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Probabilistic aspects of isoscaling

J.A. Lopez
Department of Physics, University of Texas at El Paso,
El Paso, Texas 79968, U.S.A.

J.A. Muioz
California Institute of Technology, Pasadena, California 91125, U.S.A.

C.0O. Dorso
Departamento de Bica, Universidad de Buenos Aires, iz, Argentina

Recibido el 11 de marzo de 2009; aceptado el 11 de agosto de 2009

The phenomenon of nuclear isoscaling is studied under the premise of probability sampling. We show that isoscaling is expected in all
cases of disassembly through fair sampling, obtain exact expressions for the yieldsatiad further show that the previously power law
observed in experimental data is only an approximation to exact expression. Comparison to percolation and experimental data is presented
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El fenbmeno de isoescala nuclear es estudiado bajo la premisa de muestreo tidmabDemostramos que la isoescala es esperada en
todos los casos donde haya un desensamblamientoés lavmuestreo balanceado, obtenemos expresiones exactas para lagurépgrci

y también mostramos que la ley de potencia que ha sido observada en los datos experimendédesres aproximacin a la expregin
exacta. Se presenta una compayaaon los resultados obtenidos por eétodo de percoladh y a$ como con datos experimentales.

Descriptores:Reacciones nucleares; fragmentechuclear; isoescala; isdsp

PACS: 24.10.Lx; 02.70.Ns; 24.60.-k; 64.70.Fx; 25.70.Pq; 25.70.Mn

1. Introduction duced by the mere disassembling of the nucleus. Thus the

motivation of the present study: to quantify the effect of
The experimentally observed phenomenon of isoscaling rethe non-thermal probabilistic component of isoscaling by ex-
lates fragmenting collisions with similar mass and energieganding the work of Ref. [6] studying the effect in the frame-
but different isospin. Through these reactions the ratio of isowork of an “urn problem.”

tope yields in two different systems,and2, has been seen In the following section the problem at hand is properly

to follow, approximately, the so-called isoscaling law [1-3]: introduced and solved for the cases of distinguishable and

Ryy = Ya(n,2)/Yi(n, 2) = Cexp(an+(z), wherenandz  yndistinguishable particles. Then a comparison to experi-

are the number of neutrons and protons of the isotapesd  mental and percolation results is presented in Sec. 3. The

p are fitting parameters, arfd is a normalization constant.  paper closes with a summary of our findings and perspectives
Justification to this law has been provided by severafor future studies.

models of nuclear reactions under different assumptions.

Ref. [4], for instance, relates the parametersaand 3 to

the symmetry term of the nuclear equation of stafé)): . ) .

a = 4C,ym[(Z1/A1)? — (Z2/A2)%) /T, whereZ; andA; are 2. Urn sampling and isoscaling

the proton and nucleon components of colliding nugland

T is the assumed temperature of both reactions at fragment# this section we will show that the isoscaling property is

tiontime. This, of course, motivates the study of isoscaling apresent in the simplest case of sampling particles at random

it has the potential of providing information about the elusiveout of an urn.

nuclearEOS. Consider an urn containing a total number of “nucleons”

Other studies, however, have shown that isoscaling can Composed of7 “protons” and N “neutrons”, and pro-
be expected in classical disassembling systems in- angeed to partition such system into “fragments” of varying
out-of thermal equilibrium [5], in nonthermal percolating sjzes by randomly grabbing nucleons out of the urn. Re-
grids [6,7], and in systems disassembling under simple faistating the procedure, a fragment of a given sizeill be
samplings assumptions [8]. These last studies have all coflgrmed by grabbing at onaenucleons from the urn contain-
nected the fitting parameters to the neutron, proton and nyng 4 = N + Z nucleons. To eventually find an expression
cleon abundancesi = In(g2/q1) and = In(p2/p1), With  for the yield ratioR.;, we now proceed to find the probabil-
¢ = N;/A; andp; = Z; [ A;. ity a fragment of masa is composed by: neutrons and

These results indicate that even though isoscaling can bgrotons,i.e. thata = n + z. In turn we do this in the case of
connected to théZO.S, it may also have a component pro- distinguishable particles and indistinguishable.
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2.1. Distinguishable particles ol —
= z=2
In the disassembling process a bunch of nucleons are grabbe .| |% 2 g
from the urn containingd = N + Z nucleons, the resulting O L
fragment can be of sizelsto A each with probabilities de- & | | raa
pending on the “grabbing” mechanism; let us say that the
probability for grabbingz nucleons is an unspecified(a). i
Next, focusing on a resulting fragment of sizgts composi- A
tion can range fronfn, z) = (0,a) - - - (a,0) and, in general, N e
the number compositions afis given by the binomial o T T T T :
(N + Z) Neutron Number
n+z ) FIGURE 1. R2; obtained with expression (1) as a functionnofor

. . - . . the cases oV, = 20, N> = 32, andZ; = Z» = 20.
Finally, since each of such compositions will have a different ' ? ! ?

probability, the number of ways in whicl neutrons can be
picked up out of a total alV neutrons and protons out of a isoscaling behavior. It is important to remark that the incipi-

total amount oZ protons is ent deviation from a straight power law that can be detected
(N) " <Z> has also been observed experimentally [9, 10].

n

As it can be seen, the curves present the characteristic

z

With these arguments, the probability of having a frag- . .
ment of mass: composed by: neutrons and protons and ~ 2-2-  Indistinguishable particles

sampled out of an urn containing neutrons and protons
is: We now turn to the case of sampling indistinguishable par-

ticles out of an urn. If fragments are produced by grabbing

Y(n,N,z,Z) = P(a)P(n,N,z,Z2) a particles, a fragment of sizewill be composed by: + =

N\ (Z N\ (Z with a probability
n+z a Pa(’fl, Z) — szqn _ sz(l _ p)afz

Under this approach, denoting the yield of the reactiaith
N; neutrons byY;(n, N;, z, Z;), the isoscaling ratio can be

whereq andp are the probabilities of extracting a neutron
constructed by d b b g

and a protons, respectively:= N/A andp = Z/A, andC
Ya(n, No, 2, Z2)  Pla)y P(n, N2, 2,Z,) is an overall normalization which can be calculated to give
Yi(n,Ni,2,21)  P(a), P(n,Ny,2,Z,) C=(p—q)/ (p*™ — ¢**'). With this, the previous expres-

sion becomes,
_ Pla), ()(%) (W)
Pla)y (122) () ()
This is an exact expression of the yield ratio for the case of
sampling distinguishable nucleons out of urns. Notice that
since, presumably, the same disassembling mechanisms at <
at action in both reactions, it can be safely assumed thdfnsPecified”(a)
P(a)2 ~ P(a)l.
To illustrate the behavior of thig;» we use the pre- Ry = Ya(n, z) _ Pa(n, z)2P(a)2
vious expression to calculate the ratio of the yield of re- Yi(n,2)  Pa(n,2)1P(a)
actionl: (N1, Z;) = (20,20), to the yield of reactiore: . atl | a+l
(N, Zy) = (32,20) for values ofn andp, ranging from _ Pla)apigh | (2 — @) (—ai . th 1)]
0 <n < 20,and0 < z < 20, and under the assumption Pla)pigy | (m —aq1) (—a5™" +p5™)

of equal probabilities for production of equal size fragments,
P(ay) = P(ag). In this case, sinc&; = Z, = Z, expres-  Noticing that the term in the right bracket is independent of

Ry =

1)

(p—q)
Pa(n,z) = szqn .

pd retaking the probability for grabbingnucleons as an
, the isoscaling ratio can be written as

sion (1) becomes (n, z) and denoting it byC'(a), it yields
() ()
Ry = - P(a): [a21" [p2]”
SRNGEI00 R = Ol | 2] 2] @

Figure 1 shows the values @f,; produced by this expres-
sion as a function ofi and presented in curves with the samewhich, again, is an exact expression of the yield ratio for the
value ofp. case of sampling indistinguishable nucleons out of urns.
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5.0

2.3. Connection to isoscaling power law

4.0 =[3 Percolation Method
== Exponential Fit
rfyr probabilistic

The expression (1) for distinguishable particles can be cast in
the usual isoscaling law fornfzo; = Cexp(an + 3z), by

the use of the Stirling approximation on the binomial coeffi- & , |
cients.

P(n, Ny 2, Zy) _ (5)(2) (h32)

_ \n z

P(n,Ni.z.2,) - (72) (0)(2)

n+z n z

=exp{NoIn Ny + Z5In Z5 + (A2 — a) In(42 — a) ° : - : : . . ’

+AilnA; + (Ny —n)In(Ny —n) + (Z1 — 2) FIGURE 2. Plot of R for reactions(N1, Z1) = (40,40) and
(N2, Z2) = (56,40) drawn with the percolation expression (3),

X In(Zy = z) = (N2 =n)In(Nz —n) = (Z2 — 2) the probabilistic result (1) and its averaged best fit.

xIn(Zy — z) — Agln Az — (A1 — a)In(4; — a)
—N1 111N1 —Z1 h’lZl}.

with the samex and 3. Next we evaluate this expression
for a study case and compare to experimental and percolation

Assuming that the set of nucleon, neutron and proton Val[esults.

ues are much smaller than the total numbees,a < A;,
n < N; andz < Z;, respectively, and using = N;/A;
andp; = Z,;/A;, we arrive at

P(n7N2,z7Z2) NQ Z2
SRS il Rk VAN n [ =2 In( 22
PN =2,y oMM\ &) T4,
m () _om (A
nln m zln 1,
= exp {nln (qQ) + zIn (pQ) } ,
q1 P

from which we readily recover the expected expression for

3. Comparison to percolation and experimen-
tal data

The previous results can be easily compared to those obtained
by percolation [6]. Using the method of partitioning two-
component three-dimensional grids with varying numbers of
“protons” and “neutrons” through the method of percolation,
Davilaet al. determined analytically that the ratio of of yields
expected in such case is

isoscaling: Roy(n,2) = <p2> (q2) —exp(an+f8z), (3)
Ro1 = Pla) exp {an + 8z} . " "
P(a)y again withp;, = Z;/A4; andg; = 1 — p; and a clear

Again, as in previous studies [6, 7], the fitting parameters ar@nicroscopic interpretation for the isoscaling parameters:
also given bya = In(gz/q1) and3 = In(py/p1) and, as @ =Ingz/q1 and = Inpz/p1. We now turn to a compar-
mentioned before, the terif(a),/P(a); is dictated by the ison between the percolation result (3) and the probabilistic
sampling process and it is expected to be equal to unity in thexpression (1).
case of normalized yields, or to an overall norm in the case A detailed comparison between the probabilistic expres-
of unnormalized yields. sion (1) and the percolation result (3) can be obtained through
Itis important to emphasize that, in this case, the expectethe coefficientsy and3. To compare the probabilistic results
power law is only an approximation to the real relationshipto those of percolation, an averaged best fit was used to de-
between yields, whereas in the case of indistinguishable patermine thea and 5 coefficients fitting the curves obtained
ticles, expression (2) immediately yields the usual power lawfrom (1). Since the coefficients for each isocurve (differgnt

TABLE |. Comparison of coefficients obtained with the percolation expression (3), an averaged best fit to the probabilistic expression (1),
and to experimental data [11].

Experiment Percolation Probabilistic
Reaction E (MeV/A) « 8 a/pB e 8 a/B « 8 a/p
86Kr+124gn/86Kr 411250 25 043 -051 -0.84 0043 -0059 -0.73 0.044 -0.060 -0.73
*8Fet-58Fe/5Ni4+-*ENi 30 037 -039 -095 0065 -0074 -087 0.068 -0.078 -0.88
80cat-°ca/*°Cat’Ca 35 183 -231 -0.79 0.29 041  -0.71 032 -0.46  -0.69
18Cat*®Cca/’Cat’Ca 35 1.03 -122 -084 015 -0.18  -0.84  0.17 020 -0.83
BCat*®Ca/*°Cat-'Ca 25 03 -036 -08 015 -0.18  -084 017 -020  -0.83
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are different, and the exponential approximation is good onlyast result was based only on the assumption of fair sampling
for small values of:, we took the average of coefficients for from an urn, it stands to reason that isoscaling is a general
z=1,2,3,4from0 < n < 7. Table | compares the values phenomenon that should be expected in any random parti-
of the @ and 3 obtained through these methods for nucleartioning of systems, as in a percolating grid, an urn being sam-
systems for which experimental data exists [11]. pled, or a nucleus being fragmented.

In Table | it can be observed that the values obtained with  Having said that, however, the comparison to experimen-
these two different methods yield very similar results. Thistal nuclear data shows that this probabilistic isoscaling is not
is illustrated graphically in Fig. 2 for the ratio of yields of re- large enough as to account for the entire phenomenon as ob-
actionsN; = 40 andZy = 40 with N, = 56, andZ, = 40; served in nuclear reactions. Caution should be exerted, nev-
the figure shows the percolation results of Eq. (3), the probaertheless, in assigning the whole isoscaling to nuclear origi-
bilistic result (1), and the averaged best fit. nated phenomenon, and the ever-present background isoscal-
ing found in this work should always be taken into account.

Next lies an obvious task, that is to determine how this
sampling isoscaling affects the nuclear one, and how it can
The comparison made on Table | and Fig. 2 shows an exbe removed from the whole to leave the nuclear part alone.
cellent agreement between the the percolation expression (3is task will prove to be necessary in trying to extract infor-
and the probabilistic result (1). Since the derivation of thismation about the symmetry terii,,,,,, of the nuclearzOS.

4. Discussion and outlook
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