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Abstract We consider the quantum symmetric pair ({(su(3)), B) where B is a right
coideal subalgebra. We prove that all finite-dimensional irreducible representations of 5
are weight representations and are characterised by their highest weight and dimension. We
show that the restriction of a finite-dimensional irreducible representation of I, (su(3)) to
B decomposes multiplicity free into irreducible representations of 5. Furthermore we give
explicit expressions for the highest weight vectors in this decomposition in terms of dual
g-Krawtchouk polynomials.

Keywords Quantum groups - Coideal subalgebras - Quantum symmetric pairs -
Branching rules
1 Introduction

The theory of quantum symmetric pairs of Lie groups has been developed by Koornwinder,
Dijkhuizen, Noumi and Sugitani and others [4, 5, 23-25, 28] for classical Lie groups and
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by G. Letzter [16, 18-21] for all semisimple Lie algebras, see also [13]. The motivat-
ing example for the development for this theory was given by Koornwinder [15], who
studied scalar-valued spherical functions on the quantum analogue of (SU(2), U(1)) consid-
ering twisted primitive elements in the quantised universal enveloping algebra of I (s[(2)).
Koornwinder identified all scalar-valued spherical functions with Askey-Wilson polynomi-
als in two free parameters. Dijkhuizen and Noumi [4] extended the work of Koornwinder
to quantum analogues of (SU(n + 1), U(n)) considering two-sided coideals of the quan-
tised universal enveloping algebra of U, (gl(n + 1)). More generally, Letzter considered the
quantised universal enveloping algrebra U, (g) with a right coideal subalgebra B, which is
the quantum analogue of U/ (¢) for a Cartan decomposition g = ¢ @ p. In [20] all scalar-
valued spherical functions for quantum symmetric pairs with reduced restricted root systems
are identified with Macdonald polynomials. However, the requirement of having a reduced
restricted root system excludes the quantum analogue of (SU(3), U(2)).

One recent extension of this situation [1], where higher-dimensional representations
of the coideal subalgebra B are involved, arises with the study of matrix-valued spheri-
cal functions of the quantum analogue of (SU(2) x SU(2), SU(2)) where the subgroup
is diagonally embedded. The quantum symmetric pair is given by the quantised universal
enveloping algebra of U, (g), where g = su(2) ® su(2), and a right coideal subalgebra
B that can be identified with 14, (su(2)). As in the Lie group setting [8, 11, 12, 27], the
explicit knowledge of the branching rules plays a fundamental role in the explicit deter-
mination of the matrix-valued spherical functions. In this first case, the branching rules
for the irreducible representations of U, (g) with respect to B follow using the standard
Clebsch-Gordan decomposition.

One of the first technical difficulties that one runs into in order to extend the results of
[1] to more general quantum symmetric pairs is the lack of the explicit branching rules for
finite-dimensional U4, (g)-representations with respect to a right coideal subalgebra. In this
paper we deal with this problem for the quantised universal enveloping algebra U, (su(3))
with a right coideal subalgebra B as in Kolb [13]. We study the problem of describing all
irreducible representations that occur in the restriction to B of finite-dimensional irreducible
representations of U, (su(3)). In general, information about branching rules for quantum
symmetric pairs (U, (g), B) as in Kolb [13] and Letzter [16, 18] is relatively scarce in par-
ticular in case the coideal subalgebra depends on an additional parameter as in this paper.
However see Oblomkov and Stokman [26] for partial information on the branching rules
for the quantum analogue of (gl(2n), gl(n) & gl(n)). It would be of interest to see whether
the results of Mudrov [22] can be used as well in the setting of Oblomkov and Stokman
[26] to find precise information on the branching rule for this quantum symmetric pair, or
more generally for quantum symmetric pairs involving the quantised universal enveloping
algebra of type A.

There are various other instances where quantum symmetric pairs play an important
role apart from the relation to special functions and matrix-valued orthogonal polynomials
alluded to above. In the works of Ehrig and Stroppel, see e.g. [6] and Bao, see e.g. [2], it
is indicated how modern representation theory for quantum groups, such as Schur-Jimbo
duality, canonical bases, Kazhdan-Lusztig theory, categorification, etc., can be extended
to quantum symmetric pairs. Moreover, the role of quantum symmetric pairs in integrable
systems in mathematical physics is explained in [3] in conjuction with other types of bound-
ary conditions. Then they are known as boundary quantum groups and they are related to
explicit solutions of the reflection equation.

This paper is organised as follows. In Section 2 we review the construction of the
quantised universal enveloping algebra U/, (su(3)) and its finite dimensional irreducible
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Branching rules

representations. Then we collect a series of commutation identities for the generators
of U,(su(3)) and we introduce an orthogonal basis for finite-dimensional U/, (su(3))-
representations which is an analogue of Mudrov [22]. We also describe the action of the
generators of U, (su(3)) on this basis. In Section 3 we fix a right coideal subalgebra B of the
quantised universal enveloping algebra which depends on two complex parameters ci, ¢;.
We describe the generators of the Cartan subalgebra of B and we use them to classify all
finite-dimensional irreducible representations of 3 under a mild genericity condition on the
parameters. More precisely we prove that every finite-dimensional irreducible representa-
tion of B is completely characterised by its highest weight and its dimension. In Section 4
we prove the main theorem of the paper. We show that any irreducible finite-dimensional
representation of U, (su(3)) decomposes multiplicity free into irreducible representations
of B and we characterise the representations that occur in the decomposition by their
highest weight and dimension. The highest weight vectors of the coideal subalgebra B-
representations are obtained by diagonalising an element of the Cartan subalgebra of B
restricted to a certain subspace where it acts tridiagonally. The eigenvectors can be then
identified explicitly in terms of dual g-Krawtchouk polynomials.

2 The Quantised Universal Enveloping Algebra U4, (su(3))

Let g = sl(3) = {X € gl(3,C) : tr(X) = 0}. We fix the Cartan subalgebra h of diagonal
matrices. Let A = (a;, j);,; be the Cartan matrix for g,ie.a;; =2,i =1,2,and q; j = —1
fori # j.Let R C b denote the root system of g. We denote by R the subset of positive
roots, so that we have the decomposition g = n~ @ h@n™. We denote by (-, -) the canonical
inner product on f and by I1 = {ay, az} the simple roots so that (o;, ;) = a; ;. The
fundamental weights are given by @] = %al + %OQ and @y = %ozl + %az.

The quantised universal enveloping algebra U4, (s[(3)) is the unital associative algebra
over C generated by E;, F; and Kiil, where i = 1, 2, subject to the relations

KK = kH'kF, kFKF =kTKE, KiK' =1=K'K;,
J o i J ot i i
(aj,a) —(aja;) K,’—Kfl (21)
KiE; =q Y Y E;K;, KiFj=q % F;K;, [Ei’Fj]=7q—q—ll ijo
fori, j = 1,2 and, fori # j, the quantum Serre’s relations

E’E; —(q+q DEEE +EJE}=0=FFj — (g +q ")F,F;F, + F;F}*. (22)

We assume that ¢ € (0, 1). The quantised universal enveloping algebra 4, (sl(3)) has a
Hopf algebra structure with comultiplication A, counit € and antipode S defined by

AE)=E®I+K®E, AF)=F®K '+1®F, AK™=kKk"oK*,
€(E) =0, eF)=0, eKk*H=1,

S(E) = —K'Ei.  S(F)=—FKi. S(KF')=kKF",
with i = 1, 2. With the x-structure given by

Ef=KF, F'=EK ' (K=K i=12, (23)
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U, (s1(3)) becomes a Hopf *-algebra which we denote by U/, (su(3)). Following Mudrov
[22] we define fora € R

Fs=[F, Rhly=FF—-qhF, E3;=I[E,El;=EE —qEWE;,

~ qa+1K27q—a—1K—l L[”Kz*q_aK_l
Blal= AR (225 ) - pR (2225 ),

A a+1K _ —u—lK—l K K
Ela] = (%) EyEy — (%) E\Ey,

A

and F3 = F3[0], E3 = E3[0].

Lemma 2.1 The following relations hold in Uy (su(3)):

(i) FiFsla]l = F3lalFy,

(i) Ex2F3lal = F3la — 21E> — ExFslal = Fsla — 2]E; — ( )Fl,
(i) K;F3lal = g ' FlalK;, KiEslal = gEslalK;, i = 1,2.

Proof Straightforward verifications using (2.1) and (2.3). O

Lemma 2.2 Fori =1, 2:

(1) 1—k k—1 1
qk_q%Fthin_qui

g—q ' 1 -1

EiFf = FFE; +
9-9

(ii)
k(2.2 _
ElkFlk — q(l(ngzgzzk (q272kK'2. 2)1{[(‘ k X E
2.2
= {EE (—Drq D (K g0k + X E
for some X € Uy (su(3)).

Proof Straightforward verifications using (2.1) and (2.3) and induction. O
2.1 The Finite-Dimensional Representations of L4, (s1(3))

Finite-dimensional representations of I, (su(3)) are weight representations and are
uniquely determined, up to equivalence, by their highest weights. Let (m;, V) be the

irreducible finite-dimensional representation with highest weight A = X + Aoy,
M, A2 € N, and vy, a highest weight vector, i.e. a non-zero vector v, € V), such that
Eivy =0, K;jv = q()‘ i)y = q)"'v;h, i=1,2. 2.4)

Then the dimension of V) is the same as the dimension of the corresponding irreducible
representation i, of su(3), namely

1
dim(Vy) = 5(?»1 + D2 + D@ + A2 +2).
Furthermore for a weight v = vy @ + v, @7, the dimension of the weight spaces
Vi) ={veVy: Kiv=gW%v, i=1,2},

and the dimension of the weight spaces corresponding to the weight v in the representation
of su(3) coincide, see [9, Ch. 7]. In particular, dim(Vj (1)) = 1. The vector space V) is
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Branching rules

spanned by the vectors Fj, Fj, - - -
(-, -) determined by

vy, I; € {1, 2} and is equipped with an inner product

Im

(vp, v3) =1, (Xv,w) = (v, X*w), VX elU;(su3), Yv,weV,.

Mudrov [22] describes the Shapovalov basis for the Verma modules of I, (su(3)), and we
have adapted his proof and construction to an orthonormal basis for the finite-dimensional
unitary representations of U4, (su(3)). For completeness, we have sketched the proof in
Appendix A. It is essentially due to Mudrov [22, §8].

Theorem 2.3 The set of vectors
B={FFEJF" v, 10<m <r1, 0<I<i 0<k<ry+m—1
forms an orthogonal basis for V). Explicitly,
(FESF!" vi, FS F§ F" v3) = 80810 8mm Hetom
where
2 o—l+m). —2X1.

Hiim = (g%, q 0 LR LR W (Ve R
g 20 HR D, 02y () g2y =2 20tm) (et 33 m) o —L0=2m) o =21k

-2\ —2(Ap+14m)

In Theorem 2.3 we use the standard notation in [7] for g-shifted factorials

(@ @0 = (L =gD(1 =g - (1 =g,
@9 q“ n = @ On@™ Dn- - (@Y Dns
switching from base g to base g2. Note that Hy ;,m is indeed positive. In the follow-

ing proposition we calculate the action of the generators of U, (su(3)) in the basis % of
Theorem 2.3.

Proposition 2.4 In the basis 9 of V,, as in Theorem 2.3 we have

() K\FSELF" v, = ghtk=I=2m pEELpm

(i) KoFKFLF" v, = gh2=2k=lem pEplpm oy,
(iil) FFFELFM vy = ap(l,m) FEELF vy + b (1, m) FY VRS M vy,
(v) E\FFELF! v = ol m) FSELFT ™ vog + el m) FYy TV E vy,
() FFSELFM vy = FyT ELF v,
(i) ExFfFLFM vy = n(l,m) Fy ™ FLFM vy,

with coefficients

(qkz+m+l—k—l _ q—kz—m—1+k+l (qk _ q—k)

ax(l,m) = (qPatmT1=l _ g=ro=m—1+1) bi(l,m) = (qPatmT1=T _ g=ta=m—1+1y’
qk _ q—k q]—k+)»2—l+m _ qk—l—A2+l—m

me(l,m) = ——— —; .
q9—d9 q—d4

l B (qm _ qu)(qklfm+l _ q7k1+m71)(qk2+m+l _ qf)xzfmfl)
a(l,m) = (q — g~ D)2 (gratm=I+T _ g—ia—m+-T) ;
lgk(l m) B (ql _ q—l)(q)»z—l—}—l _ q—)»2+[—1)(q)u1+)\2—1+2 _ q—)»l—)\2+[—2)

(q _ q—l)Z(qA2+m—l+l _ q—kz—n1+l—l)
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Remark 2.5 Note that the denominators in ag(l, m), bx(l, m), nx(l, m), ax(l, m) and
Bk (I, m) are non-zero by the ranges of k, [, m as in Theorem 2.3.

Proof The action of K;,i = 1, 2, follows from (2.4), (2.1) and Lemma 2.11(iii). The action
of F; is trivial. The action of E; follows from Lemma 2.2(i), Lemma 2.1(ii) and (2.4) and
the established actions of K. This completes the proof of (i), (ii), (v) and (vi).

In order to establish the action of F, we first show that there exist constants a; and by
so that

k 7ol k gl 1 k—1 7rl+1
FIFS F3F" vy, = ag Fs FyF)" " v + b By TSP R vy,

by induction with respect to k. The case k = 0 with ag = 1, by = 0 is immediate from
Lemma 2.1(i). In case k = 1, we write

-1 -1
A 9K2 —q K 9-9 A
FRFF" v, = FIF 7 —q-1 : gl Hha—lm _ g—1=io+l=m F3F{" vy

-1
949
gl tha—ltm _ g—1=latl-m

A KZ—K_I A

Ap—l+m —do+Hl—m

_ q —q
- q1+A2—l+m _ q—l—A2+l—m

2 +1
R ESF Ty,
—1
q9—q
q]+)L2—[+m _ q—l—)\2+l—m

pl+1
FPE v,

again using Lemma 2.1(i). So the case k = 1 is proved with

qAZ*l+m _ q,)\2+],m 1

q1+szl+m _ qflf)Lerlfm ’

q9—q
ql+)»271+m _ q,],)\2+l,m :

a) = b]:

For the induction we assume k > 2, so that
FIFfESF" vy = FLFFES 2 EVF v = (= F3F1 + (g + ¢ YR FIR) FY 2B FM v,
by the g-Serre relation (2.2). Using the induction hypothesis, we find
FIFSEYF v, = —F3 (ara FY 2 FAF vy + by o FY TV vy)
+q+ g YF(a By FSF! v+ b By PR )
= (—ar2+ (@ +q DD By BF™ v+ (<o + (g + ¢ Obi-) BT,
which proves the induction step as well as the recurrence
ar + a2 = (q +q Har_1, bit+bia=(q+q Db, k=2

This recursion is solved by the Chebyshev polynomials (of the second kind) at %(q +g YHas
well as by the associated Chebyshev polynomials. This gives the solution for the recurrences
and proves (iii).

The action of E follows from that of Fy, considering the adjoint. Note that

(E\FEELF! vy, FF EYFMY v) = (FEELF! vy, EXFE B FI ;)

= (FFELF" vy, Ky FVFE L FY ),
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Branching rules

equals zero if (k',I',m’) # (k,l,m + 1), (k + 1,1 — 1, m). Moreover we have
o (L m)Hyym—1 = (E\FEFLEM v, FEFLFM= ;)
= (FXFLFM v, K F FEFLF )
= ¢" 1 gl m = 1) Hiom,
and A
Bil.m)Hy 111 = (E1FYFYF] vy, Fy T F T F 0y)
= (FEFLF vy, K F P BV )
= ¢ IR b (= 1,m) Hy g

Now the expressions of o (I, m) and B (I, m) follow from the explicit expression of Hy ; m
Theorem 2.3 by a straightforward computation. O

3 The Coideal Subalgebra

In this section we follow Kolb [13] and introduce a right coideal subalgebra B of U (su(3))
which is the quantum analogue of U (£) with € = 1u(2) embedded in g = su(3). Let ¢y, s €
C* and write ¢ = (cy, ¢). Following [13, Example 9.4], B, = B is the right coideal
subalgebra of U, (su(3)), i.e. A(B) C B ® U, (su(3)), generated by

Kil—KK_lil BS =B, =F—ciE2K™', BS=By=F—-cE K. (3.1
= (KiK, , | =Bi=F—caEK ', By=B=Kh-aEK, . 31

Throughout Sections 3 and 4 we omit the subscript and superscript ¢ in B, and Bf since the
coideal subalgebra B will be fixed.

If we assume ¢;¢; = g°> = cic; then it follows that B¥ = —¢;K !By, B} = —02K By
and K* = K, so that B* = BB. By a straightforward computation we have

A(B)) =B ®@K;'+1® FI —ca1K~' ® E2K| ",
AB) =B, ®K,' +1® F, — 2K ® E1K; "
The Serre relations for 5 follow from from [13, Lemma 7.2, Theorem 7.4] taking 2| =
—K'and 2, = -K
B} By — 21, B1B2B1 + BaB} = [2ly(ge2K +q 21 K1) By,

3.2
BIB — [21,B2B1 By + B1 B2 = [2ly(qci K~ +q~2c2K) By, G2

Here we use the notation [j]; = qq/:;:lf . Alternatively (3.2) can be verified directly from
the definitions of By, B, and K.
Introduce Cy, C, € B by

-1
Ci = BiBy —qByB1 — 2K + T K7,

q9—q
-1
C, = BBy —gB1By — ]7IC1K71+%62[C

q9—q
so that for c1, cp; € R*, Cy and C, are self-adjoint. Then the relations [K, C;] = 0 for
i=1,2,[C;,Cy] =0and
KB =q*BiK, CiBi=¢B\Ci, CB=q 'BiCy,
KBy =¢’B,K, C\By=q 'B,Ci, C2B>=qByCs,

3.3)

3.4

hold. We view the commutative algebra generated by K*!, Cy, C; as a Cartan subalgebra.
Note that by [14, Theorem 8.5] the center of B is of rank 2. Hence the center of B is
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generated by K 3 Ciand K -3 C,, extending 3 by cube roots of K. Then the central elements
are self-adjoint for ¢y, ¢ € R*.

3.1 Representation Theory of B

Let (7, W) be a finite-dimensional representation of 3. Since W is a finite-dimensional
complex vector space, there exists a non-zero vector w € W such that 7(K)w = v w for
some v € C. Then it follows from (3.4) that

T(K)t(B) w=qg Y t1(B) t(K)w = ¢ vt (B1) w, i eN,

so that the vectors (t(B;)! w); are eigenvectors of 7(K) with different elgenvalues Since
W is finite-dimensional, there exists j € N such that I(B’H)w = 0 and ‘[(B yw # 0.

Therefore wy = I(Blj )w is a highest weight vector, i.e.
T(B) wo =0, T(K) wo = k wo,

where « is the weight of wg. Note that k € C* since it is the eigenvalue of an invertible
operator.

Proposition 3.1 Ler t be a finite-dimensional irreducible representation of B on the vector
space W. Then t is determined by the dimension of W and the action of K on a highest
weight vector.

Proof Let k € C* be a highest weight of 7 and let wq be a highest weight vector, i.e.
T(K)wo = kwp and 7(B1)wg = 0. Since 7(K), t(C;) and t(C,) form a commuting
family of operators, preserving the kernel of T(B;) by (3.4), we can assume that T (C) wo =
n1 wo and t(Cy) wo = 1y wo. For every i € N, we define the vector w; = 7(Ba) wy € W.
Since W is finite-dimensional, there exists n € N such that w; # Ofor 0 < i < n and
wp+1 = 0. It follows from (3.4) that 7 (K)w; = q " i w;, so that (w;)!_, is a set of linearly
independent vectors since they are eigenvectors of 7 (K) for different eigenvalues. Moreover
(3.4) implies

T(C wi = T(CT(B2) wo =g~ ©(B2)'t(C1) wo = nig™" w,

and similarly t(Cy) w; = nzqi w;. We will show that it is indeed a basis of W.

We prove by induction in i that there exist b; € C such that 7(Bj)w; = b;jw;_; for
i = 0,...,n. The statement holds for i = 0 taking by = 0 since wy is a highest weight
vector. Leti > 0 and assume that t(By)w; = bjw;_ for for all j < i. Using (3.3) we find
the recurrence relation

t(B)w; = t(B))T(B2)'wo = 1(B1B)wi_

—1 (c] +qBaB) + 2K - <‘1+‘fl>c11<*1) Wi

) (g—q7"
_ , © _ +¢hH 71) ,
=qgt(B2Bwi_1 + 7T (Cl + (qﬂ,—l)K (qiq,l)clK wi_1.
By the inductive hypothesis, t(BZBl)wi,l =b;_17(B2)w;_3 = b;_1w;_1, so that
-3 + -1
T(Bpw; = (qbi—l +q" 7+ 4 a qkf)z - EZ Z 1?613 3y Cl)wi—l- (3.5)
Hence t(B1)w; = b;w,;_;. Since 7 is an irreducible representation we have that W =
t(B) wy = ({wo, wi, ..., w,}), and therefore (w;i)i_ is a basis of W. This completes the
proof of the proposition. O
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Remark 3.2 Since we assume (t, W) irreducible, the coefficients b; in the proof of Propo-
sition 3.1 are non-zero fori = 1, ..., n. This follows from the fact that if b;;, = 0 for some
1 <ip < n, then ({wj,, Wiy+1, ..., Wy}) is an invariant subspace and this contradicts the
irreducibility of <.

Corollary 3.3 Let (t, W) be a finite-dimensional irreducible representation of B of dimen-
sion n+ 1 and highest weight k. let wo be a highest weight vector and let w; = (B»)' wy for

i =1,...,n. Then (w;)}_ is a basis of W. The action of the generators of B on this basis
is given by

r(K)wj:q3ijj, T(Bz)wj:wj+1, T(Bl)wj:bjwj,l
where

(1-— an—Z_/+2)(1 + C2C1—1K2q2j+2n—1)
(@—q7H

Moreover, T(Cy) wj = q’j nwjand t(Cy) w; = qj n2 wj, where

bo=0, bj=cix g )],

l K—l q(l +q—2n—2) _ C2Kq2n C2Kq_1(1 + q2n+2) — K—l q—2n
m = - . m= ~
q9—49 q9—49

Proof The fact that (w;)!_, is a basis of W and the action of 7(K) on w; follow directly
from the proof of Proposition 3.1. It is clear that by = 0. We now show that

2j-2 _ -1 ,1-2j 2j
, kg cik” g A +4q%)
s (@—q7h
forall j = 1,...,n. We proceed by induction on i. If i = 1, then the statement follows

directly from (3.5). Now we assume that (3.6) is true for some j, 1 < j < n. Then it follows
from (3.5) and the inductive hypothesis that

kg —cik g3+ qzj_2)>

b, = j— 1 +
J qlj ]q (771 @ —qil)

43]_3K 2 (g+q7hH 3-3j 1,
(@—q¢7H (@—qg7H
Now (3.6) follows by a straightforward computation.

It follows from the proof of Proposition 3.1 that 7(Cy) w; = g 7 mw j where 7 is
the eigenvalue for the highest weight vector wg. From the construction of the vectors w; in
Proposition (3.1), it follows that 7(B>) w,, = 0. Hence (3.3) and (3.6) yield
1

1

+q' I+ 1

_ 1 q+q” -
g "mw, = T(C1)w, = qT(B2B1) wy — ——— 2 T(K)wy + ——— c1 (K Hw,
q9—49 q9—49
qn—H _ q—n+l qn-H _ q—n+] CquZn—Z_ CzK_] q1—2n(1+q2n)
= - m—
qa—q" q—q7" q—q"
_ckg™ (a+g Dek g™
qa—q" qa—q"

Now the expression of 7; follows by a straightforward computation. The expression of 7,
can be obtained similarly from the action of C» on wy,. O
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Remark 3.4 If 7 is an irreducible representation with highest weight k and dimension n+1,
it follows from Remark 3.2 and the explicit expression of the coefficient b; in Corollary 3.3
that CzCl_le £ —g 2"+ forall j=1,...,n.

Remark 3.5 It follows from Proposition 3.1 and Corollary 3.3 that a finite-dimensional
irreducible representation (t, W) of BB is completely determined by the highest weight «
and the eigenvalue of 7; of the highest weight vector as eigenvector of 7(Cy).

Corollary 3.6 Every irreducible finite-dimensional representation of B is determined by a
pair (k, n) where k is the highest weight and the dimension is n + 1. Conversely, to each
pair (k,n) withk € C*, n € Nand k* ¢ —clcz_]ql’N, there corresponds an irreducible
representation (T(c ny, Wc,n)) With highest weight k and dimension n 4 1.

Proof 1t follows directly from Proposition 3.1, Corollary 3.3 and Remark 3.4. O

Proposition 3.7 Assume that k € R* and cicy = q3. Let (t, W) be an irreducible finite-
dimensional representation of B. Then T is unitarizable.

Proof Since ¢|¢; = ¢°, we have that B* = B. More precisely BX = —¢;K !B, B} =
—c2K By and K* = K. Let (w;)?_ be the basis of W given in Corollary 3.3 and let -, -)
be the hermitian bilinear form defined on the basis elements by (wq, wo) = 1,

(Wi, we) = (T(((B)M)*(B)X)wo, wo),  (wi, wj) =0, i#j.

Observe that

(wi, wi) = (T(((B2)")*(B2)")wo, wo)
k
= (1! ¢*® (r(K* (B (B2 ) wo, wo) = - 1)et @) (x (K ywo, wo) [ [
i=1

k — —
q3(2) k(2n—1) I

= ! @™ 47k (=eaey 1 P g7 (wo, wo). 3.7

Since q3c2cf1 = clacchl = |02|2 > 0, it follows that cchl > 0 and thus (3.7)
is positive. Therefore (-, -) is a positive definite bilinear form. Moreover, (7 (X) w;, w;) =
(wi, T(X*)w;) for all X € B. This follows from a straightforward verification on the
generators of B. O

Remark 3.8 Let x € R* and n € N. Let (w;)7_, be the orthogonal basis for W, ,) as in
Corollary 3.3. We define an orthonormal basis (wi),"l:o by w; = w;/||w;||. The actions of
C1, Cy and K on the orthonormal basis are the same. For B; and B, we have

~ _ T 1—qg2i 1—g2n—2i+2 —1 C o~
ey (BNW; = —cr1e g™ n+1\/7((1:;2)) o) = L(q + cacy ! K2 g2y,

~ i 1—g2i+2) (1—g2n—2i _ o~
Ten) (B2)w; = ¢ n+1\/7( (liqz) 2Aog ) (fiqz) )(q + cacy k2 gAYy
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4 The Branching Rule

In this section we prove the main theorem of the paper. We fix a coideal subalgebra 53
and show that any finite-dimensional representation of {4, (su(3)) restricted to B decom-
poses multiplicity free as finite-dimensional representations of 3 and we characterise
the B-representations that occur in this decomposition. In case B is #-invariant, every
finite-dimensional irreducible representation of L4, (su(3)) restricted to B obviously decom-
poses into finite-dimensional irreducible representations. This fact is also noted by Letzter
[17, Theorem 3.3].

Theorem 4.1 Let . = Ay + Ay € P and fix the finite-dimensional irreducible
unitary representation 1, of Uy (su(3)) on the vector space V. Let B be a coideal sub-
algebra with cchl ¢ —q1 P2t 1=N The representation ), restricted to B decomposes

multiplicity free into irreducible representations;

mlB = GB T(kc,n) V. = @ Wie,n)

(x,n) (K1)

where the sum is taken over (k,n) = (q’xl_kz_*%i, i4+x),withO<i<Aand0 <x < .

The proof of Theorem 4.1 will be carried out in the next subsections. If (T(c,n), We,n))
is a representation of 3 that occurs in the representation 7, upon restriction to 3 then,
up to a scalar, a highest weight vector w(()K’") for T, is completely determined by the
highest weight « and the eigenvalue 77, see Remark 3.5. Hence, highest weight vectors for
B-representations in Vj, are eigenvectors of 3 (C1) belonging to the kernel of 75 (B1). In
Section 4.1 we determine the kernel of 7, (Bj).

Remark 4.2 Observe that the Serre relations (3.2) for B imply that the kernel of 7, (By) is
invariant under the action of B B, and thus under the action of Cj.

In Section 4.2 we diagonalize the restriction of ) (C) to ker(sw, (B1)). In most of the
proofs we denote m, (X), X € U, (su(3)), with X.

Remark 4.3 The restriction on ¢ and ¢ in Theorem 4.1 is assumed in order to ensure the
complete reducibility of 7, upon restriction to B. This is not always true for the excluded
values of ¢ and c;. For example let A = ;. Then V, is a three dimensional vector space.
Mudrov’s basis in Theorem 2.3 is given by

B ={vs, Firvy, F2F v}

In this basis, the operator Cj is given by the 3 x 3 matrix

2400
76]22;62'_302) —c1c2
ci=1]o xlq4-gc'1—qc'2 0
g-—1
4 3
_ c1g"+c1—=q°c
q 0 q(g>—1)
The eigenvectors of C are (multiples of) the vectors
c 0 —c2/q
=101, p=|1], p3= 0
1 0 1

@ Springer



N. Aldenhoven et al.

If ¢ # —c2/q, then V, decomposes as a sum of a two-dimensional and a one-dimensional
irreducible representations of W:

Vi=Waq,0 @ Wy,

where W, 0y = ({01}) and W21 = ({p2, p3}). Moreover, the highest weight vectors
of W0y and W(q—zﬁl) are p; and pj respectively. If we let ¢y = —c»/q then the matrix
Cj degenerates into a non-diagonalizable matrix. The only eigenvectors are the multiples
of po and p3 and therefore, although W(qu,l) is a B-invariant subspace of V,, there is no
one-dimensional B-invariant subspace in V.

4.1 The Kernel of B

The goal of this subsection is to describe the structure of the kernel of ; (B1) by introducing
a particular basis. Foreachi = 0, ..., A, we introduce the following subspaces of Vj:

U =(B) B={FFF™ 0y 0<i<i 0<k<i—i}. (@1

Note U; = ker(K — g*1~?213), 5o that the U; are mutually orthogonal subspaces of V;.
By (3.4) we have By : U; — Ujy1, Bo : U; — U;— and by Proposition 2.4 we have

A= A\ + A2y

Fig. 1 Weight diagram for the weight A = 2w 4 5w,. The multiplicities are as in the Lie algebra case. In
particular, dim V, (v) = 1 for v in the outer hexagon, dim V; (v) = 2 in the inner hexagon and dim V, (v) = 3
in the remaining weight spaces. The subspaces U; defined in (4.1) are spanned by the basis vectors in the
weight spaces indicated in the gray lines. Each vector in the weight space Vj (v) is an eigenvector for K,
where the eigenvalue is constant along the line parallel to o1 4 a. In particular the U;’s are the eigenspaces
for K for the eigenvalue g*1 ~*213
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Fi1,Ey : Uy — Ujyq and F», E1 : Ujy1 — U;. This is shown in Fig. 1 for the highest
weight A = 2w + Sw.

Remark 4.4 Foreachi =0, ..., A1, the basis %; consists on A — i + 1 layers of A» + 1

vectors. More precisely, for k =0, ..., A1 — i, the k-th layer is given by the vectors
FYFIFf Yo, 1=0,..., %

This structure is indicated in the Fig. 2 for the representation . = 2z 4 Se». The layers

appear as circled numbers.

Remark 4.5 The dimension of U; is (A» + 1)(A; — i + 1). Therefore, the dimension of
ker(By)|u, is, at least, Ap + 1. In particular, Uy, C ker(By).

Proposition 4.6 The kernel of m (BD)ly, has dimension Ay + 1. Moreover, a basis of
ker 75 (B1)|y; is given by (u ) oy Where

M—i A2 X

i_ n ok pl ket

”n_ZZVkJFzF3F1 Ux
k=0 =0

and the coefficients y,(’f ; are given by the recurrence relation
ar(l, k+1i) yk’"[ + bl —1Lk+i+1) Vl?+1,171
—cy g (ki Dy, =0,
fork=1,..., 01 —i—1,1=0,..., Ay, with initial values y)’fﬁi’l =61

Proof Letu = ’\1 i Zl 20 Ykl Fé‘FéFIkH vy, be a vector in the kernel of B;. Then
A—i A
Biu= Y yii(FIF} kRLFR g, o) EyK T FEFLFR b))
k=0 1=0
A—i Ao N
=Y wi (@l k+ i) FyFSF vy 4 bk +0) By FSTUR
k=0 [=0
A—i A
=Y > (@l k+ i) yir+ b = Lk +i+ 1) yigri
k=0 [=0

—cy ql+2i+k+lf)x1 Nkt 1 (l k +i+ I)Vk+1 l) le(Fle+i+l vy,

Since the elements F"FIF"J”Jrl 0 <k <X —i,0 <1 < Xy, are linearly independent it
follows that the coeff101ents vk, satisfy the following recurrence relation.

ar(l, k4i) v +bi1 =1, ki+1) yrgr -1 —cp g P22 (0 k4i41) yig1y = 0.

4.2)
Foreachn = 0,1, ..., Ay, if we set y}’fl_i ; = 8,1, then (4.2) determines uniquely a vector
u, in the kernel of Bj. The vectors u, are clearly linearly independent and span the kernel
of Bj restricted to U;. This completes the proof of the proposition. O
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F2E2vy F2E3F20, F3E2F20y F3F3 FRoy F3FFRoy F2E5 Foy,
® o) e} o o) o) e}
FyFivy FyF3Fyvy, FyF3Fyoy FyF§ Froy FaFyf Fioy FFf Fo,
@ o) o) ¢} e} o) o)
UA Fyoy Fjuy Ejoy Efoy 208
©® o o) o) o} o o)

Fig. 2 Structure of the basis of Uy for the representation 7, with A = 2| + 5 as in Fig. 1. The circled
numbers indicate the layers of the basis. Note that vertically aligned basis elements span the weight space

Vi.(A —r(ay +an)) forr =0 (left)y tor = Xy + do =T (right)

Remark 4.7 According to the layer structure of %; described in Remark 4.4, the vector
uj, has a single non-zero contribution from the vectors of the upper layer, namely from

FZ)‘ 1= 153" F 1)\ !, and two contributions from the one but upper layer. Therefore, we have

P i o n —im1 20 =1 n M—ie1 pnel iy =1
u,=F)" FSF7 vty 1.5 FXF  uitvi—icinm B2 FOFT u

The coefficients y/{'l _i_1nand y/{’lf
last layer are given by

i—l,n+

€ g (g —g M (P2 g Rkt

n
Ya—i—1ln 12
A —i

(q —q

—hH) (grotr ]

—-q

—hp—hytntly

n g
Vi—i—ln+1 = (2T _ =g A=) (T i _ =T~y *

The structure of the vectors u!, for Uy, _» is depicted in Fig. 3.

r—i=2 Ay R )
+ >0 Y WU FSFL T, 43)
k=0 [=0

| corresponding to the vectors of the one but

4.4)

Remark 4.8 The basis {u!,}; of the kernel of 7; (B)) is not an orthogonal basis. In fact, it

follows from Remark 4.7 that

A= _ M—1 =2 0 =2 A —1
Uug =F" F v+ Y31-2.0 F," TF Uy,
rM=1 r—=15 Al 1 AM=2 5 r—1 1 AM—=2 A —1
uy = F, FF Un + Va2 F," "F3F, [ ) F, F vy,
and therefore
A=l =1y _ 0 1
(uguy ) = Ya—2.0Y3—2,20-2,0,0,-1 #0,
using the explicit expressions (4.4).
F2F2vy F2F3F20y F2E2F20y F2E3Foy F2FFoy, F}EJFuy
® o) ° o o) o) o}
FyFyuy FyFyFyoy, PZF:;QPI'UA FF5 oy Fzﬁ;;Fﬂ‘A Fzﬁ«g}Fl Ux
@ o) ° ° o} o) o)
oA Fyoy Fu Fioy Fio, Fju,
©® o ° ° ° o O

Fig. 3 Structure of the basis (ug)n of ker(B1|y,) for the representation A = 2w + 5w, as in Fig. 1. The
black circles indicate the terms that contribute to the expression of the element u? = F22 F3F 12 (7N
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4.2 The Action of Cy

In Remark 4.2 we observed that the kernel of Bj is stable under the action of C;. Further-
more foreachi =0, ..., Ay, U; is stable under Cy. The goal of this subsection is to compute
the action of C in the basis of ker ) (B1) given in Proposition 4.6.

Lemma 4.9 In the basis 9 of Theorem 2.3 we have

FIRFSF T vy = a0k 0) FEY BT w4k i) FUFE T
ErFyFS LI vy = micpa (1 k + 1) FEFS FEH oy,
F1E1F2kl‘:3{Flk+i = k+Dar(l, k+i—1) Fff':éFlkﬂ v,
ol k4 i) bl k+i — 1) FSs R pR=Ty,
Bk + i) aps (L — 1 k+ D) Fy T ET R,
Bk + D) biyr (= 1k + DFEFLF
(. k+ i) el k+i — 1) FE U FLERH =1y,
Bl k4 i) 1 (L — 1k + i) FYESTVRR

M—ipl pht A —ha=3i phi—i pl pAl
KFy" "FiF[ v, =¢q Fy' R F vy,

EyE\FSFLFH

KPR vy = g T RLEM

Proof The lemma is a direct consequence of Proposition 2.4. O

Since K acts as a multiple of the identity on each Uj, it suffices to determine the action
of B1B; on U;.

Lemma 4.10 Fori €0, ..., Ay, in the basis (uil)n of ker(B1), we have

BiByu!, = A(mul, | + B(muly + Cmul, ., n=0,..., 2,
where
A) = qlz+i—n(1 _ q2)(1 _ q2)\1+2)\2—2n)
n)= (1 — gPat2—2092)(] — g2at2i-2n)’
q2n+i7)\17}n2 (1 _ q2)»272n+2i) ) qA]7A2+2”7i+1(1 _ q72n72i)
B(n) = —e; i + . ,
I—q%) I—4g%
C(n) _ cien q3n—3}\2—i—2(1_ q2n)(1_ q2A2—2n+2)(1_ q2)»1+2k2—2n+4)(1_q2A2+2i+2—2n)

(] _ q2)3(1 _ q2A2+2A1+272n)

Proof Since U; is stable under By B, and (uil)n is a basis of ker(Bj |y, ), we have

A2
Bi1Byu, = Zvj u’j,
—
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for certain coefficients v;. Since Z; is an orthogonal basis and u’n has a single contribution
from the vectors in the upper layer of %;, see Remark 4.7, we obtain that

1 A—i o A [ A= o A 2
(B\Byul,, Fy' ™' F§ Fl'v,) = Z‘ vi(ul, Py 7 FS Fl U vy) = veHR
j=0

On the other hand, from (3.1) we have
Bi By FFFLFI vy = Fy Ry FEFLFM v) — ¢1g/ 4214 By By FEFLFIH
_C2qk+17i7)\2 F]E]szFéFlkJrl vy + cie q21+2k+i7A]7)\.272E2E1 FZkFS[FlkJ,_l . (45)

Applying Lemma 4.9 to (4.5), we verify that the action of B B> on the vector of the k-th
layer sz F3l F lk+i v, has contributions from the (k — 1)-th, k-th and (k + 1)-th layer. Hence,
Remark 4.7 implies
BiBul, By T F Fl vy =(BiBy By T v, B TR R )
Y BBy By TR T BYUTES B g
—i—1 fn— -1 —i A
Y icta (BB Fy T YT g By TR F ),
(4.6)
From Lemma 4.9 we obtain that (4.6) is zero unless s = n — 1, n, n + 1. Moreover, we have

(BiByuly, Fy' ™ STV FN ) = [bay it (W) ¥ iyt @r—i 0+ LA = DIHZ
(B1Byuly, Fy' ™' FJ F1w) = [—er " i (A
—er gMTTE TR gy (M) @y =i, A — 1)
—er @M TR B i A bay i (= LA )y @i A — 1)
—ey gt T Ty B i+ LAy — D, (A — DIHE
(BiByuly, F3' 7 EPVEN vy) = [e1ea g TR TR By iy ) iy —ig (0 — 1, Ap)

—epgM Ay B = D, (=1, = DIHE
Now the lemma follows from Proposition 2.4 and (4.4). O

Lemma 4.11 Fori €0, ..., Ay, in the basis (ui,)n of ker(By1), we have

X X . . A—A—3i ro—A1+3i + —1
Crul = Ay, | +(B(n)+D) i, +C e, D=—cz‘;_q_1 T q_(qq_lq )

Proof Lemma 4.10, (3.3) and K acting as a multiple of the identity give the result. O

We are now ready to find the eigenvectors of Cj restricted to ker(B1)|y,. We will describe
these eigenvectors as a linear combination of the vectors u!, with explicit coefficients given
in terms of dual g-Krawtchouk polynomials. For N € Nand n = 0,1, ..., N, the dual
g-Krawtchouk polynomials are given explicitly by

@@ P (q‘”,q‘“‘

Kn(A(x);¢,NIq) = —F———~ 291
n (qu; q)nqnx quxfrH»l

q qu+l>
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where A(x) = ¢~ + cq"’N, see [10, (3.17.1)]. We follow the standard notation of [7] for
basic hypergeometric series, namely

a,b = (abigy
24)1( c q’z>_,§) @k (@ r
The polynomials
n0.0)) = (q7*N; 90 Ki(h(x); ¢, Nig?), 4.7)

satisfy the three term recurrence relation

xr(x) =11+ 1+ N ) + e A —?H (1 =2V s (x). (4.8)

Proposition 4.12 Fori =0, ..., Ay, the set {‘/’Jic}iz:o where
A2 R _ _
2 (_1)1 Cz’q T+ +HI+1)/2 (l_qZI)(q 2Xp 2)\.l;q2)[

W= : KOG —c eag? 17254 0 gy il
e (q2, q-Pa=D=2_g-Da=2i; 42), 1 1

is a basis of eigenvectors of Cy restricted to ker(By)|y,. The eigenvalue of Vi is

cl K71 q(l +q72n72) _ Cqu2n
nm = _1 ’
q—4q

fork =g 32 andn = x + 1.

Remark 4.13 As we pointed out in Remark 4.8, the basis (uﬁl)n is not orthogonal. Still
the operator C; acts tridiagonally. Moreover, if B is *-invariant then the basis {1//)’;};2:0 in
Proposition 4.12 is orthogonal although, because of the non-orthogonality of (uﬁl)n, this
does not follow directly from the orthogonality of the dual g-Krawtchouk polynomials.

Proof Assume there exist polynomials p, (x) such that v = Z;\io pi(x) u; is an eigenvector
of C1 with eigenvalue 7y, i.e. C1 v = n1 v. From Lemma 4.11 we have

X A2
Crv=Y p)ADul,; + BA) + Dyuj + Cuj_) = > m pix) uj.
1=0 1=0

Since (uf)l is a basis of ker(B1)|y, the vectors uf are linearly independent and hence the
polynomials p; satisfy the following three term recurrence relation

m pi(x) = CU+ D pry1(x) + (BU) + D) pi(x) + Al — D pr—1(x).

If k; is the leading coefficient of p;, then P; = k;° Iprisa sequence of monic polynomials
satisfying the recurrence relation

nm Pi(x) = Py1(x) + (BU) + D) Pi(x) + CHOAUI — 1) P—1(x), 4.9)
where
204+i—A1—Ap 1— -1 211 —2i+1 3i—A1+Ar2+2
B(l)+D:_Clq ( 621 c2q ) g iy
(1—-4g°) (I—qg°)
1 — 21 1 — 20—2)1r—2
C(I)A(l_l):_cwzq( g)1—¢q )

(1 —¢%)? '
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using Lemma 4.10 and Lemma 4.11. We will identify the polynomials P; with the dual
g-Krawtchouk polynomials. If we let
c= —cl_]cz gUFL N =,
the recurrence relation (4.8) is given by
xr(x) = s () + (14 ¢ g™ g P2 (x)
+Cl 1c2q2)\|—2)\2 2l+1 (1 _ qZI)(l _ qzl—z)\z— )V[—l(x)-
If we let /#(x) = a'ri(ax) with a = —cfl q)‘l
computation we obtain

(x c1 q3i—)\.1+)»2+2

“2271(1 — ¢?), by a straightforward

(1—4¢?

If we evaluate (4.10) in A(x)a~", the eigenvalue is given by

) r1(x) = Fip1 () +(BO+D) ri(x) +CO AU =1 Fj—1(x). (4.10)

A(x) 1 q3z—)»1+)\2+2 ¢l q31—)»1+)»2+2(1 +q—2x—21—2) NP q)hl—)»z—H-Zx
1

a  (1-g% q-9q"
Therefore the polynomials P;(x) = FAxa™h =a~' rn(i(x)) satisfy the recurrence (4.9)
with eigenvalue

—1 —2n-2y _ 2n
cik” q(+gq ) — kg

m= 1 ’
q9—49
with k = q)‘l_3i_}‘2 andn =x+i,forx =0, ..., A. Finally, p;(x) = k a~'r(L(x)). The
explicit expression of p; follows from (4.7) and Lemma 4.10. O
Proof of Theorem 4.1 From Proposition 4.12 we obtain vectors 1//)’; fori =0,..., A1, x =

0, ..., A2 such that

. ekl g7 2)—CZKC]
m(B) Y, =0, and Ciy, = Yi=my;.
q9—q9
where Kk = ¢*1 ¥ ~*2 and n = x + i, so that ¥ is a highest weight vector. It follows from
Corollary 3.6 that the highest weight vector . defines an irreducible representation of B

of dimension x +1 + 1
Wi = (k. m(B) vk, m(B) ¥y, ..., (B ™ gl ).

Let W = EB(,(,n)W(K,n) where the sum is taken over (kx,n) = (qk1_3i_)‘2, x +i)fori =
0,..., A, x =0,...,A2.WehavethatW C Vy and

dimW =" dim W25 7(k1+1)(A2+1)(k1+A2+2)_dlmV,\

lx

Therefore W = V,_and this completes the proof of the theorem. O

Acknowledgments We thank Stefan Kolb for helpful discussions on this paper. Noud Aldenhoven also
thanks him for his hospitality during his visit to Newcastle. We thank J. Stokman for pointing out reference
[3].
The research of Noud Aldenhoven is supported by the Netherlands Organization for Scientific Research
(NWO) under project number 613.001.005 and by the Belgian Interuniversity Attraction Pole Dygest PO7/18.
The research of Pablo Romén is supported by the Radboud Excellence Fellowship. P. Roméan was partially
supported by CONICET grant PIP 112-200801-01533, FONCyT grant PICT 2014-3452 and by SeCyT-UNC.

@ Springer



Branching rules

We would like to thank the anonymous referees for their comments and remarks, that have helped us to
improve the paper.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.

Appendix A. Proof of Theorem 2.3

Lemma A.1 The following relations hold in U, (su(3)):

() FaFslal = F3la + 115,

(i) ErFslal = Fyla + 11E) + B4 KiKamg THEIED D
(iii) FPF=qF3F,, o
(v) (Fslal)" = qEslal(K1K2) ™!, Ff = qE3(K1K2) ™",
W B=R%CEL Rk,
(vi) E1F3 = F3E1 + 2Ky,

Proof Straightforward verifications using (2.1) and (2.3). O

Corollary A.2 Forl € Nand a € R we have

I —1 a+2—1 —a—2+1 -1
PN R 1 9 —q Ao N-1(q KiKy —q (K1K2)™))
Ei(F3lal) =(F3la+1]) Ev+——— F2(F3lal) —
q9-49 (@—q97)
Proof By induction on [ using Lemma A.1(ii) and (i). O

Proof of Theorem 2.3 By the PBW-theorem, Ff FLF!" vy for k,I,m € N spans V;. By

Proposition 2.4
K\Ff FLF]" vy, = ghtk=i=m R EL v, A1)
Ko FNELFM vy = gPam2k—tam gk plpmy, '

Since K;, i = 1,2, are self-adjoint, we find that (FXFLF!" v, F¥ EY F" v;) = 0'in
casek —1 —2m #k' —1' —2m' or =2k — 1 +m # =2k’ —I' +m’. For k¥’ > k we find
(FKELF vy, FE BV FY vy) = (B2 Ky DY EXELF! vy, F FY vy)
= gF KKK BN FRELF v, BV FIY 0y) = 0, (A2)

since EX F¥ € Uy (su(3)) EX ™ for k, k' € N, k' > k, using also Lemma 2.1(ii) for a = 0,
(2.1) and (2.4). Because of the symmetry between k and k', we see that the inner product
(A.2)is O for k # k'. With the above remark, we find

(FEELFM v, FEEV R v3) =0
incase k £ k' orl #£1' orm # m'.
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So it suffices to calculate the norm of the vectors, and see that this is non-zero precisely
for the range mentioned. First, using the case k = k’ of the first part of (A.2) and that K,
acts on EX FX FLFI" v, by the scalar ¢*2 '+ we find

(FYEYFI" vy, FYFLEM vy) = gD =kOa=lem) gk pk plpm o, LR v;).

Now use Lemma 2.2(ii) for i = 2 and next the commutation relations of Lemma 2.1(ii) and
(2.1) to see that the U, (su(3)) E>-part of Lemma 2.2(ii) gives zero contribution. Because of
the action of K, being diagonal, we find

- . @ D% . oo, - -
(Fy B3 F{ o B S F v = e @ 0D g T v B P ).

Next we write
(ﬁsl.Flm Ui, I:“3IF1’” v) = (I%lFlm Us, F{ﬂﬁé V) = qm(m*'l)q_m(kl_l)(Ei"ﬁéFf” Ui, [:‘31 vy)

using Lefnma 2.1(i), the *-structure (2.3), (2.1) and (A.1). Following Mudrov [22, §8] we
replace F3l on the left by F3l. First use Lemma A.1(v)

241y —l+m —2—Xl+l—m

q —q
q—q!

+gF T N By FLEST VR vy, Fvy).

(EMELF vy, Floy) = (EV'FF5 F' vy, Fyvy)

In the second term, move F> to the left using (2.1), and then the other side so that is essen-
tially an E» which we can move through, by Lemma 2.1(ii), to the highest weight vector, and
hence gives zero. This we can repeat, since F; also g-commutes with 3 by Lemma A.1(iii).
This yields

(_1)1q1(2+xz+m)1 —31a-1

R . q 2 A
(EVFSF{" vy, Fyv) = 1 =g (q 272" g (EY FFY" v, Fyon).

Using Lemma A.1(vi), and moving F; to the other side, where Fz* kills I:“3l V), We see

@* q®m

(ETFLF" vy, Fyvy) = (=1)"g =m0 =2tmh (1 —g?)°m

(@22 qPm(Fl v, FLvy)

by Lemma 2.2(ii). Assume / > 1, so it remains to calculate

(Fhu,, Flvy) = (Féfl i, (F3) Fl o) = ql_(MMz_ZZ)(FfI v, (E2E1 — E1E2) Flvy)

= ql_(AIHZ_ZZ)(Fé*l Vi, E2E1 Fivy)
where we use Lemma A.1(iv), the diagonal action of K; and the fact that the action of E1 E»
is zero by Lemma 2.1(ii) and (2.4). By Corollary A.2 for a = 0 and (2.4) we find

2+4A1+Ap—1 —2—X1 =X+l

9" —q7q
_q—l

—q
q—q!
and next applying E», using (2.1), (2.4) and Lemma 2.1(ii) we find

E|Fiv, = RE v,

24h +Ag—1 B, T P P R Py N | —dpHl—1

¢ —q7'q
qg—q7!

-9
q9—q9°

q —4q

E2E1ﬁ3l vy = —
q9—49

rl—1
1 1 F3 Uy,
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Branching rules

so that

L_ gl
(Fjv., F{v,) = qlf(hﬂzfzz)u

q—q!
2411 +rx—1 —2—r1—A2+l L Ap—I+1 —Ao+l—1
q —q q —q _ ~p_
x — — (Fy o, Bl ).
q9—4q q9—49

Iterating, since we normalize (v,, vy) = 1, we find

2.2
_1 @G99, _ _
1(x2+7)q Lia+n (q ZAZ'qz)z(q 2(Al+xz+1);q2)1_

! [l _

Note that this expression is positive for 0 </ < X, and equals zero for/ > A;. Collecting all
the intermediate results gives the explicit expression for the norm of the basis elements. [
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