DISCRETE AND CONTINUOUS do0i:10.3934/dcds.2016093
DYNAMICAL SYSTEMS
Volume 36, Number 12, December 2016 pp. 6737—6765

EIGENVALUES FOR A NONLOCAL PSEUDO p—LAPLACIAN

LEANDRO M. DEL PEZz0* AND JUuL1iO D. ROSSI

CONICET and Departamento de Matematica, FCEyN
Universidad de Buenos Aires, Pabellon I, Ciudad Universitaria
Buenos Aires, 1428, Argentina

(Communicated by Luis Silvestre)

ABSTRACT. In this paper we study the eigenvalue problems for a nonlocal
operator of order s that is analogous to the local pseudo p—Laplacian. We
show that there is a sequence of eigenvalues A;,, — oo and that the first one is
positive, simple, isolated and has a positive and bounded associated eigenfunc-
tion. For the first eigenvalue we also analyze the limits as p — oo (obtaining
a limit nonlocal eigenvalue problem analogous to the pseudo infinity Lapla-
cian) and as s — 1~ (obtaining the first eigenvalue for a local operator of
p—Laplacian type). To perform this study we have to introduce anisotropic
fractional Sobolev spaces and prove some of their properties.

1. Introduction. Our main goal is to introduce a nonlocal operator that is a nonlo-
cal analogous to the local pseudo p—Laplacian, Ap, ;u+A, ,u (here the subindexes
and y denote differentiation with respect to the x € R™ and y € R™ variables respec-
tively). The local pseudo p—Laplacian appears naturally when one considers critical
points of the functional F(u) = [, |Voul? +|VyulP dedy. See [4, 13, 24, 32, 33]. On
the other hand, recently, it was introduced a nonlocal p—Laplacian that is given by

o(@) — oI 0) ~v()

(—A)sv(z) = 2 P.V. Pyl

p

Rk
the symbol P.V. stands for the principal value of the integral. We will omit it in
what follows. For references involving this kind of operator we refer to [8, 15, 17,
22, 23, 25, 28, 29, 31, 30] and references therein.

Here, we introduce the following nonlocal operator that we will call the nonlocal
pseudo p—Laplacian,

Lop(u)(z,y) =2 / [ule,y) = ulz Y2 (ul@,y) - ulzy) o

|x — z|7tsp

n

b [ o)) —ur P ) —utr),
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The natural space to consider when one deals with the operator L, is given by
Ws,p(]Rn+m) = {u € LP(Rn-s-m); [u]f/vsyp(w“,) < oo},

where for p < oo,

(z,y)I”
[ul e @ntmy = /me /n |x = Z|n+sp dzdzdy

u(z, w)|?
/Rner /m |y u}\m+5p dwdxdy

ity = max {sup { D ZHEDL, 1) 2 e |

sup { 12D =0, (0 2 (@)}

ly —wl]®
In this paper, we deal with the eigenvalue problem for this operator, that is, given
a bounded domain 2 we look for pairs (A, u) such that A € R and v € W*P(Q)\ {0}
are such that u is a weak solution of

{Es,pu(w, y) = Alu(z,y)[P?u(z,y)  inQ,

and for p = oo,

u(z,y) =0 in Q¢ =R"™\ Q.

Here WP(Q) = {u € W*P(R"*™): 4 = 0 in Q°}. We will study the Dirichlet
problem for this operator in a companion paper.
We impose the following assumptions on the data:
Al. Qis a bounded Lipschitz domain in R™**™;
A2. s€(0,1), and p € (1,00).
Under these conditions we have the following result.

Theorem 1.1. There exists a sequence of eigenvalues N\, such that A\, — oo as
n — co. Moreover, every eigenfunction is in Lo (R™ ™). The first eigenvalue (the
smallest eigenvalue) is given by

upsvp n+m —~
(s, p) = inf{[]wp(RH: u € WHP(Q),u # O}.

||u ‘ L ()
This eigenvalue \1 (s, p) is simple, isolated and an associated eigenfunction is strictly
positive (or negative) in 2.

Next, we analyze the limit as s — 1~ of the first eigenvalue obtaining that there is
a limit that is the first eigenvalue of a local operator that involve two p—Laplacians
(one in the z variables and another one in y variables).

Theorem 1.2. Let Q is bounded domain in R™™ with smooth boundary, and fiz
€ (1,00). Then

lim (1 —s)A1(s,p) = A1(1,p)

s—1—
. {Kn,pnku” () + Km ,p”v “HLp(Q
= inf

HUHLP Q)

(1)

e Wy P(Q),u# o} ,

where the constant K, , > 0 depends only on n and p, while K, , > 0 depends only
on m and p.
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Observe that the limit value, A\i(1,p), is the first eigenvalue of the following
eigenvalue problem

— Ky pDp ot — Ky pAp yu = NulP2u in Q,
u=0 on ON.

Concerning the limit as p — oo (for a fixed s) for the first eigenvalue we have
the following result.

Theorem 1.3. It holds that
Mi(s,0)]"77 = Aao(s)

lim
p—00

where
Ao (s) = inf {[u]yys.ce@nimy: u € W (R™™) [[u| oo () = 1,u =0 in Q°}.

In addition, the eigenfunctions u, normalized by ||up|rr) = 1 converge along
subsequences p, — oo uniformly to a continuous limit us, that is a nontrivial
viscosity solution to

{maX{A; C} = max{—B;—D; A (s)u} inQ,

u =0 in Q°,
with
A:Sllp u(m,y)—u(z7y)’ B = inf u(x,y)—u(z,y)7
- |l — z|* z | — z|*
O — o M) —ula ) o uley) — ulzw)
w ly —w|*® w ly —wl®

We can give a simple geometric characterization of the limit value Ay (s), this
value is related to the maximum distance (measured in a way that involves the
exponent s, see below) from one point (z,y) € Q to the boundary. In fact,

1

max min (|lz —z|° + |y —w|®)’
(z,y)eQ (z,w)669(| | |y | )

Ao (s) =

That the limit equation is verified in the viscosity sense and involve quotients
w is not surprising. In fact, viscosity solutions provide the
right framework to deal with limits of p—Laplacians as p — oo, see [3, 5, 26],
and quotients like the one mentioned above appeared in other related limits, see
[11, 22, 28]. What is remarkable in the limit equation is that it involves the limit
value Ao (s) and that the quotients that appear have perfectly identified the two
groups of variables that are present in the fractional pseudo p—Laplacian that we
introduced here.

Our results say that we can take the limits as s — 1~ and as p — oo in the first
eigenvalue. With the above notations we have the following commutative diagram

(=Ml —= u(Lp)
AOO(S) T) Aw.

of the form
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Here
1

(ax (Zﬁlgm(Iw — 2|+ |y — wl)

The limit
lim (Al(Lp))l/p = Aoo

p—o
can be obtained as in [26] using the variational characterization of A;(1,p) given in
(1). We omit the details.

To end this introduction, let us comment on previous results. The limit as p — oo
of the first eigenvalue )\1’? of the usual local p-Laplacian with Dirichlet boundary
condition was studied in [26, 27], (see also [4] for an anisotropic version). In those
papers the authors prove that

VUHLoo(Q)
)\ODO:: lim (AP 1/p:inf{|:ver’OOQ,U 0
p_>+oo( p) ”v”Lw(Q) 0 ( ) 5—'&

1

=&
where R is the largest possible radius of a ball contained in €. In addition, it
was shown the existence of extremals, i.e. functions where the above infimum is
attained. These extremals can be constructed taking the limit as p — oo in the
eigenfunctions of the p—Laplacian eigenvalue problems (see [26]) and are viscosity
solutions of the following eigenvalue problem (called the infinity eigenvalue problem
in the literature)

min {|Du\ — A2, Aoou} =0 in©Q,
u=20 on 0f).

The limit operator A, that appears here is the oco-Laplacian given by Aju =
—(D*uDu, Du). Remark that solutions to A,v, = 0 with a Dirichlet data v, = f
on Jf) converge as p — oo to the viscosity solution to A, v = 0 with v = f on
09, see [3, 5, 12]. This operator appears naturally when one considers absolutely
minimizing Lipschitz extensions in  of a boundary data f, see [1, 3]. Limits of
p—Laplacians are also relevant in mass transfer problems, see [6, 18].

On the other hand, the pseudo infinity Laplacian is the second order nonlinear
operator given by A, u = ZiEI(Vu) Uz, |tz |?, where the sum is taken over the
indexes in I(Vu) = {i : |ug,| = max; |ug,|}. This operator, as happens for the usual
infinity Laplacian, also appears naturally as a limit of p—Laplace type problems.

In fact, any possible limit of w,, solutions to Apu = Zij\il(|u%|p—2uxi)xi =0,isa
viscosity solution to Asu = 0. A proof of this fact is contained in [4], where are
also studied the eigenvalue problem for this operator.

Concerning regularity, we mention [34] where it it proved that infinity harmonic
functions, that is, viscosity solutions to —Asu = 0, are C! in two dimensions and
[19, 20] where it is proved differentiability in any dimension. For the pseudo infinity
Laplacian, we refer here to solutions to Asu = 0, the optimal regularity is Lipschitz
continuity, see [33].

For references concerning nonlocal fractional problems we refer to [17, 25, 28, 29,
31, 30, 16] and references therein. For limits as p — 400 in nonlocal p—Laplacian
problems and its relation with optimal mass transport we refer to [25] (eigenvalue
problems were not considered there).

Finally, concerning limits as p — oo in fractional eigenvalue problems, we mention
[8, 22, 27]. In [27] the limit of the first eigenvalue for the fractional p—Laplacian
is studied while in [22] higher eigenvalues are considered. We borrow ideas and
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techniques from these papers. In particular, when we prove the fact that there
is a limit problem that is verified in the viscosity sense. For example, the fact
that continuous weak solutions to our pseudo fractional p—Laplacian are viscosity
solutions runs exactly as in [27] and hence we omit the details here.

The paper is organized as follows: In Section 2 we collect some preliminary
results; in Section 3 we deal with our eigenvalue problem and prove Theorem 1.1;
in Section 4 we analyze the limit as s — 17, Theorem 1.2; finally, in Section 5 we
study the limit as p — oo proving Theorem 1.3.

2. Preliminaries. Throughout this section s € (0,1), p € (1, 00], 2 is an open set
of R™*™ . We henceforth use the notation:

o (,y) = (T1,--, Ty Tnt1s -, Togpm) € RPT™ with x = (xq,...,2,) € R
and y = (Tpit1, -+ Tngm) € R™;
e 2 =0 xQ;

e O, ={ye Rm: (z,y) € 2}, and Q, = {z € R™: (z,y) € Q};

e BY(z,r) denotes the ball of N—ball of radius 7 and center z, and wy denotes
the (N — 1)—dimensional Hausdorff measure of the N—sphere of radius 1;

o (a)P~! =lal"%a

Given a measurable function u: 2 — R, we set for p < oo,

iy = e o) ey,

p _ lu(z,y) —u(z,w)?
|u|Ws,p(Q) = /Q2 (@.y) — (Z7w)|n+m+spdxdydzdw,

Ju(z, y) — ul(z,y)|P
sp dzdxd
Wi = / / \x—zww e

u(z,y) — u(z, w)
/ / Iy — w|m+sp dwdzdy
and for p = oo

ey = sup { TN ZEEL 04) 2 ) € 0 = oo,

=0y = max {sup { EDZHED], 1) 2 2 e 1)

FEET
sup { D=0, (0, 2 0w e 2} .

We denote by W#*P(Q) (here p can be oo) the usual fractional Sobolev space,
that is W*P(Q) == {u € LP(Q): |u|psr) < 00} .
We introduce the space W*P(Q) (again here p can be o) as follows:
WSP(Q) = {u e LP(Q): [u ]f;\}s,p(ﬂ) < oo}.

This space is a Banach space. We state this as a proposition but we omit its proof
that is standard.

Proposition 1. The space W*P(Q) endowed with the norm

l/p
||u||W5’p(Q) = (HUHLP(Q) + [ ]Wb P(Q))
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is a Banach space. Moreover W*P(Q) is separable for 1 < p < oo and it is reflexive
for 1 <p< oo.

For u: 2 — R a measurable function, we set
ug(z,y) = max{u(z,y),0} and w_(z,y) =min{—u(z,y),0}.
Observe that
us(2,y) — us(z,w)| < fu(z,y) — u(z, )
for all (z,y), (z,w) € Q. Therefore, we have
Lemma 2.1. Let X = W*P(Q) or W?P(Q). If u € X then uy,u_ € X.

For 1 < p < oo, we denote by W*?(€) the space of all u € W*P() such that
€ WSP(R™™) where @ is the extension by zero of u.
The next result can be found in [14, Theorem 4.5.4].

Theorem 2.2. Under the assumptions Al and A2 we have that

o If sp < n+m, then WP (Q) is compactly embedded in L1(2) for all 1 < g <
p: = ("+m)p/(n+m—sp).

o Ifsp =n+m, then WP(Q) is compactly embedded in LI(Q) for alll < g < 0.

o If sp > n +m, then W*P(Q) is compactly embedded in CO(Q) with A\ <
s — (n+7n)/p_

Lemma 2.3. Let Q1 and Q9 be open subsets of R™ and R™ respectively. If Q = Q4 X
Qo, and p € [1,00), then W*P(Q) is continuously embedded in W*P(Q). Moreover,
there exists a constant C' = C(n,m) such that

[ulfyer 0y < Clulwer ()
for all u € W*P(Q).
Proof. Let u € W*P(§2). We have

_ Ju(z, y) u(z, w)[?
|u|WSp(Q) = /Qz o) — (2o w)[emTer dxdydzdw

w)
b [ luey) —uGyl
<ot [ Goy) = eowromr dadudzd )

_ P
+2p—1/ |U(Z7y) ( ? )| d.’l;d dZd'LU
a2 (@, ) — (2, w)rrmrsr Y

==l 4 or 1,

Now, we observe that

\u(x y) —u(z,y)[?
I dzdydzd
e /Q (z,y) — (2, w)l"*’”“” rayeEaw

oo T

u(z,y) — ulz y)P |z — z|"TsPdw
/ / |;E — z|”+8p ) e dzdzdy
Q2 RrR™ (|.’E—Z‘ +|y_w| ) n

[ [ M e, [
0 Ix*zl’”sp 0 (1472) 5

Iu z,y) —u(z,y)”
(. w)[rrm dwdzdzdy
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Since
00 m—1 1 .
1 1 1
/ %dr < / rm=lgp +/ ﬁdr = — +
0 (1+r2) 2 0 o TP m. n+sp
we have that "
Z Y
I < me/ /Q2 |x = z|”+ép dzdxdy. (2)

One can also, in an analogous way, obtain

P
I < 2wn/ / [ulz,y) f O sy, (3)
o - wlm P

By (1), (2) and (3), we get
|U|Ws,p(Q) S C(n,m)[u]ws,p(g).
This completes the proof. O

Remark 1. If p = oo, it is straightforward to show that W (Q) C W*>(Q).
Moreover, if = Qy x Qg then W () = W= (Q).

Lemma 2.4. Let Q be an open subset of R"™™ and p € (1,00). If0 <t < s <1
then W*P(Q) C WHP(Q), and the embedding is continuous. Moreover

2P (wp, + Wi s
ey < Wiy + g, wewsr @), @

Proof. Let u € W*P(Q). Observe that,

lu(z,y) — u(z,y)|P u(z,y)l
/ / o= Z|n+tp dzdzdy < |x — Z|n+tp dzdzxdy
u(z,y) —u(z,y)[
/ /F o= z|"+"1’ dzdzxdy

where A, = {z € Q,: \z —z| < 1}. Since t < s, we have that

Iu z,y) —u(z,y)P

P
Q L

‘(E—Z|”+Sp |x_z|n+tp

(z ) \u z, y)I”
9P
/Q / \a: = Z|n+sp dzdxdy + / /c [ — 2[n P dzdzxdy

u(z,y)P 2Pw n/
dzdxdy + —— u(zx,y)|Pdrdy.
/z/ P v+ [ Jutey)Pdady

Similarly,

u(x,w)|P
// \y w\"+tp ) deddy <

|u(z,y) (z,9)|P 2pwm »

where 4, = {w € Q, |y w| < 1}. Therefore (4) holds. O

Finally, we prove a Poincaré type inequality.
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Lemma 2.5. Let  be an open bounded subset of R"™™ s € (0,1) and p € (1,00).
Then there is a positive constant C such that

lull vy < Clulyysp@nimy Yu € VNV“)(Q)-

Proof. Let u € W**(Q) and d = 2 diam(Q). It holds that

dz wpd™P
p P n p
[y gty > /Q u(z,y)| /]R R e lellZo -

O

3. The first eigenvalue. Under assumptions Al and A2, a natural definition of
an eigenvalue is a real value A for which there exists u € WP (Q) \ {0} such that u
is a weak solution of

uwx,y) = Alu(x P=tin
{»Cs,p ( 7y) )‘( ( 7y)) Q’ (5)

u(z,y) =0 in Q°,
that is
mem:A/wmww*wawmw Vo € WO (9).
Q

The function w is called a corresponding eigenfunction. Here

Ho (0, 0) = /ﬂwm / (u(z,y) — ulz )P (0(@y) ~vEY) g
+

|x — z|ntsp

/ / (ue,y) —ule, W) v(@y) —v(@w) oo
Rntm JRm

y—

Observe that
Hs’p(u’ u) = [u]z\ivsvp(RvHrm) Yu € stp(Rn-‘rm)’

and, by Holder’s inequality,

IHSVP(UUU) < 2[“]]10/\;1,p(]1§n+m)[U]WS>P(R”+M) Vu,v € Ws’p(Rn+m)~

Observe that, when A is an cigenvalue, then there is u € W?(2) \ {0} such that

Hop(u,u) = )\/ |u(z, y)|Pdxdy.
Q

Then, we have that

[u];].;vs,p(]RnJrM)

A: >O-

I

p
LP(Q)

By a standard compactness argument, we have the following result.
Theorem 3.1. Under the assumptions Al and A2, the first eigenvalue is given by

[u]i\;s,p (Rn+m)

M(s,p) = inf{ :uews’p(Q),ugéO}.

||“H]Zp(g)
Proof. Consider a minimizing sequence u,, normalized according to ||uy||rsq) = 1.
Then, as u, is bounded in W*P(Q), by Lemma 2.3 and Theorem 2.2, there is a

subsequence such that u,, — u weakly in Ws’p(Q) and wu,; — u strongly in LP().
Therefore, u is a nontrivial minimizer to the variational problem defining A (s, p).
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The fact that this minimizer is a weak solution to (5) is straightforward and can be
obtained from the arguments in [28, Theorem 5].

To finish the proof we just observe that any other eigenfunction associated with
an eigenvalue \ verifies

[u]ﬁvs‘p(Rn+m)

A= zAl(Sap)7

||UHI£:D(Q)
and then we get that A (s,p) is the first eigenvalue. O

Now we observe that using a topological tool (the genus) we can construct an
unbounded sequence of eigenvalues.

Theorem 3.2. Assume Al and A2. There is a sequence of eigenvalues A, such
that \,, — 0o as n — oo.

Proof. It follows as in [21] and hence we omit the details and only sketch the proof
for the reader’s convenience. Let us consider

Ma = {u S WSJ)(Q): [U]Ws,p(Rn+m) = pa}
and

1 P
o) = /Q fu(z, y) [P dedy.

We are looking for critical points of ¢ restricted to the manifold M, using a minimax
technique. We consider the class

S ={AcCW(Q)\ {0}: Ais closed, A = —A}.
Over this class we define the genus, v: ¥ — NU {oo}, as
v(A) = min{k € N: there exists ¢ € C(A,R* —{0}), ¢(x) = —¢(—x)}.
Now, we let Cj, = {C C M,: C is compact, symmetric and y(C) < k} and let
Br = sup min p(u).
c

€Cy, ue

Then S, > 0 and there exists ug € M, such that ¢(ug) = B and uy is a weak
eigenfuction with A\, = a/f. O

The following lemma shows that the eigenfunctions are bounded.

Lemma 3.3. Under assumptions Al and A2, if u is an eigenfunction associated
to some eigenvalue \ then u € L™ (R"T™).

Proof. In this proof we follow ideas form [22, Theorem 3.2].

If ps > n+ m, by Lemma 2.3 and Theorem 2.2, then the assertion holds. From
now on, we suppose that sp < n + m.

We will show that if ||uy||zr() < 6 then uy is bounded, where § > 0 is some
small constant to be determined. Let k € Ny, we define the function uy by

un(y) = (u,y) — 1+279),.

Observe that, ug = uy and for any k € Ny we have that uy, € W“’(Q) verifies
upy1 < up a.e. R,

u < (28 — Duy in {upy > 0}, (6)

{uk_H > O} - {uk > 27(k+1)}.
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Now, for any function v: R"* — R, it holds that
v+ (2,y) = vi (2, w)P < o, y) — v(z,w) [P vy (2,y) — v (2, 0))

for all (z,y), (z,w) € R"*™. Then

[Uk+1]5vs~p(Rn+m) < H&p(%“kﬂ) = )\/Q(U(ﬂﬂ,y))pflukﬂ(z,y) dxdy

for all k € Ny. Hence, by (6) and Holder’s inequality, we get

[uk+1]€vs»p(Rn+7”) < A/ﬂ(“(%y))p_lukﬂ(%y) dxdy

< (2 - 1P Al 0

(7)

for all £ € Np.

On the other hand, in the case sp < n+m, using Holder’s inequality, Lemma 2.3
and Theorem 2.2, the formulas in (6), and Chebyshev’s inequality, for any k& € Ny
we have that

SP/(n+'rn)

a1y < skl o [e1 > 0}

< C[uk+1]§vs,p(w+m)|{uk > 9~ (k+ D)y o8/ (ntm) 8)

)

sP/(n4m)
S C[uk+1]$\)3,p(ﬂ{n+m) (2(k+1)p ||Uk ||€p(Q))

where C is a constant independent of k. Then, by (7) and (8), for any k € Ny we
obtain

1+«
g all? ) < C (2<k+1)p|\uk||’;p(m) , (9)

where C' is a constant independent of k and a = p/(n+m) > 0.

Arguing similarly, in the case sp = n + m, taking r > p and proceeding as in the
previous case, sp < n + m (with 7 in place of p¥), we obtain that (9) holds with
a=1-— P/r > 0.

Therefore, if sp < n 4+ m, there exist « > 0 and a constant C' > 1 such that

14+«
k1l < C* (lunllne) -

for any k € Ny. Hence, if ||u0||’£p(m = ||u+||’£p(m < C7e* = 6P then uy, — 0
strongly in LP(Q). But uy — (u—1) a.e in R"™™ then we conclude that (u—1)4 =
0 in R™*™_ Therefore, u, is bounded.

Taking —u in place of u we have that u_ is bounded if [[u_||z»(q) < 0.

Hence, as we can multiply an eigenfunction u by a small constant in order to
obtain |luy [|z»q) and [|u_||rr) < J, we conclude that u is bounded. O

Our next goal is to show that if u is a eigenfunction associated with A;(s,p)
then u does not change sign. Before showing this result we need the following two
technical lemmas.

Lemma 3.4. Assume Al and A2. Ifu € Ws’p(Q) is such that
Heop(u,v) >0 Yo e WHP(Q),v >0 in Q.
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and u > 0 in B™(xg, R) x B™(yo, R) CC Q for some R > 0 then for any d > 0 and

0 < 2r < R there holds
u(z,y)+d
u(z,y)+d

1 1
m Jpr JBr x—z|”+sP ©8
/ / / u(z,y) +d\ |
nJpm Jpr |y — w|m+sp w|m+5p u(z,w) +
< C n+m—sp ) =) ded
" {dp Lypm /m/ n)e £L‘*1’0|”+5P ray

)P
—— _dydx +1
# 277 [o fp p

where By = B" (o, p), B)' = B™(yo, p) and C = C(n,m,p,s) >0 is a constant.

dzdxdy

dwdzdy

Proof. For the proof we refer to Lemma 1.3 in [15]. O

Lemma 3.5. Assume Al and A2. If Q is connected and u € W“’(Q) 1s such that
Hop(u,v) >0 Yo e WP(Q),0>0 in Q,

u>0in Q and u £ 0 in Q then u > 0 in €.

Proof. In this proof we borrow ideas from [7, Theorem A.1]. Since Q) is a bounded

connected open set, it is enough to prove that u > 0 in K for any K CC Q a

connected compact set such that v # 0 in K.

Let K CC 2 be a connected compact set such that v # 0 in K. Then there
exists r > 0 such that

K C {(z,y) e " m)ax {lz — z|,|w—y|} > QT}
Since K is compact, there exists {(x;,y;)}¥_, C K such that
k
Kc|JByxBp, and |(B} xBy")N (B}, xBJ)|>0  (10)
j=1
for any j € {1,...,k — 1}, where B} = B"(x;,7/2) and B]" = B™(y;,"/2).
To obtain a contradiction, suppose that [{(x,y): u(z,y) = 0}NK| > 0 then there
exists j € {1,...,k} such that
Z = {(z,y): u(w,y) =0} N (B} x B")
has positive measure.
Given d > 0, we define

d
Then, for any (z,y) € B™(x;,7/2) x B™(y;,7/2) and (z,w) € Z we have
Fy(z,w) =0
[Fa(z,y)|" = |F(z,y) — F(z,w)]”

|F(z,y) — F(z,9) nets
=2 |z — x|ntsp |z —af" e

Fy: Bl x BT R by Fd(x,y)zlog(1+ (xy))
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|F(2,y) — F(z,w)P nts
+ 2P~ ! |U) y‘m-‘,—sp |’LU—y| Fep

< 2p—17,,n+sp ‘F(l‘,y) — F(Z7y)|p
- |z — z|ntsp

IP(ey) = Flzw)p
=yl

(’M(w,y) + d> g
log
u(z,y) +d
p
log (U(z,y) +d>
u(z,w) +d
Therefore,

\Z|| Fala, y)l? = / Pt

4 9P~ 1,m+sp

1
|z — x|ntsp

1
o=y

— 9P~ 1Tn+sp

+ 2p—1rm+sp

<ec ,,,n+m+sp/ log u(xay) +d b dz
= n u(z,y) +d |z — |ntsp
+d\ "  dwdz
2p—1 m+sp / / 1 U(Z, Y
T ey Jep [\ w) w d) | Tw g

for any (x,y) € B"(xj,7/2) x B™(y;,7/2). Here ¢; = ¢1(m,p) > 0 is a constant.
Then

| [ rste sy
i /By
n+m-+sp
< car / / / log U m,y) +d
0zl Jee S Jae u(z,y) +d
02r"+m+5p/ / / Io u(z,y) +d
»Jer Jpn & u(z,w) +d

Thus, by Lemma 3.4 and since u > 0 in §2, we get

2n+2m
L iRy < 07

where C' = C(n,m,s,p) > 0 is a constant. Taking d — 0 in the last inequality, we
get that w =0 in B} x BJ".
By (10),

P dzdxdy

|z — x|ntsp

dwdxdy
=y

|(BJT'L— Bml)ﬁ{(x y): u(z,y) =0} >0 and

|(B}41 x Bii1) N {(z,y): u(z,y) =0} > 0.
Then, we can repeat the previous argument for B}' | x B, and B} | x BJ{,,
therefore we obtain v = 0 in B} | x B, and B}, x Bl In this way we conclude

that v = 0 in K which contradicts the fact that v % 0 in K. Thus |{(z, y): u(z,y) =
0}NK|=0. O

Now, we are ready to prove that the eigenfunctions associated to A (s, p) do not
change sign.

Theorem 3.6. Assume Al and A2. If u is an eigenfunction associated to A1 (s,p)
then |u| > 0 in Q. Moreover u has constant sign.
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Proof. We start by showing that if u is an eigenfunction corresponding to A1 (s, p)
then |u| # 0 in all connected components of Q. Our proof is by contradiction. We
therefore assume that there is a connected component A of Q such that |u| = 0.
Since w is an eigenfunction corresponding to A1(s,p) then so is |u|. Then

o:Amam/mewW*wmm¢My:Hmem

Jvylplcb( // u(z,y) [P oz, w)
= -2 2
/C/ o — oo dzdxdy . [y — w[m e dwdzdy

for all ¢ € Cg°(A). Then for any for all ¢ € C§°(A), ¢ >0
p—1 p 1
o_/ / [tz YLz, dzda:dy+/ / |“my| AT dady > 0

|z — z|ntsp ly — w|m+sp

which is a contradlctlon.
Therefore, if A is a connected components of € then |u| # 0 in A and

Hsp(ul,v) = )\1(5719)/ |u(x,y)|p_1v(x,y) dedy >0 Yv € VNVS”’(A),U > 0.
Q

Then, by Lemma 3.5, |u| > 0 in A. Therefore |u| > 0 in .
Finally, it follows from
[la] = [b]| <]a—b] Vab< 0,

that u has constant sign. O

Our next result show that A;(s,p) is simple.

Theorem 3.7. Assume Al and A2. Letu be a positive eigenfunction corresponding
to A1(s,p). If A > 0 is such that there exists a non-negative eigenfunction v of (5)

with eigenvalue A, then A = A1 (s,p) and there exists £ € R such that v = lu a.e. in
Q.

Proof. Since A(s,p) is the first eigenvalue we have that A\i(s,p) < A. Let k € N
and define vy == v + 1/k.
We begin proving that wy, := up/vz_l € W“’(Q). It is immediate that wy = 0 in
Q¢ and wy, € LP(R), due to the fact that u € L>°(Q2), see Lemma 3.3.
On the other hand
|wr (2, y) — wi(z,w)]

u(z,y)? —u(z,w)P | ulzw)? (ve(z,w)P! — vz, )" ")

vk (2, )P v, y)Ptog (2, w)P !

vk (@, )P~ = vk (2, w)P |

v (@, y)P~ o (w, 2)P71

SWF”M%yV*U@ﬂW”+HMme

<2|ull )k plulz, y) — ulz, w)l

(2, y)P 2 + vi(z, w)P
o (@, y)P~ o (2, w)P !
<2|ull ) k" plulz, y) — uz, w)l

+wm&ﬂm@—1mwlQ%éy,+wéﬂ&yww—vun

<C(k, p, [[ull o @) (Ju(@,y) = u(z, w)] + (2, y) = v(z,w)])

+um&ﬂm@—1> [oi(2,y) — r(z, w)
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for all (z,y), (z,w) € R*"™™. Hence, we have that wy € Ws*p(Q) for all k € N since
u,v € WP(Q).
Set

L(u, Uk)(l', Y,z w) = |u(x, y) - u(w7 z)|p

() = el )t (R - BT

vk, y)Pt ok(z,w)P !

By [1, Lemma 6.2]
L(ua Uk)(xa Y, =z, w) > 0.

Then, since wy, € WP (), u,v are two positive eigenfunctions of problem (5) with
eigenvalues A1 (s, p) and X respectively, we have

uvkxy7ay) ’U,Uk xy7,)
0< /me / |x ~ Z|n+sp dzdxdy + i /m y w\mﬂp dwdzdy

(z,y)IP / u(z,w)|P
dzdzxdy + dwdxd
An+7n /n .T — Z|n+5p Yy Rn+m m |y w‘n-‘rsp Y
— Hsp(v,wi)

<Mi(s,p) / u(e,y)? dady — A / o, y)"Looe(, y) ddy
Q Q

P
:Al(s,p)/ u(z,y)? dxdy—/\/ v(m,y)p_liu(x’y) dzdy.
Q Q

Vk (:TJ, y)pil

By Fatou’s lemma and the dominated convergence theorem we obtain

v) (2,9, 2,9) ) (@, y,z,w) _
/me /n |9c _Z‘n+3p dzdxdy + i /m |y w|er dwdzdy =0

due to A1(s,p) < A. Then L(u,v)(z,y,2,y) = L(u,v)(z,y,z,w) = 0 a.e. Hence,
again by Lemma 6.2 in [1], u(z,y) = {1(y)v(z,y) and u(z,y) = la(z)v(z,y) for
all (z,y) € R"™™. Then, we conclude that u = ¢v for some constant ¢ > 0 and
A1(s,p) = A O

Finally we will prove that A; (s, p) is isolated.
Theorem 3.8. Assume Al and A2. Thenl Ai(s,p) is isolated.

Proof. We split the proof into two steps.

Step 1. If u is an eigenfunction associated to some eigenvalue A > A (s, p) then
there is a positive constant C' such that

1\ /e-»
— < |9 11
(&) <l (1)

for all p < r < pi. Here Q4 = {(z,y): ux # 0}, and

(n+m)p
ps =4 n+m—sp
00 if sp>n+m.

, ifsp<n+m,

Let r € (p,p%). By Theorem 2.2, Lemmas 2.5 and 2.3 and Hoélder inequality, we
have
‘(T—P)/r

ir(g) < C||U+||€Vs,p(g) < CHsp(u,uy) = CAJug|

[l ] ir(Q)‘Q+
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1\ 7/e-»
_ < 0],
(&) =l

In order to prove the inequality for |Q2_|, it suffices to proceed as above, using
the function —u instead of wu.

Step 2. By definition, Ai(s,p) is left-isolated. To prove that Ai(s,p) is right-
isolated, we argue by contradiction. We assume that there is a sequence of eigen-
values {Ap}ren such that A\ N\, Ai(s,p) as k — oo. Let uy be an eigenfunction
associated to A such that ||ug||zrq) = 1. Then {up}ren is bounded in WsP()
and therefore we can extract a subsequence (that we still denoted by {uy }ren) such
that

Then

uj, — u weakly in WP (1), up — w strongly in LP(£2).

Then [Jul|1r) = 1 and
[u]gvs,p(Rner) < likrgiogf[uk]gvs,p(Rner) = kILrI;o Ak = )\1(8,]?).

Then u is an eigenfunction associated to A1 (s, p). Therefore u has constant sign.
Now, proceeding as in the proof of [2, Theorem 2], we arrive to a contradiction.
In fact, by Egoroff’s theorem we can find a subset As of 2 such that |A5| < ¢ and
uy, — w uniformly in Q\ As. From (11) we get that v and the uniform convergence
in Q\ As we obtain that [{u > 0} > 0 and |{u > 0}| < 0. This contradicts the fact
that an eigenfunction associated with the first eigenvalue does not change sign. [0

4. The limit as s — 17. In this section, our goal is to show that

lim (1 —s)A1(s,p) = A (1,p)

s—1—

Ky [ IVaute,p)Pdedy+ Koy [ 9,000, )Pdody | (12
= inf Q2 Q

uGWOI’p(Q),u:‘F"O Hu”ip(Q)

where K, j, is a constant that depends only on n and p, and K, ;, depends only on
m and p. Before proving (12), we need some technical results.

Lemma 4.1. Let Q be an open subsets of R™t™ with smooth boundary and p €
(1,00). For all s € (0,1) we have that W1P(Q) is continuously embedded in WP ().

Proof. In this proof, we follow the ideas of the proof of [10, Theorem 1]. Let
u € WHP(Q). By an extension argument, we can assume that v € WHP(R"+™). We
have that

[ttt o)~ atay)dedy < e [ Vsutay)Pdsdy,
Rn+m Rn+m (13)

[ ey 1) = (e g)pdady < e [ 190t p)Pdody.
Rn#»wn Rn+m,

The proof of this fact can be carried out as that of Proposition XI.3 in [9] and is
omitted.
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Then, by (13), we have

u(z,y)[?
drdyd
/ﬂ /Rn+m x—z|"+5p Tayaz
lu(@ + h,y) — ulz,y)[”
dzdydh
/]Rn /Rwrm |R|ntsp €zTay
S
= TACE IV ou(e, y)[Pdzdy
/{|h|<1} A=D1 Jpnim

dh
i 2/{|h>1} W /RHM lu(z, y)|Pdxdy

w 2w
< Veulz,y)|Pdedy + —= u(x, y)|Pdxdy.
o [ Vet o [ )

Similarly,

P
/ / — ul@, ) dxdydw
m Jrntm \y w\”‘“”

w 2w
< " VvV u(z,y)|Pdedy + —= u(z,y)|Pdxdy,
<qs [ Vaepdedy 222 [ ey Pdsdy

which completes the proof. O

Remark 2. Proceeding as in the proof of previous lemma and using using the
Poincaré inequality, we have that

1
(1= $)[uliyep@nimy < C (1 + 8) /Q VulP dedy — Yu € WyP(Q)

where C' is a constant independent of s.
Lemma 4.2. Let Q be an open subset of R*™™ with smooth boundary and p €
(1,00). If u € WyP(2) then

(1= Sy = Koy | (9ol dady Koy [ (9,0 day

as s — 17.

Proof. We split the proof into two cases.

Case 1. First we prove the lemma for ¢ € C3°(Q2). Let By and By be two open
balls in R™ and R™ respectively such that Q C By x Bs.
Given y € By, we have that

(z,y)[?
Lo e [ [ P

P
+2// 0@l .
B L|$_Z|n+sp

y [10, Theorem 1], there is a constant K, , (that depends only the n and p) such
that

(14)

(z,y)P »
(1-13) dzdz — K, ) |Ved(z,y)[Pde  (15)
Bl Bl Bl

|x —z\"*sP
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as s — 17. On the other hand, since supp(¢) CC Q C By X Ba, there exists 6 > 0
such that | — 2| > d for all z € B and x € {t € By: (t,y) € supp(¢)}. Thus

|¢ T ?J W,
/B1 /F Py Z|n+5pda:dz <(1- S)spdsp lo(,y HL,,(B (16)
as s — 17. Then by (14), (15), and ( 6) we have that

/ / lp(z,y) — d(2,9)|P dIdZ*}Kn”p/ \Vod(z,y)|Pde  (17)
n n B

| —z\"‘*‘sP

as s — 17. Proceeding as in the proof of Lemma 4.1, we have that

lp(x,y) — o(2,9) P wn/
drdz < =2 Loz, y)|Pdzd
/n/n xfzwsp zdz < - RRIV o(z,y)|Pdvdy

2wy,
+ (1 - 8)7/ |p(z, y)|Pdzdy.
Sop n

Thus, (17) and the dominated convergence theorem imply

[P(x,y) — d(2, )P / /
KTL x b P 9,
/me /n o= Z|n+sp dzdzdy — K, . |Ved(z,y)|Pdxdy

as s — 17, that is,

o(z,y) /
1- dzdady — K, 20, y)|[Pdady,
S /Rner /n |I*Z‘n+5p zaxay — P Q|v (b(l' y)| ray

as s — 17,
In the same manner we can see that there exists a constant K, , (that depends
only the m and p) such that

X x,w P
/me /m |9(z,y) — Pz, w)| dwd$dy_>Km,p/ﬂ|vy¢(m,y)|pdxdy,

ly — WI’”“”

ass — 17.
Then, we have

(1- 5)[¢]€vs,p(Rn+m) - Kn,p/Q |V.0|P dxdy + Km,p/Q |V, ¢[F dudy,
as s — 1.

Case 2. Now we prove the general case. Given u € Wl’p(Q), we define

u L lu@,y) —u(z,y))|
Fs (ﬂl‘,y,Z) = (1 )1/ | Z|n/p+s ’

’ _ e lu(@,y) —u(z, w)|
Gs(m7y72) - (1 ) |y ,w|m/p+s

and we want to show that
|F& | ooy = K2 Vaull 2o ), G o nramy — K20 IV yull Loy,

as s — 17.
Given ¢ > 0 there is ¢ € C§°(Q2) such that

[Vu—=Vé|ro) <e
Thus
IVaullo@) = [Vadllr )| < e and |[[Voullre) — [Vadllr@)l <e. (18)
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By case 1, there exists sg € (0,1) such that

NF2 || o m2nsmy — K2Vl poo)| < e,

(19)
G o@nramy = K7 Vybll oo | < e,
for all s € (s0,1).
On the other hand, using Remark 2, we have that
|||F;L||Lp(Rzn+m) — ||Fs¢||Lp(Rzn+m)| < C||Vu — v¢||LP(Q) < Ck, (20)
NG| orensm) = 1G] o gensmy| < OV = V|| 1oa), < Ce,
where C' is a constant independent of s.
Finally, by (18), (19), and (20), we obtain that
N F Nz genemy = KoL
NG | Lo n+2my — 1/,, ||V UHLP(Q)| < CE,
and the proof is complete. O

Corollary 1. Let  be an open subset of R"™™ with smooth boundary and p €
(1,00). If u € Wy P(Q) then

(1- s)[u]ivw(m — KM,/ |V ulP dedy + Kmp/ |V, ulP dzdy
) Q

ass— 17,

Proof. By Lemma 4.2, we only need to prove that if u € Wol’p(Q) then
(1= 5) ([0 garsny = [0y ) =0

as s — 17. First we prove the result for ¢ € C§° (). We have

oyl
(D17 e pimnimy — [Blonsn / / dzdxdy
( Ws.p (Rnt+m) 4% (Q supp(®) . T — Z|n+sp

+2/ / dwdxdy.
supp(¢) v Qg ly — w|m+sp

Since supp(¢) C 2 is compact, there exists 6 > 0 such that |z—z| > § and |[y—w| > ¢
for all (z,y) € supp(¢), z € Q, w € QF. Then

<
/bupp(¢ / x—z|"+9p dzdxdy 59p |¢ x,y)|[Pdxdy,

et y)l " Wi /
dwdxdy < Pdydy.
/SUPP () /C |y U}|m+ép waray >~ sp(SsP o |¢(‘T; y)| ray

Therefore, using (21), we have that

(1—s) (W]WS P (RHm) W]ZV)VS*P(Q)) -0

(21)

as s — 17.
The argument for the general case is analogous to the one performed in case 2
in the proof of Lemma 4.2. O

For the proof of the following lemma, see [10, Lemma 2].
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Lemma 4.3. Let 6 > 0 and g,h: (0,5) — (0,00). Assume that g(t) < g(t/2) and
that h in non-increasing. Then

é N 5 S
/ tN=1g(t)h(t) dt > N/ tN_lg(t)dt/ tN=1n(t)dt
0 (26)™ Jo 0
for all N > 0.

Lemma 4.4. Let 0 < s < s and u € Wép(ﬂ) Then

(1 - 80)[“]5\/50 P(Q) 1 p
2(1=50)P djam () (s—s0)p < (1= 9)lubyergnim)

Proof. Let By and Bs be two balls in R™ and R™ respectively such that 2 C By X By
and diam(B) = dlam(Bg) dlam(Q). Then

Rrtm JRn |z — z|”+s?
p
/ / / / [u(z + tw, f’) W@ doddy
m Sn—1 n titsp

> ) t(1—=s0)p—1 |U(LC + tw, y) — u(x, y)|p dzdodtdy
~ Jrm Jo Sn—1 " P t(s=so)p

Taking N = (1 — s¢)p, § = diam(Q2), we get
¢ — P 1—
t) = / / e wytl YO Grde,  and Rt =
Sn—l m

t(s—so)p’

By Lemma 4.3, we have that

(. y) — uz y)” dzdzdy >
Rn+m JRn |x — z|n+sp
(1 —5s0)p 18p1 (1—s0)p—1
2 2(1750)[) dlam (1 SO)p . 0 )dt 0 t 0 h( )d
(1 — s0)p (1=s0)p=1, (1—s)p—1
= 2(1=s0)r diam (Q)(1=50)P Jp. t P (t)dt ( —s)t P dt

(1 = s0) u(x + tw,y) — ulw,y)|?
> 2(1—80)11 dlam (9 80)P " gn—1 . 1+s0p dl‘dO’dtdy

(1 —s0) \u z,y) —u(z,y)P
2(1—=s0)p dlam (s S0)p ZL’ — Z|n+80p dZd.fL‘dy

Similarly

p
o0 o [
]R'n.m n

(1 = 50) u(z,y)[”
> 2(1750);0 dlam (s S0)P ‘y w‘m+sop d’LUdLIL‘dy

This concludes the proof. O

We can now show the main result of this section.
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Theorem 4.5. Let Q is bounded domain in R™ ™™ with smooth boundary, s € (0,1)
and p € (1,00). Then

lim (1 — s)A\(s,p) = A1(1,p).

s—1—
Proof. First, we observe that, from Lemma 4.1, if u € W, "P() then u € W*P(1).
Then

O L—
(1= $)As(s,p) < —r &™)

[u |I[),P(Q)

for all u € VVOLP(Q)7 u # 0. Therefore, by Lemma 4.2, we have that

Koy [ |Vsuleg)Pdady + Koy [ V0o ) dody
Q Q

limsup(1 — s)A1(s,p) <

s—1— ||u||§p(Q)
for all u € Wy*(R2), u # 0. Then
limsup(1 — s)A1(s,p) < Ai(1,p). (22)
s—1—

To finish the proof, we have to show that
lim%nf(l —3)A1(s,p) > M(1,p).
s—1—

Let {si}ren C (0,1) be such that s — 1 as k — oo,
lim (1 — si)A1(sk,p) = iminf(1 — s)A1 (s, p). (23)
k—o0 s—1—

For each k € N, we let ui be an eigenfunction corresponding to A1 (sg,p) such that
lurll» @) = 1. By (23), there is a positive constant C' such that

(1- sk)[uk}i\;sk,p(Rwrm) <C vk € N.
Then, by Lemma 2.3, there is a positive constant C' such that
(1 = se)lukliyorpgnimy <C VEEN.

Thus, by [10, Corollary 7], up to a subsequence, {uy }ren converges in LP(£2) to some
u € WyP(Q). Moreover, for all § > 0, up, — u strongly in W'=%P(Q). Therefore
llullLr @) = 1.

Let 5o € (0,1). Since s — 1, there exists kg € N such that so < s, for all k > k.
Then, by Lemma 4.4, we have that

(1~ 50) [ty

20 s0)p D < diam(Q) 0P (1 — ) [ug]?

Wak-P(R")
= diam(Q)* 7507 (1 — 5. )\ (sg, p).
Thus, by (23) and Fatou’s lemma, we get

(1 - 30)[“4}5\;50,11(9)
' (1=50)P Jim ; _
S0 —s0)p < diam(Q)" 7% ltlgil}f(l $)A1(s,p).

By Corollary 1, it holds that

. (1 - 50)[“]5\/50»;7(9)
Kn,p/ |Vzu(x,y)|pdxdy+Km,p/ |Vyu(z,y)[Pdedy = lim
Q Q

so—1— 2(1750)17
< liminf(1 — s)A1 (s, p).

s—1—
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Then
A1(1,p) <liminf(1 — s)A1(s,p).

s—1—
Therefore, by (22),
A1(15p) = lim (1 - 3))\1(57]7),

s—1—
as we wanted to prove. O

5. The limit as p — co. Now we want to pass to the limit as p — oo in the first
eigenvalue A1 (s,p). Our goal now is to show that
i (s,0)]"" = Aoo(s)
where
AOO(S) = inf {[U]Ws,oo(]Rni»'m)Z u e WSVOO(RHJFm), Hu”Loo(Q) = 17u = O in QC} .

Observe that, by Arzela-Ascoli’s theorem, the previous infimum is attained.
We first prove a geometric characterization of A (s).

Lemma 5.1. Let Ry = max min (Jz — 2|° + |y — w|®), then
(z,y)€Q (2,w)EIN
1
Ao (8) = —.
()=

Proof. Let u € W (R"*™), such that |[ul|p~) =1, v = 0in Q° and A (s) =
[u]yys, e (mn+m). Then, let (z0,y0) € 2 be such that u(zo,yo) = 1. If (2, w) € 0Q we
have

(20, y0) — u(2,y0)| < Moo (s)zo — 2[°

and
[u(z, y0) — u(z, w)| < Aso(s)[yo — wl®.
Then
|u(z0,y0) — u(z, w)| < Aoo(s)(|z0 — 2|° + [yo — wl*).
Therefore,

1< A(s) min (|xg — z|° + |yo — w|?),
= ( )(%w)emﬂ 0 | Yo 1*)

and then, we get
1 1

> — .
min (|zg — z|° + —wl®) T R
_min (oo =3 + o —ul") ~ Fs

Aso(8) > (24)

Now, we choose (xg,yo) that solves the geometric maximization problem

Rs= max min (Jz —z|° + |y — w|®),
(z,y) €N (z,w)€00
and consider the function

zo — z|® + lyo — y|°
uey) = (1- ot =y
S Jr

Observe that, [[u[|z~ (o) = 1. On the other hand, since for any s € (0, 1]
la® = b°| < |a—0b]° Va,be]0,00),
we have that [u]yys,cc@n+m) < 1/R,. Hence, using this functions as a test function
in the variational problem defining A (s) we get
1
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From (24) and (25) we obtain the desired result. O

Lemma 5.2. Let u, be a positive eigenfunction for Ai(s,p) normalized according
to ||upllLe() = 1. Then, there exists a sequence pj — oo such that

U; — U
uniformly in RN. This limit function u belongs to the space W>(Q) and is a
solution to the variational problem
Ao (s) = min {[u]yys. () uw € WP(Q), [|ull L (o) = 1,u =0 on 9Q} .
In addition, it holds that
A (s,0)]YP = Aso(s).
Proof. Let o > 1 and

R.. — . _|sa — w5,
o = X emin e = 2 Ay~ wl™)

We first claim that

(R,)"
o < Rua (26)
for any a > 1. To this end, let (zo,yo) € 2 such that
R,= mi L —wl®).
oin (w0 = 21" + lyo — wl)

Then for all (z,w) € 02 we have
(Ro)™ < (Jwo = 2[* + Jyo — w[*)* < 2°7F (o — 2" + [yo — w[**)
< 2°7' Ry,

that is, (26). On the other hand, it is clear that if sa < 1 we have that

T
+

RSO&
belongs to )7\75’1’(9) for all p > 1. Then

[ua] Ws.p (Rn+m)

(Ai(s,p)'/P <
' [t |LP(Q)

(27)

for all p > 1 and 1 < @ < 1/s. Therefore
limsup(\ (s, p)) /P < [alwe~ (@)
P—+00 HuaHLOC(Q)
Observe that if « € (1,1/s), by (26), we have
_ _ |(a—1)s : (a—1)s
() ~ wa(z,)| _ o= 2700 diam(©0)
|z — z|° - Rsa B (Rs)"

for all (x,y) # (z,y) € Q, and

Va € (1, 1/5).

— — (a—1)s 3 (a—1)s
|ua(9c,y) ua(l‘vw)‘ S |y w| S 2a—1dlam(ﬂ) 7
ly —w|* Rsa (Rs)~

for all (z,y) # (z,y) € Q, that is

diam(Q)(@—1s

ol gy < 2071
[Ualw Q) = (Ry)e
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Then, by (27) we get
L diam(Q)(@=1s

limsup()\l(s,p))l/p <297 a € (1,1s),
p—oo (Rs)
since [|uql|p() = 1. Therefore, passing to the limit as & — 1 in the previous
inequality we get
1 1
limsup(As (s, p)) 7" < 7 = Aols): (28)
p—00 s

Our next goal is to show that

Ao (s) < liminf(Ay (s, p))"?.

p—00

Let p; > 1 be such that

tInf O (5,p)) 7 = Jimy (s,3))".

p—o0

By (28), without of loss of generality, we can assume
(M (5,27))'7"7 = [up, Jyerrs goimy < Aoo(s) +€ Vi €N,

where u,,; is an eigenfunction for A (s, p;) normalized according to |luy, |7 @) = 1
and € is any positive number. Then, by Lemma 2.3, we have that there exists a
constant C, independent of j, such that

|upj |W57Pj Q) <C Vj e N.
Therefore, for any j € N there exists a constant C' independent of j, such that
[, [[wers () < C. (29)

On the other hand, given ¢ > 1 such that sq > 2(n+m) and taking t = s —n+m/q,
by Holder’s inequality, for any p; > ¢ we have that

- -
||tuH%q(Q) <|Qp w ||Upj||%p(g) =19 ",

and

|Up.(.1‘,y) —up,(z,w)|q
up |7, :/ 4 > drdydzdw
| Pj W q(Q) 02 ‘(x7y) - (Z’w)|sq

. , o P; ?j
< |Q‘2(17Tj) / |up, (2, y) = up, (z,w)\ ' dzxdydzdw
02 |(-’17,y) - (va)|8pj

<1077 e {1, diam() "5 Y a9

)
Hence, by (29), for j large there exists a constant C, independent of j, such that

2(%_7

1 ) n+m
i’ diam(§2) s },

1_1 g1 1
||UijWt,q(Q) < Cmax{|Qq T‘j7|Q| (3 p]»)7|Q|

that is, there exists jo > 1 such that {u,, };>;, is bounded in W*?(Q). Then, since
tq > n +m, by Theorem 2.2, there exists a subsequence {uy }ren of {up, };>;, and
a function u € C%7(Q) (0 < v < t — (n+m)/qg) such that uy — u uniformly in Q.
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Thus, if ¢ > 1 there exists kg € N such that py > ¢ if £ > kg and therefore, by
Holder’s inequality, for any k > kg we have

q q
// lur (2, y) — ur(z,9)| dzdudy
|z — z|9°

o o)) Jur (,y) — un(z, )P+ o
max {1 diam(€2 (/ / [ — afpeatn dzdzdy

< Qi max{1 diam(Q) 7w }[Uk]w Ph(Q)

-Q‘H
;"

<Cda

and similarly

q q
(// |ug (z y — ug(z, w)| dwdmdy)
Q ly — w|?s

< Céfﬁ max {1,diam(9)%} [uelwsri ()

Here C' is a constant independent of k. Then passing to the limit as k¥ — oo and
using Fatou’s lemma we have that

q
(// u(@,y) — u(z,y)| dzdxdy) <Ci lim influg]yys.rr ()
k—o0

|:Ufz|’:?S

< Clim inf(\(s,p))"”,
p—r0o0

x,w q q I
(// |y w|qs ) dwdxdy) < (Cx hkrilor.}f[“k]w*‘%(ﬂ)

< O liminf(A (s,p)) 7"
p—ro0

for all ¢ > 1. Now passing to the limit as ¢ — oo we obtain

sup { |u(m,|?;)—:|£%y) C(x,y) # (2,y) € Q} < liminf()q(S,p))l/Pa

ap {221 = w0)

|z = 2°

C(z,y) # (z,w) € Q} < liminf()\l(&p))l/”,
p—00
that is
[ulwe.o () < I;Hl}g}f(h(sm))l/” (30)

To conclude we need to show that [|ul| ;) = 1. For all ¢ > 1 there exists ko € N
such that py > ¢ if k > k¢ and therefore, by Holder’s inequality, for any k > kg we
get

11 1
il zagay < 192177 g, [ %00y = 1217775

Then passing to the limit as k& — oo and using that up — wu uniformly in Q,
lull Lagy < 1 for all ¢ > 1. Hence [Jul|=) < 1. On the other hand, for all k we

have 1 = |lug||Lrx (@) < |Q|1/pkHukHLoo(Q). Then, since uj, — u uniformly in Q, we
get 1 < lu| g (). Hence [u|| o) = 1. Thus, by (30), we get

Ao (8) < [u]ys.e (o) < liminf(Ai (s, p))"7,
p—0o0
and by (28) we conclude that
Aso(s) = lim (Ay(s,p))"?.
p—>0o0
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This ends the proof. O

Using the geometric characterization given in Lemma 5.1 we can compute A ()
in some concrete examples.

Example 1. When (2 = Bp is a ball of radius R we have

1

Example 2. When Q = (—R, R) x (=L, L) is a rectangle in R? we have

1
Ao(8) = ———.
< (s) min{R*, L5}
Remark 3. One can consider two different powers r and s in the definition of the
pseudo p—Laplacian. In this case we get that,
Aso(r,8) = max  min (|Jz — 2" + |y — w|?).
oo(75) (z,y)eQ (z,w)easz(l "+ 1y ")

Viscosity solutions. To obtain an eigenvalue problem that is satisfied by the
limit of the eigenfunctions u, when p — oo, we need to introduce the definition
of viscosity solutions. This is a notion of solution different from the weak one
considered before. We refer to [12] for an introduction to the subject of viscosity
solutions. In the theory of viscosity solutions the equation is evaluated for test
functions at points where they touch the graph of a solution. Viscosity solutions
are assumed to be continuous and the fractional Sobolev space is absent from the
definition (no derivatives of a solutions are needed).

Definition 5.3. (Viscosity solutions). Suppose that the function u is continuous
in R"™ and that u = 0 in Q°. We say that u is a viscosity supersolution of
the equation —Ls p,u + Alu[P~2u = 0 if the following holds: whenever zo €  and
¢ € C(R™™) (the test function) are such that p(xg) = u(xg) and ¢(z) < u(x) for
every x € R"™  then we have

—Lspp(0) + Alp(20) "> (x0) < 0.

The requirement for being a viscosity subsolution is symmetric: the test function is
touching from above and the inequality is reversed.

Finally, a viscosity solution is defined as being both a viscosity supersolution and
a viscosity subsolution.

For our eigenvalue problem, we have that a continuos weak solution is a viscosity
solution. For the proof we refer to [28, Proposition 11].

Theorem 5.4. An eigenfunction u € C(Q) (in the weak sense) is a viscosity solu-
tion of the equation —Ls pu + Nu[P~2u = 0 in the sense of Definition 5.5.

We will also use the following lemmas.
Lemma 5.5. Assume that
(45)7" = 4, (B,)"”
()" = (Dy)”

and that
0, — 0,
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as p — oco. If
2 /P(A, + Cp)/P > (B, + Dy, + 0571)/P
for every p large enough, then, passing to the limit, it holds that
max{4;C} > max{—B; —D; 0}.

Proof. First, assume that A > C and —B > max{—D;©}. Then for p large enough
we have A, > C,, =B, > —D,, and —B,, > (6,)P. Then taking p — oo in

/v gr—1 o
(Ap)/r2'l <1 + i”) > (B,)"r <1 Do B )

P BP BP

we get
A>—B.
The rest of the cases (A = C, A < C, etc) can be handled in an analogous way. [

Lemma 5.6. For a smooth test function ¢ let

Ap:/'Wuww)—dzwwpﬁﬂ%wﬁ—¢@wﬁﬁd

2, = 2"+

Z.

If xp — 0, Yp — Yo as p — oo, then

@ (w0, y0) — ¢(z,yo).

A)7" — A =su
( P) zp |$0—Z|S

Proof. We just have to observe that

p— _ 1/p
(Ap)l/p _ (/n |8(2p, Yp) — D(2, Yp) [P (D (2p, Yp) ¢(Z»yp))+dz> .

2y — 2l

The integrand satisfies
|6(2ps Yp) = D(2,yp) P2 (D(xps Yp) — D2, 9p)) T

2, — 2"+

- [¢(z0,90) = D(2,90)[P~*(P(20,y0) — ¢(2,50)) "

|xg — z|ntsp

and hence the result follows from the fact that ( fp)l/p = |1 fllso- O

Lemma 5.7. Any uniform limit of u, a sequence of eigenfunctions for \i(s,p)
normalized according to |[uy| prq) = 1, u is a nontrivial solution to

max{A4;C} = max{—B; —D; A (s)u} inQ,
u =0 in °,

in the viscosity sense. Here

A:supw7 B:infw

z |z — 2|* z | — z|* ’

O — g M)~ ularw) ool y) — el w)

w ly —w|* w ly —w|*
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Proof. We call u,, a sequence of solutions to —Ls pu + Au[P~?u = 0 that converges
uniformly to u. That v = 0 in ¢ follows since u, = 0 in Q¢ and we have uniform
convergence.

Let ¢ € CY(R"™™) be such that u — ¢ has a strict minimum at (zg,yo) € €.
Since u, converges uniformly to u we have that there exist (z,,y,) € Q such that
up — ¢ has a minimum at (x,,y,) and (2, yp) = (20, Yo) as p — oo. Since u, is a
viscosity solution to —Ls ,v(x,y) + A1 (s, p)v(z, y)P~1 = 0 in Q, we obtain

(M (5:0) 7@ Py, )P <
S2/ |¢(xpayp) - d’(zayp)‘piz(‘v‘b(xpa yp) - ¢(Zayp))d

2y — 2"

z

(31)

w

+ 2/ |¢(xpvyp) - ¢(xpvw)‘p72(¢(mpayp) - ¢(xpvw))d

v — w o
:2(Ap - Bp + Cp - Dp)a

where

2,

A :/ ‘QZ)(x;myp) - ¢(Zayp)|p_2(¢(mpvyp) - ¢(Z>yp))+d
b R

2y = 2[5

2,

B :/ |¢($pvyp) f¢(z,yp)|p72(¢(xp,yp) fd)(z,yp))*d
P .

2y = 2+

w,

C, = / |¢(xpayp) - ¢(mpvw)|p72(¢(xpa yp) - ‘b(xpaw))er

b —

w.

D, = / |¢(xpvyp) - ¢(xpvw)|p72(¢($pvyp) - ¢(xpvw))7 d

o —
We observe that
(Ap)l/p — A, (Bp)l/p — —B,
(C)"" = C, (D,)"" = =D,
and
(Al(svp))l/(p_l)up(xm Yp) = Aocu(o, yo).
Hence, taking limit as p — oo in (31), from Lemma 5.5, we get
max{—B; —D; A (s)u(zg, yo)} < max{A4;C}.
Now, if 7 is such that u — ¢ has a strict minimum at (xo,y0) € Q. Since u,
converges uniformly to u we have that there exist (x,,y,) € Q such that u, — has
a minimum at (zp,y,) and (zp,yp) = (2o, yo) as p = co. Since u, is a solution to
—Ls pv(z,y) + M(z,y)P~! = 0 in Q we obtain
(A1) Dy (0, p) )P >
> 2/ Y (2, Yp) — (2, yp) P (P (@, yp) — ’(/}(Zayp>)d
=2 ). 2, — 27

+ 2/ [V (2p, Yp) — (@, w)lp_2(¢(xpayp) - w(mp’w))d

|yp — w|mFer

z

w,

and, arguing as before, we obtain
max{A; C} < max{—B; —D; Aso(s)u(zo,0)}-
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