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Abstract We prove sharp regularity estimates for viscosity solutions of fully nonlinear
parabolic equations of the form

” —F(Dzu,Du,X, z) — f(X,1) in O, (Eq)

where F is elliptic with respect to the Hessian argument and f € L79(Q). The
quantity E(n, p,q) = % + 2 determines to which regularity regime a solution of
(Eq) belongs. We prove that when 1 < E(n, p,q) < 2 — €F, solutions are parabol-
ically o-Holder continuous for a sharp, quantitative exponent 0 < «(n, p,q) < 1.
Precisely at the critical borderline case, E(n, p,q) = 1, we obtain sharp parabolic
Log-Lipschitz regularity estimates. When 0 < E(n, p, g) < 1, solutions are locally of
class C I+o, 142 and in the limiting case E(n, p, ¢) = 0, we show parabolic C 1.Log-Lip
regularity estimates provided F has “better” a priori estimates.
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1 Introduction

The study of second order parabolic equations plays a fundamental role in the develop-
ment of several fields in pure and applied mathematics, such as differential geometry,
functional and harmonic analysis, infinite dimensional dynamical systems, probabil-
ity, as well as in mechanics, thermodynamics, electromagnetism, among others. The
non-homogeneous heat equation,

w—Au=f in Q=B x(—1,0], (1.1

where f € LP(Q1), p > #, represents the simplest linear prototype. Its mathe-
matical analysis goes back to nineteenth century and the regularity theory for such
an equation is nowadays fairly complete. The fully nonlinear parabolic theory is
quite more recent. The fundamental works of Krylov and Safonov [15,16] on lin-
ear, non-divergence form elliptic equations set the beginning of the development of
the regularity theory for viscosity solutions to fully nonlinear parabolic equations.
Since then this has been a central subject of research. Wang in [20,21] proves Harnack

inequality and C'*% 5" estimates for fully nonlinear parabolic equations, and Cran-
dall et al. in [4] develop an LP-viscosity theory, see also Imbert—Silvestre’s survey in
[8] as regards to existence, comparison and Holder regularity of viscosity solutions.
Krylovin[11,12] obtains C 2+, M estimates for solutions to u; — F’ (Dzu) = 0, under
convexity assumptions (see also [21, Section 4.3] for similar results), and Caffarelli
and Stefanelli in [ 1] exhibit solutions to uniform parabolic equations that are not C>!.

Non-divergence form parabolic equations involving sources with mixed integra-
bility conditions f € LP9(Q), as in (Eq) have also been fairly well studied in the
literature. Existence in suitable parabolic Sobolev spaces has been proven by Krylov,
see [13,14], see also the sequence of works by Kim [9, 10]. Insofar as regularity esti-
mates are concerned, only qualitative results are available when p and g are sufficient
large. Nonetheless, as in a number of physical, geometric and free boundary prob-
lems, obtaining a quantitative sharp regularity estimate for solutions is decisive for a
finer analysis. Hence, the purpose of this paper is to obtain sharp moduli of continuity
of solutions for second order parabolic equation (Eq), involving sources with mixed
norms, which depend only on dimension, p, ¢ and universal parameters.

Hereafter we denote by

- n 2
E(n,p,q)=—+—.
JZ

2
po’
where % <po <n+1is aconstant,! then solutions are parabolically «-Holder con-

The first quantitative regularity result we show states that if 1 < E(n, p, q) <

! The universal constant po is one which gives the minimal range for which the Aleksandrov—Bakelman—
Pucci—Krylov—Tso maximum principle holds for L?-viscosity solutions provided p > pg (cf. [4, Section
2] and [5] for more details).
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tinuous for the sharp exponent @ := 2 — E(n, p, q) (see Sect. 3 for the treatment of
this case).

Intuitively, as E(n, p, q) decreases, one should expect that regularity estimates of
solutions improve . The borderline is E(n, p, g) = 1, where we prove that solutions
are parabolically Log-Lipschitz continuous (see Sect. 4 for thls analysis). This resultis

a further quantitative improvement to the fact that u o o CZ (01) for any O<a<l.

When 0 < E(n, p,q) < 1, we show that solutions are C”ﬂ’ s ,forg <1 -—
E(n, p, q) (see Sect. 5 for this case). Qualitative results, when p = g > n + 1, were
previously obtained by Crandall et al. [4, Section 7] and Wang [21, Section 1.2].

Finally, we deal with the upper borderline case, f € BMO(Q1). Under appropriate
higher a priori estimates on F', we show that solutions are parabolically C llo’z,‘Og_Llp (01)

14+a
(see Sect. 6 for this approach). Particularly, u € C l];a’% (Q1) forany 0 < o < 1.

The table below provides a global picture of the parabolic regularity theory for
equations with anisotropic sources, in comparison with the sharp elliptic estimate
from [18]: where ¢ :=2 — E(n, p,q) and  := min{a™, 1 — E(n, p, q)}. Here ¢~
means o — ¢ forevery 0 < ¢ < a and € € (0, 5) is a universal constant.”

f e LP(B)) Regularity of u feLPaQ)) Regularity of 1
2_n P

noe=pen Cloe " (B1) 1< E(n, p,q) < "2 Cpoc (Q1)

p=rn Clac ™ (BY) E(n.p.g) =1 par — Co P (0))

p=n llr;:mn{ I_E (B1) 0< E(n,p,q) <1 Cllntﬂ I-*2% (01)

BMO » L™ Clof‘og LIP(B ) BMO 2 L® par — Clo}og L]p(Q )

Elliptic Theory Parabolic Theory

It is interesting to note that the parabolic regularity estimates agree with its elliptic
counterpart provided f € LP*°(Qy).

Next picture (Fig. 1) shows the critical surfaces and the regions they define for the
optimal regularity estimates available for solutions to (Eq).

2 Here ¢ is the Escauriaza’s universal constant which provides the minimal range which the Harnack
inequality (resp. Holder regularity) holds for viscosity solutions to fully nonlinear elliptic equations, since
p > n — ¢ (see [6] for more details).
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Fig. 1 Ceritical surfaces for optimal regularity estimates

2 Definitions and preliminary results

Throughout this paper F: Sym(n) x R" x B (0) x (—1, 0] — Ris a fully nonlinear
uniformly elliptic operator with respect to the Hessian argument and Lipschitz with
respect to gradient dependence. That is, there are constants A > A > Oand ' > 0
such thatforall Z, W € R" and M, N € Sym(n), space of n X n symmetric matrices,
with M > N, there holds

@;A(M—N)—F|Z—W| <FWM,Z X, t-F(N,W,X,t) < @IA(M—N)—HWZ—WL
' ' 2.1)
Hereafter, 3”% A denote the Pucci’s extremal operators:

@IA(M)::)\'ZQ"FA'ZQ and ‘@A_,A(M)::)“Zei‘f‘l\'zei

e; <0 e; >0 e; >0 e; <0

where {e; : 1 < i < n} are the eigenvalues of M. Any operator F which satisfies
the condition (2.1) will be referred in this article as a (A, A, I')-parabolic operator.
Following classical terminology, any constant or mathematical term which depends
only on dimension and of the parameters A, A and I will be called universal.

We can (and will) always assume that F is normalized in the sense

F(0,0,X,t) =0, 2.2)
and, unless otherwise stated, conditions (2.1) and (2.2) are always assumed throughout
the text; sometimes we will refer F as a normalized (A, A, I') operator.

Equations and problems studied here are designed in the (n + 1)-dimensional
Euclidean space, R"*!. The semi-open cylinder is denoted by
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0,(Xo, 7) = B(Xo) x (t —r?, t]. For simplicity we refer Q;(0,0) = Q. The
parabolic distance between the points Py = (X1,#) and P, = (X2,5) € Q; is
defined by

dpar(P1, P2) := /|X1 — Xa|2 + |11 — 1al.

For afunctionu: Q1 — R the semi-norm and norm for the parabolic Holder space
are defined respectively by

(X, 1) — u(Y, s)| ul ul
o = sup an ull o2 = [lullco
CU2OD T (x . (vipyeor dpar((X. 1), (Y, $))® C*2(Q1) e
(X, )#(,s)
+ [u]

[u]

301

Under finiteness of such a norm one concludes that u is «-Holder continuous with
respect to the spatial variables and 5-Holder with respect to the temporal variable.
We say that u is locally (parabolically) Log-Lipschitz continuous if the following
quantity
lu(X, 1) —u(¥,s)]

[U]yar—coLogLin(g, = sup Vi<l
P (Creoto) ™ . (¥s)e s (routo) —rlogr

is finite for (xo, 7o) € Q1. Moreover, the corresponding parabolic Log-Lipschitz norm
is given by

1]l par—co.LoeLip @, (xo.10)) 7= 14l cO(Q, (xg.10)) T [#]par—coLostiv g, (xg.10))-

In what follows, C 1+""l%(Q 1) denotes the space of # whose spacial gradient
Du(X, t) there exists in the classical sense for every (X, ) € Q; and such that

IIMIICM_HTa ) = |lullLeco,) + 1DullLoo(gy)
[u(X, 1) — [u(Y,T) — Du(Y,s) - (X — Y)]|

(X.0).(V.5)€0 daa (X, 1), (Y, 5))
DA X.5)

(O1
_l’_

is finite. It is easy to verify thatu € C o, 5 (Q1) implies every component of Du
is C O")‘(Ql) ,and u is 1+T"‘-H(Blder continuous in the variable 7, see for instance [4,
Section 1].

Now, we say that u is locally (parabolically) C°2"LiP continuous if the quantity

(] par—c 1 LosLin @, (xg,10))
_ - lu(X, 1) — [u(Y,s) + Du(Y,s).(X — V)|

(X,1),(Y,s)€Q,(x0,10) —r2 logl"
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is finite. Moreover, its parabolic C"1°24P_norm is given by

[l par—c1.1ostin @, (xo,10))

= llullcoqg, (xo.10)) T 1PUl L0, (x0.10)) F [#]par—c1LogLip(, (x0.10))-

A function u belongs to the Sobolev space w2 l*1’(Q1) if it satisfies u, Du, D?u, u; €
L?(Q1). The corresponding norm is given by
1
2
||“||W2-1~I’(Q1) = I:”M”i”(Ql) + ||ut||ip(Ql) + ”Du||il)(Ql) + 1D u”iﬂ(gl)]p

It follows by Sobolev embedding that if p > # then W22 (Q)) is continuously
embedded in C°(Q1). Also, u € whlp (Q1) implies that u is twice parabolically

loc
differentiable a.e., see for more details [2].

Definition 2.1 (LP-viscosity solutions) Let¥4: Sym(n) x R" x B;(0) x (—1,0] — R
be a uniformly elliptic operator, P > % and f € LfOC(Ql). We say that a function

u € C°(Q)) is an LP-viscosity subsolution (respectively supersolution) to
u — 4 (D2u(x, 1), Du(x, 1), X, z) — f(X,1) in O 2.3)

if forall p € W2‘1’P(Q1) whenever ¢ > 0 and & C Q] is an open set and

loc

o —9 (ngo(X, t), Do(x,t), X, t) —f(X,t) >¢ (resp.<—¢) ae. in O

then u — ¢ cannot attains a local maximum (resp. minimum) in &. In an equivalent
manner, u is an LP-viscosity subsolution (resp. supersolution) if for all test function
Q€ WIID’CZ’P(Ql) and (Xo, 7o) € Q1 at which u — ¢ attain a local maximum (resp.
minimum) one has

essliminf [(p,—% (ngo(X, 1), Dp(x,1), X, t) —f (X, )| =<0
(X,0)—(Xo,10)

esslimsup | ¢~ (nga(X, 1), Dp(x, 1), X, r) — (X, r)] >0
(X.1)— (Xo.10)

(2.4)

Finally we say that  is an LP-viscosity solution to (2.3) if it is both an LP-viscosity
supersolution and an LP-viscosity subsolution.

Remark 2.2 'We say that a function u € CO(Ql) is a CO-Viscosity solution to (2.3)
when the sentences in (2.4) are evaluated pointwisely for all “test function” ¢ €
C 12 . cl (Q1). This is the notion used by Imbert—Silvestre in [8] and Wang in [20,21].

According to [4, Section 6] (see also [20, Section 5]) for a fixed (Xo, tp) € Q1, we
measure the oscillation of the coefficients of F around (Xo, f9) by the quantity

F(M,0,X,t)— F(M,O0, X, t,
Or(Xo, 10, X, 1) :==  sup [F( ) ( 0 o)l'

2.5)
MeSym(n) M| +1
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For notation purposes, we shall often write ® ¢ (0, 0, X, ) = Op(X, 7).
We recall that a function f is said to belong to the Anisotropic Lebesgue space,

LP9(Qy) if
0 N
1 fllraco,) == (/ (/ |f(X,z)|1’dX) d;>

-1 B

= [lfC DllerapliLa=1,01 < +oo.

This is a Banach space when endowed with the norm above. When p = ¢, this is the
standard definition of L? spaces. The definition are naturally extended when either p
or ¢ are infinity. It is plain to verify that L”-9(Q1) C L*(Qy) for s := min{p, ¢}.

We recall again the existence of the constant py, satisfying # <po <n+1,for
which Harnack inequality (resp, Holder regularity) holds for LP-viscosity solutions,
provided P > pg, see for instance [4, Section 5]. The following compactness result
becomes then available:

Proposition 2.3 (Compactness of solutions) Let u be an LY -viscosity solution to (Eq)

in Qy under the assumption P > min{p, q} > po. Then u is locally of class Cﬁ'gfor
some O < B < 1 and

<C(n,r, A, T)r P (||M||LDO(Q,) + FZ_E("’p’q)||f||LM(Q,)) .

r

u
Il g g

Upon appropriate regularity assumption on the boundary data, solutions are pre-
compact in the C%-topology up-to-the-boundary. We state such a result for future
references and refer to [3, Proposition 4.6] and [4, Lemma 6.3] for a proof.

Proposition 2.4 (Pre-compactness up to the boundary) Let Q2 satisfy a uniform exte-
rior cone condition, Q = Q x ((=T,0]) and € C CO(BI, Q) be compact, R > 0 and
Br = {f € L*(Q) : | fllLr(g) < R). Then the set all functions u € C°(Q) such
that there exists y € € and f € Bg for which u is an L?-viscosity solution to

u — P \(D*u) —=T|Dul — f <0 <u, — P}, (D*u) +T|Dul + f in Q

and u = on 9, Q is pre-compact in c%(0).

Another piece of information we need in our approach concerns the stability of the
notion of viscosity solutions; that is the limit of a sequence of viscosity solutions turns
out to be a viscosity solution of the limiting equation. More precisely, we refer to the
following Lemma, whose proof can be found, for instance, in [4, Theorem 6.1].

Lemma 2.5 (Continuity with respect to equation) Let F;, F' be normalized (A, A, T")
operators, P > po, f, fj € L?(Q1) and uj be LP-viscosity solutions to

() — Fj(D2uj, Duj,x,t) = f; in Qi
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forall j € N. Assume that u; — u locally uniformly as j — oo. Moreover, for all
Q,(x0,10) C Qrandall p € WZ’I’P(Qr (x0, tp)) (test function), assume that

gi(x, 1) == Fj(D*p(x, 1), Do(x, 1), x,1) — fj(x,1)

and

g(x, 1) := F(D*p(x, 1), Do(x, 1), x,1) — f(x,1)
satisfy
g — &illLPco, (xo.t0)) —> 0 as j — oo. (2.6)

Then, u is an L®-viscosity solution to
uy — F(D*u, Du,x,t) = f in Qr(x0, o).

Furthermore, if F and f are continuous functions, then u is a C°-viscosity solution if
(2.6) holds for all ¢ € czl (Q1) (test function).

In the sequel, we obtain a Lemma which provides a tangential path toward the
regularity theory available for constant coefficient, homogeneous §-caloric functions.

Lemma 2.6 (F-Caloric approximation Lemma) Let u be an LP-viscosity solution to
(Eq)with |u| < 1and f € LP9(Q1) withP := min{p, g} > po. Definely: Q1o — R
to be the LY -viscosity solution of

— F(D?$,0,0,0) =0 in Q1
{Et— 00 > @D
=u ondpQ1
Given § > 0, there exists n = n(§, n, A, A, P) > 0 such that if
P
max{(f ef.(X, f)) , W fllLracoy, F} <,
0
then
sup lu — b| <. (2.8)

01
2
Proof The proof is based on a contradiction argument. Suppose there exists a 59 > 0
for which the thesis of the Lemma, namely sentence (2.8), does not hold, regard-
less how small we make n. That means we could find sequences of functions
(uj)j=1.(hj)j=1 with |u;| < 1, a sequence of normalized (%, A, Ij)-operators
F;: Sym(n) xR" x Q1 — R and a sequence of functions (f;) j>1 all linked through
the set of equations

(Mj)t—Fj(DZMj,Duj,X,t)zfj in QO
(h;)c — Fj(D*h;,0,0,0) =0 in Q1 (2.9)
hj=uj on 9,01
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in the LP-viscosity sense, with

1
P
max{(][g @l;j(X, t)) s W fillracoy. Fj} =o(l) as j— oo; (2.10)
1

however
supluj — ;| > 8 forall jeN. (2.11)

01

2

By compactness of the sequences (u;);>1 and (;);>1, namely Propositions 2.3
and 2.4, we may assume, passing to a subsequence if necessary, that u; — uo and
b; — bo uniformly in Q_%

Next we will prove that uy = ho. The idea is to conclude that both functions solve
the same PDE, for which uniqueness is available, and hence this would contradict
(2.11) for j > 1 large enough.

Initially we note that it follows from structural condition imposed on the operators
(Fj) j>1, namely, (2.1), that, up to a subsequence, can may assume

F;(M,0,0,0) — Fo(M) (2.12)

locally uniformly in the space Sym (n), where §p is a (A, A, 0) operator with constant
coefficients—see for instance [4, Sections 1 and 6] and [21, Lemma 1.4]. Also, apply-
ing Lemma 2.5 along with uniqueness result, for instance [4, Lemma 6.2], we know
ho is the unique C-viscosity solution to

_ D2 =0 i 1
{(bo)z So(D"ho) in 01 (2.13)

ho = uo OnapQ%.

To conclude the proof, we will show that uq also solves (2.13) in the viscosity sense.
For that end, let ¢ € C>1(Q 1 ) be a test function and define

R(p) = ’Fj (quy(x, 1), Do(X, 1), X, :) — £i(X. 1) — o (thp(X, t))’ .
We estimate

8(9) = T51De(X, 0] + OF, (X, 1) (ID*0(X, D] + 1) + | ;(X. 1)

+|Fj (P20(X.1.0,0,0) = o (D%(x.»)|. (2.14)
Finally, since from (2.10) and (2.12) one has that the LP-norm of RHS of (2.14) goes
to zero as j — 0o, we can apply once more Lemma 2.5, which assures u( is too

a solution of (2.13), and by uniqueness, ug = bho, which yields a contradiction as
indicated before. O
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We conclude this section by commenting on reduction processes to be used through-
out the proof.

Remark 2.7 (Preserving ellipticity) If F is a (A, A, I')-parabolic operator then
M Z
—_
G (M.Z. X 1) =k} F (5 — X1
Ko Ko
isa (A, A, kg - I')-parabolic operator for any ko > 0.

Remark 2.8 (Normalization and scaling) We can always suppose, without loss of
generality, that viscosity solutions of

uy — F(D*u, Du, X, 1) = f(X,1) in O

satisfy [lullL(g,) < 1. Also given a small number &y > 0, we can also suppose that
L'+l fllLraco,) < 2&0. Indeed, for

r
K= £0 and R>max{1,—,ﬁ},
eollullLeocoyy + D) + | fllracoy

we define

1 1
X,t) = —X, —t].
v(X,1) Ku <R 72 )

It is easy to verify that

Lo vllzecg) < 1
2. v — %(Dzv, Dv, X,t) = g(X,t) in Q1, in the LP-viscosity sense, where

xon=-r(Llx L)),
SVl \ R R

3. 9isa (A, A, T I:)—parabolic operator, with e < £05
4. lgllLraco,) < €o0;

1

1 P
5. (][ OF (X, t))P gmax{Lﬁ} ][ O (X,1) ] (cf. [4, Remark 6.4]).
Or R2 QrR*I

Once a universal estimate is proven for v, a corresponding one becomes available for
the general solution u, properly adjusted by the choices of ¥ and R.

@ Springer



Sharp regularity estimates for second order fully...

3 Optimal C% 7 regularity

Our strategy for proving optimal C* 3 regularity estimates is based on a refined com-
pactness method as in [4,18,20,21]. It relies on a control of oscillation decay obtained
from the regularity theory available for a “better”” limiting equation; the realm of the
so-called geometric tangential analysis. Next lemma is the key access point for the
approach, as it provides the first step in the iteration process to be implemented.

Lemma 3.1 Let u be a normalized L?-viscosity solution for (Eq), that is, |u| < 1 in
Q1. Given 0 < y < 1, there exist n(n, A, A,y) > 0and 0 < p(n, 1, A,y) < %
such that if

P % . - n+2
max (f, OFC0) L Ufluac@n. T =0 with 1< B p.g) <"
1

then, for some ¢ € R, with |¢| < C(n, A, A) there holds

sup [u — ¢| < p”. (3.1

o

Proof For a § > 0 to be chosen a posteriori, let f be a solution to a homogeneous
uniformly parabolic equation with constant coefficients, that is §-close to u in the
L -norm, i.e.,

by — F(D*h) =0 in Q; and sup|u—b| <. (3.2)
01

Lemma 2.6 assures the existence of such a function. Once our choice for §, to be
set of the end of this proof, is universal, then the choice of n(n, A, A, §) is universal
too. From the regularity theory available for b, see for instance [4, Section 7] or [21,
Section 1.2], we can estimate

16(X, 1) = 5(0,0)] < C(n, &, A)dpar((X, 1), (0,0)) for VIX[* + Jt] < % (3.3)

and also,
[5(0,0)] < C(n, A, A). 3.4

For ¢ = (0, 0) it follows from Egs. (3.2) and (3.3) via triangular inequality that

suplu —¢| <5+ C(n, 1, A)p. 3.5)

9

We make the following universal selections:

: i ! ﬁ d §: 17’ 3.6
p = min { ro, c an .—5,0 (3.6)
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where C > 0 is a universal constant from Eq. (3.3) and 0 < r9 < 1 is a universal
constant to appear in the Theorem 3.2. Let us stress that the choices above depend
only upon dimension, ellipticity parameters and the fixed exponent. From the above
choices we obtain

sup [u — g| < p¥
0, :

and the Lemma is concluded. O
Theorem 3.2 Let u be an LY -viscosity solution of (Eq) with f € LP9(Q1) and

2
1< &M, p,q) < n

There exist universal, positive constants ro and 6y such that if

1

P
sup  sup <][ eh, 1, X,t)) < 6o,
O<r=<ro (Y,1)eQ 0, (Y,7)
2

then, for a constant C > Q0 and y :=2 — E(n, p, q), there holds

flucl] y,z< ) <Cm,x A y) [llullec)y + 1 flLracoy + 1]
Cc”2| 0
Proof Through normalization and scaling processes, see Remark 2.8, we can suppose
without losing generality that [u| < 1 and || f|lLra(0,) < 1, where 7 is the universal
constant from Lemma 3.1 when we set y = y(n, p,q) = 2 — E(n, p,q). Once
selected 8y = n the goal will be to iterate the Lemma 3.1. For a fixed (Y, ) € Q 1 we
claim that there exists a convergent sequence of real numbers {cx}x>1, such that

sup |u — gil < p*7 (3.7)
0,k (Y.1)

where the radius 0 < p K % is given by Lemma 3.1, upon the selection of y as above.
The proof of (3.7) will follow by induction process. Lemma 3.1 gives the first step
of induction, k = 1. Now suppose verified the k' step in (3.7). We define

u(Y + pkX, 4+ p%*1) — g
pk.y

ve(X, 1) =

and
! M
pk[z_V] ’ pk[l—V]

F(M, Z, X, 1) := pFl27]F ( Z, Y + kX, T + ,02kt> .

As commented before, see Remark 2.7, Fy is (A, A, I')-parabolic operator, moreover
by the induction hypothesis, |vx| < 1 and
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W)r — Fe(D*vr, Do, X. 1) = o (v 4 ok X 1+ p% 1) =1 fru(X, 1),
in the LP-viscosity sense. One easily computes,
1

. T P 4
illiraion = p e ke | [ ([ jpzisiraz) s
T—p2* B (Y)
Due to the sharp choice of y (n, p, q) =2 — E(n, p, g), we have that
I fillLracor) = ||f||mq(3pk(Y)x(z—pzk,r]) < flizracon = ns

as well as,

1
P
(][ ®11);k(X,t)> §max{1,pk(2_y)} ][ vt x.n| <u
01 0,k (Y1)

In conclusion, we are allowed to employ Lemma 3.1 to vy, which provides the existence
of a universally bounded real number ¢, with |g;| < C, such that

ol

sup [vy — Sx| < p”. (3.8)
Qp
Finally, if we select
kil = gk + Py (3.9)

and rescale (3.8) back to the unit domain, we obtain the (k + 1)th step in the induction
process (3.7). In addition, we have that

k1 — skl < Co*7, (3.10)

and hence the sequence {gx}x>1 is Cauchy, and so it converges. From (3.7) ¢x —
u(Y, 7). As well as from (3.10) it follows that

lu(Y, ) — gkl < o~ (3.11)

1—pv

Finally, for 0 < r < p, let k the smallest integer such that (X,7) € Q pk(Y ,T)\
ka+1 (Y, 7). It follows from (3.7) and (3.11) that

[u(X,0)—u(Y,7)| lu(X, 1) — gl +u(Y, 1) — gkl
su T oy = Sup
0,(Y.7) dpar ((X,1),(Y, 7)) 0, (Y.7) dpar (X,1), (Y, 7)) )
1—p¥ 0,(Y.7) dpar ((X,1),(Y, 7))

=(1+15%) &
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Last estimate, combined with Remark 2.8 and a standard covering argument provide

[l | V_z( ) <C A A y) [llulizecony + I fllLracon +1]
C"2( 0

and hence the proof of Theorem is verified. O

Remark 3.3 The exponent of Holder regularity of our result is sharp. This can be
verified through of following example from [19]: Let u € Cjo((—1, O]; L? (B))N

loc
leoc((—l, 0]; Wlla’f(Bl )) be a weak solution to

ur—Au=f in Qi

Suppose that | < E(n, p,q) < 2 then for y := 2 — E(n, p,q) we have that u €
4
C;;’Cz (Q1). Remark that in this case pg = "—;”2

Remark 3.4 Under VMO assumption of the coefficients of the operator F:
][ OF(Y. 1. X, 1) = o(1),
0-Y,7)

as r — 0, Theorem 3.2 holds without the smallness oscillation condition, as it can
always be assumed upon an appropriate scaling.

Remark 3.5 Under no assumptions on the coefficients, other than ellipticity, adjust-

v
ments in the proof of previous Theorem yields Cl);’cz (Q1) where vy
‘= min {,6*, 2 —E(n, p, q)} where 0 < < 1 is the maximal exponent from Propo-

sition 2.3.

4 Parabolic Log-Lipschitz type estimates

In this section we address the question of finding the optimal and universal modulus
of continuity for solutions of uniformly parabolic equations of the form (Eq) whose
right hand side lies in the borderline space L”-9(Q1), when p and g lie on the critical
surface:

En, p,q)=1.

Such estimate is particularly important to the general theory of fully nonlinear
parabolic equations. Through a simple analysis one verifies that solutions of (Eq),
with sources under the above borderline integrability condition should be asymptoti-
cally Lipschitz continuous. Indeed, as E(n, p, g) — 1T, solutions are parabolically
Holder continuous for every exponent 0 < o < 1. The key goal in this section is to
obtain the sharp, quantitative modulus of continuity for u.

@ Springer



Sharp regularity estimates for second order fully...

Lemma 4.1 Let u be a normalized LP-viscosity solution to (Eq). There exist
nn, A, A) >0and0 < p(n, r, A) K % such that if

max{(][Q eb(x, z))P, I fllLraco)s r} <n 4.1)

under the condition E(n, p,q) = 1, then, we can find an affine function £(X) =
A+ (B, X), with universally bounded coefficients, ||+ |2B| < C(n, ©, A), such that

sup lu — £| < p. (4.2)

9

Proof For a § > 0 which will be chosen a posteriori, we apply Lemma 2.6 and find a
function h: Q 1= R satisfying

b — F(D’) =0 in Qy,

in the LP-viscosity sense such that

sup lu — b| <. 4.3)
01
2
We now define
£(X) =5(0,0) + (Dh(0, 0), X), “4.4)

and apply the regularity theory available for f, see for instance [4, Section 7] or [21],
as to assure the existence of a universal constants 0 < o < 1 and C > 0 such that

(X, 1) = £(X)| < Cdpar((X, 1), (0,00)'F%F, for |X]2+ 1] < % 4.5

It is time to make universal choices: we set

L

p = mi T —1 —1 and §:= —1 P 4.6)
: mn < n : .
0 2C 2 2"

which decides the value of n(n, A, A) > 0 through the approximation Lemma 2.6. It
the sequel we estimate

sup [u — £| < sup [u — bl +sup[h — £] < p,

Qp Qp Qp

and the proof is complete. O
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Theorem 4.2 Let u be an LP-viscosity solution to (Eq). There exists universal con-
stants, ro > 0 and 6y > 0, such that if

1

]
sup  sup <][ oL, 1, X, l)) < 6,
0<r<rg (Y‘T)EQ% Or(Y.7)

then, for a universal constant C > 0 and any (X, 1), (Y, 1) € Q%, there holds

|M(X’ t) - M(Yv T)' =< C [”u”LOO(Q” + ”f”Ll"q(Ql) + 1] : w(dpar((X’ t)v (Ya T)))5

where w(s) := s log Al is the Lipschitz logarithmic modulus of continuity.

Proof We start off the proof by assuming, with no loss of generality, that |u| < 1 and

n Ui
i - d F ’
IflLracon < 3 and T < o B0

where n = n(n, A, A) the largest positive number such that the Lemma 4.1 holds.
Choose 6y = %. For a fixed (Y, 7) € Q 1 we will prove the existence of a sequence of

affine functions
LX) = + (B, X —Y)

such that
sup u— & < o 4.7)
Bpk(Y)X(r—pz",r]

and
i1 — Akl < Cp* and  [Byyy — Byl < C, (4.8)

where 0 < p K % is the radius given by Lemma 4.1. Notice that the second estimate
in (4.8) gives the growing estimate on the linear coefficients of order

[By| < Ck. 4.9)

We now argue by induction. Lemma 4.1 provides the first step and now we suppose
that we have already verified the kth step of (4.7). Define

u(Y + p*X, v 4 p%1) — L (Y + pkX)

(X, t) = o

which verifies |vi| < 1 in Q1, by the induction condition. Define
— k M k 2k
FkM, p,X,t):=p"F F,p,Y—i—pX,t—i—p t].
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It is plain to check that Fj is a (A, A, I')-parabolic operator and
(WO)r — Fi(D*vi, Dvg, X.1) = fi(X, 1) + (X, 1) = Hp(X. 1)
in the LP-viscosity sense, where
fiulX, 1) i= pF £ (Y 4 p* X, + %)
and
ge(X, 1) := Fi(D*vg, Dvg + By, X, 1) — Fe(D*vg, Dug, X, 1).

Moreover,

4 N\
T 14
Il fillLracoy) = p*p K-E@Pa) f f \f(Z,5)|PdZ | ds
T—p2k Bpk(Y)

By the critical condition, E(n, p, g) = 1, we verify that

_ n
Ifellzraon =W N L (5, 0ryxe-ptt.ct) = 30

Moreover, given the smallest regime on I', assumption (2.1) and (4.9), we have

n

k
(X, 0] = Cho'T < o B O]

Thus,

gl 1 YL (B (0) <

) <
LPIQD = S nax(1, Z2"(B1(0))}

o3

Therefore, || Hi|lLra0,) < %” . Furthermore,

1
P
(][ @l;k(X,t)> §max{1,pk} (][ @Ew(Y,T,X,I)) <
Qi 0,k (Y.7)

We have verified that we can apply Lemma 4.1 to the function vy, assuring the existence
of an affine function £ (X) = A + (B, X) satisfying x|, |Br| < C, such that

ol

o3

sup [ue — &l < p. (4.10)
2,
We now define
Werr := e + p*Ux and By == By + By. @.11)
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Rescaling (4.10) to the unit domain gives the (k+ 1)th induction step. The first estimate
in (4.7) assures that the sequence {2{x }x>1 converges to u(Y, 7). Also we can estimate,
by geometric series,

C k
(Y, 7) — | < —2 (4.12)
I—p
Finally, for 0 < r < p, let k be the lowest integer such that
(X, 1) € Qpu (Y, D\Q pit1 (Y, 7).
It follows by (4.7), (4.9) and (4.12) that
sup WXD—uDl o g s Sl B ot
0,(Y.7) rlogr - ka ¥.7) rlogr
k k
<C sup 2__
ka(Y,r) rlogr—1
< C(n, A, N),
and the proof of the theorem is concluded. O

Remark 4.3 As a consequence of the estimate given by Theorem 4.2, we are able to
derive a precise integral behaviour of the gradient of a solution to (Eq). Indeed, one
can derive the following pointwise control, say near (0, 0):

1
|Du(X, )| < —Clog(|1X|* + [t]), for v|X|2+ |t < 3

Under suitable smallness regime on f € L?9(Q1) and on O € LP(Q), it follows

1
by an adjustment of our arguments, combined with H''2** interior estimates from
[4, Theorem 7.3] that one can approximate an LF-viscosity solution of (Eq) by an
§-caloric function

b — F(D?9, Xo.10) =0 in Q1.

in the H 1’%’S(Q 1 ) topology. Thus, through an iterative process as indicated in the
proof of Theorem 4.2, one can find affine functions £ such that

][ IDu—Lpl° = 1.
Q

ok

Therefore, it is possible to establish s-BMO type of estimates for the gradient in terms
of the L”9(Q1) norm of f, when the critical condition % + % = 1 is verified. That
is,

1
| Dulls—Bmoco,) < C [llullzoccoy + I fllzracoy + 1], for 0 <r < T
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Comparing such an estimate with the results from [4, Theorem 7.3], it synthesizes
quantitatively the fact of

|Dul € () Li2.(Q1),
m>1

since L* -viscosity solutions have its gradient in Lj,.(Qy) foralls < #3)_1.

5 Optimal C1+% 3" regularity

In this section we obtain asymptotically sharp C1+% 5% interior regularity estimates
for solutions of (Eq). Such estimates are already available in the literature, see for
instance [4] and [20]. We shall only comment on how we can deliver them by means
of the arguments designed in Sect. 4.

Initially, we revisit Lemma 4.1 and observe that if 0 < ar < 1 represents the
. & 112 . .
optimal exponent from the C'*% "2~ regularity theory for solutions to homogeneous

(X, A, T")-parabolic operators with constant coefficients, then given

ae0,ar)N@O,1—-2Mm,p, g, 5.1

1

P
since sup sup <][ @E(Y, 7, X, t)) and || f||zre are under universal
0<r<ry (Y,r)eQ% o0,Y,7)

smallest regime assumption, we are able to choose

0 = min {ro, <%)w} 5.2)

sup |u — £| < p'*te, (5.3)

O

such that

where £ is given by (4.4). This is the first step in our induction process. Now, suppose
that has been checked the kth step in the induction process

sup [u — &| < p*1+®) (5.4)
ka

with the following order of approximation for the coefficients
A1 — A < CHFY and By — Byl < Co'. (5.5)

We define the re-scaled function

u(Y + p*X, v 4 p*1) — L (Y + pkX)

w (X, 1) = PR
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which verifies |vx| < 1 in Q1, and satisfies in the LF-viscosity sense
()i — Ge(D*vg, Dug, X, 1) = fi(X, 1) + ge(X, 1) = Hi(X, 1) (5.6)

where

_ 1
G(M, P, X, 1) = p! a)F(pk(l—oz)M’ P X, PZkf>

is a (A, A, I')-parabolic operator and

fio(X, 1) i= 7 £(v + "X, T + p*)

gk (X, 1) := G (D*v, Dvg + By, X, 1) — Gy (D%, Dy, X, 1).

Now,
1 fellLracoy = @O £1 <2
1 LP-LI(ka(Y‘r)) 2’

where w(pF) = pk1=e=E0.r.9)] 5 computed by change of variables. By the inte-
grability relation and the value of «, we conclude a)(,ok ) < 1 for all integer k > 1.
Also

lgr (X, )| < u(pMHT

where as before u is easily computed explicitly using (5.5). Now, we have verified
w(p®) < 1 and in fact klim w(p®) = 0. Thus,
—00

lgillzraco) < TV ZL"(B1(0) < =

Finally,

B P
P
(][ @‘gk(x,z)> Smax|1,p"“‘°‘)] ][ eF (Y. 7. X.1)
01 0,k (Y.7)

and ||Hillpraco) < s

therefore, we can apply the first induction step, which gives the existence of an affine
function £ (X) := A + By, X) with |Ax|, [ Br| < C(n, A, A) such that

sup [ve — S| < p'@.
Qp
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Rewriting the previous estimate in the unit domain gives

sup |u — Lip| < p*HDAT),

Q ket
for £i41(X) 1= Le(x) 4+ pFIHO 8, (p=F X). The coefficients fulfils
|1 — Al + p% 1B — Bl < Con, &, A)p Tk, (5.7)

hence, from (5.7), we conclude that (z)r>1 C R and (Bx)i>1 C R" converge to
u(Y, t) and to Du(Y, t) respectively. Moreover we have the following control

k(14+a) ka

|u(Y,t)—Qlk|§Cop1 5 and |Du(Y,t)—%k|§Colp 5

(5.8)

Finally, given any 0 < r < p, let k be an integer such that (X, 1) € Q (Y, T)\ Q jk+1
(Y, 7). Therefore, we estimate from (5.8) that

sup |u(X,1) — [u(Y, ) + (Du(Y, ), X — ¥)]| < Co(n, r, A, a).r' ™
0,Y,7)

and the sketch is finished.

Remark 5.1 We highlight that the previous result must be interpreted in following
way

lto
If 1-80,p.g) <ar thenueC, " 2 (Q), for  o=l—Z(, p,q)

= I+, 13
If 1-E8@®,p,q) 2ar thenueC,, (Q1), forany y < ar.

Remark 5.2 The optimality of previous result can be verified by an example due to
Krylov in [13, Page 209].

6 Parabolic C1'LogLiP type estimates

In this last section we address the issue of finding the optimal regularity estimate
for the limiting upper borderline case f € BMO, which encompasses the case f €
LO0,00 ~ LOO

In view of the almost optimal estimates given in the previous section, estab-
lishing a quantitative regularity result for solutions to (Eq) with bounded forcing
term, requires that F-harmonic functions are C>t® ™2 smooth; otherwise no fur-
ther information could be revealed from better hypotheses on the source function f.
Evans—Krylov’s regularity theory [7,11,12] assures that convex/concave equations do

. 240 .
satisfy the C2T% "2 smoothness assumption.

We now state and prove our sharp par — C 1"-°2"1P interior regularity theorem. For
simplicity we will work on equations with constant coefficients and with no gradient
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dependence. Similar result can be easily obtained under continuity condition on the
coefficients and Lipschitz control on the gradient dependence.

Theorem 6.1 Let u be a C-viscosity solution to u; — F(D*u) = f(X,t) in Q.
If any solution of v; — F(D*v+ M) = K, where M € Sym(n) and K € R are on the

surface —F (M) = K, has interior C 240,557 g priori estimates, i.e.,

b
||v||Cz+g,2+“ EHUHLOO(QO 6.1)

<
“2(0)
for some a(n_,)», A, K) > 0 and o(n,r,A) € (0,1). Then, for a constant
Cn, A, A,o,®) >0, there holds

lu(X,t) — [u(0,0) + (Du(0, 0), X}]|
< Clllullzocoy) + I flBmocoy + 1] - @(dpar((X. 1), (0,0))  (6.2)

where w(r) = r?log % is the C'-Log-Lipschitz modulus of continuity.

Proof By standard reduction arguments, we can assume that |[ul[p~g,) < % and
I fllBMO(0;) < Do for some ¥y > 0 which will be chosen a posteriori. Throughout

the proof we use the notation

Flasor = £Z 51dzds.
01
The strategy is to find parabolic quadratic polynomials
1
Pr(X, 1) 1= E(QlkX, X) + Bt + (&, X) + Di
such that Py = P_; = $(NX, X), where —F(N) = [ flave, 0, and for all k > 0,

By — F) = [flave.o, and sup |lu — Pyl < p*, (6.3)

Q )k

with

P2 ED (A — Ay |+ By — By 1) + o5 Ek — oy | + 1Dk — Dy | < Cp**D

(6.4)
where the radius 0 < p K % in (6.3) and (6.4) will also be determined a posteriori.
We prove the existence of such polynomials by induction process in k. The first step of
induction, k = 0, itis obviously satisfied. Suppose now that we have verified the thesis
of induction for k = 0, 1, ..., i. Then, defining the re-scaled function v := Q1 — R
given by

(u — P ("X, p*1)
p2k

(X, 1) =
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we have, by induction hypothesis, that |vi| < 1 and it solves
W)y = Fe(D*v) = f(0" X, p*1) i= fu(X, 1)

in the CO—Viscosity sense, where Fy (M) := F(M + ;) — B whichis a (A, A, 0)-
parabolic operator with

dXdt

Il fellBMO(Q)) = sup ][ | fe(X, 1) = [ filave. 0,

0<r<l1 ’

~ up ][ (. $) = Uflwe.0,,| dZds
0<r=<1JQp

=< Il fllsmocoy)

< vy.

As in Lemma 2.6, with some slight changes, and, under smallness assumption on
I fllBMo(Q,) to be set soon, we can find a Co-viscosity solution f to

b — F(D*h + My) = [ flavg,0, in Q1.

such that

sup lup — bl <6,
1

for some § > 0 which we will choose below. From hypothesis (6.1), b is > 5% at
the origin with universal bounds. Thus, if we define

1
PX, 1) = E(DZU(O, 0)X, X} +b:(0,0)z + (Dh(0, 0), X) + 5(0, 0),
by the o e regularity assumption (6.1), we can estimate
|D*H(0, 0)] + [6:(0, 0)| + |DH(0, 0)| + (0, 0)| < CP
where
(h — P)(X. )] < CM)Pdpar((X. 1), (0, 0))*F7.

Now, we are able to select

1
1\ 1
=|— and & := -p°.
g <2C<1>> 2’

The choice above for p(P, o, A, A, n) < % decides the value for § (®, o, A, A, n) > 0
which determines, by Lemma 2.6, the universal smallness regime given by the constant
Yo > 0. From the previous choices, we readily obtain
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sup [vx — P < p”. (6.5)

Qo
Rewriting (6.5) back to the unit domain yields

w(X, 1) — [f,nk(x, 0+ pkp <§ ﬁ)” < p*kD, (6.6)

sup
Q et

Therefore, defining

X
Prr1(X, 1) := Pu(X, 1) + p*P (ﬁ’ ﬁ) ,

we verify the (k + 1) step of induction and, clearly, the required conditions (6.3) and
(6.4) are satisfied. From (6.4) we conclude that ®; — u(0, 0) and ©; — Du(0.0),
with the following estimates

2k k

C
4(0,0) =Dyl = 17— and [Du(0,0) = & =

6.7)

Furthermore, Eq. (6.4) yields the growth estimates:
k k
A <D 1A — A4 <Ck and By <D IB; —B; | <Ck.  (63)
j=1 j=1
Finally, given any 0 < r < p, let k be an integer such that

(X,1) € Q (Y, D\Q i1 (Y, T)
We estimate from Eqgs. (6.3), (6.7) and (6.8),

sup |u(X,t) —[u(0,0) + (Du(0, 0), X)]|
0,0

< 0% +1u(0,0) — Dg| + p*[Du(0, 0) — €kl + p* (1B | + 12e])
<C(n, A, o, ®).r’logr!,

and the proof of Theorem is finished. O

Remark 6.2 The final estimate says that solutions to (Eq) are asymptotically C>!
in the parabolic sense. Furthermore, adjustments in the previous explanation yield
u;, D*u € s —BMO(Q ! ), with appropriate a priori estimate in terms of the BM O-
norm of f in Q1. Indeed, under appropriate smallness regime on f € BM O(Q1) we
can approximate u by a solution f to
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be — F(D?. Xo.10) = [flave.0, in Q)

inthe W215(Q 1 ) topology. Thus, by an iterative process similar to the one used here
one finds parabolic quadratic polynomials 3; such that

(0= por + 102w - por) <1
Q

ok

Therefore, the previous sentence provides the desired s-BMO estimate. In other
words,

luells—gmoco,) + ID*ulls—gmoco,) < Clllullocoy) + I fllsmocon)s
for 0<r«1

Remark 6.3 The result proven in this section can be further applied to equations of
the form u; — F(D?u, X,t) = f(u, X, t), where f is continuous. It is particularly
meaningful to geometric flow problems:

H, — AH — H|A)? =0,

where H is the inwards mean curvature vector of the surface at position X and time ¢
and |A| represents the norm of the second fundamental form. This equation describes
the mean curvature hyper-surface in the Euclidean space R"*!, see for example [17].

Remark 6.4 As a final remark, we note that the results proven in this article can
be generalized for a more general class of anisotropic Lebesgue spaces with mixed
norms. Namely, consider 77) = (p1,...,pn). Let f € LPVPnd(Qy), ie., f €
LY ... LY L{.The quantity

n

1 2
E(n’le-wPMQ):: Z_ +;
i=1 7"

sets up the following regularity regimes, with universal a priori estimates:

e 1l <EMm, p1y..., Pn,q) < % < 2 for the C% 2 regularity regime;
e EZ(n,p1,...,pn,q) = 1for the Lipschitz logarithmic type estimates;
e 0 <&, pt1,.-., pn,q) < 1 for the C1+°"I+Ta regularity regime.
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