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Abstract. In this paper we extend two nowadays classical results to
a nonlinear Dirichlet problem to equations involving the fractional p-
Laplacian. The first result is an existence in a non-resonant range more
specific between the first and second eigenvalue of the fractional p-
Laplacian. The second result is the anti-maximum principle for the frac-
tional p-Laplacian.
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1. Introduction

This paper deals with existence and qualitative results for the following non-
linear Dirichlet problem with the fractional p-Laplacian

{ (—=Ap)*u = AuP~2u+ f(z) inQ,

w=0 in Q° = RN\Q. (1.1)

Here and in the rest of this introduction, 2 is a smooth bounded open of RY
s €(0,1), and p € (1,00). The fractional p-Laplacian is a nonlocal version of
the p-Laplacian and is an extension of the fractional Laplacian (p = 2). More
precisely, the fractional p-Laplacian is defined as

(—Ap)*u(z) = 2K P.V./ [u(z) — )PP (ulz) ~uly) 4

RN |z — y|N+sp

Y, (1.2)
with
K=pl-s) (/5N1 (w,e>|deN_1(w)>_1 , ec SN
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where SV~! denotes the unit sphere in RY and HY~! denotes the N — 1-
dimensional Hausdorff measure. For more details, see [14,17].

A pioneer work on existence of nonlinear one-dimensional integral equa-
tion (with L? kernels) under non-resonant case can be found in [27]. Besides
that let us recall that the Fredholm alternative fails for p-Laplacian and the
situation is much more complex than in the linear case. This can be found in a
large number of results around Fredholm type alternative for the p-Laplacian,
see for instance [9,23,28-31,43,50,51] and the references therein.

For the fractional Laplacian, the standard Fredholm alternative for com-
pact operator can be applied. Observe that the spectrum for the fractional
Laplacian is studied in [46,48].

Let us start by describing our existence results. Denote by A (s, p) and
A2(s,p) the first and second eigenvalues, respectively, for the fractional p-
Laplacian with Dirichlet boundary condition. See Sect. 2 for the definition
and basic properties of the eigenvalues of the fractional p-Laplacian.

First, by standard minimization argument, we show that if A < A1 (s, p),
then there is a unique weak solution of (1.1), see Sect. 3. Then, also in Section
3, we show the existence of solution to (1.2) for A € (A1(s,p), A2(s,p)) and
fe W‘S’p/(Q). This existence part relies on an homotopy deformation of the
degree as in [5], see also [4,6,13].

More precisely, we can prove the following Theorem:

Theorem 1.1. Let f € W57 (Q). If A\i(s,p) < A < Xa(s,p) then there is a
weak solution of (1.1).

Let us observe that Fredholm type alternative for fully non-linear oper-
ator can be found in [11, Section 5. Notice that using the ideas of [11] and
[21] a different homotopy (with respect to s) can be used to prove the above
Theorem. Besides that let us also mention that from [21] other existence re-
sults can be proved using bifurcation from infinity for (1.1). These results
can be found for the case of the p-Laplacian, for example in [9].

Our second aim was to show an anti-maximum principle for the frac-
tional p-Laplacian. This principle has shown to be a powerful tool when ana-
lyzing nonlinear elliptic problems, see [8,12,18,36] and the references therein.
For the p-Laplacian operator, the anti-maximum principle is proven in [32],
see also [10,35]. On the other hand, the link between bifurcation theory and
anti-maximum principle was observed for the first time in [8] (see for instance
[8, Theorem 27] for an improvement of the anti-maximum principle for the
p-Laplacian operator).

In Sect. 4, before proving our anti-maximum principle, we show the
following maximum principle:

Theorem 1.2. Let f € W57 (Q) be such that f # 0.

(1) If f > 0 and XA < A\1(s,p), then u > 0 a.e. in Q for any super-solution u
of (1.1).

(2) If f <0, and A < A\i(s,p), then u < 0 a.e. in Q for any sub-solution u
of (L.1).

Thus, we show the following anti-maximum principle:
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Theorem 1.3. Let f € W=V (Q) be such that f # 0. Then there is § =
5(f) > 0 such that

(1) if f > 0 and X € (Ai(s,p), Mi(s,p) + 9), then any weak solution u of
(1.1) satisfies u < 0 a.e. in Q2.

(2) if f <0 and A € (M\i(s,p), \1(s,p) + 9), then any weak solution u of
(1.1) satisfies u > 0 a.e. in €.

Let us comment that, for the spectral fractional Laplacian (this is a
different operator than (—A)?®), the anti-maximum principle is only proved
in the case s = 1/2, see [7]. In fact, we would like to mention that the proof
in [7] can be easily extended to the case s € (0,1). See also [34] where the
anti-maximum principle is shown for non-singular kernel. So, as far we know,
Theorem 1.3 is new even for the case p = 2. Therefore, we extend in particular
the now classical anti-maximum principle of Clement and Peletier (see [18])
for all the range s € (0,1) and p € (1, 00).

We want to observe that our proof of the previous theorem is not a
straightforward adaptation of the proof given in the local case due to that
we do not have a suitable Hopf’s lemma for the fractional p-Laplacian. To
overcome this problem we will use Picone’s identity (see Lemma 2.9) and
show a lower bound for the measures of the negative (positive) sets of the
weak super(sub)-solutions of (1.1) (see Lemma 4.5 and Remark 4.6 below).

In the linear case (p = 2), thanks to the regularity results up to the
boundary and the Hopf lemma, we can prove a more general result improving
Theorems 1.2 and 1.3:

Theorem 1.4. Let Q be a bounded domain with C*' boundary, w be a positive
eigenfunction of (—A)® associated with A\1(s,2). For any f € L*(Q) with

/ f(z)widx # 0, there is 6 = 0(f) > 0 such that
Q

(1) Zf/ f(z)wrdx > 0 then any weak solution u of (1.1) satisfies
Q
(a) u<0inQif A€ (M(s,2),M1(s,2) +0);
(b) u>01inQ if A€ (M(s,2) — 0, M(s,2));
(2) zf/ f(x)widx < 0, then any weak solution w of (1.1) satisfies
Q

(a) u>0inQ if A€ (A(s,2),A1(s,2) +0);
(b) u<0inQ if Ae (M(s,2)—0,M(s,2)).

The paper is organized as follows: in Sect. 2 we review some prelimi-
naries including the eigenvalue problems. In Sect. 3 we prove our existence
results. Finally, in Sect. 4 we prove Theorems 1.2, 1.3 and 1.4.

2. Preliminaries

Let us start by introducing the notation and definitions that we will use in
this work. We also gather some preliminary properties which will be useful
in the forthcoming sections.
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Here and hereafter, s € (0,1), p € (1,00) and we will denote by Q an
open set in R™V. Given a subset 4 of R we set A° = RV\ A, and A% = A x A.
For all function u: Q — R we define

uy(x) := max{u(z),0} and wu_(z):= max{—u(x),0},
Qpi={reQ:ulx)>0} and Q_:={zeQ:u(x)<0}.
2.1. Fractional Sobolev spaces

The fractional Sobolev spaces W*P(Q) is defined to be the set of functions
u € LP(Q) such that

s,p = —_— < .
3y s, Q) /Q2 o — [N xdy < oo

The fractional Sobolev spaces admit the following norm:

il @y = (Nl gy + elfyeen)”

where

a0y = [ futa)P o

The space W*P(RY) is defined similarly.

We will denote by W*P(Q) the space of all u € W*P(Q) such that @ €
WP (RN), where @ is the extension by zero of u. The dual space of W*?(2)
is denoted by W‘S’p/(Q) and the corresponding dual pairing is denoted by

<'7 >
Remark 2.1. By [26, Lemma 6.1], if Q is bounded, then there is a suitable
constant C'= C(N, s,p) > 0 such that for any u € W*P(Q) we get

, @ 1
o 2 g oyt = [ W [ ot

> el e

where || denotes the Lebesgue measure of ). Hence, the seminorm

ey is @ norm in W”’(Q) equivalent to the standard norm.

If © is bounded, we set
Ws’p ={uell (R NY:3U 22 Q st u € WHP(U), [uls, < oo},

where

[u]sp = / wdx
S,p - . (1+ ‘$|)N+5p .
Observe that WSVP(Q) c ﬁ/\s,p(g)_
We will denote by p} the fractional critical Sobolev exponent, that is
Ny
pyi={ N—sp
+o00 if sp> N.

if sp < N,
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Remark 2.2. If X = W*P(Q) or W“’(Q) or ﬁ/\s’p(ﬂ) and u € X, then
Uy, u— € X owing to
lu—(z) —u_(y)| < |u(@) —uly)] and  |uy (@) —uy(y)] < lu(@) —uly)],
for all z,y € Q.

Further information on fractional Sobolev spaces and many references
may be found in [1,25,26,38,39].
2.2. Dirichlet problems

Let © be a bounded open set in RV, s € (0,1), and f € W=7 (Q). We say
that f > (<)0 if for any v € W*P(£2), v > 0 we have that (f,v) > (<)0.
We say that u € WP (Q) is a weak super-solution of

{(—Ap)Su = f(z) inQ,

’

2.1
w=0 in Q°, 21)

if u>0 a.e. in Q¢ and

K u(z) — u()[P* (u(z) — u(y) (v(z) - v(y))

|z —y|NHep

dady > (f,v),
R2N
for each v € W*P(Q),v > 0.
A function u € W“’(Q) is a weak sub-solution of (2.1) if —u is a weak
super-solution. Finally, a function u € WP () is a weak solution of (2.1) if
and only if it is both a weak super-solution and a weak sub-solution.
Our next result is a minimum principle.

Lemma 2.3. Let f € WP (Q) be such that f > 0, and u be a weak super-
solution of (2.1). Then either u >0 a.e. in Q or u=0 a.e. in Q.

Proof. Since u is a weak super-solution of (2.1), it follows from the compar-
ison principle (see [39, Proposition 2.10]) that u > 0 in RY. Moreover, if Q
is connected, by [15, Theorem A.1], we get if u # 0 a.e. in Q, then v > 0 a.e.
in Q.

Then, we only need to show that u # 0 in Q if and only if u 2 0 in all
connected components of §2. That is, we only need to show that if w £ 0 in
Q, then u # 0 in all connected components of €.

Suppose, on the contrary, that is u #Z 0 and there is a connected com-
ponent U of 2 such that u = 0 in U. Moreover, for any nonnegative function
v e WP(U) we get

o [ lule) = uOINele) “u)ote) = o),
R2N

o=y

o[ [ M),

due to v =0 in U. Then u = 0 a.e. in U¢, that is u = 0 a.e. in RV, which is
a contradiction with the fact that u # 0 a.e. in Q. 0
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To prove the Theorem 1.1, we will use the homotopy property of the
Leray—Schauder degree. For this reason, we need to recall some properties of
the Dirichlet problem for the fractional p-Laplace equations.

Let f € W’S’p'(Q). If Q is a smooth bounded domain, using the frac-
tional Sobolev compact embedding theorem (see [1,25]), it is easily seen that

(2.1) has a unique weak solution uy € W*P(€2). Moreover, the operator
Rap: W' (Q) — WHP(Q)
J—uy
is continuous, see [21]
Now, let Q be a smooth bounded domain, f € W7’ (Q) and t € R; we
define the operator T;: W*P(Q2) — W*P(Q) by
Ti(u) == Rep(Mu|P2u +tf).
Notice that by the fractional Sobolev compact embedding theorem and the
continuity of R, we have that 7} is a completely continuous operator.
2.3. Eigenvalue problems
Now we study the following eigenvalue problems:
(—Ap)*u = A|ulP~2u %n Q, 2.2)
u=20 in Q°,

We say that A is an eigenvalue of (—A,)® if there is a function u €
W=P(Q)\{0} such that for any v € WP(Q)

[ lae) = P ute) Zu00) =0 g1, f -,
Q

R2N |z — y|N+ep

The function u is a corresponding eigenfunction of (—A,)® associated with

A
Before showing the existence of a sequence of eigenvalues, we need to
introduce some additional notation. Following [17], we define

S = {u € W P(Q): Jull 1) = 1},
and
WP .= {K C §%P: K is symmetric and compact, i(K) > m}

for m € N. Here ¢ denotes the Krasnosel’skii genus.
For the proof of the following theorem, see [16,17,21,33,40] (for the
local case, see [3,19,41,42,44]).

Theorem 2.4. Let 0 a smooth bounded domain of RY. Then there is a se-
quence of eigenvalues of (—A,)°

)\m(svp) = Keir;\ffn’p Zrleaé(K|U|Ws,p(RN).

Moreover,
o Ifu is an eigenfunction of (—A,)®, then u € L>(Q).
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o \i(s,p) is the first eigenvalue of (—A,)°, that is

Ai(s,p) = 1nf{l€|u| - 357,,}

weP(RY)
e \i(s,p) is simple and isolated.
o Any eigenfunction of (—Ap)® associated with Ai(s,p) has a constant

Stgn.
o Ifu is an eigenfunction of (—Ap)® associated with A\ > A1 (s, p), then u

must be sign-changing.
e \o(s,p) is the second eigenvalue

Xa(s,p) = inf max Klul? .
2( p) 'yel"(wl,—wl)uelmfyﬁ),l) | ‘W PRY)
=inf{A: A > A\ (s,p) is an eigenvalue of (—A,)°},

where wy is an eigenfunction of (—Ap)® associated with A\ (s,p) and
T(wy, —wy) is the set of continuous paths on S*P connecting to wy and
—w1.

Remark 2.5. 1t is not difficult to see that, if u € WP (Q) is such that

,C‘u|p s,p(pN
)\1(8,19) = v (R )

)

||UH]ZP(Q)

then w is eigenfunction of (—A,)® associated with A (s,p).

Let us finally observe that in [21], we also prove that A (-, p) is contin-
uous.

2.4. Regularity results

Here, we study the regularity up to the boundary of weak solutions of (1.1)
when f € L*°(Q). For this, we need the following results:

Lemma 2.6. Let f € L>°(Q) and A € R. If u is a weak solution of (1.1) then
u € L™(Q).

Proof. In this proof, we borrow ideas from [33,47].

If ps > N, then v € L*(Q) due to the fractional Sobolev embedding
theorem. For the rest of the proof, we assume sp < N.

Let u be a weak solution of (1.1). Up to multiplying u by a small con-
stant we may assume that

[ull e () = V3,

where § > 0 will be selected below.
For any k € N, we define vy := (u — 1+ 27%), and U = HUkH]]g;P(Q).
Observe that, for any k € N we have that

v € Ws’p(Q), Vkg1 < vp ae. in RNV and

{x e Q: vy >0} C{zeQ: vy >2"FDY (2.3)
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Moreover, Uy, — |[(u — 1)1 ||zr(q) as k — oo. Then, for any k € N

[peer () ~ v P

]C|Uk|€vs,p(9) = /C

02 |z — y|NFsp
Ju(z) — u@)[P*(u(@) — w(y)) (Or41(x) — vt (y))

<K dxdy
- Jrey |z — y[Ntsp
= )\/ UZde—i—/ f(@)vg1de

Q Q
< AUk + ||f||L°°(Q)/ Vp1de

Q
< AUk + [ fllz=@{z € Q: vigr > 0} =770,/
By (2.3), we get
Ur = |[okl}n(q) = 277"V |{z € Q: vpyr > 0}; (2.4)
then

Klonlfyon oy < (1A + Il @ 2?70 20~ D5D. (25)

Thus, given ¢ € (p, p%), by the Holder inequality, the fractional Sobolev
embedding theorem, (2.4) and (2.5), we have that

Ui < 0oy o € 2 vy > 037
1-7/q
< C|vk|€vs,p(m (QP(k+1)Uk>
< C (A Il 2 ) 2tk

< {1+ (1N + 1l (@y202) 2077/2)] 2<2p717p2/q>}‘”‘ S
= Cc*Ug,

where C' > 1 and p=2—7r/g > 1.
Now, we choose the number § > 0 sufficiently small that
P =
6F < CY -1
and proceeding as in the end of the proof of [49, Proposition 7], we can

conclude that v < 1 a.e. in 0. By replacing u with —u we obtain ||u||p= ) <
1. O

Then, by the previous lemma, [39, Theorem 1.1] and [45, Proposition
1.1 and Theorem 1.2], we have

Theorem 2.7. Let Q be a bounded domain with C** boundary, f € L>(£),
A € R, and §(x) = dist(x,0Q). Then, there is a € (0,s] and C, depending on
Q such that for all weak solution u of (1.1), u € C%(Q) and

ullge gy < C (IM[ullz= @) + 1 fll= @) -
In addition, if p =2 then a = s and

/s € CP(Q)  and 45|l cay < D (IMullz=@) + Iflz=@))
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where 3 € (0,min{s,1 — s}). The constants 3 and D depend only on )
and s.

Finally, in the linear case, as a consequence of the fractional Hopf lemma
(see [22,37]), we have the next result:

Lemma 2.8. Let Q be a bounded domain with C*1 boundary, §(z) = dist(x, 0Q),
and wy be an eigenfunction of (—A)*. If {vn}nen C C*(Q) is such that
wnfs € C(Q) and

Un w1

n o, 21

5% 5%

strongly in Q, then there is ng € N such that v,, > 0 for all n > nyg.

v, — w1 and

2.5. Picone inequality

For the proof of the following Picone inequality, see [2, Lemma 6.2 |:

Lemma 2.9. For every ay,as > 0 and by, by >0

_ a? ab
|y — azl? > [by — ba[P3(by — by) (bpll - bp21> :
1 2

The equality holds if and only if (a1,a2) = k(b1,bs) for some constant k.

3. Non-resonant Fredholm alternative problem

Let us start this section proving the following existence results for Eq. (1.1)
with A < A1(s,p). One of the principal results, that we will use through the
rest of this work, is the fractional Sobolev compact embedding theorem. For
this reason, throughout the rest of this work €2 is a smooth bounded domain
of RN,

Theorem 3.1. Let f € W52 (Q). If A < \i(s,p) then there is a weak solution
of (1.1).

Proof. The proof of this theorem is standard. First observe that weak solu-
tions of (1.1) are critical points of the functional J: W*P(Q}) — R, where

K A
‘](u) = E|u|€V&p(RN) - ;HUHZLP(Q) - <fa u>

It follows from A < A1 (s, p) that J is bounded below, coercive, strictly convex
and sequentially weakly lower semi-continuous. Thus J has a unique critical
point which is a global minimum. O

Our next aim is to prove Theorem 1.1, to this end we will use the
homotopy property of the Leray—Schauder degree. We first prove an a priori
bound for the fixed points of Ty.

Lemma 3.2. If Ai(s,p) < A < A2(s,p) then there exists R > 0 such that for
all t € 10,1] there is no solution of (I —Ti)u =0 for |ulyergy) = R
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Proof. Suppose, to the contrary, that is for all n € N there exist ¢, € [0, 1]
and u, € W*P(Q) such that (I —Ti,)u, = 0 and |up|yrengy) — 00 as
n — 00. Let us define

Up

Vn € N.

Up = —F————
! [nlyyer @y

Then for all n € N, we have that v,, is a weak solution of

(—Ap)*u = AMuP~2u + 7"“ 2) in Q,

un P PR (3.1)
u=20 in Q°.
Using the fractional Sobolev compact embedding theorem, up to a sub-
sequence (still denoted by vy,)

v, — v  weakly in W”’(Q),
v, — v strongly in LP(Q).

Since vy, is a weak solution of (3.1) we have
1= 0nl8 e vy = Moal ey + (0l ey O ) -

Then, using the fact that tn//|u, (7} pny — O strongly in W= /(Q) together

with the strong convergence of v,, in LP(Q2), we find that ||v||Lp(Q) =1/ O
Now we are in position to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 3.2, the Leray—Schauder degree d(I — T3,
B(0, R),0) is well defined and constant for all in ¢ € [0,1] by the invariance
of the degree by homotopy. Thus d(I — T3, B(0,R),0) = —1 since d(I —
To, B(0, R),0) = —1 by Theorem 5.3 of [21], from here the existence result
follows: O

Observe that, in the above proof, the fact d(I — Ty, B(0, R),0) # 0 can
be established without using the results of [21] as a consequence of Borsuk
theorem (see for example [24, Theorem 8.3]).

4. Maximum and anti-maximum principle

In this section, we will denote by wq the positive eigenfunction of (—A,)°
associated with A (s,p) whose LP-norm is equal to 1. Since wy € L*°(2), by
[39], there is @ € (0, 1) such that w; € C%(Q).

We start proving Theorem 1.2.

Proof of Theorem 1.2. We only prove the first statement; the another state-
ment can be proved in an analogous way.
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Since u > 0 a.e. in ¢ we have that u_ € WS*P(Q). Then

o [ lle) = P ale) )=o) = w0,
RL’N

|z — y| N

== [ u-pda+ ()

consequently,
p u(@) — u(@)[P~*(u(@) — u(y)) (u-(z) — u_(y))
A o= [ o — g+
dady + (f,u—)
lu_(z) —u_(y)”
>K ow o — gV dzdy.

Thus, if u_ # 0 then

[ lEovor,,
R2N

|z —y|VHer

/ |u_|Pdx
Q

a contradiction. Therefore u > 0 in RY. Moreover, proceeding as in the proof
of Lemma 2.3, we have that v # 0 in all connected components of 2. Finally,
by [20, Theorem 2.9] , u > 0 a.e. in €. O

A>K

Before proving Theorem 1.3, we show some previous results:

Lemma 4.1. Let A > A(s,p), and | € W‘s’pl(Q) be such that f > 0 and
f #0. Then the problem (1.1) has no non-negative weak super-solutions.

Proof. Suppose, to the contrary, there is a non-negative weak super-solution
wof (1.1). Then, by Lemma 2.3, u > 0 a.e. in Q. By the definition of W*?(0),
let U DD (2 be such that

flhwerion + [ e <
U||ws.p — v —dx < 00,
WO Ja (U [N
n € Nand u, :=u+ —.

n

P
w —_—~

We begin by proving that v, := ?11 € WeP(Q). It is immediate that
u

vp, > 0in Q, v, = 0 in Q°¢, and since wlne L (Q) we have that v,, € LP(Q).
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On the other hand,

wi (@) —wi(y)? | wiY)? (un(y)P" = un ()P
Up (z)P~1 Un (Y)P~ up ()P 1

[on(2) = vn(y)| =

G

-1
< (@) = w1+ el o) =, sty

< P (o () + w1 ()P (2) — wn (9)
0 ()72 + un ()]
(G i ()]

< 2Hw1HLOC(Q nP~ plwy () — wi (y)|
ol oy 1) (5 + s ) o) = o)
< Oy, 1l 0y) (101 (&) — w1 ()| + u(e) — u(y)]),

for all (z,y) € RY x RY. Hence v,, € W*P(U) for all m € N due to wy,u €
W#P(U). Then, since v, = 0 in Q°, and v, € W*P(U) with Q CC U, we
have

[ e nor,,
R2N

+||w1||poo Q)(p - 1) |Un(x) - Un(y)|

|z —y|NFep
- /mwd dy+2/Uch %dxdy
:/Uz Wd dy+2/§2ch %dxdy
B /112 dedy + 2np||w1HL°°(Q)/ . %

< 00,

that is v, € W*P(RY). Therefore, v,, € W”’(Q).
Now, set
L(wy, up) = [wi(x) = wi ()] = [un (@) = un (@)~ (un(2) — un(y))
" ( wy (x)P wy (x)P )

un ()P~ up(y)P

By Lemma 2.9, we have

OSIC/Mdd <]C/ Mddy
Q2 R2N

|J} _y‘N-t,- ‘q; —y|N+5p
Jwi(z) — wi(y)[?
<K ox Tz — g dxdy
u(z) — u(y) P2 (u(z) —u
,ic/ﬂm u(z) |(§;/)_| yj\(,ép) (%)) (00 (2) — v (1)) dady

< Al(s,p)/ﬂwl(x)p dr — )\/Qu(x)pflvn(x) dz — (f,v,)
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< Al(s,p)/gzwl(z)pdz—)\/ﬂu(x)p1wl(gj)p dz — <f7 f€1>

up ()P~ ul,

< Al(s,p)/gwl(x)f’ dx—)\/gu(x)P—lwl(x)pdx

Uy ()P

due to wy is the positive eigenvalue associated with A\ (s,p), u € Ws’p(Q) is
a weak super-solution of (1.1) and f > 0.
Since A1(s,p) < A, by the Fatou’s lemma and the dominated conver-

gence theorem
L
[ M) g, g
o2 |z —y[Nte

Then, again by Lemma 2.9, L(wy,u)(x,y) = 0 a.e. in Q. and v = kw; a.e. in
Q for some constant k > 0. Then,

M (s,p) /Q u(a) o) de

N B G u(y) [P~ (u(x) — uly))(p(z) — (y))
R2 |z — y|NHsp

> A A u(z)P " p(x)dz + (f, @),

dzdy

for any ¢ € /V\V/S’p(Q), ¢ > 0. This is a contradiction since A > A;(s,p) and
f=0,f#0. O

Remark 4.2. Observe that Lemma 4.1 implies that if A\ > A;(s,p), and f €
W2 (Q) is such that f < 0 and f # 0, then the problem (1.1) has no
non-positive weak sub-solutions.

Corollary 4.3. Let f € W‘S’p/(Q) be such that f > 0 and f # 0. Then the
problem (1.1) with A = A\1(s,p) has no weak super-solutions.

Proof. We argue by contradiction. If a weak super-solution u of (1.1) with
A = A1 (s, p) exists by Lemma 4.1 we have u_ #Z 0 in Q. Since u_ € W5P(Q),
we get, by the characterization of A1 (s, p) given in Theorem 2.4,

) [u-@Pds < M) [ @ Puu @+ (fo)

w(z) —u(y) P 2(u(z) —u u_(T) —u_
<k [ )= uPole) _ule-te) -l
_ (u (@) + ()~ (@)
2’C 0 xoe |$—y|N+SP d dy

c k[ l@=u)

p
dxdy.
r2n  |o — y|[NTeP ey
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Therefore,

[ o,
RQN

|z — y|[ NP

/Q u_(z)Pdx 7

that is u_ is a corresponding eigenfunction to A1 (s,p) (see Remark 2.5). Then
there is k > 0 such that u_ = kwy, and, therefore, u_ > 0 in 2, that is u < 0
in 2. Moreover,

Al(sap) Z K

M(sp) [ u(@)P *uvde
Q

oy U ) U CO M () (G CO R ) P

R2N |z —y|NFsp
w(z) —u(y) P2 (u(z) —u v(x) —v
> [ o) upele) o) vl

> (s.p) [ Ju(@)PHuvds + (f.0)

for any v € W‘”’(Q), v > 0. This is a contradiction since f > 0, and f # 0.
O

Remark 4.4. Note that it follows straightforward from Corollary 4.3 that if
f e WP (Q) is such that f < 0 and f # 0, then the problem (1.1) with
A = A\1(s,p) has no weak sub-solutions.

Lemma 4.5. Let A > \(s,p), and | € W‘s’pl(Q) be such that f > 0 and
f £ 0. Then there exist « > 1 and a constant C > 0 such that for all u is a
weak super-solution of (1.1); we have that

C «
— <
(5) <.t

where Q_ = {x € Q: u(z) < 0}.

Proof. Let u be a weak super-solution of (1.1). By Lemma 4.1, u_ # 0 in Q.
Taking u_ as test function, we have that

ju(z) ~ u(y)P>(u(z) - u(y))(u- (@) - u_(»))
* Jeon o =y e

> —)\/ fu_Pdz + (f, u_).
Q

If p < ¢ < pf, by fractional Sobolev embedding theorem, then there is a
constant C such that

CICHU*HI[)/I(Q) < Klu—|

p
WP (RN

C [ ) ) ) @) )
R2N |z — y|NFsp
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u(z) — u(@)[P~*(u(@) — u(y)) (u-(z) — u_(y))

<-K dxd _
< )\/ lu_|Pda,
Q
and using the Holder inequality
C’C”“—ngm) < )‘||u—||[£Q(Q)‘Q—|17p/q7
which, by using that u_ # 0 in §2, concludes the proof. O

Remark 4.6. As an immediate consequence of Lemma 4.5, we have that if
A > M\i(s,p), and f € WP (Q) with f < 0 and f # 0, then there exist
«a > 1 and a constant C' > 0 such that for all u weak sub-solution of (1.1) we

have that
C (e}
— < |0
()\) —| Jr‘?

where Q4 = {z € Q: u(z) > 0}.
Next, we prove our first anti-maximum principle.

Proof of Theorem 1.3. Again, we only prove the first statement; as before
the another statement can be proved in an analogous way.

Suppose, to the contrary, there are sequences {A,}nen and {uy}nen
such that A\, \, A1(s,p) and u,, is a weak solution of (1.1) with A = A, and
(un)4+ £ 0 for all n € N.

We claim that

|unllLa() — o0 (4.1)

for all p < ¢ < p.

Suppose not, so there exists ¢ € (p, p%) such that {u, }nen is bounded in
L9(€2). Then, using that w,, is a weak solution of (1.1) for all n € N, Hélder’s
inequality and A, \, A1 (s, p), we have that {u, }nen is bounded in W*P(2).
Then, since T; is a completely continuous operator (see Sect. 2.2), up to a
subsequence (still denoted by w,,)

U, — u strongly in WS”’(Q),

where u is a weak solution of (1.1) with A = A\;(s,p). By Corollary 4.3, this
is a contradiction. We have to prove our claim.
Set g € (p,p%) and
Unp

Vn € N.

Vp = ——
" unll L

Then for all n € N v,, is a weak solution of

7f(f—)1 in Q
HunHLq(Q)

u=0 in Q°.

)

(_Ap)su = )\n|u|p_2u +
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Now, using again that 73 is a completely continuous operator and the
fractional Sobolev compact embedding theorem, up to a subsequence (still
denoted by v,,)

v, — v strongly in Ws’p(Q),

v, — v strongly in LY(Q).
Thus, v Z 0 in  and, v is a weak solution of (2.2) since A\, — Ai(s,p)
and f/|lunllyqlq, — 0 strongly in W= (€). That is, v is an eigenfunction of
(—A,)® associated with Aq(s,p). Therefore, either v > 0in ©Q or v < 0 in Q.
The case v > 0 is a contradiction by Lemma 4.5. To complete the proof of
the theorem it remains to consider the case when v < 0.

If v < 0 then (v,)+ — 0 strongly in L9(f2). Therefore, using (4.1), it

turns out that [|(un)4 ||Laq) — oo.

On the other hand, by the Sobolev embedding theorem, there is a con-
stant C' independent of n such that

C’C||(Un)+||zjiq(g) < K|(Un)+‘€vs,p(RN)

e ) W)~ ) ()) ~ )s)
R2N |z — y|NFsp

g%ﬁmﬂm+mmmm»

< Aall(a) 150 | € Q2 () > 0}

+ ||f||W*S*p/(Q)|(un)+|W5’p(]RN)
for all n € N. Then

I1f ll—s.er
C < Ml{z e Q:uy(z) >0} "+ Wipﬁiz”vﬁws,p(ﬂw),
||(un)+||Lq(Q)

for all n € N. Therefore,
——— < liminf|{z € Q: u,(x) > 0}]* =",
oy < lmint g () > 0}
which is a contradiction with the fact that (v,)4+ — 0 strongly in L7(€2).

Finally, We show our anti-maximum principle for the linear case.

Proof of Theorem 1.4. As before, we only prove the first statement; the other
statements can be proved in an analogous way.

It suffices to prove that, for any two sequences {\, }nen and {uy, }nen
such that A, \, Ai(s,2) and w, is a weak solution of (1.1) with A = X,
there is ng € N such that u,, < 0 in Q for all n > ng. For such sequences, by
Lemma 2.6, u,, € L>() for all n € N.

We claim that

[wn |l @) — oo

If we assume by contradiction that {uy },en is bounded in L>°(€2). Then,
using that w, is a weak solution of (1.1) for all n € N, Holder’s inequality

and A, \, \1(s,p), we have that {uy, },cn is bounded in WSVQ(Q). Then, since
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T) is a completely continuous operator, up to a subsequence (still denoted by
Up)

up — u  strongly in WS’Q(Q),
where u is a weak solution of (1.1) with A = A;(s,2). Then

Aﬂ&%xymﬂxKA@(MMU@»Wﬂmwﬂmhﬂw

o =y

:Al(s,Z)/uwldz+/ fwidz.
Q Q

Therefore,

/ fwidx =0,
Q

and we have a contradiction. Thus our claim is proved.

Set
Un

vn € N.

Uy = ——
" unll e o

Then for all n € N v,, is a weak solution of

(—Ap)*u = Ay |ulP~2u + _f@ in €,
[[tn |l o= ()
u=0 in Q°.
Now, using again that T3 is a completely continuous operator and the
fractional Sobolev compact embedding theorem, up to a subsequence (still
denoted by vy,)

v, — v strongly in W*2(Q).
Thus, v # 0 in Q, and v is a weak solution of (2.2) since A, — A1(s,2)
and f/||un Loy — 0 strongly in Q. That is, v is an eigenfunction of (—A)*

associated with A (s,2). Therefore, either v > 0 in Q or v < 0 in .
On the other hand, for any n € N

1
(M (s,2) — )\n)/ wyvpde = 7/ f(x)widz >0
Q [ullLe (@) Ja

then, since A1 (s,2) < A, for any n € N, we have that

/ wivpde <0 Vn e N
Q

Therefore, v < 0 in Q.

In addition, by Theorem 2.7 and the Arzela—Ascoli theorem, up to a
subsequence (still denoted by v,,)
Un, w1
ono 21
55 59
strongly in Q. Here 6(z) = dist(x, 92). Then, by Lemma 2.8, there is ng € N
such that v, < 0 for all n € N. That is, there is ng € N such that u,, < 0 for
all n > ng. O

v, — w; and
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