POINTED FINITE TENSOR CATEGORIES OVER
ABELIAN GROUPS

IVAN ANGIONO AND CESAR GALINDO

ABSTRACT. We characterize the finite pointed tensor categories equiva-
lent to de-equivariantizations of finite dimensional pointed Hopf algebras
over abelian groups.

1. INTRODUCTION

In this paper k will denote an algebraically closed field of characteristic
zero. By tensor category we mean a k-linear abelian category with finite
dimensional Hom spaces and objects of finite length, endowed with a rigid
k-bilinear monoidal structure and such the unit object is simple. A tensor
category is called finite if it is k-linearly equivalent to the category of finite
dimensional comodules over a finite dimensional k-coalgebra.

Let H be a coquasi-Hopf algebra over k. The category M of its fi-
nite dimensional corepresentations is a tensor category. Tensor categories
of this form are characterized, via tannakian reconstruction arguments, as
those possessing a quasi-fiber functor with values in the category of finite
dimensional vector spaces over k.

Comment 1 (by Cesar): el siguiente parrafo lo copié de la subseccién
3.3, debemos reescribir esa parte, me parece que queda bien acd para explicar
un poco mas.

A tensor category is called pointed if every simple object is invertible.
Example of such a categories are the category of finite dimensional comod-
ules over a pointed coquasi-Hopf algebra. In fact, any finite pointed tensor
category is equivalent to the category of comodules over a finite dimensional
pointed coquasi-Hopf algebra.

In [3], we studied de-equivariantization of Hopf algebras, applying Tan-
nakian techniques. We explicitly constructed a coquasi-bialgebra such that
its tensor category of comodules realizes the de-equivariantization of a Hopf
algebra, [3, Theorem 2.8]. As application, we defined a big family of pointed
coquasi-Hopf algebras A(H, G, ®) attached to a coradically graded pointed
Hopf algebra H and some extra group-theoretical data, see [3, Proposition
3.3] and [3, Definition 3.5].

2010 Mathematics Subject Classification. 16W30, 18D10, 19D23.
I. Angiono was partially supported by CONICET, FONCyT-ANPCyT and Secyt (UNC),
and C. Galindo by Fondodelnvestigacionesdela Facultad de Ciencias y la Vicerrectoria de
Investigaciones de la Universidad delos Andes.
1



2 ANGIONO, GALINDO

The purpose of work is to characterize Comment 2 (by Cesar): se
te ocurre algo mejor? pointed finite tensor categories over abelian group
constructed as de-equivariantization of the tensor category of comodules
over finite dimensional pointed Hopf algebras. For Hopf algebras, the de-
equivariantization process strictly generalize the theory of central extensions
of Hopf algebra. However, now the central quotient is a coquasi-Hopf alge-
bra.

We said that a tensor category C is coradically graded if C is equivalent
to the category of comodules over a coradically graded coalgebra, see [11,
Section 1.13] for a more categorical definition.

In [4] was proved that every finite-dimensional pointed Hopf algebra H
with abelian group of group-like elements I' is a cocycle deformation of
B(V)#kT, where V €% YD denotes the infinitesimal braiding of H. In
particular, it implies that M and B(V)#KU M are tensor equivalent. Hence,
the pointed tensor categoies obtained from H or BV)#KI AL are the same.
That is the reason why are interested only in coradically graded coquasi-
Hopf algebras.

For a tensor category C we will denote by G(C) the group of isomorphism
classes of invertible objects and by w(C) € H?(G(C),k*) the cohomology
class defined by the associator of the full tensor subcategory of C of invertible
objects.

Breen [7, Proposition 4.1] defined for every abelian group A a group ho-
momorphism

Ya s H3 (A, k™) — Hom(A3A, k),

that measure if the category of Yetter-Drinfeld modules %2511:)/@ is pointed,
see Theorem 3.7.
Our main result can be summarized as:

Theorem 1.1. A finite tensor category C is tensor equivalent to a de-
equivariantization of a pointed Hopf algebra over an abelian group if and
only if C is coradically graded, G(C) is abelian and Ygc)(we) = 1.

Theorem 1.1 is proved in Section 4, where a pointed Hopf algebra of the
form B(V)#KkI is explicitly constructed. As a corollary, we obtain that every
coradically graded pointed finite braided tensor category is tensor equivalent
to a de-equivariantization of a coradically graded pointed Hopf algebra over
an abelian group.

The organization of the paper is as follows. Section 2 is devoted to pre-
liminaries. In Section 3 we define the map 95 : H3(A,k*) — Hom(A3A, k)
and characterizations of the condition ¥ (w) = 1, which are used in the
sequel. In Section 4 we proved generation in degree one for coradically
graded coquasi-Hopf algebras A with associator, 1g(4) (w) = 0, where w €
H3(G(A),k*) defined by the associator. We prove Theorem 1.1. We finish
the section with an example of a coradically graded coquasi-Hopf algebra
over A = Z,/2Z%3 with associator w € Z3(A,k*), such that 1 (w) # 1.
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Comment 3 (by Cesar): Agregar en paper?: el diagrama de dinking
esta bien definido

Comment 4 (by Cesar): Todo: 1) revisar notacion de unidad en cat
mon. 2) agregar definition de product tensorial en ejem 2.3 (yetter-drinfeld)

2. PRELIMINARIES

In this section we recall some definitions and results about coquasi-Hopf
algebras and tensor categories. Throughout the paper we work over an
algebraically closed arbitrary field of characteristic zero k. Algebras and
coalgebras are always defined over k. For coalgebra (C,A,e) we will use
Sweedler’s notation omitting the sum symbol, that is A(c) = ¢; ® ¢o for all
ceC. R

Given a group I', I' denotes the group of linear characters of I' over k,
and (-,-) : T x I' = k* is the evaluation map.

Given 6 € Ny, then we denote Iy = {n € N : n < 0}, or simply T if 6 is
clear from the context. Also, d,, is the Kronecker delta.

2.1. Coquasi-bialgebras. A coquasi-bialgebra (H, m,u,w, A, ¢) is a coal-
gebra (H, A, ¢) together with coalgebra morphisms:

e the multiplication m : H ® H — H (denoted m(g ® h) = gh),
e the unit u:k — H (where we call u(1) = 1p),

and a convolution invertible element 2 € (H ® H ® H)* such that
(1) h1(g1k1)Qh2, g2, k2) = Q(h1, g1, k1)(haga)ke,
(2) lgh = hlg =h,
(3) Q(higr, k1,11)2 2, g2, k2la) = Q(h1,91,k1)
xQ(ha, gaka, 11)2(g3, k3, [2),

(4) Q(hv 1H’g) = E(h)E(g)7
for all h,g,k,l € H. Note that
Q(1m, h,g) = Qh,g,1m) = e(h)e(g) for all g,h € H.

A coquasi-bialgebra H is a coquasi-Hopf algebra if there is a coalgebra map
S : H — H°P (the antipode) and elements «, 8 € H* such that

(5)  a(h)lyg = S(h1)a(h)hs,
(6)  B(h)1g = h1B(h2)S(h3),
(7) e(h) = w(h1B8(h2),S(h3), a(ha)hs)
= w(S(h), alh2)h3B(hs),S(hs)), for all h € H.

Example 2.1. Let G be a discrete group. Recall that a (normalized) 3-
cocycle w € Z3(G,k*) is amap w : G x G — G — k* such that

w(ab, c,d)w(a,b,cd) = w(a,b, c)w(a, be, d)w(b, c,d), w(a,1,b) =1
for all a,b,c,d € G.
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Given w € Z3(G,k*), we define coquasi-Hopf algebra kG, with structure
(k[G], Q,, S, a, B), where k[G] is the group algebra with the usual comulti-
plication A(g) = g® g for all ¢ € G, and Q,(g,h, k) = w(g,h, k) for all
g,h,k € G. The antipode structure is given by

Sig)=9" alg)=1, Blg) =wlgg g !, foralged.

2.2. Braided tensor categories and the center construction. By a
tensor category we mean a k-linear abelian rigid tensor category C whose
unit object 1 is simple, see [11].

Let H be a coquasi-Hopf algebra. The category of left H-comodules
H M is rigid and monoidal, where the tensor product is ®y, the comodule
structure of the tensor product is the codiagonal one and the associator is

ovyw : (UV)oW —U(VeW)
dryw((u®@v)@w) = Qu_1,v_1,w_1)up ® (vo ® wo)

foruecU,veV,weWand U V,W € # M. The dual coactions are given
by S and 87!, as in the case of Hopf algebras.

Example 2.2. Let G be a discrete group and w € Z3(G,k*). The tensor
category KM is Vec, the category of G-graded vector spaces with
associator induced by w.

A braided tensor category is a tensor category C endowed with a braiding
cxy  X®Y =Y ®X, see [15].

The main example of a braided tensor category in this paper will be the
center Z(C) of a tensor category C. The center construction produces a
braided tensor category Z(C) from any tensor category C. The objects of
Z(C) are pairs (Z,c_ z), where Z € Cand cxz : X ® Z = Z ® X are
isomorphisms natural in X satisfying

(8) cxeyz = (cxz ®idy)(idx ®cy,z)
and ¢ z = idgz, for all X,Y € C. The braided monoidal structure is given
in the following way:

e the tensor product is (Y,c_y)® (Z,c— z) = (Y ® Z,c_ ygz), where

CXY®RZ = (idy ®CX72)(CX,Y ®idz) XY R Z-2YRZI®X, Xe C,

e the identity element is (I,c_ ), cz 1 =idz
e the braiding is the morphism cx y.

Example 2.3. The Drinfeld center of Vecy. Let A be a discrete group, and
w € Z3(A,k*). The Drinfeld center of Vec is equivalent to ﬂiiﬁ)ﬂ?, the
category of Yetter-Drinfeld modules over k“A. The objects of ﬂiiﬁ)ﬂ) are
A-graded vector spaces V = P geA Vy with a linear map > : kA @V — V
such that 1>v=wvforallv eV,

w(g, hkh™', h)

h =
(gh) > v = o o Rw(ghkh g1, g, )

(gl>(h|>1})), g,h,k‘EA, ’UEVk,
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satisfying the following compatibility condition:
9> Vi C Vypg—1 g,h €Al
Morphisms in ]ﬂi:ﬁyD are A-linear A-homogeneous maps. The category is
tensor braided, with braiding cyw : VW =WV, V,IW Glﬁiiﬁ YD,
cywv@w)=grw®mw, geEA, v eV, weW.

2.3. Bosonization for coquasi-Hopf algebras. Now we recall the nota-
tion and results from [5] but restricted to pointed coquasi-Hopf algebras.
Given a Hopf algebra R in {4 YD with multiplication - : R® R — R and
comultiplication A : R = R R, A(r) = r(M @7, the bosonization of R by
kA [5, Definition 5.4] is the coquasi-Hopf algebra R#k“A with underlying
vector space R ® kA and the following structure maps:
w(g, L, h)w(k, 1, gh)
w(k, g,th)w(l, g, h)
A =
(r#tg) = —~

———rWilg ® P4y,
(k5=1,4,9)
Q(r#g, s#h, t#k) = e(r)e(s)e(t)w(g, h, k),

for all g, h,k,l € A, 7 € Ry, s € Ry, t € R, where rM) @1 € &;Ry;-1 @ R;.
We have two canonical coquasi-Hopf algebra maps

T R#KYA — kYA, w(r#g) =e(r)g, kY = R#KYA, 1(g) = 1#g,

(r#g)(s#h) =

r- (g > S)#gha

such that 7o ¢ = idgwp.

Reciprocally, let H be a coquasi-Hopf algebra and assume that there
exist coquasi-Hopf algebra maps w : H — k¥A, ¢ : kYA — H such that
mot =idgwp. Then H ~ R#k“A, where R = H®™ admits a structure of
Hopf algebra in £.AYD [5, Theorem 5.8].

In particular this applies for H = ®,>¢H,, coradically graded such that
Hy =k“A [5, 6.1]. Here, R is a graded Hopf algebra in ]ﬁiﬁyl):

R = ®n>oRy, with R, = RN H,, n >0, so Ry = Kkl1.

2.4. Nichols algebras. Nichols algebras can be defined over any abelian
braided tensor category see [19]. In particular we may consider Nichols
algebra over C = Z (H M) or C :g YD, where H is a coquasi-bialgebra, see
[1] for the definition when H is a Hopf algebra and [14] for H = k“A.

Given an object V € C and n > 3, V®" denotes (--- (VRV)®---)@V),
n copies of V. We consider the following (graded) Hopf algebras in C:

e the tensor algebra T'(V) = &,,>0V®", with product given by the canonical
isomorphism V&™ @ V& ~ y@(m+n): the coproduct A : T(V) — T(V) ®
T(V) is the unique graded algebra map such that Ag; : V — k® V and
A1p:V — V @k are the canonical isomorphisms.
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e the tensor coalgebra C (V) = &,,>0V®", with coproduct
A=@nnz0:C(V) = C(V)RC(V), Apy VOt 5 yemg yen
the product A : T(V) — T(V) ® T(V) is the unique graded coalgebra
map induced by the canonical isomorphisms k@ V ~V ~V Q k.

There exists a unique graded Hopf algebra map T'(V') — C(V') in C, which
is the identity on V. The Nichols algebra B(V') of V is the image of this
map: it is a graded Hopf algebra in C.

We may identify B(V') as a quotient B(V) = T(V)/J (V) with the fol-
lowing universal property: J (V') is the largest coideal of T'(V') spanned by
elements of N-degree > 2. There are other characterizations of B(V') [19].

A pre-Nichols algebra of V' is any graded braided Hopf algebra in V' €
Z(H M) intermediate between T(V) and B(V), that is any braided Hopf
algebra of the form T'(V')/I where I C J(V) is a homogeneous Hopf ideal.

Comment 5 (by Ivan): Completo mas tarde con post Nichols y refer-
encila

3. TRIVIALIZATIONS OF ELEMENTS IN H3(A,k*)

Definition 3.1. Let w € H"(A,k*). We say that w is trivializable if there
exist a finite abelian group I' and a group epimorphism p : I' = A such
that the pullback p*w € H™(T',k*) is trivial. In this case we say that w is
p-trivial.

Example 3.2. Let C, be the cyclic group of order n generated by o. Then

N._zo, "L 2o, N ze, TS z0, Z

where N =140 402+ ---4+ 0" ! is a free resolution of Z. Thus,
H3(Cp, k™) = G (n) := {a € k* : a" = 1}.

Let m,n € N such that n|m and 7 : C,, — C, be the canonical group
epimorphism. The induced map is

T tH3(Cp k) — H3(Crp, k), g qn.

Hence, if ¢ € H3(C,,,k*) has order s, the canonical epimorphism 7 : Cy,, —
C,, trivializes q. Thus 7 : Cp2 — C,, trivializes all elements in H3(C,,, k).

Let A be a finite abelian group. We denote by A™A the n-th exterior
power of A, viewed as a Z-module.

For each w € Z3(A,k*), Breen [7, Proposition 4.1] defined an alternating
trilinear map

Ya(w)(l, o, l3) = H w(lo(l)alo’(2)7la'(3))sng(o)a l1,l2,13 € A.
oES3

The group homomorphism v : Z3(A,k*) — Hom(A3A,k*) induces a group
homomorphism
Ya s H3 (A, k™) — Hom(A3A, k*).
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Note that Hom(A®3,k*) ¢ Z3(A,k*). Hence, if A is finite the restriction
of YA to Hom(A®3,k*) is surjective. Thus v, is surjective.

Proposition 3.3. If w € H3(A,k*) is trivializable then 15 (w) = 0.

Proof. Let p : ' — A be an epimorphism of finite abelian groups. By [6,
§7.2, Proposition 3 ], the map

A" (p) : N"T — A™A, gL A Agn=plgr) A Ap(gn),

is surjective. Since A is finite, the group homomorphism

A" (p)* : Hom(A"A, k™) — Hom(A"T, k™)
frlgoneNgne fp(gr) A+ Ap(gn))]-

is injective for all n.
Let w € H3(A,k*) such that p*(w) = 0. Then A®)(p)* 0 5 (w) = 0, since
the diagram

H3(A k%) — 2 B3I, k%)

9) lw/\ iwr

(3) *
Hom(A%A, k¥) %X Hom(AST, k*)

is commutative. By the injectivity of A3(p)*, we have that 1 (w) =0. O
Example 3.4. Let A = (Z/nZ)®3 and w € Z3(A,k*), defined by
w(T, ¥, 2) = (192,
where ( is a n-th root of unity and &, %, Z € A. Then,
A (w)(@, 7, 2) = (T,

Thus, ¥(w) # 0 and (1(w)) = Hom(A3A,k*). It follows by Proposition 3.3
that w is not trivializable.

Let w € Z3(I',k*). An abelian structure on w is a map ¢ : I' x I' — k*
such that
cla,bc)  w(a,b,c)w(b,c,a)
c(a,b)c(a,c) w(b,a,c)
c(ab, c) w(a,c,b)

c(a,c)e(b,c)  w(a,b, c)w(c,a,b)’

for all a,b,c € I'. Following [9, 10] we denote by Z3,(I',k*) the abelian
group of all abelian 3-cocycles (w, ¢).

Proposition 3.5. Let (w,c) € Z3,(A,k*) be an abelian 3-cocycle. Then
PYa(w) = 0.
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Proof. If (w,c) € Z3, (A, k*) the map

q: A —k", g c(9,9)
is a quadratic form on A, that is, ¢(—a) = ¢(a) and the map
q(ab)
by(a,b) = , a,b €A,

100 = aya(e

is a bicharacter. The quadratic form g determines completely the coho-
mology class of the pair (w,c), see [10, Theorem 26.1]. Using the map
¢, Quinn [18] defined an explicit 3-cocycle abelian 3-cocycle (h,c) with
c(a,a,) = q(a) for all a € A. Assume that A = Z/miZ & --- ® Z/np,Z.
For each i € {1,...,m} let ¢; := q(€;) and h; € Z3(Z/n;Z,k*) defined by
1, if b+ c < ny,

¢ ifb+e>n,,

hi(a,b,c) = {

where 0 < a,b,c < n;. Then by [18] and [10, Theorem 26.1], h € Z3(A,k*)
given by
MZ, g, Z2) = h(z1,y1, 21) (22, Y2, 22) - - ”(Tins Yo 2m),
is a 3-cocycle cohomologous to w. By Example 3.2, the epimorphism
T LTS DL/N2L — LML D - D Ly
trivializes h and then also trivializes w. O

Remark 3.6. Let A be a cyclic group of odd order and w € H?(A,k*) a non-
zero element. Then there is not ¢ € C%(A,k*) such that (w,c) € Z3, (A, k*),
however by Example 3.2 ¢, (w) = 0.

Theorem 3.7. Letw € H3(A,k*). The following statements are equivalent:
() ¥a(w) = 1. )
(b) The braided fusion category ¥.AYVD is pointed.
(c) w is trivializable.
Proof. For each a € A, the map
w(g,a,h)
w(g7 h’ a)w(a’ g? h)

ﬂa:AXA—HkX, ﬁa(%h):

is a 2-cocycle, that is, satisfies the equation
Ba(g, h)Ba(gh,1) = Ba(g, hi)Ba(h, 1),

for all g, h,l € A. By [13, Example 6.3] we have an exact sequence of groups
0 A - Inv(foAYD) - G, — 0,

where G, = {a € A : 0 = [8,] € H?(A,k*)}. Then K;AVD is pointed if and
only if 0 = [,] for all a € A.
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Since k* is divisible, 3, has trivial cohomology class if and only if 3, is
symmetric. In conclusion, EZ%J/D is pointed if and only if B, (g, h) = Ba(h, g)
for all a,g,h € A. Since

Ba(b, €)
Balc,b)

ELAYD is pointed if and only if 95 (w) = 1. Hence, (a) <= (b).
Now (¢) = (a) by Proposition 3.3. Assume that (b) holds. Then
there is a finite abelian group I' and an abelian 3-cocycle (o, ¢) € Z3,(I',k*)

such that ﬁiﬁy@ ~ Vec!® as braided fusion categories. The forgetful
functor ﬁ:ﬁyp — Vec} defines a group epimorphism 7 : I' = A such that
7} ([w]) = [a]. By Proposition 3.5, there exists an abelian group I'y and an
epimorphism 7y : I's — T'; such that 7f([a]) = 0, hence myom : 9 — A
trivializes w. (]

= ¢A(aa ba C)a

4. POINTED CORADICALLY GRADED COQUASI-HOPF ALGEBRAS

Let I' and A be abelian groups and p : I' =& A a group epimorphism.
We fix a section ¢ : A — T of p. Given w € Z3(A,k*), we will denote by
p*w € Z3(I',k*), the 3-cocycle defined by

p'w(g, h, k) = w(p(g),p(h), p(k)), g, hk €T.
We assume that there is o : I' x I' = k*, such that §(«) = p*w; that is,

_ alg,h)algh, k)

* h,k —_—
Pte 1B = g, kB’

gvhak€F7

4.1. Trivializing the non-associativity of Nichols algebras. We con-

sider the functor ﬁiﬁy@ %ti*zll: YD given on the objects by

Vv > Vi = u(k
VeV, with D-grading g, = Ve g =uk),
0 g¢ud),

and I'-action via p; on the morphisms, it is just the identity.
Then there is a braided tensor equivalence

(Fa, @) fyrop YD =1 YD,

where F,, (V) =V as I'-graded vector spaces, with T'-action
= Whg)
(g h)
the functor is the identity for morphisms; the isomorphism constraints are
ayy  Fo(VeV') = Fu(V) @ Fu(V)
vV = alg,h) v, ghel, veV, v eV,

gD, g,her, v e Vy;
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4.2. Generation in degree one. Fix V G]ﬁizﬁ YD. Hence W := Fa(‘/}) el
YD is a braided vector space of diagonal type: there exists a basis (x;);er,
elements ¢g; € I', x; € I' such that x; € Wy, so the braiing is

c(zi®@w;) =gi T Qw = qij v, Qxi,  qiy = xj(9), G,jEL
Coming back to V, let £; = p(g;) € A, i € I. AsV = W as vector spaces and

the I'-grading on W is induced by ¢, we have that g; = ¢(¢;) and x; € V}, for
all ¢ € I. The quasi-braiding in ﬁiﬁyp is given by

Oé(&, fj)

CV(xz®xj) gi>Tj X x; qzja(£j7€i>

We recall now some results about the FRT construction. Let H (W) the
bialgebra corresponding to (W, ¢) [16, VIIL6]: it is the algebra presented by
generators 17, ¢, j € I and relations

T D Ty, 1,7 € L.

Q’L]T‘Jnnm - Qnm]-‘lmjj]na ,L.ajv m,n € L

Hence H(W) is a quantum linear space, so in particular it is 7! -graded,

with degTY = «, 4,7 € I. The coproduct satisfies
AT =) TreT], ij €L,
kel
while the R-matrix r : H(W) ® H(W) — k is determined by

r(Ti" @ T}') = qjibim0jn, i,jom,n €L
Hence W is a H(W)-comodule with coaction

pW —>HW)W, P(ﬂfi):ZTg@xj, 1€l
Jel
and c is also the braiding in the category of H(W')-comodules.

Theorem 4.1. Let R = ©,>0R,, Eﬁ:ﬁ YD be a post-Nichols (respectively,
pre-Nichols) algebra of V' = Ry such that dim R < co. Then R = B(V).

Proof. By abuse of notation, let o : H(W) @ H(W) — Kk,
Oé(T,LTl .. .Tirsns,TjTil ... T]:bt) = 5i1,m1 c. (52‘3’7-,13(5]‘17”1 e 5jt7'ﬂt
a(gil -+ Giss 951 - - 'gjt)’ s,t € N7 ikvmk7jl>nl el

As H(W) is Z!-graded, the map is well-defined, and o (1, 2) = a(z,1) = ()
for all x € H(W). Hence we may consider the coquasi-bialgebra H (W )*
obtained by a 2-cocycle deformation by .

Notice that (V,cy) is the image of (W, ¢) under the braided equivalence
HW) A — HW)® M induced by the 2-cocycle «, and this equivalence takes
pre- and post-Nichols algebras of (W, ¢) to pre- and post-Nichols algebras of
(V,cy). Hence R is the image of a post-Nichols (respectively, pre-Nichols)
algebra R’ of (W, ¢), which is of diagonal type. By [2], R' = B(W), so
R =B(V). O
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4.3. Pointed coquasi-Hopf algebras and de-equivariantization. Let
H be a coquasi-Hopf algebra and G be an affine group scheme over k.
A central inclusion of G in H is a full braided embedding ¢ : Rep(G) —
Z( H M) such that the composition ¢ o U : Rep(G) — H M is full, where
U:Z( M) — H M is the forgetful functor.

Let O(G) be the algebra of regular function over G. The algebra O(G) is
a commutative algebra in the symmetric category Rep(G), and thus a com-
mutative algebra in the braided tensor category Z( # M). Following [12], we
define the de-equivariantization # M(G) of # M by G, as the monoidal cat-
egory of of left O(G)-modules in ¥ M, with the tensor product M ®oa) N.

In [3], we studied de-equivariantization of Hopf algebras, applying Tan-
nakian techniques. In [3, Theorem 2.8] we constructed a coquasi-bialgebra
such that its tensor category of comodules realizes the de-equivariantization
of a Hopf algebra. As application, we explicitly describe a big family of
pointed coquasi-Hopf algebras A(H, G, ®) attached to a coradically graded
pointed Hopf algebra H and some extra data where G is a central subgroup
of a finite group I" and ® is a group morphism between G' and Hom(T", k™),
satisfying some conditions, see [3, Proposition 3.3] and [3, Definition 3.5].

Theorem 4.2. Let A be a finite-dimensional coradically graded coquasi-
Hopf algebra such that Ay ~ k¥A, where w is trivializable. Then “M is a
de-equivariantization of a coradically graded pointed Hopf algebra over an
abelian group.

Proof. By [5] there exists a post-Nichols (respectively, pre-Nichols) algebra
R = @,>0R, €fo} YD of V = Ry such that A ~ R#k“A; hence dim R < oo,
and by Theorem 4.1, R = B(V).

We consider V EEP “I' YD: as the braiding is the same, B(V) ~ B(V) as

p*w

braided Hopf algebras, and
(10) 7= (id®@p) : B := B(V)#kP“T — A = B(V)#k“A

is a projection of coquasi-Hopf algebras.
Given an epimorphism of finite dimensional coquasi-Hopf algebra f : H —
Q, it follows by [8, Proposition 5.1] that

H®/ .= {be B:idorAd) =bx 1},

admits a structure of commutative algebra in Z(¥ M) such that the tensor
category of left H°°f-modules in # M is tensor equivalent to @M.

—

We will see that there is a central inclusion ¢ : Rep(ker(p)) — Z(PM),

—

such that the central algebra O(ker(p)) = k[ker(p)] is the central algebra
associated to the epimorphism (10).

The inclusion klker(p)] < B, a +— 1#a, is an injective coquasi-Hopf alge-
bra morphism, that induces a full tensor embedding

Rep(@) = VeCker(p) —B M.
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Let V, = Spany,(v) € *ker®I A be a one-dimensional comodule with A(v) =
a ®v. Since 1#a is a central group-like of B, for any M € BM, the flip
map

ey, MeVy—= VoM
mu—vQm,

is an isomorphism of B-comodules. Equation (8), follows from the fact that

p*(w)(a,g, h) = p*(w)(g, a, h) = p*(w)(g, h, a) =1,
for all g,h € T',a € ker(p).

Since k[ker(p)] = B®°™ :={b € B :id®@wA(b) = b®1}, the central algebra
associate to the surjective tensor functor m, : BM — AM is exactly
k[ker(p)]. Then by [8, Proposition 5.1], “M is a de-equivariantization of
B M by @.

Since there is o : I' x I' = k* x such that 6(a) = p*(w), we can extend «
linearly to a map a : B ® B — k such that o(B, ® B) = a(B ® B,) =0 if
n > 0, so a is a twist. Hence H := B is a Hopf algebra; as a coalgebra, H =
B is coradically graded, with Hy = kI'. Hence H ~ R'#KkI for some graded
Hopf algebra R’ €L YD, where R} = Fa(f/), so H ~ B(W)#KI. Since 7 M
is tensor equivalent to M, we haﬁt\hat AM is a de-equivariantization of
the Hopf algebra H by the group ker(p).

O

4.4. Example of a pointed coquasi-Hopf algebra over an abelian
groups with non-trivializable associator. Let A and B be finite abelian
groups and a € Z2?(A, B) a 2-cocycle, that is, a map a : A x A — B such
that

a(z,y)a(zy, 2) = a(z,yz)aly, ), x,y,z € A.
We denote by B X {1\ the central extension of A by B associated to a.
Explicitly, B xo A = B X A as a set, and product given by
(21, a1)(x2,a2) = (z122, (a1, a2), ajaz).
The function
wa((a1, 91), (a2, 92), (a3, g3)) = a(a1, az)(gs),

is a 3-cocycle w, € Z3(A @ B,k*). It is easy to see that ¥ agp(ws) = 0 if
and only if a(ay,a2) = a(ag,ay) for all a1, as € A.

By [20, Theorem 3.6], the braided fusion categories Eg‘:gg)ﬂ) and tg:ai YD

are equivalent.

Let A=7Z/2Z & Z/2Z and B = Z/27Z. We define
mins

a:AxA%]?, a((m1,ma), (n1,n2)) = x )

where x : Z/27 — k* is the non-trivial character.
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Since « is non-symmetric, ¥ 4¢p5(wq) # 1 and by Theorem 3.7 w,, is non-
trivializable. The group B Xq A is a non-abelian group of order eight with
two elements of order four. Hence B xq A is a isomorphic to Dy, the dihedral
group of order 8.

In [17, Example 6.5], Milinski and Schneider constructed a Nichols algebra

B(V) of dimension 64 over Dy. Since the braided categories tgﬁgg)ﬂ) and
tg:zﬁyp are equivalent, in ﬁzg’:gg)ﬂ) there is a Nichols algebra B(V’) of
dimension 64. Hence, the bosonization

A= B(V"#k,, [Z/27. @ 7.)27 & 7.)27),

is a coradically graded coquasi-Hopf algebra with non-trivializable associa-
tor.
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