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Inst de Matemática, COPPE and NCE
Universidade Federal do Rio de Janeiro, Rio de Janeiro, Brazil

Abstract

Given a graph G = (V,E), a perfect dominating set is a subset of vertices V ′ ⊆ V (G)
such that each vertex v ∈ V (G) \ V ′ is dominated by exactly one vertex v′ ∈ V ′.
An efficient dominating set is a perfect dominating set V ′ where V ′ is also an
independent set. These problems are usually posed in terms of edges instead of
vertices. Both problems, either for the vertex or edge variant, remains NP-Hard,
even when restricted to certain graphs families. We study both variants of the
problems for the circular-arc graphs, and show efficient algorithms for all of them.
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1 Introduction

Given a graph G = (V,E), a perfect dominating set is a subset of vertices
V ′ ⊆ V (G) such that each vertex v ∈ V (G) \ V ′ is dominated by exactly one
vertex v′ ∈ V ′. An efficient dominating set is a perfect vertex dominating
set V ′ where V ′ is also an independent set. Every graph G contains a per-
fect dominating set, for instance, take V (G). But not every graph contains
an efficient vertex dominating set. These problems consists in searching the
sets with minimum number of vertices. All of them are NP-hard, even when
restricted to certain graph families. The weighted version of these problems,
where each vertex v has a weight assigned ω(v), consists on finding a perfect
vertex dominating set where the sum of the weights is minimum. We denote
these problems as Minimum Weighted Perfect Vertex Domination (MWPVD),
Minimum Weighted Efficient Vertex Domination (MWEVD). We denote the
edge-versions of these problems as Minimum Weight Perfect Edge Domination
(MWPED) and Minimum Weight Efficient Edge Domination (MWEED). Ef-
ficient edge dominating sets are also known as dominating induced matchings,
and denoted as DIM’s. Note that for these edge-versions the dominating set
consists of edges instead of vertices, hence the weights are on the edges, and
the adjacency of two edges is defined as two edges that shares a vertex. We say
a pendant vertex (also known as leaf ) is one whose degree is exactly one. In
this paper we show results for the weighted perfect domination problem, and
for the efficient domination problem, restricted to circular-arc graphs. The
proofs and details of this paper can be found in [6].

2 Circular-Arc graphs

The following definitions and results come from [4]

Given a circular-arc modelM = (C,A) whereA = {A1 = (s1, t1), . . . , An =
(sn, tn)}, two points p, p′ ∈ C are equivalent if A(p) = A(p′). The 2n extreme
points from the n arcs of A divide the circle C in 2n segments of the following
types: (i) (si, tj) (ii) [ti, tj) (iii) (si, sj] (iv) [ti, sj]. We say the segments of
type (i) are intersection segments. It is easy to see that all points inside one
of the 2n segments are equivalent.

Corollary 2.1 [4]There are at most 2n distinct A(p).

Lemma 2.2 [4] Given a CA model M = (C,A), if there are no two or three
arcs of A that covers the entire circle C then M is an HCA model.

We consider the four variants of the mentioned problems for circular-arc
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graphs, we propose efficient algorithms to solve them, except for the MWEVD
for which already exists a linear time algorithm. We assume that our input
is a circular-arc graph G and a weight function ω over the vertices or edges
depending on the problem we were solving. For simplicity, we may use the
circular-arc model from G. For these cases, there is an implicit previous step
which is applying a linear time algorithm [10] in order to obtain a circular-
arc model from G. For MWEVD and MWEED, we consider the function ω
nonnegative.

3 Minimum weighted efficient vertex domination

The minimum weighted efficient vertex domination problem (MWEVD) on a
graph G can be expressed as an instance of the minimum weighted dominating
set problem (MWDS) on the same graph G making some minor adjustments
on the way described in [1] for unweighted version of MWEVD. There is an
O(n +m) time algorithm to solve MWDS for circular-arc graphs [2]. Hence,
MWEVD can be solved for circular-arc graphs in linear time.

4 Minimum weighted efficient edge domination

The Minimum weighted efficient edge domination problem (MWEED) for a
graph G is equivalent to either:

(i) MWEVD for the line graph L(G)

(ii) MWIS for the square of the line graph L2(G)

If G is a circular-arc graph, then the graph G′ = L2(G) is also a circular-
arc graph. The graph G′ has exactly m vertices and up to O(m2) edges.
The algorithm from [11] solves MWIS problem in linear time for circular-
arc graphs. It is known that a graph that admits a DIM is K4-free. This
property imposes a bound on the number of edges in circular-arc graphs, thus
the algorithm complexity bound can be improved from O(m2) to O(n2).

Lemma 4.1 Every K4-free graph G where |V (G)| ≥ 2 such that G is circular-
arc graph has at most 2n edges.

A linear-time algorithm to solve MWEED for general graphs given a fixed
dominating set was presented in [7]. If there exists a set of at most three arcs
that covers the entire circle, then there is a dominating set of size at most 3,
thus the problem can be solved using the mentioned algorithm in linear time.

M.C. Lin et al. / Electronic Notes in Discrete Mathematics 50 (2015) 307–312 309



We assume a model M without a set S that covers the entire circle such that
|S| ≤ 3. Therefore M is a Helly circular-arc (HCA) model and the original
graph G is an HCA.

We analyze the model M (each case can be implemented in linear time):

(a) maxp∈C |A(p)| ≥ 4: Then G is not K4-free, hence it does not admit a
DIM

(b) minp∈C |A(p)| = 0: Then M is an interval model. Algorithm from [9]
can be applied

(c) maxp∈C |A(p)| = 2: The detailed proof can be found in [6].

(d) maxp∈C |A(p)| = 3: The detailed proof can be found in [6].

5 Minimun weighted perfect vertex Domination

An O(n +m) time algorithm to solve MWPVD for interval graphs was pre-
sented in [3]. The same paper shows the only known algorithm to solve MW-
PVD for circular-arc graphs in O(n2+nm) time. Note that any efficient vertex
dominating set is also a perfect vertex dominating set.

Given a circular-arc graph G, a circular-arc model M from G can be
obtained in O(n+m) time and universal arcs can be identified in O(n) time.
If a universal arc exists, we can solve the problem using the procedure shown
in [6]. Thus we assume G does not contain a universal vertex.

It is possible to solve MWEVD in linear time for circular-arc graphs. Hence
we can save the best efficient vertex dominating set as a candidate solution,
and search for the perfect vertex dominating sets that are not efficient vertex
dominating sets. We determine in O(n) time the point p such that |A(p)| is
minimum, and according to this value a different approach can be used. (see
[6] for more details)

6 Minimum weighted perfect edge domination

We give an O(n+m) time algorithm to solve MWPED for circular-arc graphs.
To the best of our knowledge there is no known polynomial time algorithm
to solve this problem on circular-arc graphs. It is proved in [9] the NP-
completeness of unweighted version of this problem for bipartite graphs.

Theorem 6.1 [9] There is an O(n+m) time algorithm to solve MWPED on
chordal graphs

Corollary 6.2 [9] There is an O(n+m) time algorithm to solve MWPED on

M.C. Lin et al. / Electronic Notes in Discrete Mathematics 50 (2015) 307–312310



interval graphs

Definition 6.3 Given a graph G = (V,E) and a perfect edge dominating set
E ′ ⊆ E from G, we denote D = {v ∈ V : vw ∈ E ′} the vertices incident to
an edge from E ′. We can define the following 3-coloring for the vertices of G:
The black vertices B = {v ∈ D : N [v] ⊆ D}, the gray vertices R = D \B and
the white vertices W = V (G) \D.

The following properties can be easily checked:

(P1) Each gray vertex has exactly one non-white neighbor while the rest of
his neighborhood are white vertices. (the gray vertex has degree at least 2)

(P2) If v ∈ W , then N(v) ⊆ R. Hence W is an independent set.

It is easy to see that for any 3-coloring of vertices that satisfies properties
(P1) and (P2) E ′ = {vw ∈ E : vw ∈ B ∪ R} is a perfect edge dominating
set and for any 3-coloring of G that satisfies (P1) and (P2), if it contains Kp,
with p ≥ 4, then vertices from Kp should be black.

Any efficient edge dominating set of a graph G (if it exists), is also a perfect
edge dominating set from G.

Given a circular-arc graph G = (V,E), we show how to solve MWPED in
linear time. First, solve MWEED in O(n) time. If there is a solution (DIM),
we save the one with minimum weight as a candidate solution. Therefore the
candidates that should be explored are the perfect edge dominating sets that
are not DIM. Note that the set E is also a candidate solution.

We obtain circular-arc model M = (C,A) from G. We solve MWPED for
G according to the following properties from M. You can check [6] for the
details and proofs of each case.

(a) There are 2 arcs, Av = (s, v, tv), Aw = (s, w, tw) ∈ A such that Av∪Aw =
C. Let E ′ �= E be a perfect edge dominating set which is not a DIM.

(b) It does not satisfy (a) and there are three arcs Av, Aw, Az ∈ A such that
Av ∪ Aw ∪ Az = C. Let E ′ �= E a perfect edge dominating set such that is
not a DIM.

(c) It satisfies neither (a) nor (b), in this caseM is a Helly circular-arc model.
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