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We study a flat three-brane in the presence of a linear k field with nonzero cosmological
constant Λ4. In this model the crossing of the phantom divide (PD) occurs when the
k-essence energy density becomes negative. We show that in the high energy regime
the effective equation of state has a resemblance of a modified Chaplygin gas while
in the low energy regime it becomes linear. We find a scale factor that begins from a
singularity and evolves to a de Sitter stable stage while other solutions have a super-
accelerated regime and end with a big rip. We use the energy conditions to show when
the effective equation of state of the brane-universe crosses the PD.
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1. Introduction

In the last decades there has been a great interest in the development of the string

and membrane theories. The interest of the string theory lies in the fact that it

may provide a unified description of the gauge interactions and gravity. String the-

ory predicts the existence of the so-called p-branes, that is, (p + 1)-dimensional

submanifold of ten-dimensional spacetime on which open string ends. Gauge fields

and gauge fermions which correspond to string end points can only move along

these p-branes, while gravitons which are represented by closed strings (loops) can

propagate into the full spacetime.1,2 These ideas offer a new perspective not only

to understand the cosmological evolution of the universe but also to address puz-

zling issues rooted in particle physics.3–11 An important ingredient coming from
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superstring and the M-theory is the notion of braneworlds. In this framework our

observed Universe may be conceived as a three-dimensional domain wall or three-

brane embedded in a higher dimensional spacetime usually called the bulk.9 Two

of the most promising brane-world scenarios are the Randall–Sundrum type I-II

(RS) model10,11 and the Dvali–Gabadadze–Porrati (DGP) gravity.12 On the one

hand, the RS type I model has a non-flat extra dimension in which the universe

is regarded as a three-brane located at the fixed point of S1/Z2 orbifold in AdS5

spacetime. Whereas the RS type II arises as a new alternative compactification

with gravity.11 These models have drawn much attention because they offer a new

possibility for addressing both the gauge hierarchy problem and the cosmological

constant problem. On the other hand, the DGP model suggested a brane-induced

model with a flat large extra dimension in five-dimensional Minkowski spacetime.

The model was regarded as an interesting attempt for modifying gravity in the in-

frared region,12 so it provides a modification of gravitational laws at large distances

and allows, by means of a nontrivial mechanism, to recover the four-dimensional

Einstein gravity at short distance.12

The observational data seem to confirm the existence of an epoch of accelerated

expansion in the early universe.13–17 In addition, the observations of distant super-

novas type Ia18,19 show that the universe at present is expanding with acceleration

also. The idea that some kinds of field could be the agent driving those two periods

of expansion is widely accepted. In particular, a great amount of works have been

invested in studying cosmological scenarios with non-canonical kinetic term known

as k-essence models. The k-essence has its origin in Born–Infeld action of string

theory20–26 and it was introduced as a possible model for inflation.27,28 In this con-

text, inflation is polelike, that is, the scale factor evolves like a negative power of the

cosmic time.27–30 Lately, efforts in the framework of k-essence have been directed

toward model building using power law solutions which preserve30–33 or violate the

weak energy condition.34 In addition, a k-essence model with a divergent sound

speed (called atypical k-essence) was carefully analyzed in Refs. 35 and 36. In the

latter it was shown that the model fix the form of the Lagrangian for k-essence

matter. Many other aspects concerning k-essence theory have been explored in

the literature such as a unifying model of dark components with k-essence,29,37 k-

essence as dark energy source,38 purely kinetic multi k-essence model crossing the

PD,39,40 tracking solution41 or holography42–44 and so on.

The late cosmological evidences45–48 seem to indicate that the dark energy com-

ponent might have crossed the PD, that is, it could have evolved from a non-

phantom phase characterized by the equation of state ω > −1 to a phantom stage

with ω < −1. Hence, in the light of the recent observational data which slightly

favors the crossing of the PD, ω = −1, many authors started an exhausted seek to

implement the crossing for different kind of sources within Einstein’s gravity.49–55

Furthermore, the aforementioned topic has been analyzed in the context of mod-

ified gravity theories and braneworlds model also (see Refs. 56–71). In particular,

the crossing of the PD was examined in the context of many interesting theoretical
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models such as the warped DGP brane, Gauss–Bonnet gravity, LDGP model, dila-

tonic braneworlds, brane models with bulk matter, DGP-inspired F (R, φ)-gravity

(see Refs. 56–71).

Recently, power law solutions on a three-dimensional brane coupled to a tachy-

onic field were obtained72 by using a well-known algorithm developed in Ref. 31.

Later on, an exact solution for a linear k field was found in Ref. 73, showing the

relevance of the k-essence matter on the brane. There, it showed that the brane

equations admit an extended tachyons with negative energy density.73

In this paper we present the cosmological equations for a flat FRW brane in

the presence of k-essence with a four-dimensional cosmological constant. We exam-

ine the crossing of the PD and the energy conditions by introducing an effective

description for the lineal k field and the atypical k-essence. In the Appendix we

classify the solutions. Finally, the conclusions are stated.

2. Crossing of the PD

We will focus on the study of three-dimensional brane associated to a flat FRW

universe with cosmological constant Λ4. The brane is filled with a k-essence field φ.

The induced metric takes the form gµν = diag[−1, a2δji ], where a is the scale factor

and H = ȧ/a is the Hubble expansion rate while the modified Einstein equations

on the brane read (see Refs. 74–78)

3H2 = ρφ

(

1 +
3

λ2
ρφ

)

+ Λ4 , (1)

ρ̇φ + 3H(ωφ + 1)ρ = 0 , (2)

with ρφ = V [F − 2xFx] and pφ = −V F . Here, F is a differentiable function of the

kinetic energy x = −φ̇2, Fx = dF/dx, V is the potential and ωφ = pφ/ρφ is the

state parameter of the k-essence.

The quadratic term in the energy density (1) gives the correction to the standard

cosmology. It dominates at the early stage of the universe when the Hubble expan-

sion behaves linearly with the energy density H ∝ ρφ/λ, modifying the dynamic

of the universe for ρφ & λ2. However, the quadratic term becomes negligible in the

limit λ → ∞ recovering the four-dimensional general relativity H ∝
√

ρφ + Λ4.

Many authors have explored the crossing of the PD in braneworld cosmologies

by using different sources or modified gravity theories.56–71 Here, we will investigate

the crossing of the PD, which appears to be compatible with the recent cosmologi-

cal observations, in a RS type II model with k-essence. Let us consider a k-essence

fulfilling the requisites ρφ = α0V with α0 = cte and a k field evolving linearly with

the cosmological time, φ = φ0t with φ0 = cte. In the case of ωφ = ω0, it is possi-

ble to show that the conservation equation (2) can be easily integrated to obtain

the energy density ρφ = ρ0a
−3(ω0+1) as well as the potential V = ρ0a

−3(ω0+1)/α0.

Besides, the equation of state for this k-essence is pφ = ω0ρφ. Now, we associate

the brane equations to an effective Friedmann cosmology introducing an effective
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Fig. 1. We plot ωeff with ρ0 < 0 for ω0 = −1/3, 0, 1/3, 1. The PD corresponds to the line
ωeff = −1.

fluid as follows:

3H2 = ρeff , −2Ḣ = ρeff + peff . (3)

Combining these equations with the effective state parameter ωeff = −1−2Ḣ/3H2,

we obtain

ωeff = −1 +
(ω0 + 1)

[

1 + 6
λ2 ρ0a

−3(ω0+1)
]

1 + 3
λ2 ρ0a−3(ω0+1) + Λ4

ρ0

a3(ω0+1)
. (4)

Near the initial singularity the effective fluid has a linear equation of state peff ≈
(2ω0 + 1)ρeff representing dust matter for ω0 = 1/2. However, at late stage the

effective fluid describes a final de Sitter-like phase. For ρ0 < 0, we obtain the

crossing of the PD, ωeff = −1, in the RS type II model (see Fig. 1). The same

occurs for ω0 < 0 as it can be seen from Eq. (4). Recently, in the context of

the standard cosmology,79 it showed the crossing of the PD with a single massive

classical Dirac field. In our brane model case it corresponds to the values ρ0 < 0

and ω0 = 1. Hence, a classical Dirac field localized on the brane allows to cross the

PD while the nonzero Λ4 drives an accelerated expansion at late time.

To complement the above study, we have found the scale factor to analyze the

evolution of the braneworlds and show different cases where the crossing of the PD

is achieved (see the classification in the Appendix). Here we will focus on the initial

ai and final af behavior of the scale factor, and give a qualitative description of the

evolution of the three-brane when 12Λ4 > λ2.

⊲ Type A: ρ0 < 0, ω0 > −1

The universe begins at a singularity as ai ≈ t1/3(ω0+1), and ends in a de Sitter stage

as af ≈ e
√

Λ4/3t. At early times the effective state parameter varies over the interval
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Fig. 2. We plot the scale factor and the ωeff as functions of the cosmic time for universes which
cross the PD.

ωi ∈ (−1, 3), later on, it crosses the PD and asymptotically it goes to ωf = −1 (see

Fig. 2(a)). The potential interpolates between V ≈ |λ|(φ/φ0)
−1, at early times and

V ≈ V0e
−3(ω0+1)

√
Λ4/3(φ/φ0) at late times. Then the solution turns out to be stable

because the potential approaches its minimum value for large times.

⊲ Type B: ρ0 < 0, ω0 < −1

The universe begins in the distant past at t = −∞, as ai ∝ e
√

Λ4/3∆t and evolves

toward to a big rip at t = 0, as af ≈ ∆t−1/3|(ω0+1)| passing through an inter-

mediate stage of super-acceleration where it crosses the PD (see Fig. 2(b)). On

the other hand, the k field is driven by a potential which interpolates between

V ∝ e−3
√

Λ4/3|(ω0+1)φ/φ0| and V ≈ |λ|(φ/φ0)
−1.

From the theoretical point of view the expanding solutions, types A and B,

seem reasonable and interesting enough to keep them in mind.80–85 Later we will

examine the energy conditions for these types of solutions.

In the low energy regime we obtain the expected linear equation of state, namely,

peff ≈ −(ω0+1)Λ4+ω0ρeff , whereas in the high energy regime we get the nonlinear

equation of state

peff ≈ (2ω0 + 1)ρeff ± (ω0 + 1)λ√
3

ρ
1/2
eff . (5)

It has the form of the enlarged Chaplygin gas peff = Bρeff +Cρ−ν
eff with ν = −1/2.

The deviation of the linear equation of state comes from the framework of the

braneworld cosmology. A similar result was obtained in Ref. 73 for the vanishing

cosmological constant case.

2.1. Atypical k-essence

We now turn our attention to the attractive atypical k-essence model associated to

the kinetic function,30,33,36

F∞ = α+ β
√
−x , (6)
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where α and β are arbitrary constants. This model is linked with a divergent sound

velocity35,36 and with the extended tachyon model considered in Ref. 30. There one

finds H = αV ′/3βV and the k-essence energy density is ρ∞φ = αV , so replacing the

latter expressions into Eq. (1) we get the potential

V (φ) =
V0

A cosh θ +B sinh θ − α
2Λ4

, (7)

where the two integration constants A and B fulfill the constraint

B2 −A2 =
α2

4Λ2
4

(

12Λ4

λ2
− 1

)

(8)

and θ = φ
√
3β/α. ChoosingA = α/2Λ4 and B =

√

3/Λ4α/λ, and taking Λ4 → 0 we

recover the inverse quadratic polynomial potential.73 This potential seems to extend

the accustomed pole-like behavior, V ∝ φ−2 usually found in brane cosmology with

a quintessence field.86–90 However, we need some additional information, when we

consider the Friedmann cosmology coupled to the atypical k-essence, to know the

time dependence of a or φ. Hence, for a given potential, it means that we need to

know one of them to get the other one.

3. Energy Conditions and the Crossing of the PD

Here we shall extend the investigations, related to the crossing of the PD, for

the k-essence matter localized on the brane. In other words, we are interested in

the modifications introduced by the quadratic energy density term in the energy

conditions.

The weak energy condition (WEC) on the brane states that ρeff ≥ 0 and

ρeff + peff ≥ 0. Clearly, the first requisite is satisfied when the k-essence energy

density is positive. However, we still have another option which corresponds to a

cosmological scenario where the k-essence energy density is negative but the ef-

fective energy density turns out to be positive definite; this novel fact is related

with the quadratic term in ρφ. At this point, the WEC can be summarized in the

following two inequalities, namely,

WEC-a ρφ

(

1 +
3ρφ
λ2

)

+ Λ4 ≥ 0 , (9)

WEC-b (ρφ + pφ)

(

1 +
6ρφ
λ2

)

≥ 0 . (10)

Then one finds that the effective energy density is positive or zero in the range

(−∞, ρ−φ ] ∪ [ρ+φ ,+∞), where ρ±φ are given by

ρ±φ =
λ2

6

[

−1±
√

1− 12
Λ4

λ2

]

, λ2 ≥ 12Λ4 . (11)



August 19, 2010 14:32 WSPC/146-MPLA S0217732310033797

Crossing the Phantom Divide with k-Essence in Braneworlds 2475

It corresponds to the solutions types II and III (see the Appendix). In the case with

λ2 < 12Λ4 the effective energy density is positive for any k-essence energy density

and this option corresponds to the solution type I (see the Appendix).

The second condition of the WEC can be factorized into the product of two

distinct terms:

ρφ + pφ > 0 and (λ2 + 6ρφ) > 0 , (12)

ρφ + pφ < 0 and (λ2 + 6ρφ) < 0 . (13)

Although the sum of the pressure and energy density of the k-essence can be nega-

tive, the WEC is still fulfilled if the k-essence energy density satisfies the relation:

(λ2 + 6ρφ) < 0. As we mentioned, this result is only possible within the brane cos-

mology due to the quadratic term. It was pointed out in Ref. 73 that the quadratic

correction allows to introduce the extended tachyons with negative energy.

The null energy condition (NEC) in braneworlds establishes that ρeff + peff ≥ 0.

It is implemented in two different manners as we have already discussed (see

Eqs. (12) and (13)). These inequalities are plotted in the plane (ρ, p) as functions

of λ and Λ4 in Fig. 3(a). There we show the regions where these conditions are

satisfied for the solutions type I.

Then the strong energy condition (SEC) on the brane states that ρeff + peff > 0

and ρeff + 3peff > 0. The universe accelerates when the SEC is violated for at least

one of the matter components, so that any of the following inequalities are no longer

valid

SEC-a (ρφ + pφ)

(

1 +
6ρφ
λ2

)

≥ 0 , (14)

SEC-b (ρφ + 3pφ) +
6ρφ
λ2

(2ρφ + 3pφ) ≥ 2Λ4 . (15)

In general relativity the SEC is violated if the first term in Eq. (15) becomes

negative, however in the braneworld model the things are very different. In fact, at

high energy the SEC is violated when the second term in (15) becomes negative.

To verify the low and high energy limits, we consider the k-essence fluid previously

introduced with equation of state pφ = ω0ρφ. So, in the limit λ → ∞, with Λ4 = 0,

we recover the condition ω0 < −1/3, but at high energy regime we obtain ω0 <

−2/3. In Fig. 3(b) we plot the two conditions (14) and (15) in order to see where the

SEC is violated. Other aspects of the three-brane in Randall–Sundrum type II model

dominated by a phantom fluid and their connections with accelerated/decelerated

stages were examined in Refs. 91 and 92.

To relate the energy conditions with the crossing of the PD line we recast the

energy condition as follows:

WEC-b ρeff + peff = 3H2(ωeff + 1) ≥ 0 , (16)

SEC-b ρeff + 3peff = 3H2(3ωeff + 1) ≥ 0 . (17)
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Fig. 3. We plot the fulfilling of WEC and the violation of SEC for braneworld type I for given
values of λ and Λ4.
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Fig. 4. We plot ωeff , WEC and SEC in terms of the cosmic time for given values of λ and Λ4.
The universes A and B belong to the solution type I.

For the universes types A and B the crossing of the PD, ωeff = −1, is reached

when the WEC Eq. (16) is violated. In Fig. 4 we have plotted the energy conditions

as well as the state parameter ωeff in terms of the cosmic time. On the other hand,

when the condition 3ωeff ≤ −1 holds it leads to an accelerated and super-accelerated

expansion of the three-brane, in the same way that the universes type A and type B

do respectively (see Fig. 4).

4. Conclusions

We have studied a spatially flat FRW three-brane filled with a k field evolving

linearly with the cosmic time and with four-dimensional cosmological constant. The

crossing of the PD ωeff = −1 is possible if the k-essence energy density is negative

definite. For ρ0 < 0 and ω0 = 1 the k-essence mimics a massive classical Dirac

field localized on the brane, reproducing the results obtained in Ref. 79. In the high

energy regime we found that the effective equation of state has a resemblance of the

modified Chaplygin gas whereas in the low energy limit describes a linear equation

of state. We analyzed the atypical k-essence model and obtained agreement with the
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results found for the extended tachyon field.73 Also, we have investigated the energy

conditions on the brane and established that the crossing of the PD is possible if

the WEC is violated. In the Appendix we have given a complete classification of

the three types of families of solutions for the scale factor and the potential.

In future researches we will analyze the role of the k-essence within different

braneworlds set ups such as RS with negative tension and bulk brane viscosity,

Cardasian model, Loop Quantum Cosmology and DGP cosmology.93–97

Appendix

We will find and classify the solutions of the modified Friedmann equation (1)

3ẏ2 = Λ4y
2 + yρ0 +

3ρ20
λ2

, (A.1)

where y = a3(ω0+1), ρ0 = V0α0 and the dot means differentiation with respect to

τ = 3(ω0 + 1)t. The scale factor reads

a =

(

A cosh b∆τ +B sinh b∆τ − ρ0
2Λ4

)1/3(ω0+1)

, (A.2)

B2 −A2 =
ρ20
4Λ2

4

(

12Λ4

λ2
− 1

)

, (A.3)

where A, B are constants fulfilling Eq. (A.3), ∆τ = τ − τ0 and b =
√

Λ4/3. For

Λ4 > 0 the solution splits into three different families: for 12Λ4 > λ2 (type I), for

12Λ4 < λ2 (type II) and for 12Λ4 = λ2 (type III), they are:

aI =

[

ǫ
|ρ0|
2Λ4

[

12Λ4

λ2
− 1

]1/2

sinh 3(ω0 + 1)b∆t− ρ0
2Λ4

]1/3(ω0+1)

, (A.4)

aII =

[

ǫ
|ρ0|
2Λ4

[

1− 12Λ4

λ2

]1/2

cosh 3(ω0 + 1)b∆t− ρ0
2Λ4

]1/3(ω0+1)

, (A.5)

aIII =

(

ǫe3(ω0+1)

√

λ2

36
∆t − 6ρ0

λ2

)1/3(ω0+1)

, (A.6)

with ∆t = t − t0 and ǫ = ±1. Inserting a(t) = a(t(φ)) into the potential V =

V0a
−3(ω0+1), we get

VI =
V0

ǫ |ρ0|
2Λ4

(

12Λ4

λ2 − 1
)1/2

sinh 3(ω0 + 1)b φ
φ0

− ρ0

2Λ4

, (A.7)

VII =
V0

ǫ |ρ0|
2Λ4

(

1− 12Λ4

λ2

)1/2
cosh 3(ω0 + 1)b φ

φ0

− ρ0

2Λ4

, (A.8)
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VIII =
V0

ǫe3(ω0+1)

√

λ2

36

φ

φ0 − 6ρ0

λ2

. (A.9)

Now, we examine the main features of these families of solutions.

For ρ0 < 0 and ω0 > −1, the scale factor type I exhibits a de Sitter regime in

the distant past contracting toward a big crunch. For ρ0 < 0 and ω0 < −1, the

universe contracts from the initial singularity, ending in the remote future with a

vanishing scale factor. In these examples the PD, ωeff = −1, is crossed and the

WEC is violated (see Fig. 5).
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Fig. 5. We plot ωeff , WEC and SEC for the time reversal solution of the universes A and B in
terms of the cosmic time ∆t.

Table 1. It shows the universe type I and the first column indicates if they cross the PD or no,
γ0 = ω0 + 1.

Description-Crossing of the PD ai–af weff
i –weff

f
(ǫ, ρ0, γ0)

singular-dS/No ai = 0, af → ∞ ωi ∈ (−1, 0), ωf → −1 (+,+,+)

dS-contraction/No ai → ∞, af = 0 ωi → −1, ωf ∈ (−1, 0) (−,+,+)

big rip/No ai → 0, af → ∞ ωi → −1, ωf ∈ (−1, 0) (+,+,−)

contraction/No ai → ∞, af → 0 ωi < −1, ωf → −1 (−,+,−)

singular-dS/Yes ai = 0, af → ∞ ωi ∈ (−1, 0), ωf → −1 (+,−,+)

dS-contraction/Yes ai → ∞, af = 0 ωi < −1, ωf ∈ (−1, 0) (−,−,+)

big rip/Yes ai → 0, af → ∞ ωi → −1, ωf ∈ (−1, 0) (+,−,−)

contraction/Yes ai → ∞, af → 0 ωi < −1, ωf → −1 (−,−,−)

For ρ0 > 0 and ω0 < −1 the scale factor type II represents a universe that

ends in a big rip. For ρ0 < 0 and ω0 < −1 we have a bouncing universe with

a finite time span and a minimum amin = (λ2/3|ρ0|)1/3|(ω0+1)|, where it bounces

and ends with a final big rip. Also one finds a nonsingular universe with vanishing

scale factors for the limits ∆t → ±∞. It represents a universe free of singularities

(see Table 2).
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Table 2. It shows the universe type II and the first column indicates if they cross the PD or no,

γ0 = ω0 + 1.

Description-Crossing of the PD ai–af weff
i –weff

f
(ǫ, ρ0, γ0)

singular-superdS/No ai = 0, af → ∞ ωi ∈ (−1, 0), ωf → −1 (+,−,+)

big rip/No ai → 0, af → ∞ ωi → −1, ωf < −1 (+,+,−)

bounce-minimum/No ai → ∞, af → ∞ ωi → −1, ωf → −1 (+,−,+)

big crunch finite time/No ai = 0, af = 0 ωi ∈ (−1, 0), ωf ∈ (−1, 0) (−,−,+)

maximum-without singularity/No ai → 0, af → 0 ωi → −1, ωf → −1 (+,−,−)

bounce-big rip-finite time/No ai → ∞, af → ∞ ωi < −1, ωf < −1 (−,−,−)

Table 3. It shows the universe type III and the first column indicates if they cross the PD or no,
γ0 = ω0 + 1.

Description-Crossing of the PD ai–af weff
i –weff

f
(ǫ, ρ0, γ0)

singular-dS/No ai = 0, af → ∞ ωi ∈ (−1, 0), ωf → −1 (+,+,+)

big rip/No ai → 0, af → ∞ ωi → −1, ωf < −1 (+,+,−)

dS-ends at a0 > 0 /No ai → 0, af → a0 > 0 ωi → −1, ωf → +∞ (+,−,−)

starts at a0 > 0-dS/No ai → a0 > 0, af → ∞ ωi → −∞, ωf → −1 (+,−,+)

start with a0 > 0-big crunch/No ai → a0 > 0, af = 0 ωi → +∞, ωf ∈ (−1, 0) (−,−,+)

contraction-end with a0 > 0/No ai → ∞, af → a0 > 0 ωi < −1, ωf → +∞ (−,−,−)

The family type III of solutions describes singular and nonsingular universes

with a de Sitter phase as well as contracting universe which begins with a constant

value in the past and ends with a = 0.

Finally, the analysis of the solutions is completed by making the time reversal

of the scale factor types I, II and III. Tables 1–3 resume all the possible universes

for the cases I, II and III respectively.
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