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1. Introduction

Eta series and n-invariant. Let M be an oriented compact Riemannian manifold of dimension n = 4h —1,
h > 1, and consider the Atiyah—Patodi—Singer operator D (APS-operator for short) defined on the space of
smooth even forms Q¢ (M) = @12,161 Q%P(M) by

Do = (—1)" P71 (xd — dx)¢

with ¢ € Q2P(M), where Q%P(M) denotes the set of degree 2p forms. This operator is closely related to the
signature operator. In fact, D is the tangential boundary operator of the signature operator S acting on a
4h-dimensional manifold M having M as its boundary.

By compactness of M, D has a discrete spectrum, Specp (M), of real eigenvalues A with finite multiplicity
dy which accumulate only at infinity. The eta series
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n(s) = Z sign(A) A 7%, Re(s) > n, (1.1)

0#XESpecy (M)

defines a holomorphic function having a meromorphic continuation to C, also denoted by 7(s), having
(possibly) simple poles in the set {n — k : k € Ng}. Remarkably, n(s) is holomorphic at s = 0 and the value
n =n(0) is called the eta invariant of D.

Both D and 7(s) were first introduced and studied by Atiyah, Patodi and Singer in a sequel of 3 classical
papers [1], where they also proved the regularity of n(s) at the origin in the case of odd dimension. The
finiteness of 7 in any dimension is due to P.B. Gilkey [9]. Actually, the results in [1] and [9] are valid for
arbitrary elliptic differential operators.

Eta series and n-invariants have been an active area of research since their appearance in [1]. A lot of
progress have been made mainly by Peter Gilkey, Werner Miiller, Xianzhe Dai, Weiping Zhang, Robert
Meyerhoff, Mingquing Ouyang and Sebastian Goette among some others. Eta series and n-invariants
have been studied in several contexts. For instance, in equivariant settings (Donelly 76, Zhang 90 and
Goette 99, ’00, ’09), in relation to connective K-theory (Gilkey ’84 and Barrera-Yaiez—Gilkey 99, '03),
manifolds with boundary (Miiller '93, '94, Bunke ’95, '15 and Dai ’02, ’06) and cobordism (Bahri-
Gilkey ’87, Gilkey ’88, 88, 97, Gilkey—Botvinnik 95, 96 and Dai ’05), flat vector bundles (Zhang ’'04
and Ma-Zhang ’06, ’06, '08), even dimensions (Gilkey 85, Dai '12 and Dai-Zhang ’15), determinant lines
(Dai-Freed ’94, ’95), adiabatic limits (Zhang ’94 and Dai '06), Rokhlin congruences (Zhang '92, '94), rela-
tions with L-functions and modular forms (Atiyah—Donnelly—Singer ’83, ’84, Miiller 90, Bismut—Cheeger "92
and Han-Zhang 04, ’15), etc.

They were also studied, and in some cases computed, for certain classes of manifolds. Namely, compact
flat manifolds [15,23-26,32,34,35], spherical space forms [10-14], hyperbolic manifolds [18,20,21,28-30] and
orbifolds [8].

Compact flat manifolds. Any orientable compact flat manifold (in what follows cfm for short) is isometric
to Mr = I'\R", with I" an orientable Bieberbach group, i.e. a discrete, cocompact, torsion-free subgroup
of the orientation preserving isometry group IT(R") = SO(n) x R of R". Thus, I' = (y = BLy, Ly ), with
Ly ={Ly: )\ €A}, where B € SO(n), L; denotes translation by b € R™, v¥ = Id for every k € N and A is a
B-stable lattice in R"™. We will usually identify the point group with the holonomy group, that is F ~ A\T.

Since BLy\B~! = Lpy € Ly for any B € SO(n), A € A, conjugation by F in A ~ Z" defines the integral
holonomy representation p of I' (which does not determine M uniquely, in general). A G-manifold is a cfm
with holonomy group F' ~ G. In this paper we will be concerned with the case F' ~ Zor, for r € N.

In [25], we give a general expression for 7(s) and 7 for D acting on an arbitrary orientable cfm Mr (see
Theorems 3.3, 3.5 and 4.2). Also, simpler expressions can be found in its sequel [26] in the case of cyclic
holonomy group (see Proposition 3.1). There, it is shown that the computation of n(s) can be reduced to
the case when F is cyclic [26, Proposition 5.1]. This enabled us to compute the n-invariant of some nice
families of cfm’s, such as F-manifolds with F ~ Z,,7Z, x Z,, 75 and Z’;, with p,q odd primes and k > 2;
or even with non-abelian holonomy group F, where F' is of order 8 or F' is metacyclic (dihedral and of odd
order). Expressions for 7(s) and n on cfm’s for the spin Dirac operator D were studied in [23] (the general
case and Z5-manifolds), in [32] (Z4-manifolds) and in [24] and [15] (Z,-manifolds, p odd prime).

Motivation and results. As we have already mentioned, in [26, Section 5], a method to reduce the computa-
tion of the ) function for a manifold with arbitrary holonomy group F to the case of cyclic holonomy group
is presented. Hence, for a general cyclic holonomy group F' ~ Zy = Z, r XX Lyre, with p1, ... py different
primes, and thus one is basically led to the study of the contrlbutlons of each Z ri to the computation of
7(T"). As a step in this direction, it is the goal of this paper to cover the case of the even prime 2. We are thus
interested in the computation of 7(s) and n for the operator D on arbitrary orientable Zar-manifolds of odd
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dimension n = 2m + 1, m odd. In this way, the present paper can be considered as a natural continuation
of [25] and [26]. We remark here that Zy--manifolds are not classified (as it is the case for Z, manifolds,
p prime).

A brief outline of the paper is as follows. In Section 2, we study the rotation angles of a matrix B € GL(n)

of order 2" and its characteristic polynomial. Some trigonometric identities involving sines and cotangents
ki
2r 9
allowing great simplifications in the steps of the proofs, which lead to the final expressions in the statements.

at special angles of the form with k, ¢ odd integers, play a key role in the computation of n(s) and 7,
For clarity, they are presented at the end in Appendix A.

Sections 3 and 4 are devoted to the computation of the n-function and n-invariant, respectively, for
arbitrary Zor-manifolds in all dimensions n = 2m + 1, m odd. Let Mr be a Zyr-manifold with v = BL;, the
generator of A\I'. In Theorem 3.2 we show that, in the non-trivial cases,

n(s) = ﬁu&xﬂ,

where v € [0,r — 2] € Z and Ap € R are certain constants depending on the metric, and L(s,x4) is
the L-function associated to the primitive Dirichlet character mod 4. Here, the n-invariant has the simple
expression (see Proposition 4.1)

n=+ Qf(B)—Q7

where =+ is a sign depending subtly on v and f(B) is the number of irreducible factors of the characteristic
polynomial of B on Z[z] (see (2.3)). This gives an easy and direct way of computing the invariant. We give
some examples to illustrate the method.

Next, in Section 5, we introduce an infinite family F of orientable Zsr--manifolds of dimn =4h—1, h > 1,
each having integral holonomy representation. In Proposition 5.3 we compute the first (co)homology groups
over Z and Zy of M € F. This allows us to get the n-invariant of M (and hence 7(s), by (3.6) and (4.1)) in
topological terms; namely

(M) = —3|Tor(Hy(M, Z))|.

We also posed some queries, see Questions 5.5, 5.9 and 5.10.

In Section 6, we show that for any Zy--manifold M, there is some My, € F such that n(M) = n(Mp ).
This allows us to prove that the set of possible values of (M), with M ranging over all Zsr-manifolds,
r > 1, is 0 or a non-negative power of 2. Then, we show that there are infinite families of Zsr--manifolds
with n = 2%, for each k (with growing dimensions). Moreover, there is a number n,j such that for every
n > n,j, there is a Zgr-manifold of dimension n with n = 2% As a result, varying = in the natural numbers
we have

1)(Zgr-manifolds) = {0} U {£2" : k € Np}.

Finally, in the last section, we compare expression (3.4) for the n-invariant of any Zor-manifold, with
Donnelly’s expression (7.3), valid only for those Zgr-manifolds having holonomy group F C SO(n,Z) (see
Proposition 7.2). In this case, we have n = £2f(B)=2 = £2¢(B)=2 \where ¢(B) is the number of orbits of the
action of B on the canonical basis vectors, thus giving an alternative way of computing the invariant.

2. Rotation angles for order 2" matrices
As we shall later see, the results in this section are crucial for the determination of 7(s) in Theorem 3.2.

Here, we will study the rotation angles of a matrix in GL(n, Z) of order 2". In Appendix A (for clarity), we
will compute some trigonometric identities related to them.
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For any d € N, let Uy = {w € C : w? = 1} be the group of complex d-th roots of unity and denote by
U; = {w € Uy : ord(w) = d} the subgroup of primitive roots in Uy. Then, for any N € N, we clearly have
Un = Uy nUj. The cyclotomic polynomial of order d is defined by ®q(x) = Hweug (r —w) € Clz]. Tt is
known that ®4(x) € Z[z] is irreducible over Q of degree ¢(d), where ¢ is the Euler totient function. We
have the relation

2" — 1 =[] @al). (2.1)

d|n

Lemma 2.1. Let B € GL(n,Z) of order N € N. Then, the characteristic polynomial pp(x) of B has the
prime factorization

po(@) = [ ®al2) (2.2)

N
in Zlz], with ¢ > 0 for any d | N and cy > 1. Also, degpp = >4y ca - p(d).

Proof. We know that pp(x) is a monic polynomial in Z[x], all of whose roots are in Uy. Since Z[x] is a
unique factorization domain, pg(z) = [, p; (), with p;(x) € Z[z] monic irreducible for each j. We will show
that the only monic irreducible polynomial in Z[z], with roots in Uy, is @y (x), h | N. Let a be a root of pp(z)
and let 0 € Gal(Q(a)/Q) with o(a) = o for (k,h) = 1. We have pg(a*) = pg(c(a)) = o(pp(a)) = 0,
for any (k,h) = 1. Thus, ®,(x) | pp(x) in Q[z], hence in Z[z], and, by irreducibility, it must be one of the
pj(z)’s. Thus, we get (2.2) with ¢4 > 0 for each d | N. Clearly, we must have ¢y > 1 for B to have order N.
The assertion on the degree is obvious. O

For B € GL(n,Z) we define f(B) to be the number of irreducible factors in the prime decomposition of
the characteristic polynomial pg(z) of B in Z[z]. Thus, by (2.2),

1<f(B)= Y « (2.3)

d|o(B)

where o(B) is the order of B. If B = (7' | )s then f(B') = f(B) — 1 is the number of irreducible factors in
the prime decomposition of pg/(z) = pp(x)/(x — 1).

Let n = 2m + 1. Since SO(n) is a compact connected Lie group, it contains a maximal torus 7T, =
{z(t1,...,tm) : t1,...,tm € R}, where

x(t1, ..., tm) = diag(z(ty),. .., z(tm), 1)

with z(t) = (‘::’;: 2;‘:?), t € R. Also, Th,—1 = {x(t1,. .- ytm) : t1,...,tm € R}, where now x(t1,...,tm) =

diag(z(t1), ..., z(tm)).
Let I' C T™(R") be a Bieberbach group and for any BL; € T' put

np := dim(R™)%,

Note that nyp is the multiplicity of the (£1)-eigenvalues of B. Since B € SO(n), B is conjugate to
some element xp € T),. Thus, there is C € GL(n) such that CBC~! = zp. Since zp fixes e,, B fixes
u = C~le, and hence n,, = npg > 1 (this is known by other methods, see for instance [27]). Also, note
that pp(z) = p.,(x) and therefore f(B) = f(zp).
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Proposition 2.2. Suppose I is an orientable Bieberbach group of dimension n = 2m + 1. Let BLy € T with
B of order N. Then, B is conjugate in Toy, to xp = x(t1,ta...,ty) or to x5 = x(—t1,ta,...,ty) with

_ - 2 : 2 - 2 - 2
xB_x(]s,ld_s,‘”vjs,fsd_sa"'7]1,1E7"',j1,f1za 0 )7

c1—1
cag>1 Cdg !

where 1 = dy < dy <--- <ds = N are all the divisors of N and each cq; is the exponent of @, (x) in the
prime factorization of p.,(x) in (2.2), such that

. . ] d;
(ji,kadl):]-v 1§]’L,k§ L%J, ]-Skgflzw(g )a

for each 2 <i<s.

Proof. Since B’ € SO(n—1), B’ is conjugate to some element x g in T;,_1. There are two conjugacy classes in
SO(n—1), and hence B is conjugate to xg = z(t1,t2,...,tm) or to 2y = x(—t1,te, ..., tm) with 0 < ¢; < 27
for i =1,...,m (see the comments in between (3.8)—(3.10) in [25]).

Since B is of order N > 1, it is clear that the rotation angles must be of the form %, for certain
1 < j < [MFL). Also, o(B) = N implies ¢y > 1. Thus, if w € U}, all the ¢(N) primitive N-th roots of

unity {w’ : (j, N) = 1} are roots of pg(x). Since complex roots appear in conjugate pairs, it suffices to

e(N)
2

(GN)=1,1<j5< [%], each with multiplicity cy. Similar arguments apply for every ¢ € U] with d | N
and ¢y >1. O

consider the angles in [0, 7]. Hence, the rotation angles corresponding to U3 are the angles %T’T with

As a result, in the case N = 2" we can be more precise.

Corollary 2.3. Let Mt be a Zor-manifold of dimension n, with F = (B). Then, we have

T
Qk—l

pp(r) = (@ =1 [L* "+ 1)
k=1
withn = degpp = c1+ Y pq 2" Legr and c1,cor > 1. Also,
_ s 3 (27.71_1)7r w 37 s
xB_x(ﬁvﬁa”'uT”'a_a_7 9 s T 0) (24)
2 2 2 ? 47 4 2 v -
cor cs cq 2 A

Proof. First we note that we can assume that B € O(n,Z). In fact, B € O(n) and since A ~ Z"™ we have
p(B) € GL(A) ~ GL(Z") ~ GL(n,Z) and hence det(p(B)) = det(B) and pp(x) = p,(p)(z). By (2.1) and
22" =1 = (2" = 1D)(@? " +1) we have that ®ou(z) = 22" ' + 1, k > 1. Since the divisors of 2" are
1,2,22,...,2", by Lemma 2.1 with N = 2" we have that pg(z) equals (z — 1) (z + 1)°2(2? + 1) (a* +
1) - (22 4 1) with cor > 1, as we wanted.

Relative to the angles, all the j; ;’s in Proposition 2.2 are odd, and hence B is conjugate in T5,, to
g = x(t1,ta, ..., ty) or to 'y = x(—t1,t2,...,t,) with xp as in (2.4). Clearly, we have n = 2" 1cgr +
<o+ deg+2c4+ca+(c1 —1)+1 =degpp. Since np is the multiplicity of 1 as eigenvalue of B, and np > 1,
we havec; >1. O

3. The eta function
Let T" be an n-dimensional Bieberbach group with translation lattice A and point group F and let

v = BL, € T. If zp = x(t1,...,tm) € Tn_1 is conjugate to B, denote the angles t,...,t, of B by
ti(xg),...,tm(xzp) and put
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(A\I) = {BL, € A\T': B € F|}

where Ff ={B € Fy : t;(zp) ¢ 7Z, 1 <i < m} with Fy = {B € F : ng = 1}. If B € F, choose vg € A*
such that

(A" = Zup and put Ag = ||lvs]- (3.1)
Then, if o(B) denotes the order of B, we have (see [25, Lemma 4.1])
L, :=o(B)(vp,b) € Z. (3.2)

We now recall the expressions of 7(s) for Zy-manifolds, that will be our starting point. For o € (0, 1] let
((s,0) =>,o(n+ @)~ ! be the Riemann-Hurwitz zeta function for Re(s) > 1.

Proposition 3.1 (/25, Proposition 2.2]). Let N = 2" and assume that Mt be an orientable Zy-manifold of
dimension n = 2m+ 1, with m odd, and T' = (7, Lp) where vy = BLy. If r =1 ornpg > 1 then n(s) = 0. On
the contrary, if r > 2 and ng = 1 then we have

- N—1 m o(BF)—1

m . 27r jkly j

1(8) = ~0us Nigmxg) kZ ﬁ(ﬂlsm(/ﬂf) > sin (<) C(5, 5ehmy) (3.3)
ey "~ "~

where vg and £, are as in (3.1) and (3.2) respectively, and

z|‘°
wn
@,
5
N
H~
O
o
c—?
:\
??‘
(’\
\_/
—
w
=~
N—

= —O',UB

where o, € {£1} is a sign depending on the conjugacy class of xg in Tp_1.
Note. See [25, (3.10)—(3.11)] for details on the sign .

We now give the eta function of D for an arbitrary Zsr-manifold Mp. We recall that the class of
Zyr-manifolds are not classified; as it is indeed the case for Z,-manifolds with p an odd prime [4] or for cfm’s
in low dimensions (see [16] for dim = 3, [2] for dim = 4 and [5] for dim = 5, 6). However, all the information
needed to compute 7(s) is (roughly) contained in the angles of the rotational part of the elements of I".

We will express 7)(s) in terms of a Dirichlet L-function. We recall that for x : Z — C* a Dirichlet character
modulo N one has the Dirichlet series L(s, x) = > o X(n) " absolutely convergent for Re(s) > 1. It has an

n=1 ns

analytic continuation to the whole C given by

L(s,x) = 5= >_X(1) C(s, %) - (3.5)

We will be mainly concerned with 4, the primitive character mod 4, defined by x4(1) =1, x4(3) = —1 and
X4(0) = x4(2) = 0, that is x4(n) = sin(75*) for n € Z.
The promised result is as follows.

Theorem 3.2. Let Mt be any orientable n-dimensional Zor -manifold withr € N, n =3 mod 4 and T’ = (v =
BLy, Ly). For £, as in (3.2) put £y = 2"0 with £ odd and v > 0. If ng > 1 orr =1, then n(s) =0. If r > 2
and ng = 1 then Specy(Mr) is asymmetric and we have
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o 2f(B)—1
1(s) = =gy L(s: xa) (3.6)

with0 <v <r—2and 0y = 0y, (—1)[§H1 € {£1}, where x4 is the primitive Dirichlet character modulo 4
while f(B) and \p are as in (2.3) and (3.1) respectively.

Proof. We will apply Proposition 3.1. It is known that Zs-manifolds have symmetric spectrum and hence
trivial n(s) ([25, Proposition 3.11] or §6.1.1 in [26]). Also, n(s) = 0 if ng > 1. Thus, from now on, we assume
that » > 2 and np = 1. Let n = 2m + 1, m odd. We now study the ingredients in (3.3). The angles are
given by (2.4). Also, ng = 1 implies ¢; = 1 and v¥ € (A\I')’ if and only if k is odd and ¢y = 0. Thus,

r—1_
B —x(Qrﬂ-la 2§ﬂ-17-"7@?7—3”7"'7%73%7%a%7%7%a % ) (37)
——
cor C16 c8 Cq
Note that o(B¥) = 2" for every k odd. Relative to the dimension, we have that
m=2""2¢cor + -+ 4dcig + 208 + 4. (3.8)

By Corollary 2.3, we know that cor > 1. The condition m odd implies that c,4 is also odd, and, in particular,
Cq Z 1.
By putting all this information in (3.3) we get

2" -1
v 2m+1—7‘ . ﬂ'kf—y .
77(5) = - (grflﬂ”vBH)s Z Pk(zB) Z sin ( 2]r—1 ) C(S, gjir) ) (3'9)

kel j=1

where we have used the notations Iy = {1 < i < N :{odd} and Py(zp) = H;n:l sin(kt;). By (2.4), we

have
27‘71 Cor 2r—2 Cor—1 22 cg
:< ' (QJT’WI)> < i (;fg)) ( H sin(JQL;T)> (sin(EE))“.
J=1 j=1 j=1
j odd 7 odd d

k
2

For r = 2, we have Py(zp) = (sin(EF))e = (=1)[2]] since ¢4 is odd. For r > 3, by Proposition A.2 in

Appendix A, we get (this is a first key step)

Piles) = (~1)l7] l:[ < 11 Sin(jff)>

i=2 \jel,

wlw

— k
H ) = ()

r—1
where we have put S, := > (2071 — 1) cpit1. By (3.8) and (2.3), since ¢; = 1, ¢2 = 0, we have

=2
r—1 ) r—1
Sp= 27lep = ey = (m—ca) = (f(B) —ca) =m — f(B) +1
=2 =2

Therefore, we get Py(zp) = (—1)[ J9=m+f(B)=1 and putting this in (3.9) we obtain

. Tug 2f(3)*7"
n(s) = ~ @ 2 -

keI;r

] Z sin ( T;Jer (s,3). (3.10)

=k, 0., (8)
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FLuS

g7 ) for every j,k € N, we can write

Now, since sin(@;:#) = —sin(L5%

St (5) Z sin (F25) {C(s ) — (5.1 = 34}

= Sin(ﬂ-z]jiel—y) {C(sazlt)*C(sa]-* Qj_t)}7

where we have put together the contribution of the angles of the N-th roots of unity, N = 2", of the same
order 2¢, 1 <t <r—1.
In this way, the sum in (3.10) becomes

wlw

DS PNREE (z n

kELS t=2 jeIz, , \kel;

] sin (7;{]@?)) {C(sv 2]_t) - 4(87 1- %)}
By Proposition A.3 in Appendix A, the sum between parentheses equals

Sr’tfl(Qij) = 6t71,y+1(—1)[%]27a_1

for t < r (where ¢, = 2¥¢ with ¢ odd); i.e. it does not vanish only for ¢t = v + 2 and hence 0 < v <r —2
(this is a second key step).

: 1 d1,_1y(&)
Thus, since (—1)'2' = (—=1)'2'(-1)'2', we get
(£

Z (-1t2] ke, r(8) = (*1)[51 or—1 Z (,1)[%] {¢s

kel GEL 41

) = (s, 1= gt }-

Putting this information in (3.10), we get the expression

_ 9f(B)—-1 1>[%]( ( ; )¢l 1_4‘)) 5.11)
n(s) = oy m Z (— C(s, 2 S, o2 .

JELS, 11

where 0, = 0y, (—1)2.
The last step will be to simplify the above expression. So, denote by F, (s) the function given by the sum
n (3.11), i.e

Fs)= 3 (-)13(¢(s, gn) — (5,1 — 5a)).

JELZ, 11

Note that L(s, x4) = 7= (¢(s, 1) —¢(s, 3)) by (3.5). Thus, Fo(s) = 4°L(s, x4) and hence (3.6) holds for v = 0
(i.e. t =2).

We now consider the remaining cases, that is v > 0 (i.e. t > 3). Suppose x is a Dirichlet character mod k.
Then, there is some primitive Dirichlet character ¢ mod d, with d | k (the conductor), such that x = ¥ - x1 .k,
where 1 1 is the principal Dirichlet character mod k, and

L(s,x) = L(s,9) [ J(1 - X&), (3.12)
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Now, for t > 3, let xo¢ be the real Dirichlet character mod k = 2? induced by the primitive character yy,
that is xo¢ = x4 - X1.2¢. Thus, x2¢(27) = 0 and yo:(2j + 1) = (—1)[2.
On one hand, since k = 2¢, by (3.12) we have

L(s,x2r) = L(s, xa)(1 — X42) = L(s, xa). (3.13)

On the other hand, by (3.5) we have L(s,x2t) = —215 Zje]* x(7)C (s, 21) Thus, since yo: (2! — j) =
ot
X2t(—1)X2t (J) = —Xa2t (])7 we have

L(37X2f) = (2})3 Z (_1>[%] (C(Sv %) - C(Sv 1- %)) = (2})5 - (s) (3'14>

From (3.13) and (3.14), we have
Fy(s) = 2"°L(s, xav+2) = 2" L(s, xa),

with ¢ = v + 2 < r. Putting this in (3.11) we get (3.6) for any 0 < v <r —2.

Finally, note that by (1.1) we have n(s) = > ,.,(dy — dy)A™*, where dF is the multiplicity of +\.
Therefore, symmetry in the spectrum implies 7(s) = 0 for every s, a contradiction. Thus the spectrum is
asymmetric and the result follows. 0O

Notice that, by (3.3), the dependence of 7(s) on the metric is given by v € Ny (with £, = 274, ¢ odd)
and A\p = |lvg|| € R where (A*)? = Zvg and v = BL, is the generator of A\I.

Remark 3.3. Expression (3.6) for (s) in Theorem 3.2 is very simple Compare with the general expression
(3.3). By (3.10), a priori, all the functions ((s, 57),((s, o), - .., {(s, %57+) should appear in 7(s), for every
2 < t < r. However, as the proof of the theorem shows, great cancellations take place and Hurwitz zeta
functions for only one ¢, namely ((s, 2VJrQ) for odd j = 1,3,5,...,2*2 — 1, contribute to n(s).

Remark 3.4. Let Mt be an orientable Zo--manifold, r > 2, of dimension n = 2m + 1, m odd, with I' =
(BLy, Ly) and np = 1. Suppose B = diag(B’,1) with B’ € SO(n — 1) and A = A’ P™* Ze,, with A’ a
B’-stable lattice in R"~!. In this case, £, = ¢ is odd, i.e. v = 0, for if not I' would have torsion elements
other than the identity. This is the case, for instance, for the tetracosm M; (see (4.2)), the Zor-manifolds
in family F (see Section 5) and the exceptional Z,-manifolds, p odd prime (see [15, Proposition 2.2]). This
is not the case in general, as Example 4.5 below shows.

Remark 3.5. By (the proof of) Theorem 3.2 and its previous results, the eta function of an n-dimensional
Zor-manifold (n = 4h—1) is non-trivial if and only if » > 2 and ¢; = 1, ¢co = 0, car, ¢4 > 1 with ¢4 odd. Hence,

by (2.2), pg(z) = ®1(2)P4(x)4Por (x)2" g(x) where g(z) = H:;; Qi ()% with co: >0,i=3,...,7— 1.

Definition 3.6. For any fixed r > 2, let n, be the minimal dimension for a Zor-manifold having non-trivial
eta function.

Thus, ny = 3 for Z4-manifolds and for » > 3 we have

» = min {d =2"143 >3 3.15
n nggm{ egpp} + 3, r >3, (3.15)

where G}, . = {B € GL(n) : o(B) = 2" and B has no (—1)-eigenvalues}, corresponding to the decompo-
sition pp(z) = ®1(2)Py(x)Por(z) = (z — 1)(22 + 1)(2¥ + 1) in the above remark, that is g(z) = 1
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(i.e. cg = c16 = -+ = cgr—1 = 0). In Section 5 we will show that Zsr-manifolds having non-trivial eta
function exist for every r > 2 and in every dimension n > n, + 4k, k > 0.

4. Eta invariant and examples

As a direct consequence of Theorem 3.2 we can now obtain the n-invariant of any n-dimensional
Zor-manifold. Tt is, up to a sign, a positive power of 2 which does not depend on n nor on r, but on
the nature of the integral holonomy representation only.

Proposition 4.1. Let My be a Zgr-manifold of dimn = 3 mod 4 with F = (B) and put £, = 2"{ with
0<v<r—2andf odd. Ifng >1orr=1, thenn=0. Ifng=1and r > 2, then

n(Mr) =0, 2fB "2 ¢y, (4.1)
where 0, = —0y, (—=1)l2] € {£1} and f(B) is defined in (2.3).

Proof. By (3.6), using that ((0,a) = 1

5 — a, we simply get

We have cgr,cq > 1, by the comments after (3.8), and hence f(B) > 2. Thus, n(Mr) € Z, and the result
follows. O

Remark 4.2. (i) Expression (4.1) is very simple (compare with the general formula (3.4)).

(ii) The n-invariant is, up to sign, determined by f(B). To compute this number, one only needs to know
the integral holonomy representation. However, to determine the sign, one needs to know v and A explicitly.

(iii) Clearly, n(s) determines the n-invariant. The converse is not true in general, because of the depen-
dence on v and Ap in (4.1). However, n(s) = 0 if and only if n = 0.

(iv) By (4.1), the reduced eta invariant 7 = %(n+ do) mod Z of any Zy--manifold is 0 or % Also,
do = dimker D can be computed by using Theorem 3.5 and Proposition 3.7 in [25].

In dimension 3, there are Zsr--manifolds for » = 1,2 only. Up to diffeomorphism, there are three
Zo-manifolds and there is only one Z,-manifold, given by

M, =T\R?} T =(y= BL%,LZs>, B =diag(1,1), Ji=(, ). (4.2)

This manifold, known as the tetracosm after [33], gives a nice example in spectral geometry, being one of
the ‘spectral twins’, i.e. the only two isospectral-on-functions and non-isometric compact 3-manifolds [7].

Corollary 4.3. Let Mt be a Zor-manifold of dimension n =3 mod 4. If n > 7 then n € 2Z. If n = 3 then
1n =0 for Zo-manifolds and n = £1 for Z4-manifolds.

Proof. We know that f(B) > 2 and, by (4.1), n(Mr) € 2Z if and only if f(B) > 3. By Corollary 2.3 we
have cor,c; > 1. By Remark 3.5, n # 0 if and only if » > 2 and ¢; = 0, ¢co = 0, ¢4,c2r > 1. Thus, in
dimension 7, if n # 0, we have c¢1, ¢4, cor > 1 with r > 2, and hence n € 2Z. On the other hand, f(B) =2 if
and only if r =2 and ¢4 =1 (i.e. r =2, m = 1) and thus Mr is a 3-dimensional Z4-manifold. Thus, Mr is
diffeomorphic to the tetracosm M; defined in (4.2). It is known that n(M;) = —1 (see [26, §3.1]). Since the
n-invariant is preserved by diffeomorphisms up to sign, and this sign changes with a change of orientation
(see [1]), the result readily follows. O
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Next, we will illustrate with two examples the method for computing n-invariants given by Proposition 4.1.
Example 4.4 (tetracosm). We now compute the n(s) and n-invariant of M; (see (4.2)).

(i) Note that pp(z) = (z — 1)(z% + 1), hence f(B) = 2 and n(M;) = —op(—1)%/2. Also, vp = e3 and
rp = x(5), then op = 1 and £, = 1. Thus n(M;) = —1 and

n(s) = e C(s. 1) — (s, D)),

(ii) Suppose now that we take v3 = B?’L%e3 as the generator of I'. Since B® = diag(—.J;, 1), we have
rps = x(—7%), hence ops = —op = —1, and £,3 = 3. Thus, we also get n(M;) = —1. On the other hand,
let M] =T"\R?, with I" = (¢ = BSL%%,LZ@. We have ogs = —1 and ¢, = 1 and thus n(M7) = 1. Taking
(v")? = (B*)’Ls,, = BLs,,

(iii) Any diffeomorphism between cfm’s is given by conjugation of the corresponding Bieberbach
groups by an element in the affine group. Suppose that C(BL,)C~' = B’L, with C € GL(3). Then,
CBC Loy, = B3Ly, i.e. CBC™! = B3 and Ob = b. Then, one can take C' = diag(1,—1,1) and thus
oc(M;) = CTC~1\R3 = T"\R?® = M. Since det C = —1, ¢ is an orientation reversing diffeomorphism
between M; and M7, and M; = M, the tetracosm with the opposite orientation. We saw in (i) that
n(My) = —n(My).

as the generator of I, we also get n(M]) = 1.

In Section 5 we will define a family of Zy--manifolds (with  # 0) having integral holonomy representations
of a special kind (see (5.1), (5.2)), that we will refer to as reqular Zar -representations. It is difficult, in general,
to construct non-regular Zs--representations. One way to do that, is to look up at Zgr-manifolds in the
classification of low dimensional cfm’s (dim < 7) in CARAT [3], and assemble some different representations
together (taking some care with the translation lattices). However, the resulting associated Zgr-manifold
will have n = 0, in general. In the next example we construct a Zg-manifold having non-regular integral
representation with n # 0.

Example 4.5 (Zg-manifold, integral holonomy representation, n # 0). Consider the matrix B = diag(K,
J1) € SL(5,Z) x SO(2,Z) C GL(7,Z), where

1
0
K = 0
—1
1 —
3mi

It is immediate to check that K has order 8, with eigenvalues ie%,:te 1 1 and that J; has order 4
with eigenvalues #i. Take the lattice A = A5 @ Ay C R7, where A5 = Zf1 & --- @® Zf5 is K-stable and
Ay = Zeg & Zer. Also, one checks that ng = ng = 1 with AZ = AK = Z(f; — f5). We claim that

—~oooco
cocoro

|
oro
|
orooo
SN—
&

=

0.
&~
/N
= O

I
(=N
N

['=(5=BLyy,,Ly)

is a discrete cocompact torsion-free subgroup of Aff(R”). In fact, the lattice A5 exists, since K appears as a
subrepresentation of the 6-dimensional Bieberbach group with point group Zg given by the Z-class labeled
468.1.2 in [3]. Also, by looking at the Bieberbach group with holonomy group Zs x Zg given by the Z-class
labeled 4407.1.3, one deduces that % f1 can be used as translation vector for K (and B), hence giving rise
to a torsion-free group.

Since B is conjugate in GL(7) to B = diag(z(%),z(28),2(3),1) € Tr C SO(7) (or to B =
diag(z(=F), z(2F),#(3),1), hence 0,, = 1 or —1, respectively), there exists C' € GL(7) such that
CBC~! = B. In this way, we have that

P =CrC™'=(y= BLicy,, Loa) CTH(RT),
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and hence I' is a 7-dimensional Bieberbach group. It is thus clear that M = T'\R” is an orientable Zg-manifold
having integral holonomy representation given by the matrix B.
Now, one has that f(B) = 3, since

pe(a) = pr(@)ps (@) = ((z = D" + 1)) (@? + 1) = @1 () Pa(2) Ps(2),
and thus n(M) = £2, by (4.1). The sign 0, = £1 can be determined provided one knows C and A5 explicitly.

Remark 4.6. In [35], by using results in [6], the 7-invariants of 7-dimensional cfm’s M having cyclic holon-
omy group with a special holonomy representation are computed. The expression for (M) involves sums
of products of cotangents at special angles. For such M, Theorem 1 in [35] claims that n(M) € Z. How-
ever, the integrality of 7 comes out after computations with the software ‘Mathematica’ There are 126
non-diffeomorphic Zgyr-manifolds in this family (roughly % of the total), involving only r = 1,2,3. Our
Proposition 4.1 assures that indeed n € Z for these Zsr-manifolds, and also allows one to compute the
n-invariant in all the cases not covered by the mentioned theorem (see the table before Example 2 in [35]).

5. A distinguished family of Zo--manifolds

5.1. The family F

For any r € N, we will construct an infinite family of orientable Zs--manifolds in dimensions n = 4h — 1,
h > 1, each having holonomy group F' C SO(n,Z). For r € N let I,. be the r x r identity matrix and put

C, = (,zr_l ‘1) and  J, = (Igr Jr—l) (5.1)

J
where Jy = (—1). Thus, for instance, Cq = (1 _1) =J1, o = (12 Jl) and J3 = ( I 1). It is easy to
1 I
check that C.., J, € SO(2",Z). For instance, for r < 3 we have

IS Jr Order Size
-t ) 4 2

w
=
[«
03]

Since C, is the companion matrix of the cyclotomic polynomial ®or1(x) = 22 + 1, it has order
o(C,) = 2"*! and its eigenvalues are the primitive 2"T!-th roots of unity. Similarly, one can check that
J, has order 21 and is conjugate to C, in GL(2",R), hence with the same eigenvalues as C,.. Thus, the
rotation angles for both C, and J, are

3w 5m @ -ym
Ty 9Ty gyt or .

Since C, and J, do not have £1-eigenvalues, we have nic, =nyy. =0, for every r > 2.
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For any integer r > 2 and j,_1,...,51 € Np, with j,_1 > 0, we put j(r) = (jr—1,...,J2,71) and define
the matrices

Bj(r) = diag(C’T,l,...,Cr,l,...,Cl,...,Cl,l),

Jr—1 J1
(5.2)
B;(r) = diag( Jr,s,1, ce ,Jrfl, ey J17 ey Jl, 1)
—_———— —_———
jrfl .jl
It is clear that Bj(,) and B;.(T) have order 2" and belong to SO(n,Z), where
n=2""1 g4 Aja+ 20+ 1 =227+ + 22+ 1) + 1. (5.3)

Thus, n = 2m + 1 with m = 27725,y + -+ + 2j, + j1, and m is odd if and only if j; is odd.
More generally, for each r,n and j._1,...,j1 satisfying (5.3) we can take pairs k;, k; € Ny such that
ki + ki =j;fori=1,...,r — 1 and define

Bk('r‘) = diag(cr—la---aCr—bJr—la-“yJT—h-- .,Cl,...,C’l,Jl,. .. ,Jl,l) . (54)

kp_1 K., k1 k1

Since Cy = Ji, for simplicity we will take k; = j; and k7 = 0. In this way, B,y = Bj¢y if k(r) =
(jr-1,0,...,72,0,71) and By = B;(T) if k(r) = (0,4p-1,...,0,J2,41). Also, ng = 1 and xp is as given in
(3.7) with ¢giy1 =ji, i =1,...,7 —1, that is

— _ ™ 3w @ '-Om m 3 br Im m 3w o«
:EB_:EjT;l,..‘,jl_x<2r——1;2r——17"'72r7713"'783 8’ 8 814 4 2 ) (55)
~——

Jr—1 Js J2 Ji
Define the Bieberbach groups
Ly := (v = BryLe,, La), by = 5-¢€5, (5.6)

where j; is odd and A = Ze; @ --- @ Ze,, is the canonical lattice in R". Since By € SO(n) and F' =
(Bk(r)> ~ Zor, we have the associated orientable Zyr--manifold

Mk(r) = Fk(7)\Rn (57)
of dimension n = 2m + 1 = 3 mod 4.

Definition 5.1. For a fixed r, let F, denote the set of all Zyr-manifolds as in (5.7) and let F = |2, F.
Also, put F(n) ={M € F : dim M = n} and F,.(n) = F. N F(n).

Then, we have that F(n) consists of Zgr-manifolds with 1 < r < ¢ = [logyn]. In other words, if
20l <« <2t — 1,

F(n) = Fi(n)UFz(n)U--- U F(n).
Moreover, for any fixed r, the number of Zs--manifolds in dimension n of the form M) equals the

number of partitions of n into the first r-powers of two, i.e., 2¢ with 0 < ¢ < r — 1. This number is known as
the binary partition function and is denoted by b(n). Since j; > 1, we have that #F,.(n) > b(n — 3). Mahler
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showed that the logarithm of b(n) grows like (logn)?/2log 2 as n grows to infinity ([19], see also [31]). Thus,
asymptotically, we have

#F(n) ~ (n = 3)VIos09),

On the other hand note that, for a given r, the minimal dimension for M € F, isn=2""'+3forr > 3
(since jr—1,j1 > 1l and j; =0 for 2 < i <r —2) and n = 3 for r = 2 (since j,_1 = ji in this case). Thus,
min{dim M : M € F.} = n, (see (3.15)).

Example 5.2. We now describe the manifolds in F in the lowest dimensions. There is only one 3-manifold
in F, the tetracosm M; in (4.2). In dimension 7, there are 3 manifolds in F; two Zg-manifolds M o1, Mo 1,1,
determined by diag(Js, J1,1), diag(Ca, J1,1), and the Zj-manifold M3 given by diag(Jy,J1,J1,1). In
dimension 11, we have 8 manifolds in F; two Zjg-manifolds Mj 0,01 and Mo 1,0,0,1, given by the
matrices diag(Cs, J1,1) and diag(Js, J1,1); five Zg-manifolds Mo o1, M11,1, Mosg1, Mios and Mo3
given respectively by diag(Csy, Cs, J1, 1), diag(Cs, Jo,J1,1), diag(Ja, Jo, J1,1), diag(Ce, J1,J1,J1,1) and
diag(Ja, J1, J1, J1,1); and the Zs-manifold My determined by diag(Jy, Ji, J1, J1, J1,1).

5.2. Homology and n-invariants

We will now compute the first integral homology and cohomology groups for all the manifolds in F,
showing that Hy(M,Z) has only 2-torsion.

Proposition 5.3. Let M = My, € F. Then
Hy(M,Z) ~ Z& Z— "1 (5.8)

with j; = ki + k, for 1 <i<r—1, and

H'(M,Z) ~Z,  H'(M,Zy)~ 7}ttt (5.9)
Proof. We will first compute Hy(Mr,Z) = T'/[T',T'], where I = ',y = (7, Le,, . . ., Le,, ). There are 3 kinds
of commutators: [Lx, Lx] = I, [y, Lx] and [y,7']. Since F' is cyclic, every element in I is of the form "L and
thus [’YiL)\,ﬁ/le)\} = [’yi,’}/jHLA,L)\/] = [ for every 1,J € Z, )\,)\/ e A AISO7 [’}/,L)\] = BLbLAL_bBilL_)\ =
Lpyx_x. Therefore,

[T = (v, Lal : A € A) = L(p—1)a-

We now study the action of each of the blocks C; and J; on A; C A, with A; ~ 7% For every 1 <i<r—1,
let eq,...,eq: be any Z-basis of A;. For C;, we have

(Ci - IQi)@j = €41 — €5, 1< j < 2i - 1, and (Cz - IQi)GQi = —€1 — €qi.
By putting f; = e;j+1 —e; for 1 <j <2 —1 and fy = —ej — €9, we have that
(fit+fim) = (fi -+ f2) = 26y, 1<j<?,

and thus 2e; € L(c,—1,,)a, for every 1 < j < 2°. Furthermore, since Le, — L € [[,T] for 1 <j <28 we

have that L., ~ Le,, 1 < j,k < 2°, in the quotient I'/[", ']. Therefore,

€j—1
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<L517'")L€2i>/<Lf17"'7Lf2i> 2Z2,

and thus, every block C; gives rise to one Zy in the quotient I'/L(g_p)4-
On the other hand, for the block J;, it will be convenient to look up at the e;’s with j in the intervals
1< <271 207 41 < <2071 42072 9i-1 4 9i=2 1 ] < 5 < 2071 1 2172 1 2173 "and so on. We then have

(Ji — IQi)@j(l,k) = €gi-lyk — €j(Lk)> 1<k< 2i, 1<i<r,

where j(l,k) = 2071 + 2072 4 ... 1 20=0=1) 1 k. As before, by putting g; = egi—14), — e;(,k) and looking at
the sums of the form }_, +g; one sees that 2e; € L(,—r,,)a, for every 1 < j < 2!, Also, we again have that
Le; ~ Le, € [I',T] for 1 < j, k < 2¢. Thus, every block J; induces a Zs in the quotient I'/Lg—1a-

Moreover, since 72" = L, , it is clear that (v, L., ) generates an infinite cyclic group in I'/L(p_1ys. As a
result of all these observations we get expression (5.8).

Now, it is known that H"(M,Z) ~ F, & T,,—1, where F,, and T,, are the free and the torsion part of
H, (M, Z), respectively. Since Ho(M,Z) ~ Z, by (5.8) we get H'(M,Z) = Z, as desired. Finally, by the
universal coefficient theorem, we have

HY (M, Zs) ~ Hom(H,(M,7Z),7Z2) ® Ext(Ho(M,Z), Z2)
~ Hom(Z & er,1+--~+j2+j1)7 Zs),

where we have used that Ext(Ho(M,Z),Zs) ~ Ext(Z,Zs) ~ 0, since Z is projective. Finally, since
Hom(#;G;,G) = @,Hom(G;,G) and Hom(Z,Z>) = Hom(Zs,Zs) = Zo we obtain that H'(M,Zy) ~

1o jati+1 .
Z) vEe 24t Cand the proof is now complete. O

As a result, we can count the number of spin structures of the manifolds in F.
Corollary 5.4. Every M = My, € F is spin and has 27—+ 1 spin structures.

Proof. By applying the methods used in [22] or [32] (see Theorem 2.1 or Proposition 2.2, respectively,
and their previous comments), one can prove that M is a spin manifold (and get all the spin structures
explicitly). The number of spin structures of M is then given by #H(M,Zy) = 2/—1++i+1 [17]. O

Question 5.5. Let a(r) = (ar—1,al._1,...,a2,a5,71) and b(r) = (br_1,b,._1,...,b2,b5,71) be two (2r —
1)-tuples satisfying a; + aj = b; + b; = j; for 2 <4 < r — 1, but with a(r) # b(r). Then, M,y and My
have, in general, different integral representations. Since they have the same eigenvalues, C,. and J,. are
conjugate in R. Are they still conjugate in Z? In other words, are M,y and M, equivalent as cfm’s?
Proposition 5.3 gives no answer to this question.

Remark 5.6. In [32, (2.1)(2.3)], we have defined a family F"* = {M;;} of n-dimensional Z,-manifolds,
n = 2m+ 1, and we obtained that Hy(M;,,Z) ~ Z! B ZTF (see Lemma 2.1). If m is odd and A = Z™, the
manifolds M1 € F" are exactly the Zs-manifolds of the form M, = M; € F» in this paper. This is in
agreement with (5.8). Corollary 5.4 says, for example, that the tetracosm M; has 2171 = 4 spin structures.
This is also in coincidence with Proposition 2.2 and Corollary 2.3 in [32].

Remark 5.7. It is possible to define a bigger family F, using also matrices of order < 2. That is, we can add
2 x 2 blocks J = (, 1) and £ = (jEl 41 )- Thus, consider the matrix

By = diag(Byyy i J, =1, —L1,...1,1)

ko k‘(’) 0
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with ko, k{ even and where B,’c(r) denotes the matrix By, in (5.4) with the 1 in the last position removed.
Similarly as in (5.6)-(5.7) we define the group I',(,y and the corresponding Zsr-manifold M, of dimension
n=2""15. 1+ +4js +2(j1 + jo +io) + 1, where jo = ko + k{,. Hence, j; + ip must be odd for n to be
congruent to 3 mod 4. For M,y € F, proceeding similarly as in the proof of Proposition 5.3, one obtains

Hl(MK(T), Z) — Zgr—1+"'+jl+k() EB Zk0+i0+1.

Similar results can be obtained for HI(MK(T), Z) and HI(MK(T), Z3). However, we have n(M,,)) = 0 unless
Mn(r) € .7:, ie. j() = io =0 and Mn('r‘) = Mk(r)'

As a consequence of our previous results we have that, for manifolds in F, the n-invariant has a strong
topological meaning. In fact, it is related with the order of the torsion group 7' (which equals the 2-torsion)
of the first integral homology group and with the number of spin structures.

Proposition 5.8. If M = M,y € F then
n(M) = =20+t = L7 = LaSpin(M) #£ 0, (5.10)
where T is the torsion subgroup of H1(M,Z) and Spin(M) = {spin structures on M}.

Proof. Suppose M = M,y of dimension n = 2m + 1, with m odd, and k; 4k = j; for 1 <i < r. Then,
m=2""2§,_14- - +2jo+j; with j; = cgi+1 for 1 <43 <r—1. Since vg = e, we have £ = 1, v = 0 and hence
¢, = 1; and thus the expression for 7(s) follows from (3.6). Since o =1 and f(B) = jr—1 + -+ j1 + 1,
by (4.1), we have n = —2Jr—1++51=1 The result readily follows from (5.8) in Proposition 5.3. O

Question 5.9. For the Zg-manifold M of Example 4.5, Proposition 5.3 and Proposition 5.8 do not apply.
Proceeding similarly as in (the proof of) Proposition 5.3, we can check that Hy(M,Z) = Z @& Z3 and, since
n(M) = £2, we still have (M) = +£1|T| as in (5.10). Does this phenomenon hold in general or is there a
Zy--manifold M ¢ F with non-trivial n-invariant such that n(M) # —3|T)?

Question 5.10. If M is an arbitrary Zs--manifold, is n(M) completely determined by Hy(M,Z) as it is the
case for manifolds in F7 The best we can say is the statement of Lemma 6.1 below.

Remark 5.11. By definition, every Zsr-manifold M € F has a generator v = BL, with b = Q%en and

%en, ¢ odd (these manifolds are

diffeomorphic but non-isometric to each other). Clearly, we have £, = ¢ and n(M,) = (—1)I/2 (M), for

hence ¢, = 1. For a given M, we can define M, with b replaced by b, =
every £ odd.

Note that, for fixed r, the n-invariant determines the eta function 7n(s). In fact, by Theorem 3.2 and
Proposition 4.1, we have

n(s, M) = — =220 L(s, xa). (5.11)

(zrflfuﬂ-AB)s
Since manifolds in F have v =0 (¢, = 1) and Ag = 1, it is clear that if M, M’ € F, then
n(M) =n(M") = n(s, M) = n(s, M').

This may not be the case in general because of the numbers r, v and Ap; since it could well happen that
2r—1—y)\B — 27"’—1—1/')\/3.
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6. The image of n*

We now consider the following subfamilies of the set M of all Zsr-manifolds: the subset M, of
Zor-manifolds with fixed r (arbitrary dimension), the subset M(n) of n-dimensional Zsr-manifolds (ar-
bitrary r) and the subset M,.(n) = M, N M(n), with both r and n fixed. Clearly, F C M, F, C M,,
F(n) C M(n) and F.(n) C M.(n).

The aim of this section is to study the image of the map

nt: M—=Z, M — n(M) (6.1)
and its restrictions 77 to M, and 7, to M(n). By Proposition 4.1, it is clear that
Imn* C {0, +1} U {+2* : k € N}.

The extreme cases, i.e. Zs-manifolds and 3-dimensional Zor-manifolds, are trivial ones, since n =0if r =1
and n =0,+1 if n = 3; i.e. Imnf = {0} and Im ) = {0,£1}.

Since we are counsidering dimensions n = 3 mod 4, for M € F, n is as given in (5.3) with j; odd. Out
of all possible partitions of n into powers of 2, the 2-adic expansion of n is a proper partition with the
minimum number of parts. Let 7(n) be this number, i.e.

T(n) =7 it n=2%4--42242% 0<a <ag<--<dar. (6.2)

Equivalently, if n = 0,2 + - - - 4+ b323 + b322 + b1 2 + by for some m, with b; € {0,1}, 1 < i < m, then 7(n)
equals the number of nonzero b;’s. In our case, we have 7(3) = 2 and 7(n) > 3 for n > 7. Furthermore,
7(n,) = 3 for any r > 2 and 7(n) > 4 for n # n,, where we recall that, by (3.15) and (5.3),

» = min {dim M} = min {dim M : (M =2 143 .
np = min {dim M} = min {dim M (M) # 0} +3 (6.3)

We now show that given a general Zo--manifold M with n # 0, the value n(M) can be obtained as the
eta invariant of some manifold in the family F.

Lemma 6.1. If M € M then n(M) =0 or n(M) = n(Mjy) for some My, € F.

Proof. Let M be any orientable Zo--manifold of dimension n, with point group F' = (B). By Proposition 4.1,
n(M)=0if ng > 1 or r = 1, while n(M) = £2/(B)=2 otherwise. So, assume that np = 1 and r > 2. Since
B is conjugate to xp = x;, .. 4 asin (5.5) (or to 2, see Proposition 2.2), B is also conjugate in GL(n) to
the matrix Cp = diag(Bj(,, 1) with k(1) = (jr—1,...,j1) asin (5.2). Thus, (M) is determined (up to sign)
by the number of matrices C; or J;, 1 <i <r —1, in Cp. Finally, if n(M) = —n(Mj,), then considering
My, (the manifold My, with the opposite orientation) we get n(M) = n(Mk_(T)). O
We now describe the image of nE“n) for every dimension n.

Theorem 6.2. Let n = 2m + 1, with m odd, be fived. Then, Imnp,,, = {0} forr =1, Im Mny = {0, £2m~1}
forr =2 and

Imn,) = {0,272 £27(W=1 L pommlh >3, (6.4)

ny—3

In particular, Im nz‘m) ={0,42,422,..., 1£22777 = £2"5 }. Therefore, Tmn; = {0}, Imn} = {0, £4% }ken,
and Imn} = {0, +2%} ey for r > 3.
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Proof. By Lemma 6.1, we can assume that M € F,.(n) and, without loss of generality, that M = Mj,) as
in (5.2)—(5.7). By Proposition 4.1, Im nEKS) = {0,+1}, with the values £1 attained by the tetracosm. From
now on, suppose that n > 7 and n # 0. Hence, by (4.1), ng = 1 and r > 2. Fix the dimension

n=22"%, 1+ +2p+i)+1  §_1>0, jiodd.

If r = 2, then n = 2j; +1 = 2m + 1 and thus f(B) = m + 1. Hence, n(M) = £2™~! by (4.1). The
positive value 21 is attained by the manifold M, € F determined by B,, = diag(C1,...,Cy,1), with C;
repeated m-times.

Let r > 3. If n = n, = 2"~ + 3, all the values 2,4,8,...,2™~! are attained by the 7-invariants on the
following manifolds. Notice that M) = Mo, .. 01 € Fp, determined by the matrix diag(C,_1,C4,1), has 3
blocks and hence n(M(l)) = 2. By replacing the block C)._; by 2 blocks C,._5 we get M® = Moy20,..01 €
Fr—1 determined by diag(C)_2, C,_2,C1, 1) with 4 blocks, and hence 77(M(2)) = 2472 = 4. Now, by replacing
one block C,_5 from the previous matrix by 2 blocks C,_3 we get M®) = Mo 12,0,..01 € Fr—1 determined
by diag(C,_2, Cy_3,Cy_3,C1,1) with 5 blocks, and hence (M) = 25-3 = 8, Tt is clear that, by repeating
this ‘splitting block’ procedure, i.e. by replacing some block Cj, of M® by 2 blocks Cj,—1 (this changes the
n-invariant keeping the dimension unaltered), we get a finite sequence of Zy:-manifolds

M(l), M(2)’ e M1

(with different ¢’s, 3 < ¢t < r), determined by diagonal block matrices with 3,4, ..., m+1 blocks respectively,
and hence, with corresponding n-invariants 2',22,...,2™~1. Since n = 2m + 1, we have m = 2”72 + 1 and
hencem—1=2""2 = "ST*?’ Here, M (™1 is the Z4-manifold determined by the matrix diag(C1, ..., C1,1),
with C; repeated m times. The splitting of blocks is not unique, but there is at least one. Also, by dimension
issues, it is clear that 2™~! is the maximum possible value for 7.

In case n # n,., we proceed similarly as before. We begin with M) = M;

Jr—15-J10 where j,_1 = j1 =1

and ji,,...,Ji,_s = 1 with 7 = 7(n) — the other ji’s being 0 — such that

T—3 T—3
n=2"t (30 20) +3 =k Y 2%,
k=1 k=1

By replacing some block Cj, by 2 blocks Cj,_1 and iterating this process, we get a sequence MO MO
M(m=7%2) of 7,.-manifolds (with different t’s, ¢ < ), respectively determined by diagonal block matrices
with 7,7+ 1,...,m + 1 blocks, and hence with corresponding n-invariants 27-2,27-3 .. 2m~1,

To get trivial n-invariants for any n and r, just take the previous manifolds and replace one J; by
+] = (%1 fl) (these manifolds will be not in F). To get the negative values, since n(M~) = —n(M), we
just change the orientation of every M previously used.

The remaining assertions in the statement follow directly from the previous ones. O

As a direct result of the theorem, by taking n and r big enough we get every possible power of 2 as the
n-invariant of a Zor-manifold. That is,

1n({Zy--manifolds : r € N}) = 0U {+2 : k € Ny}

Example 6.3. We illustrate the results in Theorem 6.2. Using (6.4), in Table 1 below, we give the values
of n(M) for M a Zor-manifold in the lowest dimensions. For each fixed value of n, we give the 2-adic
expansion, 7(n), the highest possible r for a Zs--manifold in this dimension, and all the allowed values of n
(only non-negative values for simplicity).
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Table 1

n-Invariants for Zs--manifolds, 3 < n < 63.

Dimension n 7(n) max r n-Invariant
3=24+1=nmny 2 2 0,1
T=4+2+1=nmng 3 3 0,2,22
11=8+4+2+1=mn4 3 4 0,2,22,23 24
15=8+4+4+2+1 4 4 0,2%,23, 24 25 26
19=164+2+1=ns 3 5 0,2,22%,...,2%
23=16+4+2+1 4 5 0,2%,23,...,2!°
27T =16+8+2+1 4 5 0,22,2%,...,212
31=16+8+44+2+1 5 5 0,23,2%, ..., 21
35=324+2+4+1=nmng 3 6 0,2,22,...,21
39=32+4+2+1 4 6 0,22 ...,218
43=32+8+4+2+1 4 6 0,22 23 .., 220
47=324+8+4+2+41 5 6 0,23 24 .., 272
51 =32+164+2+1 4 6 0,22,2%,..., 2%
55 =32+16+44+2+1 5 6 0,2% 24 .., 2%
59 =32+16+84+2+1 5 6 0,23 .., 2%
63=32+16+84+4+2+1 6 6 0,2* .., 2%0

Our next goal is to show that there exists an infinite number of infinite families of Zgr-manifolds in F
having constant n-invariant, one for every possible positive power of two.
Let n, j denote the minimal dimension for a Zsy--manifold with n = 2’“, i.e

v = min {dim M : n(M) = 2F}. )
Nk M“él}i,.{ im n(M) } (6.5)

By Theorem 6.2, this number is well defined for » > 3, k > 1 and for r = 2, £k = 1 or k even. Note that
ny1 =n, and for r > 2, k > 1, by (4.1), we have

IN

nr,l S nr,Q S nr,S S tee S nr,k: S nr,k+1

Mok SN3gp Snap < oor Sy SNy S0

We now compute these dimensions.

Lemma 6.4. We have na o, = 3 + 2k for k>0 and for anyr >3, k>1
nep=n, + £ =2""" 4+ [£] 4+ 3.

Proof. Let M € M, with r > 2. By Lemma 6.1 we can assume that M = M;,y € F. If r = 2, it is clear
that ng o = 2k + 3, attained by the manifold Mog41 determined by the matrix Boyy1 = diag(J1,...,J1,1),
with J; repeated 2k + 1 times.

Now consider the case r > 3. It is clear that n,; = n, = 271 4+ 3, attained by the manifold Mo, . 01
determined by the matrix By, o1 = diag(Jy—1,J1,1). To get n = 22 we need 4 blocks, so the minimum
dimension where this can be achieved is 7 4+ 4 = 11 given by the manifold M; o, . 01,1 determined by the
matrix By, 01,1 = diag(Jy—1, Ja, J1,1). Similarly, for n = 23 the minimum dimension is also 11, attained
by the manifold Mo o3 determined by the matrix By, . o3 = diag(Jy—1,J1,J1,J1,1) (just split one

22k+1

block Jo into two J;’s). In general, the minimal dimension needed to get n = 22* or is the same. In

fact, npor = 2" "1+ 44+ 2(2k — 2) + 3 and n, o511 = 271+ 2((2k + 1) — 1) + 3, that is

Npok = Npogr1 =27 1 + 4k + 3 = n, + 4k,
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Table 2

All Zgr-manifolds in F with n = 8 in dimn < 35.

dim Partition of n Ja Js3 Jo Jy Jo r F
11 442+24+241 0 0 1 3 1 3 Zs
15 44+4+4+24+1 0 0 3 1 1 3 Zsg
15 84+24+2+2+1 0 1 0 3 1 4 Z1e
19 8+4+44+2+1 0 1 2 1 1 4 Z16
23 8+8+4+2+1 0 2 1 1 1 4 Z16
23 16+2+24+2+4+1 1 0 0 3 1 5 Zs32
27 8+8+8+2+1 0 3 0 1 1 4 Z16
27 16+4+4+2+1 1 0 2 1 1 5 Zso
31 16+8+4+2+1 1 1 1 1 1 5 Zso

from which the expression in the statement directly follows. These dimensions are respectively attained
by the manifolds M or—1 and M ox+1, determined by the matrices Big, . 0.1,2t—1 = diag(Jr—1, J2, J1,
...,J1,1), Jy repeated 2k — 1 times, and Biy,. 02k+1 = diag(Jr—1,J1,...,J1,1), J1 repeated 2k + 1
times. O

Example 6.5. (i) Let us construct Zyr-manifolds M, M’ with n(M) = 21, n(M') = 2'°. Since [1}] = 5, the
minimal dimension for M is given by n7 11 = ny +4-5 = 26+ 3420 = 87. We need 13 ‘blocks’, so take M =
M1,0,0,0,011 given by B = diag(FEg, Ji, ..., J1,1) with J; repeated 11 times, where Eg = C§ or Js. As before,
n7 10 = 87. Now, we need 12 blocks, thus we take M’ = M 1 9,0,0,10 given by B = diag(Es, Es, J1, ..., J1,1),
Jq repeated 10 times, with F; = C; or J; for i = 2, 6.

(ii) In Table 2, we give all the Zy--manifolds in family F having n = 23 in dimensions n = 4k + 3 < 35.
These manifolds are defined by diagonal block matrices B}y with the blocks in the set {Jy, J3, Ja, J1, Jo},
as defined in (5.2).

We now show that there are infinite families of Zyr-manifolds with prescribed constant n-invariant and
growing dimensions.

Corollary 6.6. For every positive integer k there is a family G, = {M;}32, C F such that n(M;) = 2* for
every i and dim M; / co. In particular, for every r > 2, one can take each M, € Gy having holonomy group
of order 2" and minimal dimension n, .

Proof. It is sufficient to prove the second claim in the statement. Let k& > 1, » > 2. By (4.1), to get n = 2*,
we need to take a manifold in F with exactly k + 2 blocks. Consider the matrix

B,- = diag(.]r_l, JQ, “eay JQ, Jl, 1)
N——

(k—1)-times

The induced manifold M, in F has holonomy group of order 27, n = 2* and dimension dim M, = 2"~! +
4(k—1)+1=2""'44k—3 > n, . To obtain minimal dimensions, just proceed as in the proof of Lemma 6.4,
taking B, = diag(J,—1,Ja, J1,...,J1,1) or B, = diag(J—1,J1,...,J1,1), depending on whether k is even
or odd. O

7. An alternative expression for n
In [25], we gave an expression for the n-invariant of any cfm (i.e., arbitrary holonomy representations, any

translation lattice) following a direct approach; i.e., we first computed the multiplicities of the eigenvalues,
then we found 7(s) and finally we obtained 7 by evaluation at s = 0 (see Theorems 3.3, 3.5 and 4.2 in [25]).
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On the other hand, Donnelly has previously obtained an expression for the n-invariant for more general
manifolds M (compact oriented Riemannian manifolds with a Lie group acting by isometries on it) in an
indirect way [6, Theorem 3.4], by first computing the signature of a manifold M with M = dM, and then
using the Atiyah-Patodi-Singer index theorem for manifolds with boundary in [1]. For a very special kind
of cfm’s, namely those having holonomy group F' C SO(n,Z) and canonical lattice A = Z™, the expression
for n drastically simplifies [6, Proposition 4.12].

Since both methods are quite different, i.e. representation theoretical vs. topological ones, it is the author
feeling that it is interesting to compare both expressions for the n-invariant, when possible (i.e. in the special
case considered in [6]).

Donnelly considered cfm’s having holonomy group F' C SO(n,Z) where each B € F is of the form
B = diag(B’,1), B’ € SO(n—1,Z). This is a rather restricted family, since if B € SO(n, Z) then necessarily

Be; = *ej(p.) 1<i<n-—1, Be,, = ¢, (7.1)

where {e;} is the canonical basis of R™. Such B induces a permutation matrix Pp given by Ppe; = €;j(p.;).
Then, we have the decomposition Pg = Pp ;- -- Pp . into disjoint cycles. In other words, ¢ = ¢(B) is the
number of orbits of the action of B on the basis vectors. Clearly, ¢(B) = ¢(B’) + 1 > 2. Notice that the
matrices By, in (5.4) satisfy condition (7.1) and that

C(Bk(r)) =Jr1t--t+nt+l= f(Bk(r)) (72)

We now recast Donnelly’s expression for the n-invariant in our present notations (with o =1 the trivial
representation) and with our sign conventions (o, as in Theorem 3.2).

Proposition 7.1 (/6, Proposition 4.12]). Let My be a compact flat manifold of dimension n = 3 mod 4
with translation lattice A = Z" such that every v = BLy € T is of the form B = diag(B’,1) where
B’ € SO(n —1,Z) and b = ae,,, with a € R. Then,

nPol(My) = % Z 2¢(B") (H cot (@)) cot(ma). (7.3)
BLye(A\T) j=1

Note that (7.3) is formally very similar to (3.4), which is valid for arbitrary cfm’s. Both expressions
involve sums of trigonometric products at special angles. The main difference seems to be the factors 2¢(5)
for BL, € T.

Since Zor-manifolds in F satisfy the conditions in Proposition 7.1, they are specially suited for comparison,
since Donnelly’s formula applies in this case. For Zy--manifolds in F, the expression (7.3) can be explicitly
computed.

Proposition 7.2. If M = M,y € F then nP(M) = 2ir-1+Fi=1,

Proof. Starting from (7.3), and using that op = 1, £, = 1, F = (B) is cyclic of order N = 2", with
B = By(), and that B¥ € F| if and only if k is odd, we get
nPl (M) = 2¢B)-7 Z (Hcot (%)) cot(ZE) (7.4)

kely  j=1

since ¢(B*) = ¢(B) for any k odd. Now, by (5.5), we have
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Hcot (Ha) = ( 11 cot(ﬁfﬂ)) ( 11 cot(jf—gr)> ( 11 cot(%)) cot(ZE )7

kel kel kel;

r—1 Ji
~ 8 1 T ) =o'

i=2 \ kel

where in the last equality we have used that j; is odd and Proposition A.4 in Appendix A. Hence, by (7.4),

, k
U[DO](MF) _ 26(3 )—T Z (—1)[2] Cot(g—f).
kelz*r

Thus, by Proposition A.5, nP°l(Mp) = 2e(BY)=rgr=1 — 9ir—1t+i1—1 49 asserted. O

Remark 7.3. (i) By Propositions 5.8, 7.2 and Lemma 6.1, Proposition 7.1 actually holds for arbitrary
Zor-manifolds; that is, for any lattice and any integral holonomy representation.

(ii) By Proposition 5.8 and (i), nP°(Mr) = #™MPI(Mr); i.e. Donnelly’s general expression for the
n-invariant, restricted to Zor-manifolds, coincides with our expression.

Donnelly’s expression (7.3) works for any cfm whose integral holonomy representation is restricted to
SO(n,Z). In light of the previous results, one may ask if Proposition 7.1 can be generalized to hold with
more generality. For Zs--manifolds we have the previous remark. However, the condition on the holonomy
representation cannot be removed for F' % Zyr, as the next example shows.

Example 7.4. Up to diffeomorphism, there is only one Zz-manifold in dim 3, the triscosm Mz = I's\R? where
T3 = (BLey, Ly), B = diag(B',1), B' = (} 7)), and A = Ay ®Zes, with Ay = Zer &L, f> = —Ley+Be,,
the plane hexagonal lattice. It is known that n(Ms) = —2 ([18], also [26,35]). However, applying (7.3), since
zpr = z(%) and ¢(B*) = 2, k = 1,2, one gets

PN (Ms) = =5 D7 cot(5F)* = -3
k=1,2

Gh=-

Ol

. . cos(27/3) — sin(27/3)
Here, B’ ¢ SO(2) and, after conjugation, we get (Sin(%/g) cos(2n/3) ) € S0(2) \ SO(2,Z).
The Zs-manifold in the example is a particular case of Z,-manifolds, p odd prime (classified by Char-
lap [4]). See [15,23-26] for details on the construction/classification of Z,-manifolds, topological properties
and computations of 7(s) and n for both the spin Dirac and the APS operators.

Remark 7.5. Expression (7.3) cannot be applied to Z,-manifolds, with p an odd prime, because Z,-manifolds
having non-trivial n-invariant have integral holonomy representations taking values in GL(n,Z) ~\ SO(n)
(see §2 in [24], §4 in [26]). As before, one can show (with a little bit more effort) that by applying expression
(7.3) anyway, we get a different result for n that when using formula (3.4).
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Appendix A. Trigonometric identities

The rotation angles of order 2" matrices give rise to interesting non-trivial trigonometric identities in-
volving products and alternating sums of sines and cotangents. The following notations will be useful in the
sequel. For any positive integer N define

In={ieN:1<i< N} and Iy, ={j € Iy : jodd}.
We will need the following technical result.

Lemma A.1. Let k, N € N. If k is odd and N is even then

Suk)i= Y [H=C5E ez, (A1)

jeIzy 4

where [-] is the floor function. In particular, Sy (k) € 2Z for N =27, r > 2.

Proof. Let Sy (k) := ijl []A]f] and note that Sy (k) = ZN/Q[JW] +ZN/2 [ N ] [5£]. Thus, we have
[WDR] = [k — 28] = k4 [~ 28] = & — 1 — [2¥], since [z +n] = [z ]—l—nforneZa d[-z] = =1 — [2] for
x ¢ Z. Hence,
Swt) = 0 11+ (U5 - S0 ) 4 (4] = Sk G
1<j<N/2 1<j<N/2

Now, Sn(k) = Sx(k) + Sy )o(k) + -+ 4+ Si(k) + S5(k) = S{(k) + Sn/2(k), by induction, and hence,

Sy (k) = Sn(k) — Sny2(k) = (k21) &, and we are done. O

Sines.  We now compute some products and alternating sums of sines at certain integer multiples of .

Proposition A.2. If r, k are positive integers with r > 2 and k odd then

I1 sin (5F) = 72— (A.2)

Proof. Let N = 2" and assume k is odd. We will first prove that the product in (A.2) does not depend
on k. For any fixed odd k, there are unique integers g;, r; such that jk = g;N +r; with 0 <r; < N - 1. If
Jj is odd, then r; must be odd, and hence r; > 1. Thus,

sm(%) = sin(g;m + 4F)

(—1)% sin(5F). (A.3)

By modularity, for any k& odd we have {1,3,...,N — 1} = {k,3k,...,k(N — 1)} mod N and hence
{1,3,...,N =1} ={r1,r3,...,rn_1} mod N. Therefore by (A.3)

H sin(2A7) = (—1)Sn () H sin(47) = H sin(47), (A.4)

JELL JELr JEL;

where we have used that ¢; = [%] and S% (k) asin (A.1) is even by Lemma A.1, since r > 2.
It only remains to compute the last product in (A.4). We will first prove the identity

H sin (32—) = 22}{?2. (A.5)

]612, 1
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Assume that r > 2, the case r = 1 being trivial. Let us define Ilyr := H?;ll sin(é—’f) and II%,. =
Hjel* sm( ~). We recall the identity H 2 sm( ) \/_/2 z , with d € N (see [24, Lemma 3.1] for a
proof). By taking d = 2" we have that TIy» = 22~ By induction, we have Iy = II5, 115, _, - - - TI3, 113, =

I15,IIyr—1 for r > 2, and thus

r_2"—1
g oo Mo 2877 V2
r — — r— - T
2 yr—1 27;1_2'" 2171 927 =27

as desired.

By symmetry, Sin((Ngj)”) = sm(%) for0<j< % By using this and (A.5) we obtain

[Tsin) = [T (sin(3)* = (115)% = (325)" = 7.

jery JELL, 4

and thus the proposition follows. O

Now, for r € N and t,w € Z we define the sums

I sin(kemy (A.6)
kEIST

Proposition A.3. Let r,v € N and t, ¢ € Z with £ odd. If t <r then

I4
—1)l2lgr—1 ift=v+1,
0 ift#v+ 1

Suu(20) = { | (A7)

Proof. For ¢t < 0 the result is trivial, thus assume ¢ > 1. Suppose first that v = 0. Consider ¢ = 1. Since for
k kL k ¢
any k odd, sin(&F) = (-1)2) and sin(Er) = (-2 = (=1)2l(=1)[2], with ¢ 0dd, then we have

Sri(l) = Z (—1)%1 bm(’““) = Z (_1)[§] _ (_1)[5] gr—1

kel kelsr

Now let ¢ > 1. If ¢ = r, we have the angles 7, ‘;’—f, ceey (QT;TD” in [0, 7], and we compare the contributions

of 2= and w. Since for any positive odd integer k we have sin(w) = (—1)*sin(%r) and

27‘
. k k
] — (71)[?—17%] — (71)[_5] = (—1)[5]4_17 we get

2"k

(1)

(=) sin(B507) = (~1)' (1)

)

and thus, since ¢ is odd, the contributions of the angles g—” and @TQ;]C in (A.7) cancel each other out. If

r~

t < r, there are more angles to consider. However, by modularity, it is enough to consider the angles

™ 3 @' -Dm @'+h)m (2'+3)n @ —1)r
PIRRD ) ot ) ot y ot geeey 57
in the interval (0,27). In this case, we compare MZT with w for any k = 1,3,5,...,2t — 1. Since

sin(d + ) = —sin(f) and (—1)[2t2+k] = (=15, we see again that the contributions of Eer and

cancel out. In this way, S, (¢) =0 for ¢t > 1.

(2t +k)ém
2t
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Now, consider the case v > 1. Clearly, S, (2"¢) = 0 for v > t. For 1 < v <t — 1, note that S, ,(2¢) =
Sri—1(¢). Hence, by induction,

¢
Sr(2°0) = Sy (€) = 6y 1 (—1)121 2771,
where ¢ is the Kronecker function, and thus (A.7) holds. O

Cotangents. We now compute some products and alternating sums of cotangents at some integer multiples
of o=
2

Proposition A.4. For any r,k € N, with r > 2 and k odd, the following identity holds

H cot( jff

jEI;T71

)=1. (A.8)

Proof. By using sin 20 = 2sinf cosf and (A.2), for any r > 2, we get

sor2gm
I ety - e ®nl¥)__ e 2 o

COS or ) — or—2 ) . ﬂ or—2 \/5 - 22r—2 . .
22 e, sin(5r) 227

Now, the identities (A.3) and (A.4) also hold for cos(<3~ k”) changing every sine by the corresponding cosine.
Therefore, the product in (A.8) does not depend on k. Thus, we get ngl* cot(ﬂ”) = Hjel;r cot(%) =1,
by (A.5) and (A.9). O

Proposition A.5. Let r,/ € N with £ odd. If N is either 27 or 2"~1, with r > 2, then

J4
Veot(kry = (1)1 & (A.10)
JEI}

Proof. We will denote by Yo and ¥4, the sums in (A.10) corresponding to N = 2" and 2", respectively.
Note that, cot ((25%) = — cot (M”) and hence

Sor = cot(E) —cot(3E) + -+ + cot(@rgﬂ) cot(Z 23) D)y =2%5,.
¢
Thus, it is enough to prove that 35, = (—1)[512“2, which we will do by induction on r. It is immediate to
check that cot(Z) = (=1)!2] for any odd ¢ and hence, Yhe = (=1)212, and the first step in the induction
holds. For the general step, we have

E E r—1__ T
o= > (DRleot(gr) = D (-2 (cotU“”)-cot(ﬁi—ETEE—)).
ke[;r—l kEI; 5 o

Since cos ((277127:16)[%) = (—1)la] sin(&2) and sin ((QP;—:M“) = (-1)lz I'cos (AL

sin? # and sin 20 = 2sin # cos 0, we have

™), by using cos 20 = cos? § —

O = cos(4r)  sin(5F)  cos?(5F) —sin?(5F)  2cos(35) ) i
k,r — Y - 2 T kin Tl = N Tlm = COt(Q,,,,l )
sin(%2)  cos(%X) sin( %57 ) cos( 57 ) sin(527)
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In this way, by the inductive hypothesis we get

k
=2 Y (D) cot(fm) =23, = (-1)lEl2r2,

ke];r—2

and the result thus follows. O
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