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Abstract We study the first eigenvalue of the p—Laplacian (with 1 < p < oo) on
a quantum graph with Dirichlet or Kirchoff boundary conditions on the nodes. We
find lower and upper bounds for this eigenvalue when we prescribe the total sum of
the lengths of the edges and the number of Dirichlet nodes of the graph. Also we find
a formula for the shape derivative of the first eigenvalue (assuming that it is simple)
when we perturb the graph by changing the length of an edge. Finally, we study in
detail the limit cases p — oo and p — 1.

Keywords p—Laplacian - Quantum graphs - Eigenvalues - Shape derivative

1 Introduction

A quantum graph is a graph in which we associate a differential law with each edge.
This differential law models the interaction between the two nodes defining each edge.
The use of quantum graphs (as opposed to more elementary graph models, such as
simple unweighted or weighted graphs) opens up the possibility of modeling the inter-
actions between agents identified by the graph’s vertices in a far more detailed manner
than with standard graphs. Quantum graphs are now widely used in physics, chemistry
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and engineering (nanotechnology) problems, but can also be used, in principle, in the
analysis of complex phenomena taking place on large complex networks, including
social and biological networks. Such graphs are characterized by highly skewed degree
distributions, small diameter and high clustering coefficients, and they have topolog-
ical and spectral properties that are quite different from those of the highly regular
graphs, or lattices arising in physics and chemistry applications. Quantum graphs are
also used to model thin tubular structures, so-called graph-like spaces, they are their
natural limits, when the radius of a graph-like space tends to zero. On both, the graph-
like spaces and the metric graph, we can naturally define Laplace-like differential
operators. See [3,4,19,29].

Among properties that are relevant in the study of quantum graphs is the study of the
spectrum of the associated differential operator. In particular, the so-called spectral
gap (this concerns bounds for the first nontrivial eigenvalue for the Laplacian with
Neumann boundary conditions) has physical relevance and was extensively studied in
recent years. See, for example, [19,20,22,23] and references therein.

In this paper we are interested in the eigenvalue problem that naturally arises when
we consider the p—Laplacian, (|u’|?~2u’)’, as the differential law on each side of the
graph together with Dirichlet boundary conditions on a subset of nodes of the graph
and pure transmission (known as Kirchoff boundary conditions, [18]) in the rest of
the nodes. To be concrete, given 1 < p < oo, we deal with the following problem: in
a finite metric graph I" we consider a set of nodes Vp and look for the minimization
problem

Sy lu'@0)1P dx

[ uGowrds ue XU, Vp),u#0;, (1.1
r

A.p(I, Vp) = inf [

where X (I, Vp) = {v € Wl’l’(l’): v is continuous in I, v = 0 on Vp}.
There is a minimizer, see Sect. 3, that is a nontrivial weak solution to

—(1'1P72u'Y (x) = A1, (I, Vp)|ul”"2u(x) on the edges of I,
u(v) =0 Vv e Vp,

w172 au (1.2)
> =) V) =0 Vv € V(IN\Vp.
ecEy(I") Xe

0Xe

Our main results for this eigenvalue problem can be summarized as follows (we
refer to the corresponding sections for precise statements):

— we show that there is a first eigenvalue with an associated nonnegative eigenfunc-
tion, that is, the infimum in (1.1) is attained at a nonnegative function. We provide
examples that show that A ,(I", Vp) can be a multiple eigenvalue or a simple
eigenvalue depending on the graph.

— We find a sharp lower bound for the first eigenvalue that depends only on the total
sum of the lengths of the edges of the graph, £(I"), namely

1 p
A,pI, Vp) = C(p) (m) ,
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here the constant C(p) is explicit and depends only on p.
— We find a sharp upper bound for the first eigenvalue depending on the total sum of
the lengths of the edges, £(I"), and the number of edges of the graph, card(E (1)),

)4
3y V) < C(p) (M) ,

)

again the constant C(p) is explicit and depends only on p.

— Under the assumption that the first eigenvalue is simple, we find a formula for its
shape derivative when we perturb the graph by changing the length of an edge.
In the case of a multiple eigenvalue, we provide examples that show that the first
eigenvalue is not differentiable with respect to the lengths of the edges of the graph
(but it is Lipschitz).

— We study the limit cases p — oo and p — 1. For p = oo we find a geometric
characterization of the first eigenvalue and for p = 1 we prove that there exist the
analogous of Cheeger sets in quantum graphs.

Note that without a bound on the total length of the graph the first eigenvalue is
unbounded from above and from below the optimal bound is zero and without a bound
on the number of Dirichlet nodes it is not bounded above even if we prescribe the total
length. Therefore our results are also sharp in this sense. Also remark that our results
are new even for the linear case p = 2.

Let us end this introduction with a brief discussion on ideas and techniques used in
the proofs as well as a description of the previous bibliography.

Existence of eigenfunctions can be easily obtained from a compactness argument as
for the usual p—Laplacian in a bounded domain of RY see [13]. However, in contrast
to what happens in the usual case of a bounded domain, see [2], the first eigenvalue is
not simple, we show examples of this phenomena.

Eigenvalues on quantum graphs are by now a classical subject with an increasing
number of recent references, we quote [7,12,20,23]. The literature on eigenfunctions
of the p—Laplacian, also called p—trigonometric functions, is now quite extensive:
we refer in particular to [25-27] and references therein.

The upper and lower bounds comes from test functions arguments together with
some analysis of the possible configurations of the graphs.

For the shape derivative when we modify the length of one edge we borrow ideas
from [14].

Concerning the limit as p — oo for the eigenvalue problem of the p—Laplacian
in the usual PDE case we refer to [5,6,16,17]. To obtain this limit the main point is
to use adequate test functions to obtain bounds that are uniform in p in order to gain
compactness on a sequence of eigenfunctions.

Finally, for p = 1 we refer to [8,11,28]. In this limit problem the natural space that
appear is that of bounded variation functions, see [1]. Remark that when considering
bounded variation functions we loose continuity.

The paper is organized as follows: in Sect. 2 we collect some preliminaries; in
Sect. 3 we deal with the first eigenvalue on a quantum graph and prove its upper and
lower bounds; in Sect. 4 we perform a shape derivative approach of the first eigenvalue



L. M. Del Pezzo, J. D. Rossi

showing that it is differentiable when we change the length of one edge and providing
an explicit formula for this derivative; in Sect. 5 we study the limit as p — oo of the
first eigenvalue while in the final section, Sect. 6 we look for the limit as p — 1.

2 Preliminaries
2.1 Quantum graphs

We collect here some basic knowledge about quantum graphs, see for instance [4] and
references therein.

A graph I" consists of a finite or countable infinite set of vertices V(I") = {v;} and
a set of edges E(I") = {e;} connecting the vertices. A graph I" is said a finite graph
if the number of edges and the number of vertices are finite.

Two vertices u and v are called adjacent (denoted u ~ v) if there is an edge
connecting them. An edge and a vertex on that edge are called incident. We will
denote v € e when e and v are incident. We define E, (/") as the set of all edges
incident to v. The degree d, (I") of a vertex V(1) is the number of edges that incident
to it, where a loop (an edge that connects a vertex to itself) is counted twice.

We will say that v is a terminal vertex if there exists an unique vertex u € V(I")
such that u ~ v. Let us denote by T(I") the set of all terminal vertices.

A walk is a sequence of edges in which the end of each edge (except the last) is the
beginning of the next. A trail is a walk in which no edge is repeated. A path is a trail
in which no vertex is repeated. A graph I" is said connected if a path exists between
every pair of vertices, that is a graph which is connected in the sense of a topological
space.

A graph I' is called a directed graph if each of its edges is assigned a direction. In
the remainder of the section, I" is a directed graph.

Each edge e can be identified with an ordered pair (v, ue) of vertices.The vertices
ve and u, are the initial and terminal vertex of e. The edge € is called the reversal of
the edge e if v = u. and uz = v.. We define

E(IN) == {é: e e E(IN)}.

The edge e is called outgoing (incoming) at a vertex v if v is the initial (terminal)
vertex of e. The number of outgoing (incoming) edges at a vertex v is called outgoing
(incoming) degree and denoted d (I") (d!, (I")). Observe thatdy (I") = d9(I")+d,(I").

Definition 2.1 (See Definition 1.2.3 in [4]) A graph I is said to be a metric graph, if

1. each edge e is assigned a positive length ¢, € (0, 4+-o0];

2. the lengths of the edges that are reversals of each other are assumed to be equal,
that is £ = £g;

3. acoordinate x. € I. = [0, £.] increasing in the direction of the edge is assigned
on each edge;

4. the relation x; = €. — x. holds between the coordinates on mutually reserved
edges.
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A finite metric graph whose edges all have finite lengths will be called compact.
If a sequence of edges {e j}”_l forms a path, its length is defined as Z i—1 Le;. For
two vertices v and u, the dlstance d(v,u) is defined as the minimal length of the
path connected them. A compact metric graph I" becomes a metric measure space by
defining the distance d(x, y) of two points x and y of the graph (that are not necessarily
vertices) to be the short path on I” connected these points, that is

1
d(x,y) =inf [/ ly’(®)|dt: y: [0, 1] — I Lipschitz, y(0) =x, y(1) = y] .
0

The length of a metric graph (denoted £(17)) is the sum of the length of all edges.

A function u on a metric graph I is a collection of functions u. defined on (0, £.)
for all e € E(I7), not just at the vertices as in discrete models.

Let 1 < p < oo. We say that u belongs to L?(I") if ue belongs to L? (0, £.) for all
e E(I") and

Il ry = D Nellp g,y < 0©-
ecE(I)

The Sobolev space W7 (I) is defined as the space of continuous functions « on I”
such that ue € WP (I.) for all e € E(I") and

P — 4 P
by = 22 el 7o, + 14ENTr0,0) < 00
ecE(IN)

Observe that the continuity condition in the definition of W17 (I") means that for each
v € V(I), the function on all edges e € E, (/") assume the same value at v.

The space W17 (I") is a Banach space for I < p < oo. Itisreflexivefor1 < p < 0o
and separable for 1 < p < oo.

Theorem 2.2 Let I" be a compact graph and 1 < p < oo. The injection WP (I") C
L9(I") is compact forall 1 < g < oo.

A quantum graph is a metric graph I" equipped with a differential operator H,
accompanied by a vertex conditions. In this work, we will consider

Hu)(x) = —Apu(x) = —(u' ()"’ (x)).
Given Vp a non empty subset of V(I"), our vertex conditions are the following

u(x) is continuous in I,
u(v) = O Vv € VD,

2

eeE,(IN)

2.1

( )’ —(V) =0 VveVI)\Vp,

where the derivatives are assumed to be taken in the direction away from the vertex.
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Throughout this work, [}~ u(x)dx denotes 3" g f(fe ue(x)dx.

2.2 Eigenvalues of the p—Laplacian in R
Here we present a brief review concerning eigenvalues of the I-dimensional

p—Laplacian. For a more elaborate treatment we refer the reader to [24].
Let p € (1, +00). Given L > 0, all eigenvalues X of the Dirichlet problem

—(lW' 1?72’y = Au|P~2u  in (0, L),
u(0) = u(L) = 0,

are of the form

P p
oy = (52) 2 VneN

with corresponding eigenfunctions

al . niw
1y (x) =~ sin, (T"x) .« eR\{0)
14

where 7, = Sm(”/p), I/p+1/p" =1, and sin, is the p—sine function.
Then the ﬁl;st Dirichlet eigenvalue is

= (22)" L, 2.2)

and has a positive eigenfunction (any other eigenvalue has eigenfunctions that change
sign).

Remark 2.3 Observe that {1, ,} coincides with the Dirichlet eigenvalues of the Lapla-
cian when p = 2.

3 The first eigenvalue on a quantum graph

Let I" be a compact connected quantum graph and V p be a non-empty subset of V(I7).
We say that the value A € R is an eigenvalue of the p—Laplacian if there exists non
trivial function u € X(I", Vp) := {v € WhP(I"): v = 0 on Vp} such that

/|u/(x)|p_2u’(x)w/(x)dx=A/ () [P 2u(x)w(x) dx
r r

for all w € X. In which case, u is called an eigenfunction associated to A.
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Recall from the introduction that the first eigenvalue of the p—Laplacian is given
by

/ 14
hap (T, VM:inf[M' ” eX(r,VD),u¢0}. 3.1)

Jr luCoPdx

By a standard compactness argument, it follows that there exists an eigenfunction
associated to A1, (I", Vp). Note that when Vp # ¢ the norm in wlp (I') is equivalent

to (fp |u/|17)1/[7 = (ZeeE(F) ||ué||€p(0’ge))l/p~

Theorem 3.1 Let I be a compact connected quantum graph, Vp be a non-empty
subset of V(I') and p € (1, 400). Then there exists a non-negative uy € X(I", Vp)
such that

Sy lup(o)1P dx

A I'Vp) = .
Lyt V) [ luo ()7 dx

Moreover, ug is an eigenfunction associated to A1 ,(I", Vp).

Proof Let {u,}pen C X (17, Vp) be a minimizing sequence for Ay, (I", Vp), that is,

)‘I*P(F’VD):nlinéo/ |ul, (x)|P dx, /|un(x)|pdx:1 Vn € N.
r r

Note that we can assume thatu,, > 0. Then, there exists C > 0 such that ||u,, || wlery <
C forall n € N. Therefore, using that X' (I", Vp) is a reflexive space and Theorem 2.2,
there exist ug € X'(I", Vp) and a subsequence that will still call {u, },cn such that

u, — ug, weakly in X(I, Vp), (3.2)
un, — ug, strongly in L?(I"). 3.3)

As lupllppry = 1foralln € N, by (3.3), we have that |[ugllr(ry = 1. Then ug # 0.
On the other hand, by (3.2),

A, p(I',Vp) = nlgrolo/p |u;l(x)|p dx > /F |u6(x)|pdx.

Then, by (3.1), we get

M (T VD) = [ ol dx.
r
Finally, it is clear that ug is an eigenfunction of the p—Laplacian associated to
ApI, Vp). O

Remark 3.2 Note that, if Vp C V/D C V(I') then A (I", Vp) < M ([, V/D), due to
X(I',V}) C X(I', Vp).

Our next result shows that the first eigenvalue is simple if the Dirichlet vertices are
terminal vertices.
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Theorem 3.3 Let I be a compact connected quantum graph such that T(I") # §,
and p € (1,+00). If Vp C T(I") is non-empty then the eigenfunctions associated
to M,p,(I", Vp) do not change sign and, in addition, A1, ,(I'", Vp) is simple. Here
card(V(I")) is the cardinal number of V(I').

Proof Let u be an eigenfunction associated to A1, , (I, Vp). We have that |u| is also a
minimizer of (3.1). Then, without loss of generality, we can assume that # > 0 in I

Letv e Vp andu € V(D) such that v ~uand u # 0 in I,, where eg € E(I") and
v,u € eg. Then, by the maximum principle (see [30]), we have that u > 0 in (0, £,).
Moreover if u(u) = 0, by Hopf’s lemma, u’(u) > 0, and this contradicts the Kirchhoff
conditions at u. Hence u(u) > 0. Thenu > 0in (0, ¢,) foralle € E,(I"). We continue
in this fashion obtaining # > 0 in I". Once we have that every eigenfunction does not
change sign we get simplicity for A1 , (I, Vp) arguing as in [25]. O

Remark 3.4 In general, the first eigenvalue is not simple. For example, let I" be a
simple graph with 3 vertices and 2 edges, that is V(I") = {v1, vz, v3} and E(I") =
{[vi, v2l, [v2, v3]}. Let Vp = {vi, v2, v3}.

I
@ > @ > @
Vi L V2 L v3

TH\P P
Then i1, (I", Vp) = ( ) 2 and
p

L . Tp .
— sin, (Tx) ifx € Iy, vy =10, L],

u(x) = 7p
0 otherwise,
L . Ty .

o(x) = 7'(_,, sin,, (Tx) ifx € Iy,,vy =10, L],
0 otherwise,

are two linearly independent eigenfunctions associated to A , (1", Vp). The reason for
this lack of simplicity is that the vertex v, can be understood as a node that disconnects
rI.

Now, we give a lower bound for the first eigenvalue of the p—Laplacian which does
not depend on V(I"), E(I") and V p. For the proof of the next theorem we follow the
ideas of [21].

Theorem 3.5 Let I" be a connected compact metric graph, V p be a non-empty subset
of V(I') and p € (1, +00). Then

T 7 p
M (T, Vp) > P =,
Lol Vo) = (wr)) P’
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Proof Let I" be a metric graph obtained from I" by doubling each 1edge. Then E(IN) =
E(I) UE(F) V(F) V(I'), and dV(F) is even for all v € V(F)
On the other hand, given u € X (I, Vp) we can define u € X(F, Vp) such that

Ue(Xe) = Ue(Xe) Vx. € I, ife e E(IN)

Ue(xe) = ue(be — xo) Vxe € I otherwise .

Moreover

/~ [’ (x)|P dx = 2/ lu'(x)|” dx, and /~ [ (x)|P dx = 2/ lu(x)|? dx.
r r r r

Then B
A, p(I",Vp) < X1,,(I', Vp). (3.4

On the other hand, there exists a closed path on r coming along every edge in r
precisely one time, due to dv(f )iseven forallv € V(F ), see [9,15]. We identify this
path with a loop £ on a vertex vo € Vp of length less than or equal to 2¢(1"). Observe
that £ is a metric graph,

€L) <26(I') and A1 p(L, {Vo}) < A1, p(I", Vp). (3.5)
Moreover,

. f£|u/(x)|pdx_
)\.1’p(£, {V()}) = inf IW

SO e dx
= lIlf ((2)—: u e
JEO ()P dxe

7\ p
= — — (by (2.2)).
(m:)) y e

e X(L, {vo)), u # 0]

Wy P (0, £(2)), u # 0}

Therefore, by (3.4) and (3.5),

~ o T p Tp r p
M,p(I',Vp) = A1,p(I", VD) = A1, p(£, {vo}) = m 7z > )

which is the desired conclusion. O

The lower bound given in the above theorem is optimal as the following example
shows.

Example 3.6 Let I" be a simple graph with 2 vertices and an edge, that is, V(I") =
{vi, vo} and E(I") = {[v1, v2]}. Let Vp = {vi}.

Vi @
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Then

' )17 dx
[ ()P dx
| W o1P dx
=1nf Z(F)—:
T3 )P dx

. [ff‘“”lu’(x)l”dx
u

= inf :
20T
T uop dx
()2
0] p-
Example 3.7 Let I" be a star graph with n 4 1 vertices and n edges, thatis, V(I") =
{vo,vi,....vp} and E(I") = {[vi, vol, [vi, val, ..., [V1, val}. Let Vp = {vi}, ¢ > 0

and £([vy,vo]) = L — (m — 1)e and £([vy,Vv;]) = e foralli € {2,...,n}. Then
LIy=>L.

)Ll,p(F,VD)zinf[ ueX(F,VD),u;éO]

ue WhP,4I)), u(0) =0, u £ 0}

€ WyP(0,20(I), u # 0]

V3
V4 V2 I

Vo \4!

Vs vr7
Ve

Then

T P T\ P T\ P
AS (I, Vp) = " ) P (_p) ﬂz(_p) P
P 2(L—m—1e)) p 2L p’ 2L p’
as ¢ — 0. Hence, given L > 0 we have that

inf {)»1,1,(1", Vp): I''isastar graph, (") = L, # Vp C V(F)}
Tp\P
is equal to (—p) ﬂ
2L) p’
Finally, we give an upper bound for the first eigenvalue of the p—Laplacian.

Theorem 3.8 Let I” be a connected compact metric graph, V p be a non-empty subset
of V(I') and p € (1, +00). Then

R '’

1V < (SUETIY 2
NASK) = p

where card(E (I")) is the number of elements in E(I").
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Proof Let ey € E(I") such that £,, = max{{,: e € E(I")}. Then

- card(E (1))

3.6
“Z = (3.6)
On the other hand, taking
L
=0 gin,, (@x) if x € I,
u(x) =1 mp Leg
0 otherwise,
and using (3.6), we have that
u' (x)|P dx P P
My Vo) < Jop W @ON dx (Q) P (card(E(r))np) Ly
o [H(X)|P dx ley) P «r) p
This completes the proof. O

The upper bound is also optimal.

Example 3.9 Let I' as in Eample 3.6 and Vp = {vy, v2}.
r

Vi @ ® V2

or)
Then
Pp

card(E(1")) =1 and Ay ,(I", Vp) = (;(T_]I_")) ?

Example 3.10 Let I" be a star graph with n + 1 vertices and n edges, thatis V(I") =
{vo,vi....,va} and E(I") = {[v1, vol, [V2, Vol . ... [Va, Vol}. Let Vp = V(I") and
£([vi,vo]) =L foralli € {1,...,n}. Then £(I") = nf = card(E(I"))L.

V3
Vg 4 Vo
r
L
Vo Vi
A
Vs ® vr7

Ve
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Then

Jp( V) = (22)

”ﬁ_(wyﬁ
L a p"

14 &I
Hence, given L > 0 and n € N we have that
max {A1,,(I", Vp): I' is a star graph, £(I") = L, card(E(I")) = n, ¥ # Vp}
p
is equal to (@) £
L )24

4 The shape derivative of A1, ,(I", Vp)

The aim of this section is to study the perturbation properties of A1 ,(I", Vp) with
respect to the edges.

More precisely, let eg € E(I") such that ep = [u, v], we consider the following
family of graphs {Is}scr Where for any §

V(Is) =V, E(I}3) =E([})

and the length assigned to e € E(I) is

0 ley +6  if e = e,
¢ e, otherwise.

The problem of perturbation of eigenvalues consists in analyzing the dependence of
A(8) := A1,p(Is, Vp) with respect to §. Note that A(0) = Ay ,(I", Vp).

Lemma 4.1 Let I be a connected compact metric graph, V p be a non-empty subset
of V(I') and p € (1, +00). Then function A(8) is continuous at 6 = 0.

Proof Let u be an eigenfunction associated to A(0) with |lu||.»ry = 1. Then

V4
u( € x) if x € I,
wts(x) = £60+8

u(x) otherwise,

belongs to X' (I's, Vp) for all §. Therefore for any &

S, w5001 dx
T, Tws ()P dx

Le Lo +6
ZeeE([‘)\{eo} fo |u' (x)|7 dx + fo 0

A(0) =

(o5 () o
Cey 40 Cey + 6

leg+9 u( Loy x) b
Cog +0

Lo
ZeeE(I")\{eo} fo lu(x)|P dx + fo dx
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o !
u'(x) |p dx (ﬁ)
eo

¢ +34
2 ecB(IM\ feo) fo |u(x)|P dx +fo lu(x)]” dx fot?

€0

D ecB(IM\ feo) fog ' ()P dx + foe0

Since u is an eigenfunction associated to A(0) and [lu|lL»(r)y = 1, we have that

Loy p=l Lo P
A0) + —1 f u(x)| dx
Loy +6
AB) < 53 V. “4.1)
T4+ — [ lu(x)|? dx
Ley
Therefore
limsup L(§) < A(0). “4.2)

§—0

Then to show that A(§) is continuous at A = 0, it remains to prove that

lign i(I)lf A(8) = X(0). (4.3)

Let u;s be an eigenfunction associated to A(8) normalized by |lus||» ;) = 1. Then,
for any §

£ 1)
us « + X if x € Iy,
Leg

us(x) otherwise,

vs(x) =

belongs to X' (I', Vp). Moreover

los L o, =/ s ()P dx

= > /|u5(x)|pdx+/

s (45)
us K—x
e€E(IM)\{eo) 0

Cog+8
- > /'“S(X)'pd”(eeﬁa)/ s (oI dx

ecE(I")\{eo}

S Ee0+3
—1- / lus(OIP dx
eeo + 8 0

p
dx

e

4.4)
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for all §, and
wwﬁm=ﬂmwnww
> / |u5(x)|pdx+/

0 y (eeo + 5x) P (zeo + 5)pdx
e€E(IM)\{eo} beg beo

§ \PL [lets
Z / luy (x)|7 dx + ( _) / ‘ug(x)|1’ dx.
eeo 0

ecE(IM)\{eo}
Hence
i s\ P! Cey+;
0517 oy =2 + | {1+ — -1 / |us(x)|” dx. 4.5)
L geo | 0
Then ~ 1 _
s\~ .
A(8) + (1 + z_) | Sy o o) dx
2(0) < - — (4.6)
1-— O s ()P dx
b ol
for all 6.

Let {§;}jen such that §; — 0 as j — oo and

lim A(§;) = hm 1nf A(6). 4.7

J——+oo

Then, by (4.1), (4.7), (4.4), and (4.5), {vs;};eN is bounded in WL-P(I'). Hence there
exist a subsequence (still denote {v;};en) and ug € X'(I", Vp) such that

vs; — uo weakly in W"P(I"),

vs; — uo strongly in L”(I").

Then, by (4.4), we have |lug|lL»(ry = 1. In addition, by (4.5) and (4.7), we get
20 = [ el dx
r
< liminf/ lvg (x)|P dx
jotoo Jro

8 p-l L9
< liminf A(§;) + (1+—) —1 /
j— oo Ley 0

— lim inf A(3).
§—0

u:;j (x)‘p dx
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Therefore (4.3) holds.
Thus, by (4.2) and (4.3), the function A(§) is continuous at § = 0. O

Corollary 4.2 Let I" be a connected compact metric graph, V p be a non-empty subset
of V(I'), p € (1,400) and us be an eigenfunction associated to M(8) normalized by
lusllLr(rsy = 1. Then there exists a subsequence §; — 0 and an eigenfunction ug
associated to A(0) such that

vs; — Uo strongly in X(I", Vp)

as j — 400 where

Loy + 6
us; (eo—x) ifx €1,
U(Sj (.X) = eeo
us; (x) otherwise.
Moreover |ugllLrry = 1 and
Loy +5; I
. - p _ P
lim |u5j(x)| dx —/ lug(x)|? dx,
J= Jo 0
. £e0+8j , p Zeo ,
lim uj(x)‘ dx = lug(x)|P dx.

Proof Let {§;}en such that §; — 0 as j — oo. By (4.4) and (4.5), we have that

p 8; Leo+0; p
”v‘sj”LP(I"):l_ge +5]_A |Ml(x)| dx
0

-1 y .
TP s LAY b
”va»”Ll)(p) —)‘-(81)+ 1+ 1
! Eeo 0

By Lemma 4.1, we have that A(8;) — A(0). Then {vgj } jen is bounded in X (I, Vp),

, p
ugj(x)‘ dx.

lvs; 1 2oy = 1. (4.8)
||U¢/sj||€p(1~) — 1(0), 4.9)

as j — oo. Therefore there exists a subsequence (still denoted {vs;};en) and ug €
X (I', Vp) such that

vs; — uo weakly in whr(r,

vs; — uo strongly in L”(I").

Then, by (4.1), we have |lug|l.»(r) = 1. In addition, by (4.2), we get

2(0) =/ |u6(x)|”dx §liminf/ |v}(x)|”dx=k(0).
r Jj—>+oo Jr
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Therefore uq is an eigenfunction associated to A(0) and
||U(Sj||lep(F) = lluollwirr

as j — oo. Since Vs; = Uo weakly in WLP(I'), we have that vs; — U strongly in
WL-P(I'). Then vs; — uo strongly in W]’P(Ieo) and hence

Le £ Loyt
€0 €0 L e T0j
/ lup()|? dx = lim / lvs, ()P dx = lim ( 0 )/
Jo j—00.J0 / j—=oo \Ley 65/ Jo

ty ty 8, \P~! [latsi
/ lug(x)|P dx = lim / lvs (x)|Pdx = lim (1—|——) /
0 j—00Jo i Jj—00 ey 0

that is,

us; (x)’p dx,

p
uéj (x)‘ dx,

eeo E€0+5]‘
/ lup(x)|” dx = lim / |us; (x)|” dx,
0 J=2J0 ’

eeo Zeo‘l’sj
/ lup(x)|” dx = lim
0

Jj—00 Jo

u/j(x)‘pdx,

which completes the proof. O

Before proving that the function A is differentiable at § = 0 when the first eigenvalue
is simple, we will show that, in the general case, A is differentiable from the left and
from the right at § = 0.

Lemma 4.3 Let I” be a connected compact metric graph, V p be a non-empty subset
of V(I') and p € (1, +00). Then the function A(8) is left and right differentiable at
8 =0and

_ _ Le Le,
lim A —2O = min [—u/ ' |u/(X)|pdx — iO)/ ’ |u(x)|pdx} .
uek Ley 0 Ley Jo

§—07t 1)

_ _ Le Le,
lim A0 — 0 = max I—M/ ' ’M/(x)|p - @/ ’ lu(x)|? dx] ,
uek Eeo 0 KE() 0

5—0- 1)

where & is the set of eigenfunctions u associated with 1.(0) normalized by ||ullLr () =
1.

Proof We split the proof in several steps.

Step 1. We start by showing that

— _ Le Le
lim sup 1)~ 1O < b 1)/ ’ |u’(x) |pdx — @/ ’ lu(x)|? dx
8 eeo 0 Eeo 0

s—0+ B

for any eigenfunction u associated to A(0) normalized by |lu|rr ) = 1.
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Let u be an eigenfunction associated to A(0) normalized by |ullz»r) = 1. By
(4.1), we have

( ' )H—l o [0/ @) |” dx = 20 3 (@) dx
Cey + 6 0 ba ™"

A(8) =1 (0) < T
L+ — [ lu()|? dx
Ley
for all §. Then
( Ceo )”‘1 X
by +8 Wl e MO
dx — —= [ P
15) = 0) _ 5 Jo™ ) [P dx = 5= [y o)1 dx

) L = o ol dx

€0

for all 6 > 0. Therefore

A(8) — A(0 —1) [ 2(0) [t
fim sup = — O _ (P )/ "W | dx = 2 )/ * ol dx.
§—0t 8 Eeo 0 geo 0

Step 2. With a similar procedure, we obtain

A(8) — A0 —1) [t O
liminf X»=2@ @ )/ "l ey | dx — MO o dx.
§—0~ 1) geo 0 EeO 0

for any eigenfunction u associated to A(0) normalized by [lu|lr ) = 1.

Step 3. Now we show that there exists an eigenfunction u( associated to A(0) normal-
ized by |lugllzr(ry = 1 such that

A(8) — A(0 —1) [l A(0) [t
liminf 20— 20 )/ " Jup ) |” dx — ()/ " uo (P dox.
) 660 0 geo 0

§—0t -

Let u;s be an eigenfunction associated to A(8) normalized by |us| r(ry) = 1. By
(4.6), we have

A(6) —A(0) > —&
=BG

where

Zeo 'HS j

A(8)S Zgo+3 j
®) |ug(x)|pdx

AO= ey P[0+ 1

S Zeo—i-ﬁ »
B(6)=1-— —/ lus(x)|” dx.
(Ley +8) Jo
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Then
A(S)
A(8) — A0
® -2 3 (4.10)
) B(5)
forall 8§ > 0. Let {3} je such that §; — 0T as j — oo and
A(8;) — A0 A(8) — A0
lim 20D A e 2O~ 2O 4.11)
Jj—>+00 8j §—07t 1)

Then, by Corollary 4.2, there exist a subsequence (still denoted §;) and an eigenfunc-
tion ug associated to A(0) such that

llwollLrry = 1,

lgo+3_j ee()
lim |us; (x)|" dx =/ luo(x)|” dx,
0

j= Jo
Ke0+8j P Ze‘o
lim u’-(x)} dx=/ lug(x)|P dx.
J—o0 /o / 0
Therefore
A(S: -1 Le, 20 L,
im 20D _ )/ g |7 dx - ()/ " luo()I” dx,
jotoo 3 ley Jo ey Jo
lim B(§;) = 1.
Jj—>+00

In addition, by (4.10) and (4.11), we get

- _ t e
limint 2@ —20 o D / ' |ug(x) " dx — MO)/ " up()lP dx.
) Eeo 0 Keo 0

§—0t -

Hence, by step 1, we have that

L AB)—AO)  (p=1) oy A(0) [t
81_1)%1+ 5 - Eeo /0 |M0(x)| dx — Zeo A |u0(x)|l7 dx.

Step 4. In the same way, we can show that there exists an eigenfunction vy associated
to A(0) such that

L AO=AO0)  (p=) [l _A((»/‘fo ,
81587 ; = 0 /0 lvgx) |7 dx o Jh lvo(x)|? dx.

O

Thus, if the first eigenvalue is simple then the function A(§) is differentiable at
5 =0.
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Theorem 4.4 Let I be a connected compact metric graph, V p be a non-empty subset
of VII') and p € (1, +00). If the first eignevalue A1 ,(I", Vp) is simple, then the
function A(8) is differentiable at 6 = 0 and

— Le Lo
A(0) = _(p D / ’ |u6(x) |pdx — ?/ ‘ luo(x)|? dx
€ 0 ep JO

14

where ug is an eigenfunction associated to A(0) normalized by |[u||Lrr) = 1.

Remark 4.5 Note that the result of Theorem 4.4 does not hold if we remove the
assumption that the first eigenvalue is simple. For example, let I" defined as in Remark
3.4 and e¢g = [v2, v3] we have that

_ _ I3 C
i H® =0 :mm[_u/ Wl a0 [ olu(x)|pdx]
uek L 0 L 0

§—07F 1)

e
zmin[_w 0|u(x)|de} Z_M’
uel L L
_ _ Le, fg)
lim M — max I—(p 1)/ ‘ |u/(x) |pdx — @/ ( lu(x)|? dx]
50 8 ueé L Jo L Jo
Le
=maxi—m Olu(x)lpdx] =0.
uek L

Hence A is not differentiable (but Lipschitz) at 6 = 0.

5 The limit as p — oo

In this section we deal with the limit as p — oo of the eigenvalue problem (3.1).

Theorem 5.1 Let I" be a connected compact metric graph, V p be a non-empty subset
of V(I'), and u , be a minimizer for (3.1) normalized by |\u,||Lr(ry = 1. Then, there
exists a sequence p; — o0 such that

Up, = Uoo

uniformly in I" and weakly in W4 (I") for every g < oo.
Moreover, any possible limit u~, is a minimizer for

v’ o)
Aoo(I", Vp) = inf W=y o Wl (), v =00nVp,v £ 0] .
lvll Loy

This value Ao (I', Vp) is the limit of Ay (I, VD)l/p and can be characterized as

1

A(I',Vp) = ———.
oo ») maxd(x, Vp)
xel’
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Note that

1
d(x,Vp) == in d(x, V).
mide Vo) = 3 max iy d.
Proof In this proof we use ideas from [17]. Let u;, be an eigenfunction associated
with A , (I, Vp) normalized by |lu,|lLrry = 1. We first prove a uniform bound
(independent of p) for the L?-norm of u/p.To this end, take v any smooth function that
vanishes on Vp. Using that u, is a minimizer for (3.1) we obtain

S 1, 017 dx _ Ip WP dx
Jrlup@)1Pdx = [ lv@)|Pdx’

hence we get

Y (@I de) T
/ P Jriv L T
(/r'“"(x” dx) S(frw(x)vwlx) '

Now we observe that

1
(fp |v/<x>|f’dx) Il
Jr w07 dx vl

as p — oo. Therefore, we conclude that there exists a constant C independent of p

such that
1/p
(/ |u;(x)|pdx) <C.
r

Then, by Holder inequality, we have

l/q 1/p
(/ |u:,,(x)|q dx) < card(E(p))l/q (/ |u:”(x)|p dx) E(F)(p—q)/pq
r r

< Ccard(E(I))ae ()"~ /lre
forall 1 < g < p. Then we obtain that the family {u,},>, is bounded in wha(r) for
any ¢ < oo and therefore by a diagonal procedure we can extract a sequence p; — 00
such that

Up;, = Uoo

uniformly in I" and weakly in W14 (I") for every g < oo.
From our previous computations we obtain

1/q "Iy oo
(/ |u:>o(x)|q dx) < ”v”L—(mcard(E([‘))l/qg([')‘/q
r lvllLoo(ry
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and then (taking ¢ — 00) we conclude that

V'l (r)

lupglloo(ry < )
vl Loy

for every v smooth that vanishes on Vp.
Now, using that u,; converges uniformly to u, we obtain that

ool Loy = 1.

In fact, we have

1/p 1/p 1/p
(/ |uoo(x>|"dx) 5(/ |uoo<x>—up<x>|”dx) +(/ |up(x>|”dx)
I I r

1/p
= (/ |uoo(x)—up(x)|pdx) + 1.
r

Now we have that

1/p
(/ |uoo<x>—up<x>|1’dx) < oo — tpllLoo(ry€(I)"" — 0
I

as p — oo and we conclude that [lus || ooy < 1. On the other hand,

1/p
1= (/ |up(x)|pdx)
r 1/p 1/p
- (/ |uoo(x)—up(x)|de) + (/ |uoo(x)|de)
I I

and then we obtain the reverse inequality, |[uoo|[zoo(r) > 1.
We have proved that u, is a minimizer for

/
Aoo(I, Vp) = inf [”””L—(”: ve W), v=00nVp,v £ o] .
lvll Loy
and that
Mp (I V)P — Aso(I, V)
as p — oo.

It remains to show that

1

Ax(I','Vp) = ————.
D) = e @ VD)
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To this end, first let us consider a point zg € I" such that
maxd(z, Vp) = d(zo, Vp)
zel’

and the cone

1
v(x) = (1 — md(x, ZO))+ .

This function v is Lipschitz and vanishes on Vp, hence it is a competitor for the
infimum for A (I, Vp) and then we get

1
Axc(I', Vp) < = .
(" V) d(z0,Vp) maxserd(z,Vp)

To see the reverse inequality we argue as follows: let v be a smooth function vanishing
on Vp and normalizeitaccordingto ||v| z () = 1.Letzy € I"besuchthatv(zy) = 1.
Since z; € I' it holds that

maxd(z, Vp) > d(z1, Vp).
zell

Hence there is a vertex v € Vp such that

maxd(z, Vp) > d(z1, V),
zell

and we get
1 =v(z1) —v(v) = V' (E)d(z1, V) = [V'(§)] Iznearxd(z, Vbp).

We conclude that

1
/
VlLoo(ry =2 —————
Il = e d @ Vi)
and therefore

1

Aoc(I',Vp) > —M8M8M .
ol p) = max;er d(z, Vp)

This ends the proof. O
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6 The limitas p — 1

In this section we study the other limit case, p = 1. We will use functions of bounded
variation on the graph (that we will denote by BV (I")) and the perimeter of a subset
of the graph (denoted by Per(D)). We refer to [1] for precise definitions and properties
of functions and sets in this context.

Theorem 6.1 Let I be a connected compact metric graph, V p be a non-empty subset

of V(I'), and u, be a minimizer for (3.1) normalized by |\up|l 1y = 1. Then, there
exists a sequence p; — 17 such that

I/t[,j — U]

in LY(I").
Moreover, any possible limit uy is a minimizer for

/
AT, VD)=inf[w: veBV(F),v:OonVD,v;AO].

lvllzrcr
This value A\(I", Vp) is the limit of A1, ,(I", Vp).

Proof Without loss of generality, we can assume that u,(x) > O for all x € I'. Let
v, = (up)?. Then v, € WH1(£2) and

/v 1/p
<p (/1" u(x)? dx) (/F lu’ (x)|? dx)
p
P (/ |u ()P dx) :
r

Hence

p
v, v (fr |“};(X)|”dx)
<

A (I, Vp) < <p
(i lupCo)l? dx)

 lvpllLrary

= pr1p(I', V).

From where we get
A1(,Vp) < liminf Ay (I, Vp)"”. 6.1)
p—1t
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On the other hand, for any smooth function v that vanishes on Vp we have

_ U @Irdx)”

ML, Vp)/P <
T (o dx)

from where it follows

v/ (x)|dx
lim sup A (T, VD)l/P < M

Y ~ Jrlv(x)ldx
and we conclude that
limsupA; (I, Vp)/? < A1(I", Vp). (6.2)
p—>1t

Therefore, from (6.1) and (6.2) we obtain

linll+ M, Vp) = A(I', Vp). (6.3)
P

Moreover, by [10, Theorem4 Section5.2.3] we have that thereisu; € BV (I") such
that

||Mp,- —utllprgy >0

for a sequence p; — 17. From the lower semicontinuity of the variation measure (see
[10, Theorem]1 Section5.2.1]), we have

lutllpy(ry < liminf [lup; | Bv(r).
Pj"l
From this we conclude that every possible limit of a sequence of u, as p — 1is an
extramal for A{(I", Vp). O
Theorem 6.2 [t holds that

Per(D)
|D|

Al(F,VD)zinf[ :DCF,DﬂVD=QJ].

Proof We have

Per(D)
|D|

By Theorem 6.1, there exists a function u € BV (I"), u # 0, such that

Al(F,VD)fx\:inf[ :DCF,DOVDzﬂ].

lu' v
AT, Vp) = — 2

lullpiory
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We can consider without loss of generality that # > 0. Let
Er={xerl:ulx) >t}

We have
o0
Iu’I(F)z/ Per(E,)dt.
0

Hence, we get using Cavalieri’s principle,

0= u'llpvry — At V)llullpir

_ /O (Per(E,) — A1(I', V)|, dt

o0
> / (Per(E;) — M| E;|)dt = 0.
0

Therefore, we conclude that for almost every ¢ € R (in the sense of the Lebesgue
measure on R),

Per(E;) = A|E;]
and

A= AT, Vp).

Sets D* such that

Per(D Per(D*
D). her pavy =gl = FrPD
D| | D*|

inf

are called Cheeger sets. See [28] and references therein.

Example 6.3 To see that the optimal value A;(I", Vp) depends strongly on the geo-
metric configuration of the graph I", let us consider the following example: let I” be a
simple graph with 4 nodes (3 of them, the terminal nodes, are in Vp) and 3 edges as
the one described by the next figure:
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Let us compute

/
A V) = inf J IPIBYA) -y ry b = 0on Vv £ 0
vl i
. Per(D)
= inf W:DCT‘,DQV[):@ ,

in this case. As we will see its value (and the corresponding optimal set D*) depends

on the lengths a and b.

Per(D
First, let us compute the value of ﬂ for D = I". We have

|D|
|| =4(I"') =a+2b, and Per(I") = 3.
Hence

Per(I)) 3
«r)y  a+2b

On the other hand, if we consider D, the characteristic function of the edge of
length a we obtain

D =a, and Per(D,) =2,

and then
Per(D,) _ 2
| Dal
Per(D
Now we remark that any other subset D of I” has a ratio # bigger or equal

than one of the previous two sets. Therefore, we conclude that

if a < 4b,

a—+2b
A1(I',Vp) =

— ifa > 4b.

a
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