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Quasi-chemical approximation for polyatomic
mixtures
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The statistical thermodynamics of binary mixtures of polyatomic species was developed based on a
generalization in the spirit of the lattice-gas model and the quasi-chemical approximation (QCA). The
new theoretical framework is obtained by combining: (i) the exact analytical expression for the partition
function of non-interacting mixtures of linear k-mers and [-mers (species occupying k sites and [ sites,
respectively) adsorbed in one dimension, and its extension to higher dimensions; and (i) a generalization
of the classical QCA for multicomponent adsorbates and multisite-occupancy adsorption. This process is
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1 Introduction

The theoretical description of adsorption of polyatomics ranging
from small light molecules to hydrocarbons, macromolecules
and polymers is a current and exciting topic of research in surface
science.'™ In practical situations, most adsorbates involved in
adsorption experiments are polyatomic in the sense that, when
adsorbed, their typical size is larger than the distance between
the nearest-neighbor local minima of the gas-solid potential.
This effect, so-called multisite-occupancy adsorption, introduces
a high degree of local correlation in the adsorption theories, and
it limits the analytical developments in the field of adsorbed
polyatomic gases.

The problem becomes even more complicated when the
adsorbate consists of more than one species. In fact, adsorption
of mixtures is a much demanding problem both experimentally
and theoretically.®® Whereas for pure components the number
of adsorbed molecules can be determined accurately by simply
measuring the weight increase of the adsorbent sample, for
mixtures one has to carry out additional experiments to determine
the composition in the sample.
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Due to these reasons, it has been difficult to formulate, in an
analytical way, the statistics of occupation for mixtures of
correlated particles such as dimers, trimers, etc. In this context,
several contributions to the study of adsorption of polyatomic
binary mixtures have been recently introduced by our group.®™*?
The first one® develops the rigorous statistical thermodynamics
of s-mer (particle occupying s lattice sites)-k-mer (particle occupying
k lattice sites) mixtures adsorbed on one-dimensional homogeneous
surfaces. The formalism presented in ref. 9 was the first exact
model of adsorption of polyatomic mixtures in zeolites and it
allows us to demonstrate that the adsorption preference reversal
(APR) phenomenont is the result of the difference in size (or
number of occupied sites) between the adsorbed species. In
other words, the results in ref. 9 revealed that a real description
of the phenomenon of APR may be severely misunderstood,
if the polyatomic character of the adsorbate is not properly
incorporated in the thermodynamic functions from which
experiments are interpreted.

In ref. 10, the statistical thermodynamics of polyatomic
species mixtures adsorbed on two-dimensional substrates was
developed based on a generalization in the spirit of the lattice-gas
model and the classical Guggenheim-DiMarzio approximation.'®*°
The theoretical formalism allows us to study the problem of

+ An unusual feature is observed in the case of methane-ethane mixtures:"*'* at

low pressure the adsorbed phase is almost entirely ethane, but at higher
pressures methane molecules displace ethane molecules. A similar scenario
has been observed for different mixtures of linear hydrocarbons in silicalite,*'”
carbon nanotube bundles'® and metal-organic frameworks."” In all cases, at low
(high) pressure the selectivity is toward the larger (smallest) component. This

behavior is known as adsorption preference reversal.'®
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adsorption of alkane binary mixtures, leads to the exact
solution in one dimension and provides a close approximation
for two-dimensional systems accounting multisite occupancy.
In ref. 11, the multicomponent adsorption of polyatomics was
described as a fractional statistics problem, based on Haldane’s
statistics.>*> The thermodynamic functions calculated for a
monomer-dimer mixture were applied to describe the adsorption
of methane-ethane mixtures in zeolites.

Later, a new theoretical approach to treat the statistical
thermodynamics of polyatomic species mixtures adsorbed on
two-dimensional lattices was presented.'” The formalism, based
on generalization of the semiempirical approximation for
single-component adsorption, is capable of including the
main theories of multisite occupancy adsorption as particular
cases. In this framework, a simple adsorption isotherm was
obtained by combining exact calculations in one dimension
and the Guggenheim-DiMarzio approximation with adequate
weights. The advantages and limitations of the theory were
analyzed by comparing with Monte Carlo (MC) simulations
in square and triangular lattices. The obtained results showed
that the semiempirical model represents a significant qualitative
advance with respect to existing theoretical models developed
to treat the problem of mixture adsorption of long straight
rigid rods.

The results in ref. 9, 10 and 12 are restricted to the case
of non-interacting adsorbates. However, the study of inter-
molecular forces (adsorbate-adsorbate interactions) is one of
the central problems in surface physics and statistical mechanics
due, particularly, to the possibility of phase transitions®*>°
(and the corresponding emerging adsorbate structures that
arise on the surface). Among the common types of phase
transitions are condensation of gases, melting of solids,
transitions from a paramagnet to a ferromagnet and order-
disorder transitions.

From a theoretical point of view, when nearest-neighbor
interactions are present, an extra term in the partition function
for interaction energy is required. With this extra term, only
partition functions for the whole system can be written. For the
one-dimensional lattice, the problem of interacting mixtures
with multisite occupancy can be exactly solved and there is no
evidence of phase transitions.*® Close approximate solutions in
dimensions higher than one can be obtained, and the two most
important of these are the Bragg-Williams approximation
(BWA)*" and the quasi-chemical approximation (QCA).*"

By following this line of reasoning, in ref. 11 we reported
results for interacting mixtures of large molecules adsorbed on
two-dimensional lattices. The partition function was written as
a product of two contributions, the first being the different
ways to array N; molecules of the species 1, N, molecules of the
species 2,..., and N,, molecules of the species m on M homo-
geneous sites, and the second being a term that takes into
account the effect of the adsorbate-adsorbate interactions in
the framework of the BWA. This study shows the well-known
limitations of a mean-field treatment: prediction of phase
transition in a linear lattice, the entropy per site does not
depend on the lateral interactions, etc.
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The Bragg-Williams approximation is the simplest treatment
for interacting adsorbed particles, even in the case of mixtures
and multisite occupancy. The present article goes a step further,
including the nearest-neighbor interactions by following the
configuration-counting procedure of the QCA. For this purpose,
a new theoretical formalism is presented based upon (i) the
exact analytical expression for the partition function of non-
interacting mixtures of polyatomics adsorbed in one dimension
and its extension to higher dimensions and (ii) a generalization
of the classical QCA in which the adsorbate is a binary mixture
of k-mers (particle occupying k lattice sites) and I-mers
(particle occupying [ lattice sites). In addition, Monte Carlo
(MC) simulations are performed in order to test the validity of
the theoretical model. The new theoretical scheme allows us
(1) to obtain an approximation that is significantly better than
the BWA for mixtures of polyatomics; (2) to reproduce the
classical QCA for a binary mixture of monomers' and the
exact statistical thermodynamics of interacting mixtures
adsorbed in one dimension;*° (3) to develop an accurate
approximation for two-dimensional adlayers accounting for
non-ideal gas mixtures and multisite occupancy; and (4)
to provide a simple model from which experiments may be
interpreted.

This paper is organized as follows: In the second section, the
model for an interacting polyatomics mixture adsorption is
presented. In the third section, the exact solution for the one-
dimensional problem and the quasi-chemical approximation
for polyatomics (QCAPM) adsorbed on a one-dimensional
lattice is developed. In addition, the basis of the Monte Carlo
simulation scheme in the grand canonical and canonical
ensembles is given in the fourth section. The results of the
theoretical approach are presented in the fifth section, along
with a comparison with Monte Carlo simulation data corres-
ponding to interacting dimers adsorbed on one-dimensional
and square lattices. Finally, the conclusions are drawn in the
last section.

2 Model

Let us consider a substrate modeled like a regular lattice with
connectivity ¢. A binary gas mixture is formed by k-mers and
l-mers which can be adsorbed occupying, respectively, k and [
sites arranged linearly on the lattice. Different energies are
considered in the adsorption process: (1) U (U;), constant
interaction energy between a k-mer (l-mer) unit and an
adsorption site, (2) wy; lateral interaction energy between
two nearest-neighbor units belonging to a k-mer and an
I-mer (idem for wy, and wj). We denote the number of kI
pairs as Ny, in which a k-mer’s unit is a nearest-neighbor of
an /-mer’s unit (idem for Ny and Nj) (see Fig. 1). The total
energy of the system when N; k-mers and N; [-mers are
adsorbed keeping a number Ny, N; and Ni; of pairs of
nearest-neighbors is

E(Ng,N;yNigyNiiyNig) = NikUy + NIU; + Ngawgge + Nyjwy + NigWy.

1)
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Fig. 1 Schematic representation of a lattice-gas of dimers ([ = 2, blue
circles) and trimers (k = 3, red circles) adsorbed on a square lattice (c = 4),
showing different types of pairs of sites: (a) k, (b) kk, (c) lL, (d) 00, (e) kO and
(f) (0.

3 Theory

3.1 Exact solution in 1D

Since the problem can be solved exactly in the special case of
monomer mixtures on a one-dimensional lattice and due to the
fact that two i-mers just interact with each other through their
ends, we can solve the problem of binary mixtures of i-mers
through an effective lattice.

Let us assume that N; and N; linear k-mers and /-mers are
adsorbed on a lattice L of M sites, with the lateral interactions
explained above. In this lattice, the partial concentrations are
given by 0; = kN/M and 0; = IN,/M. We can now map L — L’
from the original lattice L to an effective lattice L', with M’ sites,
where each empty site of L transforms into an empty one of L/,
while each set of x sites occupied by an x-mer in L is represented
by an single x-site in L', like can be seen in Fig. 2. The total
number of sites in L' is

M=M-—(k—1)N.— ([ — 1N (2)
then, the partial concentrations of L’ are
/ Nx - HX/X
b= ="-1n, -1 )
1 - B O — ] 0,

with x = k, I. The canonical partition functions Q(kN,IN;,M,T),
Q'(Ni,N,M',T) in the original and effective lattices must be
equal. Thus

Q(kNi, IN, M, T) = " e P
{r}

Q' (Ni, Niy M!, T) = 5 e P
{r
4)
where I' and I'’ refer to a sum over all possible configurations

in L and L', respectively, and f§ = kgT, with kg being the
Boltzmann constant.
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Accordingly, the Helmholtz free energies per site in L and L/,
fand f’, respectively, are related by

1
,Bf(ka,le,M, T) = —Mln Q(k]\/vk,HVhM7 T)

= —%IHQ'(Nk,NuM’, T) (5)
:%’ﬁf/(N/chl>M/7T)
k=1, 1=1. T, (0
ﬁf(ek,@):[ - ek—Tel}ﬁf (00/) ()
B (0r, 01) *Agﬁi
= — (= npr(00,0) )

k—1

0, —
k k

-1, } apf (0, 0/)
!

+x[1_ I 90,

where x = k, I. Eqn (7) represents the partial adsorption
isotherm expression, and it can be calculated using ff'(6:/,0/)
derived from the exact quasi-chemical theory

0 0 0 4. (0,4
<1+9 0k>A+ze,1 (20/)
A\ 0/4. [/0/4
+ Al ( ) oedin (E)
K )A—H 20,5—20,’]
0c A+1-20, —20/
TN 29k k !
Kl—i— >A 29;}1 [ 1(1+(())k)A+0k1
1
(e ge)a-ao]m[ (e gi)arol]
0y

+ 0, o, —0,%n0,?

pr(0c,00) =

— (=140 +0 ) m(1- 0/ - )

ek’e,’) —0,21n0,?
120, <71 10, +0/)1
I

n[79k1<71 1o+ 9,’)}
n[ 0,

(
0/ 6, — 20,0, 1n(
)
) — /(—1+0k,+01/)]

+20/ (—1 +0 +0,

_ (_1 + 0 + 9/)2 ln{(—l + 0, + 0/)2},
(8)
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Fig. 2 Rules for the mapping L — L', from the original lattice of polyatomics L to an effective lattice of monomers L'.

where

—eﬁ“'Ok/O/ — 20/(/201/ + Zeﬁ“’Ok/ZO/ — 201(,0/(/2 + 26/;“'01(,0//2 "
(=1 +eP) (04 +0/)°

M’ sites

\/eﬁ""ekQ@/z{e["”'(zek, +20/ — 1)274[91(,2 + (91/ — 1)91/ + 0 (29/’ — l)}}

For simplicity, eqn (8) and (9) have been restricted to the case

Wik = Wy = Wy = w (which is the case studied in Section 5).

3.2 Two-dimensional problem

The canonical partition function for a two-dimensional system

can be written as

0

Ni N

=q°q)" > > > " g(Nk, Nii Ne, Nuy, Net; M)

Nk Ny Ny
x exp[—B(Nik Uy + NjlU; 4+ Nygewire + Nywi + Nigwia)) s

(10)
where f§ = 1/kgT, qi(q;) is the partition function of a single adsorbed
particle of the species k{l), Ni(N;) is the number of molecules
adsorbed on the surface of the species (I), and g(N, Nj; Nz, Ny,
Ni; M) is the number of ways to array N; k-mers and N; I-mers
on M sites keeping Ny, Ny and Ny, pairs of occupied sites.

In a similar way to the QCA for only one species,** here we

calculate the expressions relating N, Ny, Nigy Nioy, Nip and Nog:

kN = 2Ny + Nig + Nog + 2(k — 1)Ny,

(11)
ClN[ =2N;y+ Npg+ No; + 2(1 — 1)N], (12)
C(M — ]CNk — ZNI) = 2Ngo t Noi + No;- (13)
The number of total pairs is
. cM
Number of total pairs = -~ Ne(k=1) =N, (I-1), (14)
where “number of 0k pairs” = “number of k0 pairs” = Ny/2 (the
same for the number of /0 and k/ pairs).

M
The number of ways of assigning a total of 2 Ni(k—1) —
N;(I — 1) independent pairs to the nine categories 0k, k0, 0/, 0,
kl, ik, kk, Il and 00 is

&(Nky Ni; Nige, Nity Nt Nos Not, Noo; M)
M
[‘7 “Np(k—1) = Ny(I — 1)]!

o[ venens

(15)

(N, Nj Ny Nipy Nii; M) cannot be set equal to g(Ny, Nj; Nig, Ny, Nig M) in

(=1 +eP) (0 +0/)

©)

By taking the logarithm in eqn (15), using Stirling’s approximation
and operating, we get

Ing(Ni, Ni; Nige, Nit, Nia, Now, Nog, Noos M)
cM

77Nk(k7 l) 7N1(l* 1):|11‘1 {%71\]1‘»(](7 1) 7N1(l7 1)

N, N, N
— N()IIHTOI — N()klnTOk — N,kln% — NkklnN/(k — N[[lnN//

— NoolnN()().

(16)
It is convenient to write g as a function of Ny, Nj and Ny. For
this purpose, we obtain Ny, No; and Ny in terms of Ny, N and
Ny (using eqn (11)-(13)), and replace it in eqn (16), then

Ing (N, Ni; Nig, Nip, Ny, M)
_ cM

. {Tka(kf 1) = Ny(I— 1)} In [%7 Ne(k—1) = Ni(I—1)
—[eIN) = 2Ny = Ni = 21— 1)N]

« ln{%[clN/ LNy = Nk —2(— 1 )N/]}

— [ekNe — 2Nix — N — 2(k — 1)Ny]

x In {%[Cka — ZN/C/f - Nrk — 2(k — 1)Nk}}

N,
— Ni 1117k — Nk In Ny — Nyln Ny
cM
_ |:T+Nk(k—ck— )+ Ni(I—cl— 1)+N11+N1/(+Nkk:|

M
x In [CT—I—Nk(k—Ck— 1)—|—N/(l—cl— 1)—|—N//—|—N/k+Nkk:|.

(17)

eqn (10), because treating the pairs as independent entities leads to

This journal is © the Owner Societies 2016
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some unphysical configurations (see ref. 31, p. 253). To take care of
this, we must normalize ¢ with a proportionality constant C (N, N;,M)

&(Niy Ni; Nigy Nity Nigy M) = C(Nye, Niy, M)§(Niy Ni Nity Nygy Nii; M),

(18)
and
Qe(Ni, Niy M) = >3 > " a(Ne, Nis N, Nu, N M)
Nie Ny Ni

= C(Ni, N, M)
X NN &(Ni, Nis Nk, Nuy Nia; M),

Nk Ni Ng
(19)

where Q/(Ni,N,M) is the number of ways to arrange N; k-mers
and N; l-mers on a lattice of M sites and connectivity c.

For a one-dimensional lattice (¢ = 2), Q.,(Ny,N;,M) can be
exactly calculated as the total number of permutations of the Nj
indistinguishable k-mers and N; indistinguishable [-mers out of
n. entities, with n. being

n. = number of k-mers + number of /-mers + number of empty
sites:Nk+Nl+M— ]CNk— lNl:M— (k— 1)Nk— (l— 1)NZ-
(20)
Accordingly,

M — (k — )N — (I — )N)]!
NINI(M — kNg — IN))!

Q2 (N, Ni, M) = (21)

In general, there is not an exact expression for Q (N, N;, M) in
two (or more) dimensions (even in the simplest case of single
dimers on M sites). However, Q.(N;,N,M) can be well approxi-
mated by assuming the arguments given by different
authors,**° to relate the configurational factor Q.(Ni,N,M)
for any c, with the same quantity in one dimension (¢ = 2). Thus

Q(Nt,NpyM) = [K(e,))ML(c,)N'Qees(NtuNp M), (22)

where K(c,k)[L(c,])] represents the number of available con-
figurations (per lattice site) for a k-mer[l-mer] at zero coverage.
K(c,k)[L(c,])] is, in general, a function of the connectivity and the
size of the adsorbate.

The terms K(c,k) and L(c,l) take into account the degrees of
freedom of the adsorbed particles on the lattice of connectivity c.
Thus, in the particular case of straight rigid adsorbates, it follows
that K(c,k) = L(c,l) = ¢/2. This scheme has been successfully used
by many researchers,”%***° and will be used in this paper as well.

{[(c = 2)k +2]Ni — 2Ni* = N}’

Paper

Once Q,(N,N;,M) is obtained from eqn (21) and (22), and as
usual in the quasi-chemical formalism, C(Ni,N,M) can be
calculated using the maximum-term method®" in eqn (19). This

method allows us to replace > > > &(Nk, Nj; Nk, Ny, Ny M)
Nik Ny Nig

by the maximum term in the sum, g(Ny, Nj; Nii*, Nij*, Ni/s M).
From the condition V In g(N,Ni;,Ni) = 0, we obtain

0Ing(Ni, Ny, Ni)

1
= Zln{E[Cka — 2Nk — N — 2(k — I)Nk]}
*ll’lNkk
cM
_ln|:7+Nk(k— 1—ck)+ N/(I—1—cl)+ Ny+ Nix + N

=0,
(23)

ONy

1
= 21n{i[c1N1 — 2Ny — Ny —2(1 - I)NI]}
—In N//

M
—ln{%+Nk(k—1—ck)+N1(l—1—cl)+N1/+Nkk+le

=0,
(24)

OIng( Ny, Ni, Nig)
ON

:ln{%[clN; —2N]/—N/k —2(1— I)N/}}

N, Ik
2

—In +1n{%[Cka—2Nkk—N/k—2(k—I)Nk]}

M
—In |:CT+N/\»(k— 1 —ck)+N;(I-1 —cl)+N//+N//(+Nkk:| =0,

(25)

and the corresponding values of Ny, Ny and Ny giving the
maximum term in the sum in eqn (19) can be obtained by
solving the equations

N = M 2 T = ek = N + [(1 = )l — 1[N, + New' + Nt = N/} (26)

N — {l(c =2){ + 2]N; — 2N;* — Nk/*}2 27)
U 4eM 2+ [(1 = Ok — 1Ng + [(1 — &)l — ]N, + N + Ny + N}

le* . {[(c — 2)k + 2}Nk — 2Ny — Nk;*}{[(c — 2)1 + 2}N1 — 2N, — N/d*} (28)

24916 | Phys. Chem. Chem. Phys., 2016, 18, 24912-24921

- 2{L’M/2 + [(1 — c)k — I}Nk + [(1 — (,)l — l]Nl + Nt + Nyt + Nkk*}'
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Then, from eqn (19) and (26)—(28), and by, simple algebra,

C(NiNiM), and consequently g(Ny,N;Nii,NusNi:M), can be
calculated
Q(Ny,N;, M
C(Ni, N, M) = - (N, Ni, M)
> 22> &(Ni, Ni; Nige, Nit, Nia; M)
Nix Nu Nig (29)
_ Q(Ni, Ni, M)
&(Nk, Nis Ni*, Ny Nt s M)
Then

Q(Ni,N;,M)g(Nie, Ni; Niie, Nit, Nii; M)

Nk)N;Nkk7N 7Nk;M = o
g( i s Nii; M) &(Ni, Ni; Nig* , Ny N/ s M)

(30)
Now, the partition function can be written as
Ne N, Q(Ni,N;, M)
Q =4 4q . * * E
&(Nk, Nis Niw*, Nif*, Ni*s M) (1)

X Z Z Zg(Nk,NI; Ni, Ny Nig; M)e PE.

Nk Nu Ny

The sum in (31) can be solved by applying the maximum-
term method again. Thus, > 3" 3" &(Nx, Nj; N, Ny, Nii; M)ePE

Nige Ni Ny
can be replaced by §(Ny, Nj; Niit, N, Nits M) x e PNekUietNilUi+
Ny wie + Nj'wy + Nt wk/). The corresponding values of Ny™,
N;* and Ni/** are obtained by solving the equations,

{[(c = 2)k + 2] Ny — 2N™ — Ny}’

PCCP

and

OpF opf
ﬁ:ul,ads = (aT) = 1(8_9 ) (37)
1) Ne.M,T 1/ O, T
where f= F/M and 0, = xN,/M (x = k, ).
On the other hand, the chemical potential of each kind of
molecule in an ideal gas mixture, at temperature 7 and pressure
P, is

ﬁ‘ux’gas = ﬁﬂg + lnXxP,{x =k, l}, (38)

where X, is the mole fraction, and p® is the standard chemical
potential of the x-mer.

At equilibrium, the chemical potential of the adsorbed and
gas phase is equal, piyaqs = lx,gas- Then,

Bul +1In X P =k (%) , (39)
90 ), 7
and
pul +In X, P = 1(%> : (40)
90, ) g, r

The theoretical procedure described in this section can be
summarized as follows:

(1) Given the complete set of lateral interactions and tempera-
ture, the values of Ny*, Nj* and Ny are obtained by solving
eqn (26)—(28).

N Bwik — 32

T M2 0 = Ok = NG+ (1= T = 1IN+ N + Ni* + N} 52)

Nyt — {l(c = 2)/ + 2Ny — 2Ny — Ny’ (33)
4{eM2+ [(1 = Ok — UNe + [(1 — ) — 1IN + Noe* + Ni* + Nit™ )’

Nyerebun — e =2k + 2Nk = 2N = Ny H{[(e = 2)/ + 2N, = 2Ny = N} (34)

In a similar way as done with the sum in eqn (19), expressions
(32-34) were obtained by the process of differentiating and
equating to zero the term in the sum in eqn (31). Finally,

0 - quqN,Q(NkaNl:M)g(NkaNIZNkk**yNII**7Nk1**§M)
kA &(Nie, Ni; Nit, Nij*, Nt M)

X exp[—ﬁ(NkkUk + NJU; + N wige + Ny wy + Nk,**wk/)].
(35)

The chemical potential of each adsorbed species can be calculated
from the free energy F = —In Q,

 (OpF (OB
ﬁ:uk,ads - (8—]\]1() N[YM‘T* k ((90]() 9[1T’ (36)

This journal is © the Owner Societies 2016

- Z{CM/2+ [(1 — C)k — I]Nk + [(1 — C)l — I]N[ + Npi** 4+ Nj** +Nk1**}.

(2) Once Ny*, Nj* and Ny are calculated, C(Ny,N;,M) and
&(Ni, Nj; Nty NiiyNii; M) can be obtained (see eqn (29) and (30)),
and the partition function can be written as in eqn (31).

(3) The partition function Q is calculated by using the
maximum-term method. For this purpose, Ny, Nj* and
N/ are obtained by solving eqn (32)-(34), and are introduced
in eqn (35).

(4) f= —(InQ)/M is calculated, and the partial adsorption
isotherms of the system are obtained from eqn (39) and (40).

Points (3) and (4) are numerically (and simultaneously)
solved through a standard computing procedure.

4 Monte Carlo simulation

In order to test the applicability of the new theoretical model we
perform numerical simulations using hyper-parallel tempering

Phys. Chem. Chem. Phys., 2016, 18, 24912-24921 | 24917
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Monte Carlo (HPTMC).*"*> The HPTMC method consists of
generating a compound system of R non-interacting replicas of
the system under study. Each replica is associated with a gas
pressure P;, taken from a set of properly selected pressures
{P}.£** Once the values of the gas mixture pressure and molar
fractions X, are set, the chemical potential of each species is
obtained for an ideal gas mixture, i.e. fi, = ug + In X, P, where p
is the standard chemical potential at temperature Tand x = k, [.

Under these considerations, the simulation process consists
of two major subroutines: replica-update and replica-exchange.

4.1 Replica-update

The adsorption-desorption procedure is as follows: (i) one out
of R replicas is randomly selected; (ii) the species x is selected
with equal probability from the two species, k and /; (iii) a linear
x-uple of nearest-neighbor sites is selected. Then, if the x sites
are empty, an attempt is made to deposit a rod with probability
Waas = min{1,exp[f(x, — AE)]}; if the x sites are occupied by
units belonging to the same x-mer, an attempt is made to
desorb this x-mer with probability Wyes = min{1,exp[f(—u, — AE)]}
and otherwise, the attempt is rejected. AE is the difference
in the configurational energy of the replica between the final
and initial states.

4.2 Replica-exchange

Exchange of two configurations y; and y;, corresponding to the
i-th and j-th replicas, respectively, is tried and accepted with
probability, Wyceep.(; = ) = min{1,exp(f4)}, where 4 in a
nonthermal grand canonical ensemble is given by

A= —[()) — m@N)) — Ne@) + (i) = wl(DWNLJ) — Ni(D)))]
(41)

The complete simulation procedure is as follows: (1) replica-update,
(2) replica-exchange, and (3) repeat from step (a) R x M times. This
is the elementary step in the simulation process or the Monte Carlo
step (MCs). Typically, the equilibrium state can be well reproduced
after discarding the first 7 = 10® MCs. Then, the next r = 10° MCs are
used to compute averages.

For each value of pressure P, the corresponding surface
fractions are determined by simple averages

00 =, 0 fp0] x=k1  (@2)
t=1

where y;(t) represents the state of the replica j-th at the Monte
Carlo time ¢.

5 Results

In order to test the QCAPM clearly, we will consider first the
adsorption of two species on a 1D system, and then we will
address the adsorption problem in the two-dimensional square
lattice. We set wy = wy; = wy; = w. The gas phase is considered
as an ideal gas mixture of particles with masses km, and Im,.

i To determine the number of sampled pressures we used an acceptance ratio of
0.5 for the swapping move for each pair of replicas.
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In P

Fig. 3 Partial adsorption isotherms for the 1D case, k = 1 (full symbols),
[ = 2 (empty symbols) and different values of the lateral interaction as
indicated. Symbols correspond to MC data whereas lines represent the
QCAPM results.

The molecule shapes are contemplated only in the adsorbed
phase. Then, the standard chemical potential for the x-mer
becomes
0 3 3 4
,ux:—Elq;Tlnmx—i-C:—Elqg,Tlnx—Q—C7 (43)
where C and C’ are constants which can be taken equal to zero
without any loss of generality.

Let us consider the adsorption on a 1D system for an
equimolar monomer-dimer mixture. Fig. 3a shows the adsorption
isotherms for attractive lateral interactions, whereas Fig. 3b shows
the repulsive case. The results have been contrasted with MC
data. In both cases, the smallest species fills the monolayer
monotonously until completion, while the largest one is present
only in a limited range of pressures. In the attractive case as
the absolute value of the lateral interaction increases (i) the
isotherms are shifted towards smaller values of pressure and (ii)
a greater number of dimers is adsorbed on the surface. The
adsorption is more favorable when the interactions are more
attractive. The opposite occurs in the repulsive case, as the
lateral interaction increases the isotherms are shifted towards
larger values of pressure and less dimers are adsorbed. It can be
observed in the monomer isotherms that a plateau corresponding
to an ordered structure begins to appear, for the strongest
interaction cases. It is well known that this is not the case of
a phase transition, since it corresponds to a one-dimensional
problem. It is worth mentioning that, as in the 1D case the

This journal is © the Owner Societies 2016



Paper

0'O'I"I'I''I'I'I'I'I'I'I

6 4 2 0 2 4 6 8 10 12 14 16
In P
Fig. 4 Partial adsorption isotherms for the monomer—dimer case on a
square lattice with two different values of the lateral interactions: (a) fw = —0.75

(attractive interaction); and (b) fw = 2.00 (repulsive interaction). Symbols and
lines correspond to MC data and theoretical approaches, respectively.

QCAPM reproduces the exact solution, it would be very useful to
apply this approach to alkane mixtures adsorbed on systems like
zeolites (with one-dimensional channels) or nanotube bundles.

We will now consider the square lattice (¢ = 4). Fig. 4 shows
the comparison between the BWA and QCAPM approaches with
the MC data, for the case of a monomer-dimer mixture. For
attractive lateral interactions [see Fig. 4a] both theoretical
solutions are, in general, in a good agreement with the simulation
data. As in the one-dimensional case, the partial isotherm
corresponding to the smallest species increases up to complete
the monolayer, whereas the largest one is firstly adsorbed and
then is desorbed from the substrate. At high pressures only the
monomers are present on the lattice. Fig. 4b shows the case
of repulsive lateral interactions where the smallest species
presents the characteristic plateau at half coverage as InP
increases. Regarding the theoretical approaches, in this case
the QCAPM shows a much better agreement with the MC data,
both qualitatively and quantitatively, with respect to the BWA.
Since the QCAPM is derived from a mean field approximation,
it is not capable of reproducing the plateau, despite the higher
grade of approximation when compared with the BWA. In order
to quantitatively characterize the performance of the theoretical
approaches with respect to the MC data, we have defined an
integral error as:

&= [‘@(,thcory - H/c,MC‘ + |61,thcory - HI,MC ’d]nP (44)
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Fig. 5 Integral error versus lateral interaction energy for the monomer—
dimer case shown in Fig. 4.
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Fig. 5 shows the curves of this quantity corresponding to the
case previously analyzed in Fig. 4. As it can be seen, in all cases
the values of the QCAPM error are about half the ones of BWA.

As a way to test further the goodness of the theoretical
approaches, Fig. 6 shows the case of a non-equimolar gas mixture,
where both attractive and repulsive lateral interactions are consid-
ered. The effects of a higher molar fraction on the largest species
(Fig. 6 corresponds to X; = 0.75) can be seen reflected in the
premature growth of the corresponding partial isotherm. However,
eventually the largest species is also displaced by the smallest one,
as occurs in the equimolar case. Similar to Fig. 4, the theoretical
approaches show a very good agreement in the attractive case.
For repulsive interactions the QCAPM clearly shows a better

InP

Fig. 6 The same as Fig. 4 for a non-equimolar mixture. In this case,
Xk = 0.25and X, = 0.75.
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Fig. 7 Integral error as a function of the species size [ for a fixed value of k.
In the case of the figure, k = 1, X, = X, = 0.5, pw = 2.00 and ¢ = 4.

performance over the entire range, except (as expected) in the
presence of ordered phases (around 0 = 0.5 for monomers).

Finally, Fig. 7 shows the effect of varying the size of the
species. Specifically, the case of a mixture of monomers and
l-mers with repulsive lateral interactions has been considered,
for sizes [ ranging from 1 to 5. This test is intended in part to
stress the goodness of the configurational factor Q(N,N;,M),
used in the formulation of the QCAPM. In this regard, Fig. 7
shows the integral error, as a function of [/, both for the MF
approximation and for the QCAPM.

6 Conclusions

In the present work we have addressed the adsorption problem of a
interacting polyatomic mixture as follows (i) a generalization of the
classical QCA configuration-counting procedure, and (ii) the exact
analytical expression for the configurational factor of polyatomic
mixtures adsorbed in one dimension and its extension to higher
dimensions.

Firstly the one-dimensional case was tested with the exact
solution for a polyatomic binary mixture obtained from an effective
lattice and the exact solution of monomeric mixture adsorption.

The two-dimensional case was also analyzed for adsorption
on a square lattice considering both attractive and repulsive
lateral interactions. Additionally, different molar fractions were
explored observing the good performance of the theory. On the
other hand, Monte Carlo simulations were performed in order
to test the validity of the theoretical model. QCAPM and BWA
were contrasted with the simulation data in qualitative and
quantitative ways by means of error measurements. In all the
cases QCAPM was the best approximation, as expected.

In order to improve the theory developed here, it would be
interesting to test other different configurational factors
obtained from the main theoretical models developed to treat
the polymer adsorption problem.*®
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