory [Eqgs. (115), (116), and
(110), respectively] coincide. From Eq. (116) we recover
the Navier-Stokes limit given in Eq. (113).

The comparison between the equations of both theories
beyond first order in velocity gradients becomes quite
complicated, because, being 7'5‘ " quadratic in &*¥, T1*¥
and £#” are not linearly related anymore [see Eq. (111)]. In
order to carry out this comparison, we solve both sets of
differential equations numerically in the next subsection.
Before doing that, it is convenient to reexpress (using the
results of the previous section) the equations of the DTT in
terms of (7, 7, A;) instead of (b, ¢}, ¢,). Without loss of

generality, we can fix b = 7 (this means fﬁ)y = —gh?),
whereby
3 A 7>
¢, = — —<’7T + ) and ¢, =217 (117)
3\ 2 n?

Note that g is completely specified once ¢; and c, are
known:
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MTP
= — . 118
8 e (118)
Equations (115) and (116) then read
1
dp=——(p+p-TREP +1&)  (19)
T T
with
2\,
= — 120
1 97]2 ( )
and
0.&) = Ey + Byl + E5[£)] (121)
with
4t 2 72 MT7?
E = E=—(—+—] Ej=- .
! 3T, 2 (37 TTﬂ.) 3 31,0
(122)

The dissipative part of the stress-energy tensor in the DTT
is constructed from the solution to Eq. (121). We have

Ty + Ty = mély + FITIEN P (123)

C. Comparison of numerical solutions

In this section, we compare the solutions to the hydro-
dynamic equations of the DTT, second-order and Navier-
Stokes theories. We focus on the inverse Reynold’s number

mY
R'=—" (124)
ptp
and on the pressure isotropy
P — 11y
fo_ P My (125)

Pr p+Hg/2'

These two quantities are relevant parameters to character-
ize the hydrodynamic evolution (see, for instance,
Refs. [9,11,13-15]). Ideal fluids are characterized by
R™' = 0and P, /P; = 1. Note that, as already mentioned,
in the DTT we have Hﬁ =7 v T Té’b’#. When solving the
hydrodynamic equations, one must bear in mind that the
transport coefficients are functions of the energy density p,
as given by Eq. (112). In particular, we will focus on the
strongly-coupled super Yang-Mills plasma, for which we
have [20]

n

7
—20-12)L and A, =_—1,
Tr =222 o and A =

(126)
where s is the entropy density.

In the following, we present the results for two relevant
values of 7/s. This value is modified by changing the value
of 1. We consider 1/s = 0.09, which is very close to the
lower bound imposed by the AdS/CFT correspondence

PHYSICAL REVIEW D 80, 126002 (2009)

012 v

DTT —o—
1st Order -------
2nd Order -+ %:--

4
-1 [fm/c]

FIG. 1. Inverse Reynold’s number R~! as a function of proper
time, for the DTT, second-order and Navier-Stokes theories with
n/s = 0.09.

(n/s = 1/4m), and /s = 0.375, which is close to the
upper bound for the quark-gluon plasma found by compar-
ing dissipative hydrodynamics to elliptic flow measure-
ments (n/s = 0.5) [8]. As initial conditions, we set
11} (79) = 0. 79 = 0.5 fm/c, and p(7y) = 10 GeV/fm?
in all calculations.

In Fig. 1 we compare the evolution of the inverse
Reynold’s number with proper time for the DTT, the
second-order and Navier-Stokes theories with 7/s =
0.09. The most important feature is that the DTT shows a
faster approach to ideal hydrodynamics. Figure 2 shows the
same comparison but for 17/s = 0.375. As in the previous
case, the DTT shows a faster approach to the ideal fluid
behavior.

In Fig. 3 we show the evolution of the pressure isotropy
for n/s = 0.09. It is clearly seen that the approach to ideal
hydrodynamics is faster in the DTT, which also occurs with
n/s = 0.375 (Fig. 4).

0.25

DTT —o—
1st Order -------
2nd Order ---%:--

¥
o2t X
%
i
015 as
i
¥
01 1
e T T
0.05 f}
0 ‘ ‘ ‘ ‘ ‘ ‘
0 1 2 3 4 5 6 7
-1 [fm/c]
FIG. 2. Inverse Reynold’s number R™! as a function of proper

time, for the DTT, second-order and Navier-Stokes theories with
n/s = 0.375.
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1.1

DTT —o—
1st Order -------
2nd Order ---%---

P/Pr

os | /

0.4 / L L L L L L L
0 1 2 3 4 5 6 7
-1 [fm/c]

FIG. 3. Pressure isotropy P; /Py as a function of proper time,
for the DTT, second-order and Navier-Stokes theories with
n/s = 0.09.

We note that, with respect to the second-order theory,
our results are in good agreement with those of previous
studies [11-15]. Taking into account the behavior of the
two quantities that we analyzed, we arrive at the important
conclusion that the relaxation towards ideal hydrodynam-
ics is faster in the DTT than in the second-order theory.
This means that, as expected on theoretical grounds, the
hydrodynamic evolution in the DTT is closer to that ob-
tained from transport theory (see, in particular, the detailed
comparison between Navier-Stokes, Israel-Stewart, and
covariant transport theory carried out by Huovinen and
Molnar in Ref. [14]).

VII. SUMMARY AND CONCLUSIONS

In this work, we have studied the (nonlinear) hydro-
dynamical description of a conformal field within the
theoretical framework of divergence-type theories. We
proved that the theory we develop is causal (in a set of
fluid states near equilibrium) and satisfies the second law
exactly. Since it does not rely on gradient expansions, it
goes beyond second-order (in velocity gradients) theories,
thus being a closed theory. However, it is limited to the
case where the second-order transport coefficients A, and
A3 vanish. For this case, we showed that the second-order
stress-energy tensor constructed from conformal invariants
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FIG. 4. Pressure isotropy P; /P as a function of proper time,
for the DTT, second-order and Navier-Stokes theories with
n/s = 0.375.

[20,21,30] can be consistently derived via an adiabatic
expansion from the DTT.

As the most simple example, we have also obtained the
hydrodynamic equations of the DTT for Bjorken flow, and
compared them, analytically and numerically, with those of
second-order and Navier-Stokes theories. The numerical
calculations indicate that the relaxation towards ideal hy-
drodynamics is substantially faster in the DTT as compared
to the second-order theory. This indicates that the DTT is a
better approximation to transport theory than the second-
order theory, as expected since the former includes all-
order velocity gradients.

As stated in the Introduction, we think that the theory we
have presented may be useful in the analysis of early-time
dynamics and in the evolution of initial state fluctuations in
heavy-ion collisions, essentially because the theory is not
based on an expansion in velocity gradients. The extension
of the DTT to include the case A, 3 # 0 is also interesting.
Work is in progress along these lines.
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