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Turbidity currents are buoyancy driven submarine flows where the source of buoyancy is typically a poly-
disperse sediment suspension. Sustained propagation of such flows depend on the ability of turbulence
in the flow to keep the settling sediments in suspension. Recent studies by Cantero et al. (2012b) and
Shringarpure et al. (2012) have investigated the interaction of monodisperse sediment suspension and
turbulence in turbidity currents on smooth sloping beds. These studies showed that stable stratification
of sediment suspension damps turbulence and in some cases can be fully suppress turbulence. Further-
more, it was shown that the turbulence damping effect of a monodisperse sediment suspension can be
quantified by the product of shear Richardson number and the sediment settling velocity. In this study
we generalize this result for a polydisperse sediment suspension. We compare the turbulence statistics
of turbidity currents driven by different polydisperse suspensions and show that as long as the total
amount of sediment and the product of shear Richardson number and effective settling velocity (a value
representing the polydisperse suspension) are the same, the turbulent velocity statistics of the differ-
ent polydisperse suspensions nearly collapse. Furthermore, if the effective settling velocity is chosen to
be depth-dependent (a function of height from the bed) then the turbulence statistics involving sedi-
ment concentration also collapses between different polydisperse suspensions. These results suggest the
possibility of modeling polydisperse currents with an equivalent monodisperse suspension whose total
sediment load and depth-dependent settling velocity match those of the polydisperse suspension.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

sediment suspension driving the flow (particle size distribution,
total suspended load) have varying influence on the flow.

Typically, turbidity currents are characterized as highly turbu-
lent flows driven by dilute concentration of suspended sediments
(Allen, 2001; Kneller and Buckee, 2000; Parsons et al., 2009).
These flows are extremely energetic (Krause et al., 1970; Prior
et al., 1987), travel long distances (Kneller and Buckee, 2000) and
are an important sediment transport mechanism in the submarine
world (Garcia, 1992; Parsons et al., 2009). Field scale turbidity cur-
rents are complex, spatially and temporally evolving flows. Several
factors like ambient conditions (stratification, salinity), bed topog-
raphy (slope, roughness and shape), bed conditions (particle size
distribution, cohesive effects, compaction), and description of the
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A turbidity current can be divided into three regions - head,
body and a tail (Allen, 2001; Simpson, 1997; Ungarish, 2009). The
head is the most energetic part, characterized as highly turbulent
with intense mixing (Cantero et al., 2007a; 2007b; Hartel et al.,
2000; Necker et al., 2005; Patterson et al., 2006). It can be ex-
tremely erosive and rework the bed (Cantero et al., 2008b). How-
ever, from the perspective of a fixed point on the bed, the head
passes over it quickly and therefore its effect lasts only for a short
duration. The tail of a turbidity current is a weak and depositional
flow (Kneller et al., 1997). The body of a turbidity current is a re-
gion of transition from the highly turbulent head to a weak deposi-
tional tail. It must be noted that the head and tail will always exist,
however, the existence of a distinct body is determined by various
factors like the bed conditions and sediment load at the time of
flow inception. Nevertheless the body is considered to be the main
manifestation of a turbidity current and a primary mechanism for
sediment transport.
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In the past several decades there has been an intensive effort
to study various regions and aspects of turbidity currents. These
studies range from laboratory experiments (Bonnecaze et al., 1995;
1996; Garcia and Parker, 1993; Sequeiros et al., 2010) to field
observations (Talling et al., 2007; Xu et al., 2004). Great effort has
also been devoted to numerical simulations of turbidity currents,
with emphasis on studying the flow dynamics (Cantero et al.,
2007a; 2008a; 2005; 2007b; Das et al., 2004; Hartel et al., 2000;
Imran et al., 2004), turbulent structures (Cantero et al., 2008b),
turbulence modulation (Cantero et al, 2014; 2009b) and topo-
graphical effects of the sea bed (Cantero et al., 2012a; Nasr-Azadani
et al., 2013; Nasr-Azadani and Meiburg, 2014). Theoretical analysis
has given conditions for self-accelerating and auto-suspension
turbidity currents (Bagnold, 1962; Fukushima et al., 1985; Pantin,
1979; Pantin and Franklin, 2009; Parker et al.,, 1986) and also
proposed reduced or simplified (box) models for simulating and
analyzing such flows (see Parker et al. (1986) for shallow water
equations and Bonnecaze et al. (1995) for box models). Experi-
ments have been performed to validate some of these theoretical
predictions (Sequeiros et al., 2009). More recently Cantero et al.
(2009a) and Shringarpure et al. (2012) employed Direct Numerical
Simulations to study the dynamics of the flow in the body of
turbidity currents in greater detail. Up-to-date, the study of the
dynamics of polydisperse turbidity currents has received limited
attention. Recently, Nasr-Azadani et al. (2013) and Nasr-Azadani
and Meiburg (2014) investigated the effect of polydisperse lock
exchange currents on bed topography by performing experiments
and numerical simulations.

In turbidity currents the sediment suspension has two effects
on the flow - it drives the flow (which generates turbulence)
due to the imposed excess density and the settling sediment
particles preferentially segregates in the flow leading to a stable
stratification of sediment concentration which damps turbulence.
The driving effect of suspended sediments is proportional to the
total volumetric concentration of sediment. On the other hand, the
damping effect on turbulence can be viewed as the total turbulent
kinetic energy spent by the flow to keep the settling sediment
particles in suspension. Cantero et al. (2012b) showed that the
damping effect in a monodisperse turbidity current is controlled
by the product of shear Richardson number (Ri;) and settling
velocity of the sediment (V cos6). Here V is the dimensionless
settling velocity of a sediment particle in still fluid and @ is the
bed angle with the horizontal direction. This parametric grouping
was extended to bi-disperse suspensions (Shringarpure et al.
(2014, 2015) where it takes the form Ri; (y;V; + y,V5) cos@. Here
V; is the dimensionless settling velocity of the sediment size group
i and y; is the fractional volume of this sediment group. Note that
by definition y; + y, = 1.

In this study we focus on the underlying interaction of
a polydisperse suspension and turbulence in planar turbidity
currents. In particular, we focus on turbidity currents through
submarine canyons on the continental slopes. In this scenario the
flow is assumed to be planar and confined inside the canyon.
Furthermore, the submarine canyon is assumed to be straight
with a constant width. We further simplify some of the com-
plex physics like resuspension, bed load transport and coupling
with the bed topography by considering the turbidity current
to be in auto-suspension mode (Bagnold, 1962; Sequeiros et al.,
2009) propagating on an inclined flat bed. We restrict our
attention to the body of the current and examine the effect
of polydispersity on flow turbulence. Under these assumptions
the total sediment load is conserved and the flow will reach a
statistically steady state and as a consequence direct comparison
of turbulence statistics of turbidity currents that have the same
sediment load but differ in composition of their suspension can
be made.

In this study we characterize the polydisperse suspension with
a probability distribution of sediment size where different sedi-
ment sizes are parameterized in terms of their settling velocity
V. Furthermore, the probability distribution is the fractional vol-
ume y (V) occupied by the different sediment sizes in suspension
and satisfies [;°y (V)dV = 1. With this mathematical definition,
we show that the parametric grouping that captures the damp-
ing of turbulent kinetic energy to be Ri;V,cos(6), where V, is the
effective settling velocity of the polydisperse suspension. Further-
more, we demonstrate that the parametric grouping, Ri;V. cos(6),
provides an accurate measure of the collective effect of a poly-
disperse suspension on flow turbulence. In particular, we observe
the turbulent velocity statistics within a mono-, bi- or polydisperse
turbidity current to be nearly the same, as long as the total amount
of sediment and Ri;V, cos(9) are the same. The differences in the
sediment size distribution between the different polydisperse cur-
rents only play a secondary role. As a consequence, a polydisperse
suspension can be efficiently modeled as an equivalent monodis-
perse suspension whose sediment settling velocity is set equal to
the effective settling velocity (V.) of the polydisperse suspension.

It should be pointed out that an equivalent monodisperse sus-
pension with a constant effective settling velocity over the entire
domain will not accurately reproduce the mean sediment concen-
tration or higher order sediment concentration statistics. This is
because the vertical variation of sediment concentration and its as-
sociated higher order statistics in a polydisperse system strongly
depends on the local sediment size distribution. So, it appears that
turbulent velocity statistics is most influenced by depth-averaged
global sediment size distribution and the net amount of sediment
in suspension and not so much by the detailed distribution of sed-
iment sizes in the vertical direction. Interestingly, by considering
an equivalent monodisperse suspension with a depth-dependent
effective settling velocity, we observe that it is possible to approxi-
mate both the velocity and sediment concentration statistics of the
corresponding polydisperse suspension.

The equivalence between polydisperse and monodisperse cur-
rents to be established below is specific to turbulent turbidity cur-
rents. These observations and conclusions would be useful to build
improved mathematical models of turbidity currents and better
turbulence closures. By quantifying the details of interaction of
polydisperse suspensions and turbulence in terms of global para-
metric quantities (total sediment load and effective settling veloc-
ity) will facilitate better interpretation and comparison of different
experiments and field observations.

The problem of interaction of stratified scalar fields like tem-
perature or concentration of passive species like salinity and turbu-
lence is related to the interaction of stratified polydisperse suspen-
sion and turbulence in a turbidity current. The important distin-
guishing factor between the two problems is that the suspension
in turbidity currents behaves as an active scalar which will not ad-
vect with the local fluid velocity. There has been a lot of work in
the former field where turbulence damping and eventual relami-
narization under varying extent of stratification has been investi-
gated (Armenio and Sarkar, 2002; Taylor et al., 2005; Zonta, 2013;
Zonta et al., 2012; Zonta and Soldati, 2013). Similarly, Cantero et al.
(2012b) and Shringarpure et al. (2012) investigated the dynamics
of turbulence suppression due to sediment stratification in turbid-
ity currents. It remains to be further studied if dynamics of turbu-
lence suppression and the equivalence between different suspen-
sions can be extended to other polydisperse multiphase flows.

In Section 2 we will describe briefly a general mathematical
formulation of polydisperse sediment suspensions. Section 3 dis-
cusses the underlying assumptions for a turbidity current and re-
sulting simplified governing equations to be solved in this study.
Section 4 presents the results from 14 different simulations that
range from monodisperse, to polydisperse cases followed by a
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Fig. 1. Schematic of model geometry and set up. The figure shows a suspension
made up of two sediment sizes whose concentration profiles in bed normal(z) di-
rection are C; and G,.

discussion of the results. In Section 5 simulation of equivalent
monodisperse suspension with depth-dependent settling velocity
is considered. Finally in Section 6 conclusions are drawn.

2. Problem formulation

A fully resolved simulation of a turbidity current with billions
of particles in suspension is impractical, if not impossible. Typically
for the flow regimes of interest, the response time of the sediment
particles is smaller than the Kolmogorov time scale, which sug-
gests that an Eulerian description of dispersed phase is well suited
(Balachandar and Eaton, 2010). However, there are other compli-
cations associated with the Eulerian description. The main diffi-
cultly is that the suspended particles are characterized by multi-
ple independent attributes like shape, size and material property
which control their interaction with the surrounding continuous
medium. Furthermore, in real suspensions these attributes can take
wide range of values and as a result such suspensions need to be
described by a multi-variate distribution function. In this section
we will consider, as an example, a bivariate distribution where the
two independent attributes are the sediment size D and the sedi-
ment density measured in terms of sediment-to-water density ra-
tio R = (os — pw)/pw- Here ps is the density of the sediment and
pw is the density of the ambient water. To study the spatial and
temporal evolution of a suspension, a Population Balance Equation
(PBE) (Ramkrishna, 2000) is typically solved. The PBE evolves the
distribution function in space and time based on prescribed inter-
actions like particle aggregation and breakage.

Here we consider the body of a turbidity current modeled
as sediment-laden inclined periodic open channel flow (Cantero
et al,, 2009a, see TCR model in). Fig. 1 shows a schematic of the
model geometry. As in turbidity currents, the flow in the proposed
model is driven by the excess density imposed by the polydisperse
suspension of sediment. We assume that the suspension is dilute
and as a consequence the flow rheology is taken to be Newtonian
and particle collisions are unimportant. This also allows the use
of Boussinesq approximation. The distribution representing the
sediment suspension is the bivariate volumetric concentration
c(x, t; D,R). Therefore the effect of polydisperse suspension leads
to a mixture density

pmix(g,r):pw[1 +/R/DRC(§, t;D,R)dDdR]. (1)

The governing equations for this flow are

u; du; 1 dp 0%y

ar TW 0X; — pw 0X; +U3x18xj +g‘/R[DRCdDdR’ )
8u,~

Bx,» - O’ (3)

ac d d dc

where we have dropped the explicit dependence of the volumetric
concentration to simplify notation. In the above indices i=1...3
and j=1...3 represent the three co-ordinate directions (x, y, z).
Note that we use 1,2,3 and x, y, z interchangeably. Here (4) is
the PBE (Marchisio and Fox, 2005; Ramkrishna, 2000), u; is the
fluid velocity, p is the pressure, v is the kinematic viscosity, g;
the ith component of gravity, D;; is the diffusivity tensor of sedi-
ment particles, and S(c) is a source term accounting for accounting
for coalescence, flocculation and breakage of sediment particles. It
is typically an empirical closure that approximated the microscale
physics of the polydisperse suspension. In (4), (v{|D, R) is the veloc-
ity of the sediment particles conditioned on the properties D and
R. Also, the sediment volume fraction is small which means that
fluid velocity can be considered to be solenoidal (Cantero et al.,
2008a; Ferry and Balachandar, 2001). For the fluid velocity a no-
slip boundary condition is enforced on the bottom boundary and
a free-slip is enforced for the top boundary. For sediment concen-
tration zero net concentration flux conditions are enforced at both
boundaries. Mathematically, it can be written as

ac
(v=ID. Ry ¢ = Dy (5)

Periodic boundary conditions are enforced in the streamwise and
spanwise directions for all variables.

2.1. Stationary state mean flow equations

Mean flow equations averaged over turbulence can be ob-
tained by substituting Reynolds decomposition u; = (u;) + u} and
c(x,t; D,R) = (c)(z; D,R) + c'(x,t;D,R) in (2)-(4). Here <-> means
an ensemble average and (-) is the corresponding fluctuation.
Note that because of the periodic boundary conditions in the
streamwise and spanwise directions and statistical stationarity, the
ensemble average can be represented by an average over time and
over the streamwise x and spanwise y directions. The ensemble av-
eraged quantities are then only functions of the bed-normal z di-
rection. The mean z-momentum equation reduces to

diw'w') 3 lw

0=- dz ow dz

+gz/R/DR(C) (z:D,R) dDdR. (6)

Integrating this equation in z gives the mean pressure distribution

(D)%, 2)= — pulWW)+pug; /0 ’ fR fD (¢)(z: D, R) dDdRdZ+P (x).
(7)

P is the streamwise pressure function, which turns out to be zero
as the flow is driven purely by the excess density due to suspended
sediments. The mean x—momentum equation is

d(u'w’) d?(u)
dz tv dz2

We can integrate the above equation in the z direction from the
bottom (z;, = 0) to the top (z: = h) boundary to obtain

0=-—

+gX/R/DR(c)(z; D,R)dDdR. (8)

h
V%lzb:gx‘/l; ‘/’;‘/;R<C)(Z7D,R)dDdeZ, (9)

where a free-slip boundary condition has been enforced on the top
wall. The friction velocity u* is defined as

d{u
w = v g O, (10)
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Here problem by discretizing the continuous spectrum of sediment
( 1 h size into finite number of size bins. Thus, we define
RO)® = 1 / / / R(c)dDdRdz, (11) Vo
0 JRJD Cm = / cdv (18)
N Vin-1,2
cw — 1/ // (c)dDdRdz. (12) to be the volumetric concentration in the mth bin of sed-
hJo Jrp iment particles whose settling velocity varies around V.
The fractional volume can be defined as Thus the distribution function is approximated as c(x,t;V) =
1 h Z%ﬂ cm (X, t; Vin). Substituting this in the PBE equation along
Y (D,R) = W/ (c)(z; D,R) dz, (13) with the above assumptions results in a scalar transport equa-
hC 0 tion for each discrete sediment size.
and by definition it satisfies the constraint 6. An Equilibrium-Eulerian approximation (Cantero et al., 2008a;
Ferry and Balachandar, 2001) can be employed for the condi-
/R/D)/(D R)dDdR = 1. (14) tioned advection velocity (v;|D) in (4) such that

3. Simplified multigroup formulation for turbidity currents

The mathematical formulation presented in the previous sec-
tion is a general framework applicable for a broad class of poly-
disperse flows. For the modeling of the body of a turbidity current
several simplifications can be made.

1. Sediment particles are assumed to have the same density, thus
reducing the distribution to a monovariate form. Furthermore,
we assume that there is no shape effects so that sediment size
D has a one to one correspondence with the sediment settling
velocity V. The formula by Dietrich (Garcia, 2008) can be used
to relate settling velocity with sediment size:

V(D) = \/gRDexp{—by + by In (Re,) — b3 [In (Re,)[?
— by[In (Rep)]? + bs [In (Rep)]*} (15)
where

2 JgRDD
ep = — (16)

and by =2.891394, b, =0.95296, b3 =0.056835, by=
0.002892, bs =0.000245. Therefore we can switch to sed-
iment settling velocity V as the internal co-ordinate of the
distribution function - c(x, t; V).

2. Particle coalescence, flocculation and breakage are unimportant,
which means the source term S(c) =

3. For this work we assume that the turbidity current in auto-
suspension mode meaning that there is zero net flux of sedi-
ments between the flow and the bed. Since deposition is ex-
actly balanced by resuspension, the total amount of sediment
within the computational domain is conserved yielding

9
&/V/VchdV=0, (17)

where V is the volume of the current.

4. Dj; is the diffusivity tensor of the sediment based on its char-
acteristic length scale D. However, it must be emphasized that
the source of this diffusivity is not Brownian motion, which is
negligible for the (O(100 wm)) finite-size sediment particles un-
der consideration. The diffusion process is due to fluctuations
in number density of the sediment particles, which leads to
long range hydrodynamic interactions mediated by the carrier
fluid (Mucha and Brenner, 2003; Segre et al., 2001). To sim-
plify the analysis we will assume that the diffusion coefficient
is isotropic (ie., Djj =D&, i=1,...3; j=1...3) and inde-
pendent of sediment size.

5. Solution of the population balance Eq. (33) can be quite ex-
pensive. Some of the methods for solving PBEs are Monte
Carlo Methods, Quadrature Method of Moments (QMOM), Di-
rect Quadrature Method of Moments (DQMOM) (Marchisio and
Fox, 2005; Ramkrishna and Singh, 2014). Here we simplify the

WiID) =t + Vi i=1...3, (19)

where u; is the fluid velocity. V,;; is the ith component of
the settling velocity of the mth sediment bin, which can be
expressed in terms of the still fluid settling velocity V as
(Vinx: Vimy, Vinz) = Vin(sin8, 0, —cos @) where 0 is the angle of
the bed with the horizontal direction.

With these simplifications the dimensional equations for the
multigroup model with N discrete sediment sizes becomes

au; au; 1 8p

B Yoy = et ijaxj TR Z Cn (20)
8ui

o 0, (21)
Ocm —[(u V)em] = DG (22)
Bt ! mi)=m 8 ,‘aXi'

In the above indices i=1...3 and j=1 ... 3 represent the three

co-ordinate directions and subscript m denotes a discrete sediment
size and m=1, ..., N. Note that (12) and (13) become

h N
co = %/0 3" (cm) dz, and (23)
m=1

h
Vi = ﬁfo (cm) dz. (24)
with the constraint 3% _; ym = 1. The total concentration of sedi-
ment is ¢ = Zm 1 Cm.

The boundary conditions for the governing equations (20)-(22)
are periodicity along the x and y directions for all variables, and
for the z direction

u=0 at z=0, (25)

au av

5> =0.7-=0 and w=0 at z=h, (26)
dCm

—Vmcmcosd =D—-— at z=0and h. (27)

0z

The error associated with the multigroup approximation can be
quantified by comparing the moments of actual and discrete rep-
resentation of the sediment size distribution function. We would
like to choose the discrete sediment sizes to be such that the first
few moments of the continuous sediment distribution are exactly
matched. Note that the objective here is to match the global mo-
ments, i.e. moments computed from global quantities defined over
the entire spatial domain. It can be easily shown that with N dis-
crete sediment sizes, one can approximate 2N — 1 moments exactly
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(Ramkrishna, 2000). For our study, the moment matching relations
between the continuous and discrete distributions can be written
as shown below

00 N
v, = / VyV)dv =3 Vi, (28)
0 m=1
0 N
M, = / VZy(V)dv =Y Vi ym (29)
0 m=1

In the above, V, is the first moment of the fractional volume distri-
bution of the polydisperse suspension and represents an effective
settling velocity of the entire spectrum of sediment sizes, while
M, is the corresponding second moment. Note that the matching
of the zeroth moment is trivially satisfied since

o N
Mo= [Ty wyav =3 ym=1. (30)

m=1

The matching of the zeroth moment is replaced by matching the
values of CV) for both the continuous and multigroup problems.

3.1. Dimensionless multigroup equations and numerical model

We employ the channel height h as the length scale, friction
velocity u* as the velocity scale, the total volumetric concentra-
tion (V) as the concentration scale, and t; = h/u, as the time scale.
These choices lead to the following dimensionless governing equa-
tions

- dl AP 1 3 . .,
m=1
% -0, (32)
1
m D rfn o v 1 9%
of T g LTt Tmi)en] = pos pram (33)

where indices i=1...3 and j=1...3 represent the three co-
ordinate directions and dimensionless variable are denoted by (%)
and

u.h v - . . 1
, SC—E, g =1{1,0, —Ri;}, RII_W'

In the above Re; is the shear Reynolds number, Ri; is the bulk
Richardson number based on friction velocity which reduces to
1/tan(0) for the choice of scaling variables, and Sc is the Schmidt
number.

The multigroup model Egs. (31)-(33) are solved employing a
dealiased pseduospectral code (Canuto et al., 1988). For all the flow
variables Fourier expansions are employed in the horizontal direc-
tions tangential to the bed (X and y directions) and a Chebyshev
expansion is used in the bed normal direction (Z). A time split
method is used to solve the momentum equation and the incom-
pressibility condition. A low storage mixed third-order Runge-Kutta
and Crank-Nicolson scheme is used for temporal discretization of
advection and diffusion terms. This scheme is carried out in three
stages with pressure correction at the end of each stage. Details
on implementation of this scheme can be found in the work by
Cortese and Balachandar (1995). The domain size is (Ly. Ly, ;) =
(4mh,4mh/3,1) and grid resolution is (Nx, Ny, N;) = (96, 96, 97).

(34)

Re; =

4. Results and discussion

The list of simulations performed in this study are given
in Table 1. In all the simulations Re; = 180, Ri; =11.43, Sc =1
are held fixed while the composition of sediment suspension is
changed. Ri; = 11.43 corresponds to a slope of 5° which is a typ-
ical inclination of the ocean floor in the continental slope re-
gion (Pinet, 2006). Real turbidity currents have much higher Re;
(0(10%)) which are inaccessible for direct numerical simulations
(DNS). Although our simulations are at lower Re; they exhibit ma-
ture turbulence and the results are of relevance to real turbidity
currents (Cantero et al., 2012a; 2012b).

To study the effect of sediment size distribution on turbulence
statistics in a systematic way, we use moments of the polydis-
perse suspension to compare different suspensions. Here we have
grouped all suspensions into set A and set B. In both sets the total
sediment load (') is the same (this is a consequence of Re; being
fixed at 180, see (10) and (34)), but the first moment of the total
sediment volumetric concentration (V, see (28)) is different. V, is
fixed at 0.01 and 0.02 for all cases in set A and set B, respectively.

Keeping V, fixed within each set assures that the total damping
of turbulent kinetic energy by suspended sediments is held con-
stant. To see this clearly, we can write the turbulent kinetic energy
(TKE) equation as

1 dz(fc) ~
P-4+ gz = (35)
where
L P S S < oad(@ .1 [3d 9w
k= Qlit 4724 W5) P={IW) g5 €=Rez<><;;>
(36)
~ d 5 ﬁ/2+l’7/2+v‘\"//2 5
T:_dz<w/(2+p/)>’
N N
== (ae,)+Rir Y (We,). (37)
m=1 m=1

In the above, k is TKE, P is TKE production, ¢ is TKE dissipation, T
is TKE transport due to fluctuations in velocity and pressure, the
last term on the left hand side of the equation is viscous transport
of TKE and § is TKE damping due to suspended sediment. § can
also be interpreted as the rate of TKE energy spent by the flow
on suspended sediments. We can integrate (35) in the bed-normal
direction to get the total TKE budget as

1 d<k=1 1 &
- <Kk > )\ o
Pt Re, (|: dz ]O_ SCmZ][Cm]o) = B +Ri;V.cos6

(38)

In the above,

1 1 - N
75:/ pdz. S:/ €dz, and B =—Z/ (a'e,)dz.
0 0 m=1"0
(39)

Refer to Appendix A for the derivation. The two terms on
the right hand side of (38) are the sediment induced damping
terms. Previous DNS of turbidity currents driven by monodisperse
(Shringarpure et al., 2012) and bidisperse suspension (Shringarpure
et al, 2014) indicate that B is proportional to the parametric
grouping S\fv") = Ri;V, cos@, where S\Sv") is a measure of total resus-
pension work rate. Therefore, the total TKE damping by suspended
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Table 1

List of simulations: y,, refers to the volumetric fraction of sediment group m in the mixture and
Zﬁ:] Ym = 1. Vy refers to the settling velocity of sediment particles in the suspension. We fix
Re; =180, Ri; = 11.42 and Sc =1 for all the simulations. In set A V, = >N_, ¥V, = 0.01 and in
set B Vo = YN _, ymVin = 0.02. Not listed here is case 8. Case 8 corresponds to a simulation with
monodisperse suspension with depth-varying settling velocity in the channel, fixed in time, and pre-
scribed at initialization. This prescribed settling velocity for case 8 is the effective settling velocity
computed from the stationary state of case 7B (see (49)).

case Vi vy V2 V3 V3 Vs Va M,
(10-%)

1A 0.010 1.0 — — — — — — 1.00
2A 0.000 0.8 0.05 0.2 - - — - 5.00
3A 0.001 0.6250 0.0250 0.3750 - - — - 235
4A 0.001 0.7692 0.04 0.2308 — — — — 3.70
5A 0.005 0.8571 0.04 0.1429 - - — - 2.50
6A 0.001 0.6875 0.025 0.2125 0.04 0.1000 — - 2.94
7A 0.001 0.5500 0.005 0.3000 0.05 0.1300 0.0725 0.02 438
1B 0.020 1.0 - - — - — - 4.00
2B 0.000 0.6 0.05 04 - - — - 10.00
3B 0.010 0.6667 0.04 0.3333 - — - — 6.00
4B 0.001 0.5128 0.04 0.4872 — - — - 7.80
5B 0.002 0.6250 0.05 0.3750 - - — - 9.40
6B 0.001 0.6154 0.04 0.2846 0.08 0.1000 — - 11.00
7B 0.003 0.5000 0.02 0.1500 0.03 0.2500 0.08 0.1000 9.30

sediments is then (1+a)SY, where o = B/3%. This clearly
shows that the overall TKE damping is proportional to the effective
settling velocity of a polydisperse suspension. For a monodisperse
suspension, the parameter reduces to S‘fv“) = Ri;V cos®, which
is the same as that considered in Cantero et al. (2012b) and
Shringarpure et al. (2012). Although, this analysis shows that the
total TKE damping may depend only on 5‘5‘,"), we can anticipate the
detailed turbulence statistics to additionally depend on the vertical
distribution of sediments of different sizes. The simulations per-
formed in this study explores this aspect in detail to address to
what extent 5‘\5‘,") is able to predict the collective effect of a poly-
disperse suspension on turbulence.

In both sets of simulations listed in Table 1, case 1 is the
monodisperse suspension. Case 1A with V = 0.01 and case 1B with
V = 0.02. In each set, we will refer to the monodisperse case (case
1) as the reference and compare other cases against it. Cases 2 to
5 are bidisperse suspensions. Case 6 in both the sets corresponds
to a suspension made up of three sediment sizes, while case 7 cor-
responds to a suspension made up of four sediment sizes. In case
7, the settling velocity of the largest sediment particles is about 8
times larger than the monodisperse case. In all the multi-sized sus-
pensions the settling velocity of the largest sediment size is about
30 to 80 times the smallest sediment size. Refer to Table 1 for
complete details.

The maximum sediment size or the settling velocity can be
chosen to be arbitrarily high. However, such choices would be in-
compatible on two fronts. First, sediment particles can be held in
suspension only if their settling velocity is less than the rms verti-
cal velocity fluctuations in the flow (Middleton, 1976). Recent work
(Salinas et al., 2017) shows that sediment particles whose V > 0.1,
typically, get sequestered very close to the bottom of the current.
Second, the assumption that the turbidity current is in the auto-
suspension mode places an implicit restriction on the sediment
size and choosing a large sediment size will violate this assump-
tion. In other words, these sediments should be sufficiently small
so that there is no net flux to the bed, but they should be suffi-
ciently large to stratify in the bed normal direction. Such sediment
sizes are classified as coarse wash load (Garcia, 2008).

Although the different cases in sets A and B have the same total
volumetric concentration of sediment and same effective settling
velocity, their higher order moments are quite different. To high-
light this difference, Table 1 lists the second moment M, for all
the cases. All the simulations are initialized with uniform distri-

case 1A ——
case 2A

case 3A - - - -
case 4A --------
case bA —-—-
case 6A ——
case TA -—--- B

0.8

Fig. 2. Profiles of mean streamwise velocity (i) and total mean sediment concen-
tration (&) for all cases in set A.

bution of constituent sediment sizes and after an initial transient
phase, turbulence statistics associated with the stationary state
are accumulated. Various turbulence statistics like the mean sed-
iment concentration, mean streamwise velocity, rms velocity pro-
files, Reynolds stress, Reynolds flux and TKE production, dissipation
and damping are gathered and compared.

4.1. Mean streamwise velocity and sediment concentration

Figs. 2a and 3 a show the mean streamwise velocity profiles for
all cases in set A and set B respectively. The profiles nearly fall on
top of each other and on the reference profile of the monodisperse
case 1. The extent of deviation of the velocity profiles of cases 2
to 7 from that of case 1 is quantified by the L2 norm of the dif-
ference and presented in Tables 2 and 3. Note that these L2 norms
are normalized by the reference case 1 and computed as follows

_ fol (() - (')ref)2 dz
fO] (')fefdz .

The L2 difference of mean streamwise velocity for the different
cases is observed to be 0(1072).

(M2 (40)
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Table 2
L2 norms of difference in various turbulence statistics computed for set A from the monodisperse case. § represents the TKE
damping terms (see right hand side of (35)). Refer to (40) for the exact mathematical form of the L2 norm reported here.
case (@2 N@llz  Nmsllz  (Wrmsllz 1Pmslla K@) IWEYL 1IPll2 l€ll2 118112
(107%)  (1073) (107%) (1074) (107%) (1074) (10-3) (104 (1074  (1073)
2A 2.8444 44842 12656 0.2713 0.9706 1.3079 17.876 2.7880  0.8085 11073
3A 10354  3.9917 2.5305 0.2914 1.0822 0.2366 1.9636 10806 11077 11364
4A 04317  4.7243 1.4700 0.1394 0.5101 0.7022 8.7817 18719  0.8922 12941
5A 0.6418  4.6650  0.4993 0.7053 0.2072 31423 2.7063 6.4000 5.6207 13223
6A 45558  4.7751 1.5625 21248 1.0865 7.7010 4.5398 18.186 14970 13907
7A 04997 54423 09157 1.5198 0.9157 4.3601 13.647 8.5274 51111 1.2693
Table 3
L2 norms of difference in various turbulence statistics computed for set B from the monodisperse case. § represents the TKE
damping terms (see right hand side of (35)) Refer to (40) for the exact mathematical form of the L2 norm reported here.
case (@2 IOl Ndmsllz  Wimslla  Tmsllz @@ [WEN 1Pl €112 118]l2
(1074) (1072) (1074) (107%) (107%) (1074) (10-3) (10%)  (10%)  (1073)
2B 22183  3.0364  2.2587 1.2204 11157 5.6759 11.531 55690  1.6932  2.0087
3B 02498 13696  0.7736 0.1668 0.2051 0.9314 1.4046 16305 04915 12318
4B 10854  3.0324  3.6762 0.5164 0.5218 2.2982 4.8423 2.8445 0.6769  2.3014
5B 13586  3.0363  4.2819 1.6250 20224 52225 9.2998 6.6835 15044  2.8312
6B 07366 32395  16.340 3.1493 2.8236 12.260 15.594 22169 71280  4.3496
7B 07434  3.0097  2.3646 1.2483 2.2841 3.3861 8.7869 24291 11645  4.0141
1 e 1B 1 reduction in concentration in the middle for a polydisperse case. A
case 2B simple measure of this spread in settling velocity can be written
case 3B - - - - as
0.8 | case 4B -------- ] 0.8 ] 1
case 5B —— | [ @ =02 @avdz— s, - 72, (41)
case 7B - —--- -
1 0.6 1 and thus explaining the observed dependence on M.
The interesting feature of this result is that even though the
“ vertical distribution of local driving force represented by the mean
1 0.4 1 total sediment concentration varies somewhat between the differ-
ent cases, the mean streamwise velocity which is the mean re-
sponse to the driving force tends to collapse on to the reference
g 0.2 g profile. This insensitivity to the vertical distribution of the driving
force is only when the flow is turbulent. In Section 4.3 we will
look at the laminar solution of the governing equations and high-
0 light key difference caused by the existence of turbulence. The L2
25 2 norm of the difference in the total concentration profiles of the dif-

Fig. 3. Profiles of mean streamwise velocity (i) and total mean sediment concen-
tration (¢;) for all cases in set B.

Figs. 2b and 3b show vertical variation of mean total sediment
concentration (&) for all the cases in set A and set B. The mean
total sediment concentration is the local excess density or the
driving force imposed by suspended sediments. Unlike the mean
streamwise velocity profiles, the mean total concentration profiles
do not completely collapse onto the reference profile of case 1.
Substantial differences are seen near the top and bottom bound-
aries. Away from the boundaries the concentration gradients are
similar but the profiles are slightly shifted below the reference pro-
file of case 1. A closer examination shows that these differences
from the reference case increases with the increasing value of the
second moment M, (see Table 1). For the reference case M, =1
and with increasing M, we observe a slight but noticeable reduc-
tion in the mean total sediment concentration in the interior of the
domain. Such deviations are to be expected when a polydisperse
suspension is compared with an equivalent monodisperse suspen-
sion. It is straightforward to see that some of the sediment sizes
of the polydisperse suspension will settle faster than the effective
settling velocity, while some other sizes will settle slower and as
a result, there will be increased accumulation of finer sediments
near the top and coarser sediments towards the bottom with a net

ferent cases are given in Tables 2 and 3. As expected, the L2 norm
of the differences, although still small, are 2 orders of magnitude
higher than those for streamwise velocity profiles.

The total sediment settling flux is defined as the sum of
the sediment fluxes of the N different sediment sizes (i.e.,
Zﬁﬂ VmZ(Em)) and its vertical variation for all cases in set A and
set B is shown in Fig. 4. Unlike the mean velocity profiles, no-
ticeable differences between the different cases within a set can
be observed. Mathematically, the sediment settling flux is the first
moment of local distribution of polydisperse sediment suspension
in the flow. When averaged over the vertical direction yields

1 N 5 N 5 5
f S Ve (En)dz = 3 Vi = Ve
0 m=1 m=1

It can be seen from the figures that in all the cases the depth av-
eraged sediment settling flux is equal to 0.01 and 0.02 in sets A
and B, respectively. Again a systematic increasing departure from
the reference case with increasing second moment M, can also be
observed. Therefore these profiles demonstrate that even though
the effective settling velocity V, matches for all the cases, the local
behavior (as a function of Z) can be quite different.

In turbidity currents, sediment particles are held in suspen-
sion through a balance between the downward settling flux and
an upward turbulent flux, and this balance is established for every
sediment group. Adding over all the sediment groups, the net

(42)
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Fig. 4. Profiles of total sediment settling flux for all cases in set A and set B. .
Wyrms
balance at a given vertical location within the channel can be
written as
0.8 - E
N N
vaz<€m> - W/Zdn =0. (43)
m=1 m=1 0.6 L i
Note that this relation is valid for a statistically stationary state .
and away from the top and bottom boundaries where the diffu-
sive flux is negligible. Since we observed that the settling flux pro- 04 + R
files differ greatly, we expect that the Reynolds flux profiles will
also show noticeable differences between the different cases. Sim-
ilar differences can be expected in other higher order statistics as 0.2 - E
well, which will be explored below.
4.2. Higher order turbulence statistics 0 ‘ : :

Here we will present the results for set A only as all the ob-
servations and associated conclusions from the results of set A ex-
tend to set B. Refer to Appendix C for all the corresponding figures
showing statistics obtained from cases in set B. Fig. 5 show s,
Urms and Wy profiles for all the cases in set A. Profiles of all three
quantities for all the cases collapse onto the reference profile of
case 1. The L2 norm of the difference in the rms profiles for differ-
ent cases are listed in Table 2. Like the mean streamwise velocity
profiles, the L2 norm of the difference is quite low at 0(10~4) of
the reference monodisperse case. Fig. 6 show the Reynolds stress
—(@W') and Reynolds flux Y"y_, (W'¢;,) profiles for all cases in set
A. While good collapse is observed for Reynolds stress, Reynolds
flux profiles differ substantially, which is in agreement with the
behavior observed in Fig. 4.

Profiles of TKE production and dissipation for the different cases
show a good collapse onto the corresponding reference profile of
case 1 (see Fig. 7). It is expected that TKE damping due to sed-
iment suspension will depend on sediment size distribution as it
is a function of Reynolds flux ((Vv’f{)) which was shown to have
substantial dependence. From the figures it is clear that the turbu-
lence statistics, which are not associated with sediment concentra-
tion, of all cases collapse onto a unique profile suggesting that the
statistics are nearly independent of the sediment size distribution.
In other words, the zeroth and first moments of fractional sedi-
ment volume distribution are the most important factors that con-
trol the turbulent velocity field. As a consequence, it is possible to
approximate a complicated polydisperse suspension by a monodis-
perse suspension whose sediment size has a settling velocity of
V.. However, it is important to emphasize that this simplification

0 0.5 1 1.5 2

vrms

Fig. 5. Profiles of streamwise ({lrys), Spanwise(¥ms) and wall normal (Wyps) rms ve-
locity for all cases in set A.

L 1
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7
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Fig. 6. Profiles of Reynolds stress (i'W’) and Reynolds flux (W'¢]) for all cases in
set A.
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Fig. 7. Profiles of TKE production (P), TKE dissipation (€) and TKE damping (3) for
all cases in set A.

has the important limitation that the flow statistics associated with
sediment concentration will not be captured appropriately by the
monodisperse suspension. We will address this in Section 5.

4.3. Laminar solution

Is the equivalence between polydisperse suspensions and
its equivalent monodisperse suspension inherently embedded in
mathematical model? Will this equivalence manifest across the
range of Re;? Here we demonstrate that the approximate equiva-
lence is restricted to only turbulent flow conditions. In other words
such indifference of the velocity statistics to details of the driving
potential requires strong turbulent mixing in the vertical direction.
It can be shown that the observed equivalence breaks down when
we consider laminar solution of the governing equation given in
(31)-(33). The laminar solution for velocity and sediment concen-
tration are given below (for derivation see Appendix B)

Em = Amexp(Re; Sc Vi, 2), (44)
N ~, ~
i— Re, Y Am ) [exp(Re, Sc~VmZ ?)
1 Rez ScVin, Re; Sc Vi,
~ 1
— Zexp(Re; Sc Vi) — ——— |. 45
p(Re; ScVinz) R, SCsz} (45)

Fig. 8. Profiles of streamwise velocity @ and total sediment concentration ¢; ob-
tained from the laminar solution of the governing equations for all cases in set A.

Table 4

L2 norms of laminar solution (velocity and
total sediment concentration) for all cases
in set A and set B. L2 norms of cases 2
to 7 represent the extent of deviation from
the laminar solution of case 1. Refer to (40)
for the exact mathematical form of the L2
norm reported here.

case [1all2 =3]P}

(10-2) (10-%)
2A 1.7780 61239
3A 0.2249 1.3210
4A 0.9262 3.5856
5A 0.3228 1.0881
6A 0.4693 21382
7A 1.2351 3.8416
2B 7.5885 7.6402
3B 1.0846 1.0158
4B 3.6232 3.9234
5B 6.3448 61713
6B 7.8823 73312
7B 4.0966 3.6353

In the above,
YmRer S¢ Vi,

" exp(Rey ScVms) — 17 (46)
Fig. 8a show the laminar velocity profiles of all the cases of set A.
Also, Fig. 8b show the total sediment concentration obtained from
the laminar solution for each constituent sediment size present in
the suspension of all the cases in set A. Comparing this figure with
Fig. 2 (for the turbulent simulations), we can clearly see that the
collapse of streamwise velocity is now absent and the deviation of
total sediment concentration is much more pronounced in case of
laminar solution. The deviation from the laminar solution of the
equivalent monodisperse suspension is computed as the L2 norm
of the difference for cases 2 to 7. For each case in set A, the L2
norm of the difference for the laminar solution is approximately
2 orders of magnitude larger than those of the corresponding tur-
bulent flow. These results are tabulated in Table 4. This establishes
that the laminar solution does not allow the same simplification of
a polydisperse suspension observed in turbulent flows. Note that
laminar velocity and total sediment concentration profiles of cases
in set B are qualitatively similar to those of set A and all the above
observations and conclusions presented here consistently extend to
set B. Appendix C shows all the corresponding figures for set B.
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1 T case 1A 1 ae 1B = the top boundary, Ve,l is closer to the settling velocity of the small-
0| case 2A case 2B est sediment in the suspension. This captures the physical reality
§j| case3A ---- case 3B - - - - of the turbidity currents, i.e., in a turbidity current driven by poly-
08 ¥ case ‘}A """" 1 08} case 4B ---....- 1 disperse suspension we expect to find large sediments near the
e gﬁ - e gg - bottom of the flow, while the smaller sediments will be more com-
case TA - — - case TB - — - mon near the top.

0.6 r 1 06 1 From the perspective of an improved mathematical model, an
e e ideal approximation of a polydisperse suspension with an equiva-
lent monodisperse suspension is when the settling velocity of the
0.4 | 1 0.4 - 1 monodisperse suspension varies with channel height as given by
\7&,. For a mondisperse suspension such a depth-dependent set-
tling velocity has no direct physical meaning. However, it can serve
0.2 - 1 0.2 r 1 as a mathematical model and an approximation for a more com-
plex polydisperse system. With such a mathematical formulation,
N ; we want to examine if all turbulence statistics of the polydisperse
0 —— : 0 62 0 63 004 0 — 64 5 66 003 Suspension, including those involving sediment concentration, will

’ \7 ’ ’ ' f/ ’ ' be well captured by the monodisperse suspension.

e,l e,l

Fig. 9. Profiles of effective settling velocity V,, all cases in set A and set B.

5. Depth-dependent effective settling velocity

The moments of continuous and discrete sediment distributions
defined in Eqs. (28) and (29) are global quantities as they are based
on depth averaged fractional volumes y . Equivalently we can de-
fine depth-dependent moments of the local sediment distribution
as

N
My, (2) = Z (3 (47)
m=1
~ N ~
My (2) = Vi (€) - (48)
m=1

From the above definition we obtain the zeroth moment to be
the same as the normalized total sediment concentration (&) (2).
In all the simulations initially all constituent sediment sizes are
uniformly distributed in the vertical direction with superimposed
random perturbation, and consequently, at t =0 we have 1\710'1 =1
and M;; = Ve, which are the same as the global zeroth and first
moments.

Once the simulations begin, the sediment particles settle
down at their respective settling velocities and turbulence tends
to mix them vertically. At the bottom boundary we enforce a
resuspension flux through an effective diffusive process which
ensures that total sediment load of each constituent sediment
size is conserved. The overall effect of this evolution is that the
depth-dependent moments which are based on local sediment
concentration start deviating from the global moments and be-
come a function of Z. Each sediment size reaches its stationary
state when its downward settling flux is balanced by the upward
Reynolds flux (see (43)).

We can define the effective local settling velocity Ve,,(i) as

D S AN (o
i@ = (49)

This definition of effective local settling velocity along with local
mean sediment concentration ensures perfect balance of net local
sediment flux. Fig. 9 shows the profiles of effective local settling
velocity \79,1 for all cases in sets A and B. In cases 1A and 1B, \78,, is
constant and is equal to 0.01 and 0.02, respectively. However, for
all other cases, V,; varies with height. Close to the bottom V,; is
closer to the settling velocity of the largest sediment, while near

5.1. Equivalent monodisperse suspension with depth-dependent
settling velocity

In this section we will consider simulation of a monodisperse
suspension with a depth-dependent settling velocity that will be
referred to as Vinono(Z). This depth-dependent settling velocity will
be chosen to match the effective local settling velocity of a cho-
sen polydisperse case given in (49). Note that the effective local
settling velocity is known only through a direct numerical simu-
lation of the polydisperse system, since the Z-dependence of the
mean concentration (¢),, of the different sediment sizes is not
known a-priori. They are known only through an ensemble aver-
age of the simulation results in the statistically stationary state,
only after the transient effects have fully decayed. Thus, the simu-
lations with equivalent monodisperse to be described below is not
of practical value, since it requires input from the polydisperse sys-
tem that it will approximate. Our purpose is to see if a monodis-
perse system, with an ideal depth-dependent settling velocity, can
approximate a polydisperse current. Here it must be pointed out
that there are rigorously derived computational methods, such as
QMOM and DQMOM (Marchisio and Fox (2005); Ramkrishna and
Singh (2014)), proposed in the literature to solve the population
balance equation. The present approach of an equivalent monodis-
perse suspension with depth-dependent settling velocity can be re-
lated to these approaches.

In the monodisperse simulation the depth-dependent settling
velocity of the sediment will be held the same over time. The ini-
tial starting condition for the equivalent monodisperse suspension
is a depth-independent uniform sediment concentration, which is
the same as in all other simulations considered. The initial tran-
sient evolution of the monodisperse system is not expected to
mimic the corresponding transient state of the polydisperse sys-
tem very well. This discrepancy is due to the fact that the depth-
dependent settling velocity used in the monodisperse system ap-
proximates only the stationary state of the polydisperse system.
Thus, all comparisons between the equivalent monodisperse and
polydisperse systems will be in the stationary regime.

Given these assumptions, we evaluate the effect of variable set-
tling velocity on the governing equations and other important re-
lations presented in the previous sections. The momentum equa-
tion will be unaffected as it does not directly depend on the sed-
iment settling velocity (see (2), (31), (20)). The coupling between
the flow and the sediment suspension is through the body force
term which only depends on the sediment concentration. On the
other hand sediment settling velocity directly controls the evolu-
tion of sediment concentration through the advection term in the
concentration equation (see (33)). The TKE equation will also be
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Table 5

L2 norms of difference in various turbulence statistics computed for case 7B from the monodisperse with depth-varying set-
tling velocity case (referred to as case 8). S represents the TKE damping terms (see right hand side of (35)) Refer to (40) for

the exact mathematical form of the L2 norm reported here.
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Fig. 10. Profiles of mean streamwise velocity (i) and total mean sediment concen-
tration (&) for cases 1B, 7B and 8 (monodisperse suspension with variable settling
velocity). We choose the settling velocity of the monodisperse suspension of case
8 inside the channel to be equal to the local effective settling velocity obtained for
case 7B (see Fig. 9 and Eq. (49)).

modified and the modified form is as shown below

~ 1
~ A 1 d<k> 1. .1
P_EJFE |:dfj|0_SC[<C)]O

_ B+ Ri, < /O  Tnono@)(@) monodi) cos6, (50)

All the terms on the left hand side are the same as before (see
(39)), while the damping term on the right hand side now ac-
counts for the depth-dependent settling velocity.

Here we consider the polydisperse suspension case 7B with
4 constituent sediment sizes. Accordingly, we have assumed the
depth-dependent settling velocity of the monodisperse suspension
to be from the stationary state of case 7B (ie., VmonO:Ve(]B)).
We refer to this monodisperse simulation with depth-dependent
settling velocity as case 8. Fig. 10 shows the mean streamwise
velocity and mean sediment concentration of cases 1B, 7B and 8.
The enforced local settling velocity in case 8 dictates the evolution
of sediment within the channel and the concentration profiles of
case 7B and 8 are almost on top of each other. Similarly we expect
better agreement between various higher order statistics of cases
7B and 8 than with the constant settling velocity monodisperse
suspension (case 1). Fig. 11 shows profiles of Reynolds stress and
Reynolds flux for cases 1B, 7B and 8. Also, Fig. 12 shows the
profiles of TKE production, dissipation and damping. All these
figures clearly show that the statistics of case 7B and case 8
are in very good agreement. Similarly, we also present the rms
velocity profiles of these three cases in Fig. 13. Although profiles
for all the three cases are quite close to each other, the agreement
between cases 7B and 8 is remarkable. Table 5 lists L2 norms of

Fig. 11. Profiles of Reynolds stress (i'w’) and Reynolds flux (W'¢}) for cases 1B, 7B
and 8 (monodisperse suspension with variable settling velocity). We choose the set-
tling velocity of the monodisperse suspension of case 8 inside the channel to be
equal to the local effective settling velocity obtained for case 7B (see Fig. 9 and
Eq. (49)).

the difference in various turbulence statistics of case 7B from the
monodisperse case 8. We will compare these norms with the L2
norms presented in Table 3 which correspond to the difference be-
tween cases 7B and 1B. Clearly, the L2 norms in Table 5 are at least
an order of magnitude smaller. The most important differences
are observed in statistics pertaining to sediment concentration.
Here the L2 norms in Table 5 are at least 2 orders of magnitude
smaller.

From the above discussion it is evident that the reason for such
a good agreement between the monodisperse and polydisperse
cases is the choice of sediment settling velocity specified inside
the channel for the monodisperse case. Here the monodisperse set-
tling velocity profile was extracted from the statistically station-
ary state of the polydisperse case. However, such information is
not available a-priori and one would not know the precise form of
V.. Despite this apparent limitation, the simulation performed in
this study demonstrates that turbulent statistics in turbidity cur-
rent are primarily driven by the zeroth and first moments of a sed-
iment suspension, which can be matched with a depth-dependent
monodisperse suspension. In other words, a turbidity current with
polydisperse suspension can be modeled by an effective monodis-
perse suspension which has a locally matching zeroth and first
moment.

6. Conclusions

In this study we have presented a general mathematical for-
mulation of turbidity currents driven by polydisperse sediment
suspension. A simplification of the general framework was de-
scribed where the population balance equation reduces to a set
of scalar transport equations for discrete sediment sizes. This
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Fig. 12. Profiles of TKE production (P), TKE dissipation (&) and TKE damping (&) for
cases 1B, 7B and 8 (monodisperse suspension with variable settling velocity). We
choose the settling velocity of the monodisperse suspension of case 8 inside the
channel to be equal to the local effective settling velocity obtained for case 7B (see
Fig. 9 and Eq. (49)).

formulation was employed to perform simulations of turbidity cur-
rents in auto-suspension mode. In all the simulations Re; = 180,
Sc=1 and Ri; = 11.42 were held fixed and the composition of
sediment suspension driving the flow was changed. Simulations
were categorized into two sets A and B such that in each set
the amount of sediment in suspension and the volume weighted
average sediment settling velocity were maintained the same. In
other words, in all the simulation cases within each set the zeroth
and first moment of the sediment suspension based on fractional
volume occupied by the different sediment sizes was held fixed.
In each set, case 1 corresponds to the monodisperse suspension
while the other cases contain more than one sediment size. We
compare the turbulence statistics of the reference monodisperse
case with the other polydisperse cases. It was observed that tur-
bulence statistics, such as mean streamwise velocity, rms veloci-
ties, Reynolds stress, TKE production and TKE dissipation of case 1
(monodisperse suspension) adequately represent the correspond-
ing statistics of the polydisperse cases in the set. However, statis-
tics associated with sediment concentration, such as mean sedi-
ment concentration, Reynolds flux and TKE damping showed no-
ticeable differences. It was also shown that these discrepancies
arise because the monodisperse suspension with a constant sed-
iment settling velocity cannot capture the local settling flux of

0 0.5 1 1.5 2

Urms

Fig. 13. Profiles of streamwise (i), spanwise (¥rms) and wall normal (Wyms) rms
velocity for cases 1B, 7B and 8 (monodisperse suspension with variable settling ve-
locity). We choose the settling velocity of the monodisperse suspension of case 8
inside the channel to be equal to the local effective settling velocity obtained for
case 7B (see Fig. 9 and Eq. (49)).

polydisperse suspensions. To overcome this limitation we require
a monodisperse suspension where the sediment settling velocity is
allowed to vary in Z such that it represents the effective size of the
local polydisperse suspension.

We performed a simulation of monodisperse suspension of sed-
iment where the Z— dependent sediment settling velocity was ob-
tained from the effective settling velocity of case 7B in the statis-
tically stationary state. In other words, the settling velocity was a
function of height from the bottom of the channel and its value
was such that it captured the effective local sediment size in the
flow. It is observed that with the depth-dependent settling velocity
even the turbulence statistics associated with sediment concentra-
tion matched very well with the corresponding polydisperse case
7B. These results support the possibility that by matching the net
sediment concentration and a depth-dependent first moment of a
polydisperse sediment suspension it is possible to predict its be-
havior with an equivalent monodisperse current.

Acknowledgments
We wish to thank the National Science Foundation for Partner-

ship for International Research and Education (PIRE) grant (NSF
OISE-0968313) and NSF grant OCE-1131016.

Please cite this article as: M. Shringarpure et al., Equivalence of turbulence statistics between monodisperse and polydisperse turbidity
currents, Advances in Water Resources (2017), http://dx.doi.org/10.1016/j.advwatres.2017.05.015



http://dx.doi.org/10.13039/100000001
http://dx.doi.org/10.13039/100000001
http://dx.doi.org/10.1016/j.advwatres.2017.05.015

JID: ADWR

[m5G;June 14, 2017;10:17]

M. Shringarpure et al./Advances in Water Resources 000 (2017) 1-15 13

Appendix A. Turbulent kinetic energy (TKE) equation

The ensemble averaged dimensionless turbulent kinetic energy
equation corresponding to the stationary state of the flow is as
shown below.

2 N N
P_e+T+ Rl d <k> Z( V4R SO (WE), (A1)
‘ =1 m=1
where
k= ;(ﬁ/2 +1%2+W?), P= —(ﬁ’vT/)d‘g) , (A2)
. il o1} T
o (M - L ).

W'¢), is the Reynolds flux term which counters the sediment set-
tling by mixing the sediment particles vertically in the channel.
Reynolds flux is the mechanism by which sediment particles are
held in suspension. From the concentration equation (22) we can
write a balance equation for competing processes like Reynolds
flux, settling flux and diffusive flux at the stationary state. This bal-
ance equation takes the form

Ry d(fm>+d(Wfin) 1 d(Em)
™ dz dZ ~ Re.Sc dz2

In the above <> represents ensemble averaging, which is also
equivalent to averaging in streamwise (x) and spanwise (y) direc-
tion owing to the periodic boundary conditions. Eq. (A.4) can be
integrated in z direction to get a relation between settling flux,
Reynolds flux and diffusive flux.

o s 1 d{én
~Vinz(Cm) + <w/cm> = Re.SC (dg )

Integration constant in the above expression drops out because at
the walls Reynolds flux is absent and settling flux is exactly bal-
anced by diffusive flux due to the enforced boundary condition.
Now substitute (A.5) in (A.1) which gives

(A4)

(A.5)

- - 1 d?<k>
P-é+T+ Re; dz2
i 1 d{Cm
- Z< i )+th vaz Em) W% (A.6)
m=1 T

Integrating the above equation yields the TKE budget for the tur-
bidity current.

| d<k> 3ot
7;_5+Rer<|:zi|o 5 Z[leo) = B +Ri Ve cos0,

(A7)
where
- 1 1 . N
p:/ sz,g:/ edz.V, = / va EndZ = > Vinzim,
0 0 m=1
(A8)
~ N 1
and f=-Y / (e, (A9)
m=1 0

Appendix B. Laminar solution

The governing equations (31)-(33) under the assumption of
fully developed and steady flow reduces to

1 dii o
0=-— d~+gx21cm, (B.1)

= d” +gz Zcm , (B.2)

o dE 1 P
M™d7 ~ Re.Sc dz?

(B.3)

Note that continuity and no penetration boundary condition leads
to w=0 and hence the z momentum equation reduces to pres-
sure gradient balancing the hydrostatic potential. Eq. (B.3) can be
integrated twice to get the laminar solution for sediment concen-
tration in the channel.

En = A exp (Re;ScVin2) (B.4)

The integration constant has to be determined from initial condi-
tions, which is shown below

1 1

/ EndZ = / A exp (Rer ScVmsZ)dZ = yim. (B5)
0 0

Thus the integration constant can be written as

. Re.ScV

Am = Vin(RexSCVin) . (B.6)

exp (Re;ScViz) — 1

Substituting (B.4) in the x momentum equation and integrating
twice, we get

N A exp (Re;ScV
G- ey An p( S nz)
o RezScVin, Re.ScVp,

— Zexp (ReTSchZ) - 1 _ ] (B.7)

Re. ScVp,,

Note that in the above solution, integration constants have been
evaluated by applying no-slip and no stress boundary conditions
on the bottom and top wall, respectively.

Appendix C. Higher order turbulence statistics and laminar
solutions of set b

Various high order turbulence statistics like rms velocity,
Reynolds stress, Reynolds flux, TKE production, TKE dissipation and
TKE damping for set B are shown below. Laminar velocity and to-
tal sediment concentration profiles of all cases in set B are also
provided (Figs. C.14-C.17)
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Fig. C.14. Profiles of streamwise (iyms), spanwise (¥yms) and wall normal (Wyys) rms
velocity for all cases in set B.
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Fig. C.15. Profiles of Reynolds stress (ii'w’') and Reynolds flux (W'¢;) for all cases in
set B.
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Fig. C.16. Profiles of TKE production (P), TKE dissipation (&) and TKE damping (3)
for all cases in set B.
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Fig. C.17. Profiles of streamwise velocity @ and total sediment concentration ¢; ob-
tained from the laminar solution of the governing equations for all cases in set B.
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