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Abstract An inexact restoration derivative-free filter method for nonlinear programming is
introduced in this paper. Each iteration is composed of a restoration phase, which reduces
a measure of infeasibility, and an optimization phase, which reduces the objective function.
The restoration phase is solved using a derivative-free method for solving underdetermined
nonlinear systems with bound constraints, developed previously by the authors. An alternative
for solving the optimization phase is considered. Theoretical convergence results and some
preliminary numerical experiments are presented.
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1 Introduction

In this paper we shall be concerned with the nonlinear programming problem

minimize f(x)

subject to c(x) =0 M
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where the functions f : R" — R, ¢ : R" — R™ are continuously differentiable but their
derivatives are not available. We denote by J.(.) the Jacobian matrix of ¢ and we consider
the function / that measures the constraint infeasibility in each point x € R”, h(x) = ||c(x)||
where ||.|| denotes the Euclidean norm. Such a kind of optimization problems encompasses
many real-world problems arising in different fields like, e.g. computational mathematics,
physics and engineering, in which it is necessary to minimize functions whose derivatives are
not available (see e.g. Alexandrov and Hussaini 1997; Conn et al. 2009; Kolda et al. 2003).
Unconstrained techniques based on local explorations, line searches or quadratic models
have been suitably adapted to box-constrained and linearly constrained derivative-free opti-
mization (Arouxét et al. 2011; Conn et al. 1997; Custodio and Vicente 2007; Kolda et al.
2006; Lewis and Torczon 1999, 2000; Powell 2006, 2009). Problems with more general con-
straints are more difficult because they need to obtain optimality and feasibility controlling
the number of function evaluations of the objective function and the nonlinear constraints.
Derivative-free methods for more general constraints were addressed by means of augmented
Lagrangian approaches in Diniz-Ehrhardt et al. (2011), Lewis and Torczon (2002) and Lewis
and Torczon (2010).

Modern inexact restoration (IR) methods for smooth constrained optimization proceed in
two phases (Gonzaga et al. 2004; Martinez 2001; Martinez and Pilotta 2000, 2005). In the
restoration phase, feasibility is improved without evaluations of the objective function at all.
In the optimization phase, the objective function or a Lagrangian function is minimized. One
of the more attractive features of the IR method is that the theory allows us to use any efficient
algorithm to perform each phase. Optimality and feasibility can be combined using penalty
functions, augmented Lagrangians or can be treated more independently. Inexact restoration
algorithms described by Martinez (2001) and by Martinez and Pilotta (2000, 2005), measure
the progress by a merit function. Gonzaga et al. (2004) have proposed an inexact restoration
algorithm which uses a filter strategy for evaluating candidate points. This idea was proposed
by Fletcher and Leyffer (2002) in other contexts.

A recent article (Bueno et al. 2013) uses the IR method for solving a nonlinear derivative-
free optimization problem where the derivatives of the constraints are available, but the
derivatives of the objective function are not. In this case, the second phase must be solved
using derivative-free methods. An algorithm introduced by Kolda et al. (2006) for linearly
constrained derivative-free optimization is employed for that purpose.

In this paper we propose a derivative-free method, based on the inexact restoration
approach introduced in Gonzaga et al. (2004). There the authors define a globally convergent
filter method for nonlinear programming considering available the derivatives of the objective
function and the constraints. That filter method belongs to the class of methods that treat f
and h as two independent objectives. Each iteration proceeds in two phases: the restoration or
feasibility phase in which feasibility must be improved without using the objective function
and the optimization phase in which the objective function on a tangent approximation to the
constraints must be minimized. As mentioned in Gonzaga et al. (2004), the filter algorithms
define a forbidden region by memorizing the pairs ( f (x), h(x*)) from well chosen former
iterations, avoiding points dominated by those by using the usual Pareto domination rule:
“x dominates y if and only if f(y) > f(x) and h(y) > h(x)”. For bibliography on filter
methods see for example (Fletcher et al. 2002; Fletcher and Leyffer 2002; Gonzaga et al.
2004) and the references therein.

The algorithm developed in this work is based on models built by multivariate interpolation
of the objective and the constraint functions (Custodio and Vicente 2007), which is one of
the main differences with Gonzaga et al. (2004).
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The restoration phase must solve an underdetermined nonlinear system with bound con-
straints. In our implementation we performed this phase using the derivative-free method
developed in Echebest et al. (2012).

On the other hand, the optimization phase must solve a derivative-free optimization prob-
lem with linear constraints. We shall use a linear constrained trust-region algorithm in which
the derivative of the objective function is approximated by a model obtained by linear inter-
polation.

This paper is organized as follows. In Sect. 2 we present the hypotheses, concepts and
some results that are fundamental throughout the work. Also we define the Derivative-Free
Filter algorithm (DFF) for solving (1). In Sect. 3 we present the internal algorithms used
in DFF and we show that they satisfy certain conditions that will be used in the analysis of
the convergence. In Sect. 4 we show the global convergence results. In Sect. 5 we describe
implementation details and we show some numerical experiments. Finally, Sect. 6 is devoted
to conclusions and lines for future research.

Notation

e |.|| denotes the Euclidean norm.

e Given two non-negative functions g;, g2 : X — R, X C R”, we denote g1(x) =
O (g2(x)) (or equivalently g>(x) = §2(g1(x))) in I' C X if there exists M > 0 such that
g1(x) < Mgy(x)forallx € I'.

2 Derivative-free filter algorithm

We shall develop an algorithm which generates sequences {xk}, {zF} in R” and in order to
obtain our global convergence we shall assume the following hypotheses.

General hypotheses
(H1) The iterates x* and z¥ remain in a convex compact domain X C R”.
(H2) The functions f, ¢; fori = 1, ..., m are continuously differentiable in an open set
containing X.
(H3) The functions V f, V¢; fori = 1,...,m are Lipschitz continuous in an open set

containing X with constants L, L, > 0, respectively:

V) = VSO < Lillx — yll
Vci(x) = VeIl < Lallx —yll, fori=1,...,m

for all x, y in the open set containing X.

Before going further into details of the algorithm, we first introduce some concepts and
results of multivariate polynomial interpolation models of the objective function and con-
straints that we make use throughout and that can be found to a more extent in Conn et al.
(2009).

Each interpolation set ¥ = {y°,y!,...,y"} C R”, which is contained in the ball
B(y°, A(Y)) centered at y° and with radius A(Y) = maxj<j<n Iy — y0||, is “poised”
for linear interpolation, i.e., the matrix of directions § = [y! — y0 y2 —y0. . y* —y01T s
nonsingular. The definition of poisedness is independent of the basis for the space of linear
polynomials of degree 1. Hence, if Y is poised for the natural basis then it is poised for any
other basis chosen (Conn et al. 2009, Ch. 2).

The simplex gradient of f at yo is defined by st(yo) = S7I8f(Y) where §f(Y) =
SO = FON O = FO0, oo O = FOGODT.
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N. Echebest et al.

If we consider m s (x) = f(y°) + g? (x — y©) as the linear interpolating model of f (x)
on Y then we have that g = Vi f (»%) (Conn et al. 2009). Therefore, the simplex gradient
of f is closely related to linear multivariate polynomial interpolation.

The geometrical properties of ¥ determine the quality of the corresponding g as an
approximation to the exact gradient of the objective function. We are interested in the quality
of m ¢(x) and gy in the ball B(yO, A(Y)).

The definition of poisedness gives a threshold to the difference between the functions and
their interpolation models. Then, for all x € B(yo, A(Y)), considering the scaled matrix

_ S
S = Ay e have that

If(x) —m p(x)] < ke A*(Y), )
IVf(x) = Vi (0| < keg ACY), )

where keg = L1(1 + 4 ||5‘_1 ) and kef = keg + %, which are given in Theorem 2.11 and
Theorem 2.12 in Conn et al. (2009).
Similarly, under the previous hypotheses, if we consider forall j = 1,...,m, me; (x) =

Cj 0% + gLT,, (x — y%) as the linear interpolating model of ¢ j(x) on Y then we have that
8c; = Vscj (%) and the following error bounds

lcj () = me; (X)| < kee A2 (Y), )
1Vej(x) = Ve, ()| < keg AY), )

where keg, = Lo (1 + 5571 and kee = keg, + 4.
If we consider as an approximation of J.(y) the matrix A(y), whose jth row is the

transpose of Vme;(y) then we have that
1Je(y) = AW < Key A(Y), (6)

where k7, = /M Keg, .

We assume that it is possible to maintain the constants k., k¢ and ., uniformly bounded
along the iterative process of our algorithm (Conn et al. 2009, Ch. 3 and 6).

Given an iterate z¢ we consider the following hypothesis

(H4) The simplex gradient used to approximate the objective function gradient satisfies the
error bound: ||Vf(zk) - st(zk)H < kegAl} where A’JZ. is the radius of the ball that
contains the interpolation points.

The simplex derivatives used to approximate the true Jacobian satisfy the error bound:
IJ.(z5) — AZH| < key, Alg where AIL‘. is the radius of the ball that contains the
interpolation points.

The global convergence result of the method in Gonzaga et al. (2004) is obtained without
discussing details of the algorithms used in the internal phases. The authors proved that their
algorithm produces feasible points X satisfying

liminf || Py (x = V f(x)) = x| =0, @)

where Pr(;)(w) is the orthogonal projection of w € R” onto the closed set
T(z) ={x eR": J(2)(x — 2) = 0}

that is a linearization of the set {x € R" : ¢(x) = ¢(z)} at the point z.
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144 The direction Pr(;)(z — V f(z)) — z appears as a sequential optimality condition in the
us  Approximate Gradient Projected condition defined by Martinez and Svaiter (2003).
146 In this paper we address nonlinear problems in which the derivatives of the involved

147 functions are not available. When this is the case we cannot compute in an exact form the set
1s T (z) and the gradient of the objective function.

149 Thus, in this context, we will be able to prove that our derivative-free filter algorithm
150 generates a sequence {x} which has a feasible limit point X € R”, ¥ = limyc x¥ for some
151 infinite subset .#~ C N, satisfying
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lim ||d.(x%)|| =0 8
152 ké%ll (x| , 8)

13 where d.(z) = Pr;)(z — Vs f(z)) —zand L(z) = {x e R" : A(2)(x — 2) =0}.

154 This feasible point x will be called quasi-stationary throughout this work.

155 Now, following the ideas in Gonzaga et al. (2004), we present the inexact restoration
156 derivative-free filter algorithm with no specification of the internal algorithms.

157 This algorithm constructs a sequence Fop C F| C --- C Fy C - - - of filter sets composed

158 of pairs (fj,h;) € R2. In the following, we also mention the sets of forbidden points,
19 Fp CR", Fp ={x e R": f(x) > fj,h(x) = hj, forsome(f;,h;) € Fi}, which are
1e0 formally defined in each step of algorithm for clarity, but are never actually constructed.
161 Each iteration starts with a filter and the corresponding forbidden region.

162 Given an iterate x*, the filter slack at x¥ is defined by
163 Hy = min{1, min{h; : (f}, h}) € Fx, fj < fF&O))). )
164 Observe that, as it was made in Gonzaga et al. (2004), at the beginning of each iteration,

15 the pair (f x5y — ah(x%), h(x*) — ah(x%)) is temporarily introduced in the filter. After
166 the complete successful iteration this entry will become permanent in the filter only if the
167 iteration does not produce a decrease in f.

168 In Martinez (2001), under suitable assumptions, Martinez has shown that a point that
1o satisfies the feasibility phase requirements exists. Considering this, if 2 (x*) # 0, itis plausible
170 to believe that a point ZF satisfying h(zF) < (1 = a)h(x*) and |28 — xF|| < ,Bh(xk) could be
171 found, for example, by a Broyden-like method to solve the nonlinear system defined by the
172 constraints.

173 In order to accept 2K, itis necessary to check if Z~ ¢ 7. Since the pair (f (), h(z)) is
174 not dominated by ( f L h), it s only necessary to verify that zX ¢ .%. Since x* ¢ .7, Z is
175 closed and the restored point has bounded distance from x¥ it is reasonable to believe that
176 the algorithm has possibilities to complete the restoration phase. However, we do not have
177 guaranties that such point would be found, and so the stopping criterion in Step 2 is essential.
178 Furthermore, when /2 (x¥) = 0t is necessary to find x¥*! satisfying f (x**t1) < f(x%), to
170 fulfill the condition that x¥*! ¢ .Z;. Since we are not working with the true derivatives, the
150 computed direction d.(z) could not be a descent direction of f in z* over L(z¥), although it
181 is not null. This can happen because the simplex gradients are not good approximations of the
1.2 true gradients. Consequently, the procedure used in the optimization phase may not be able
s to find a point x7 such that f(x7) < f(z5). If 2 # x¥, as X ¢ Z;, it is possible to accept
e xp = zF and x¥*1 = zK. But when z¥ = x* and the algorithm cannot find a point x7 such
s that f(x7) < f(z¥), we propose to restart the optimization phase recomputing the simplex

18 gradient of f and the matrix Ay with the new radiuses aA]} and ozA’Lf of the interpolation
187 points.
188 The following lemma gives conditions for which d,. (z¥) is a descent direction of f in z¥

10 over L(zX).
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Lemma 1 Givene > 0, ZF € R, if ||dc(2¥) || > & and |V f(2F) — Vs f )| < & then

2K = Pty @ = VD] > 3 e, (10)
VT (k) de¥) < —1lde (z")u2 (11)

Proof Since the projection Py .1y is non-expansive,

I1PLy @ = V@) = Pron @ = Vo fENI < IV FES = Vs £EHIL
then it follows that
1% = Py (2 = Vi FEDIN <112 = Pry (@ = VEEDIHIVFED) = Vs £ @O (12)
Then we have that
I2F = Py @ = VDI = 125 = Prwy @ = Vo f @D = 1V £ = Vi £ (@D

> —¢e>0,
4

as we wanted to prove.
Since VT f () de(2) = (Vf () = Vs f &N de(2") + V] f(2) de (), then

VT () de(Z*) < 11de@ONV £ = Vs F GO+ VI £ de(Zh).

Therefore, considering
e )11
Vi fE) @) = ==, (13)
which is obtained by a similar form to one of Martinez and Pilotta (2000, Sec. 2.6, page 140)

replacing V f (zF) by V; f(z¥), we obtain that

IVFE) = Vi f@HI 1
VT ") de() < 1d.N)1? ( -=).
T de ‘ llde (Rl 2
Hence, we get VT f(25) do(z5) < [1de(z9) 17 ( — 3) = —11ldc(z%)||%. Therefore, under the
hypotheses given, d.(z") is a descent direction of f in z¥. O

Remark 1 Under the hypotheses of the previous lemma, if z* is not in ., Which is a closed
set, then there must exist A > 0 and ¢ > 0 such that if 7||d.(z¥)|| < A then z¥ + td,(z%)
does not fall into the reglon ,/k and f(z +1d. (7)) < f(zk) Similarly when h(xk) =0, by
construction zX = x* and z¥ € Z. In this case, since ¥ ¢ 1, which is a closed set, there
exist A > 0 and 7 > 0 such that if 7||d.(z*)|| < A then zF + td.(zF) does not fall into the
region .%. Furthermore, since f (Z* +1d. (7)) < f (z5) it obtains that z¥ + td.(z5) ¢ Fy

Lemma 2 Algorithm 1 is well defined.

Proof If the method used in the restoration phase is not able to find a point z¥ satisfying the
required conditions then the Algorithm 1 stops
In the 0pt1m1zat10n phase, when Z* #*x k there always exists x7 ¢ .7 Fy such that f(x7) <

f(z¥) since zF ¢ .7 and then it is possible to accept x7 = zX.
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Algorithm 1. Derivative-Free Filter Algorithm (DFF).
Given x° € R, Fp =0, =0, o € (0,1), B >0, g >0 >0, {5k}keNx & > 0,
&, — 0. Set k0.

Step 1 : Define (f,h) = (f(xX) — ah(x*), (1 — o) h(x)).
Construct the set Fr = F, U{(f,h)}.
Define the set F = .FU{x € R": f(x) > f,h(x) > h}.
Step 2 : Restoration Phase
If h(x*) = 0 then set 7 = x*.
Otherwise, compute z* ¢ F such that h(Z*) < (1 — o)h(x*) and ||* — x*|| < Bh(xX). If
it is impossible then stop without success. END.
Step 3 : Optimization Phase
3.1 Construct or update Yk {z ,yL, .Y}, a set of interpolation points centered at
X, such that A¥ = max {HyL —2X||} verifies A¥ < Bmin{max{h(x*), H;}, & }.
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Compute A(zk) = Ak usmg simplex derivatives, by interpolation on Yf.

Define L(7") = {x € R" : Ay (x — 7*) = 0}.

Construct or update Y* = {zk , y}, R y}}, a set of interpolation points centered at
k i k v

2k, such that A} = l:HIIaXn{H)”f —2'||} verifies A’; < 6.

Compute V£ (%) by interpolation on Y;‘ and d.(zF) = Py (2K =V f(ZF) —
3.2Ifh(x*) =0, max{Ak,Ak} < g and||d.(Z)| < &f then 1 stop thhﬁmte convergence.
3.3 Compute, by an algorithm without derivatives, xr ¢ F such that xp € L(Z") and
fler) < ().
If 7 = x* and there is not a xp such that f(xr) < f(z¥) then set A’; = (xA]]i , Ak =
(fo and go to step 3.1.
Otherwise, define ¥t = xp.
Step 4 : Filter Update
If f(*F1) < £(oF) then Fiy1 = B, Fir1 = Fi (f-iteration).
Else, Fy. 1 = Fy, Fri1 = F (h-iteration).
221 Set k«— k+1, go to Step 1.

222
223 When x* is feasible, z = x*, if it is possible to find x7 with f(x7) < f(zX) then x**1 is
224 defined. If that is not possible then the algorithm restarts the optimization phase with smaller

225 A’} and AK, with the aim of improving the approximation of the gradients of f and c;, for
26 [ = 1,...,m. In this case, in a finite number of iterations the radiuses A"f and A’; will

227 become sufficiently small and if ||d,. @) is large enough, by Lemma 1 and Remark 1, it is
228 possible to obtain x7 ¢ % such that f(x7) < f (x*) and then x**! is defined. Otherwise,
2o if ||de(Z9)| < er and max{Af, Ak} < &7 then the algorithm finishes satisfying the finite
230 termination criterion. m}

21 Remark 2 When h(x*) > 0, in the previous lemma we have used the possibility to accept
22 xFt1 = zK. When this happens an infinite number of iterations a feasible limit point is
233 obtained. Until this moment, the internal algorithms have not been given. In the following
234 section, we will study the characteristics of the limit points using the properties of the internal

235 algorithms.

236 As it was mentioned in Gonzaga et al. (2004) there are some facts that follow directly
237 from the construction of the algorithm:
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Fact 1. Given k € N, x¥*7 ¢ ;| forall p > 1.
Fact 2. Given k € N, at least one of the following two situations must occur:

1. h(M Y < (1 = a)h(xh).
2. fMY < F(x%) — ah(x5).

Fact3.Givenk € N, h; > Oforall j € Nsuchthat (f;,%;) € Fy.Consequently Hy > 0
forall k € N.

Remark 3 By definition of Hy, H; < 1. Therefore, when xkisina neighborhood of a feasible
point, assuming A (x*) < 1, if Hy = 1 then h(x¥) < Hy holds. If Hy < 1 then there exists a
hj < 1suchthat (f;,hj) € Fy, fj < f(xk), such that Hy = h ;. In this case, since xk ¢ T
and f(x*) > f ', it must be h(x*) < h j- Hence, if x¥ is in a neighborhood of a feasible point
then h(x¥) < Hj holds.

3 Internal algorithms

Inexact restoration methodology gives the possibility of using different methods to solve
each phase. In this section, we describe the algorithms that we use in each phase. We will
also show that they verify the conditions required to obtain global convergence of DFF.

3.1 Restoration phase

We use the BCDF-QNB algorithm (Echebest et al. 2012) in the restoration phase of the
DFF algorithm. BCDF-QNB (Box-Constrained Derivative-Free Quasi Newton), based on the
Broyden update formula, is a derivative-free method for solving underdetermined nonlinear
systems with bound constraints.

Given an iterate x, in Step 2 of DFF we apply BCDF-QNB starting from the initial
point y© = x*, until it finds a new point z* ¢ .Z; satisfying the descent condition /(z¥) <
(1 — )h(x*) and ||z — x¥| < ,Bh(xk) for fixed parameters 0 < o < 1, 8 > 0.

BCDF-QNB generates a sequence {y/}, for j =0,1,2,..., with yj € 2, being 2 =
(yeR": ||y — xF|loo < %h(xk)}. At each iterate y/, this algorithm computes a direction
dj, considering two possibilities: in a first attempt, as the solution of the constrained linear
system

Bijd+c(y)) =0 and y/ +d e &, (14)

if this is possible. Otherwise, the direction is computed as an approximate solution of the
problem

mini g eo,|Bjd + (/)] (15)
where B is the matrix defined as:

(wj — Bj_1s/)(s)T
s 712

Bj=Bj_ |+ (16)

where w; = c(y/) —c(y/ ™1, s/ = y/ —y/7L.

Once the current direction d; is computed, the line search algorithm looks for a step length
Aj < 1 such that

hOY +2jd)? < | max (7D ) = yATId; 1 (17)
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Algorithm 2. BCDF-QNB
Givenx* € Q, 0 < o0 < 1, B > 0, Wy an approximation of J,(x*), 0 <y <1, M€ N, M > 0,

n= an<°<>, Nn;>0,0<6) <0 <1,ind =0, imax > 0, imax € N, MaxIter > 0.
j=0
Set j—0,y" =x* By =W,.
Step 1: If h(y') < (1 — a)h(xr) and y/ ¢ F}, define 7 = y/ and return with success.
If j > Maxiter then return without success.
Step 2: Computing the matrix B;
If j > 0 and ind < imax compute B; using the Broyden update (16). If ind = imax
compute B; by finite differences as an approximation to the Jacobian matrix in .
Step 3: Computing the direction d;
3.1: Find d satisfying (14).
If such direction d is found, define d; = d, 0,1 = 0}, ind = 0 and go to Step 4.
3.2: Find an approximate solution d of the problem (15).
If d satisfies |Bjd +c(y/)|| < 0)||c(y7)||, define dj = d, 0,1 = 6;, ind =0 and go
to Step 4. B
3.3: Setd; =0, Yyt =yl 0j11= @.
If ind < imax, set ind «— ind + 1 and go to Step 5.
If ind = imax, define 6 = %. Set ind < 0 and go to Step 5.
Step 4: Find Aj and y/™' = y/ +24;d;, 0 < A; < 1, using the derivative-free nonmonotone
line search algorithm (Algorithm 1 in [11]), satisfying (17).
Step 5: Set j— j+ 1 and go to Step 1.

where M is a positive integer, 0 < y < 1 and Z?o:o nj =n < o00,n; > 0. This procedure is
a combination of the well-known nonmonotone line search strategy for unconstrained opti-
mization introduced by Grippo et al. (1986) with the Li—Fukushima derivative-free line search
scheme in Li and Fukushima (2000). The combined strategy produces a robust nonmonotone
derivative-free line search that takes into account the advantages of both schemes. Under
suitable conditions we have established in Echebest et al. (2012) the global convergence
results for the BCDF-QNB method.

We describe the application of BCDF-QNB for solving the Restoration Phase.

The matrix Wy is an approximation of J,(x?), which is obtained by finite differences. The
initial matrix Wy, k > 0, is the updated Broyden matrix of Ax_1, where Ax_; is the matrix
defined at z¢~! in the optimization phase.

Remark 4 Since {y/} C £2;, the obtained z* satisfies the condition ||z¥ — x¥|| < Bh(x%),
B > 0.

As a result, more formally, the procedure generates iterates that verify the following
condition.

(C1) Restoration step condition: At all iterations k € N, the restoration step satisfies
Iz = x*]| = O (h(x*)). (18)
Using (C1) and that V f is bounded in X, it follows that

If ) — FG9) = 01 — x| = 0(h(x5)). (19)
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3.2 Optimization phase

Given zF € X, generated in the restoration phase, Step 3.3 of DFF must find x**! € L(z¥)
such that f(x*T1) < f(z*) and x**! ¢ .Z; employing a derivative-free method.

We shall describe a linear trust region method and then we show that the resulting step
satisfies a special condition needed for obtaining convergence.

At each iterate z¥, the trust region algorithm associated to zF uses the linear model

me(x) = f&) + VI F(5)x - 25

where the simplex gradient of the objective function is considered.
The trust region step uses a radius A > 0 and solves the problem

minimize my (x)

subject to x € L(z¥)
Ix — 2% < A.

As the model is linear we know that the solution of this problem is a point z* + d(z*, A)

such that
d. (Zk)

llde(ZF) |l
if d.(z5) # 0, where d.(z¥) is the projected gradient direction defined by PL(Zk)(Zk -

Vi f () — 2.
We define the predicted reduction produced by the step d(z*, A) as

pred(z¥, A) = my(2F) — mp(2F 4+ d (&, A)) 1)

dZ*, A) = A (20)

and the actual reduction of f as
ared (2, A) = (") — f(&" +dE*, ). (22)
The step d (zk, A) is only accepted if the sufficient decrease condition is satisfied, i.e,
ared(z¥, A) > n pred(z¥, A), (23)
for a given n € (0, 1).

Since pred(zX, A) = —VI f(F)d (¥, A) = —VI f(5) ||ZCE§]':§|| A, considering (13), we
get

k A k
pred(z", 4) > illdc(z - (24)
We briefly describe the linear trust region method for solving the optimization phase.
Algorithm 3. Minimization on L(Z")
Givenn € (0,1), Apin > 0, X5, 25 ¢ Zy, d (%), A > Apin > 0, tol > 0.
Set xt = 7~
While (||d.(Z)||A > tol and f(x) > f(2*) ) do
Compute d = d(z*,A), pred(z*,A) and ared(zF,A) as in (20), (21) and (22) respectively.
If ared(ZX,A) > n pred(Z,A) and *+d ¢ F, define x* =" +d.
Else, set A = %.
End While.
If f(xT) < f(2%) or 25 # x%, define xp = xT, Ay = A.
Otherwise, return without success.
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The procedure terminates in a finite number of steps with f (x ) < f (zF) orwithxt = z*.

In particular, it finishes in the first iteration when ||d,.(z%)|| = 0. If it finishes with xT = z¥

and z¥ = x*, when x* is feasible, then it is not possible to define x7 ¢ Z . Hence it returns

without success and so A'} and A’j are reduced in Algorithm 1, which means that better

models are built. In other cases successfully returns with x7 = x V.
Now we study the optimality step near a feasible non-quasi-stationary limit pointx € X.

Lemma 3 Let X € X be a feasible non-quasi-stationary limit point. Then there exists a
neighborhood V of x, A > 0 and a constant ¢ > 0 such that for any z* € V and for any
A€ (0, 4),

ared(zX, A) > n pred(z¥, A) > néA.

Proof As X is a non-quasi-stationary limit point, there exists a neighborhood V such that for
K eV, |lde(zF)| = & > 0 forall k > ko.
Since f is continuously differentiable and V f is Lipschitz continuous, we know that

ared(z¥, A) = f(&*) = FF +d (&, A) = (V) TdE, A) = 1147
= (V) + Vo f@NTaE, a) = (Vo fENTaEE, 4) - LA

In particular, if ||d.(z%)|| > &, using (24) we have that —V[ £ (z5)d (¥, A) = pred(z¥, A) >
$1d.(zF)|| = £&. Then, considering

pred(zX, A) = n(=VI f(Z)d (", 2) + (1 = ) (=V] F(M)d*, a)),

it obtains pred(z¥, A) > n(—=VT f(ZM)d (¥, A)) + (1 — ) §&.
Hence

A
ared(z¥, A) = npred(z*, 4) + (1 - e+ =V + VI FENaEE, 4) - LA
By (H4), we have || — VT £(z%) + VI f(z")|| < kegA’}. Since A’; < 8 and 8 — 0, when
k goes to infinity, there exists k1 > k¢ such that for k > ki, kegA’]‘c < (IZ—T’)E. Then,

ared(zk, A) > npred(zk, A) — £T@~|Id(z , A+ (1 — n)—s — LlA2

(1 n)~
4

> ppred(zF, A) — EA+ (- s—L1A2

Hence, ared(z¥, A) > 7 pred(z¥, A) + (1 — ngE— L1 A2 Therefore if A < A = (LL”)é
we obtain that ared(z¥, A) > n pred(z¥, A) and pred(z¥, A) = 4 |dc(b)]| = TA where

¢ = £, as we wanted to prove. |

Remark 5 In the previous lemma we have seen that if z¥, the point found in restoration
phase, is in the neighborhood of a non- quasi-stationary feasible point, then it is possible to
find a step d(Zk, A) by (20) such that f ZF +dZF, A) < f (zk) Furthermore when z¥

is not in .Z, which is a closed set, then there must be a A < A for which zF + d(Z*, A)
does not fall into the forbidden region .7 . Similarly when h(x" ) = 0, by construction
X = x¥ and z¥ € Z;. By Lemma 3 as f(zF + d(z¥, A)) < f(Z) for all A € (0, A),
F4+diF A) ¢ {x e R" . f(x) > f(z5), h(x) > 0}. Then considering that X ¢ %,
which is a closed set, we get a similar result to the case when z¥ is not in .Z . Hence, under
the hypothesis of Lemma 3, Algorithm 3 finds a point x* ¢ .7 and then defines x7 = x+.
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Lemma 4 Suppose that the matrix Ay, is computed as an approximation of J.(z*) by simplex
derivatives using an interpolation radius A/L‘,. Then if Z¥ +d € L(z5),

Ih(Z* +d) — h(Z")| < kg AN+ O1d)1P). 25)

Proof Since zX +d e L(z¥), Axd = 0, considering the general hypotheses we have that
le@* +d) — c(@) = Je(ZNd| < /m Lalld|*. Then |e(zF + d) — c(z)|| < [|(Je(zF) —
Ad| + /m La|d|*.

Hence, [lc(zF + Il — [l < lle@* +d) — (@) = 1G5 — Aplldll +
/m Ly||d||?. Therefore, considering (6), |h(zX +d) — h(zX)| < ke, AK|d|| + /m Ly |\d||?,
as we wanted to prove. O

The bound in (25) is O (]|d||) because we are not using true derivatives. A similar bound
appears in Gonzaga et al. (2004), section 4.3, where the authors proposed a simplified tan-
gential step.

Under the hypotheses of Lemmas 3 and 4 and the condition (C1) it can be established that
the proposed procedure generates iterates that verify the following condition.

(C2) Optimality step condition: Given a feasible non-quasi-stationary point x € X,
there exists a neighborhood V of X such that for any iterate x* € V,

fE& = fMY = 2(/Hp). (26)

Lemma 5 Let X € X be a feasible non-quasi-stationary limit point. Let assume that (CI)

and the hypothesis of Lemma 4 hold. Then there exists a neighborhood V of X such that if
k

x* eV then

fE&) = fe5Y = 2(VHy),

where x**' = x7, x7 is computed by Algorithm 3.
Proof Let {x Kew a subsequence such that khrjng * =7
€
By (C1) ||x - z~|| = O(h(x )), as h(x¥) tends to zero, it follows that limye *=x.

Let V C X and A > 0 be the neighborhood of X and the radius given by Lemma 3, such
that for any e V, k € ¢ and for any A € (0, A~), ared(zX, A) > n pred(zk, A) > ncA.

Algorithm 3 starts with a radius A > A,,;, and computes d (zk VA, A = 2-J A for
j=0,1,..., until =+ d(zk, Aj) ¢ F and ared(zk, Aj) > pred(zk, Aj). Then, define
Ay = AJ

Let us define A as the first Aj such that

ared(z LA >0 pred(z ,Aj), and 27
Frdi,a) ¢ T or fEE+diEE A = f, (28)

where (f ﬁ) (f(xk) — ozh(xk) (1 — a)h(xk)) is the temporary entry 111 the filter.
Let us denote d = d(Z*, A) and ¥ = ¥ + d. Note that A > Ag, and A> Ay happens

only when f (%) > f.
Observe that, from Lemma 4, for a fixed A we have that there is a constant «, s, AIC‘ >0
such that

Ih(ZF +d(Z*, A)) = h(EZ)| < ke AR (EE, 2)|1 + Vm Lalld(Z*, 2))1%

By Remark 3 we know that if x* isina neighborhood of a feasible point then & (x*y < Hy.
So, considering that ||d(z¥, A)|| < A and A¥ < Bmin{max{h(x¥), Hy}, 8;} we have that

Ih(Z* +d (25, A)) = h(Z*)| < keg BHR A + /m Ly A% (29)
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402 Let us consider A such that A < P and A < ?
- 403 (i) Assume that A > A. Then, by (24),
§ o~ A B
~ B pred(z”, A) = Elldc(z = EA'
—
é 405 By considering ¢ = % as in the proof of Lemma 3 we have that
2 406 pred(zk, Z) > A > CA.
407 By definition of A, (27) holds, then
f@) = f@ > npred(z¥, 4) = ncA = 2(1).
409 Hence, since H; < 1, it follows
fE@) = f® = 2(/Ho).
411 (ii) Assume that A < A.Then2A < 2A < A and 2A does not verify (28). By Lemma 3,
a2 ared(z¥, d(z*, 24)) > npred(z*, d(z*, 24))
o and, by (28) it follows that zX + d(z¥, 2A) € Z; and f(zF + d(zF,2A)) < f. Conse-
414 quently by definition of Hy, we must have h(z* + d (-, 22)) > Hy.

415 By construction, h(z") < (1= a)h(xk) < (1 — a) H. Therefore,
416 h(Zk-l—d(Zk,zZ))—h(Zk) > o Hy.

417 Then, using (29)

418 aH, < h(Zk + d(Zk, 22)) — h(Zk) < KejcﬁHkZZ—l— 4ﬂ LzZz,
419 we obtain
420 Hy < —key Hr A+ 0(A )SEHk-i-O(A ).
o
421 Hence
1 = —~
a2 S Hi= 0(A?) or A=Q\H.

2 Using Lemma3 with A < A < A,
a2 £ = F@) = ared(zX, A) > neA = ne2(V Hy). (30)

425 Thus, for both cases, we have that f ) - f(x) = $2(J/Hy). Then the step d satisfies
426 the conditions in the Lemma. ~ o
427 To finish the proof, we must show that for large k € 7", f(X) < f which implies X ¢ .7

sz and thus ¥ = x**1. From (30) there is a positive constant M such that
F& = f® = MVHe

40 and

f® = fE) - MVH.
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From (19) there is a positive constant N such that
FE) < FG5 + NR(b).

Then, combining the last two inequalities we have that
f@ = fGN + Nh(h) = MV He < f&5) + N — MV bR
= f(5) = VRGO M = NVh(E)

and, for large k € ¢ such that M — N/h(x¥) > a+/h(x¥), which means that \/h(x¥) <

NLW, we have that f(X) < f(x*) — ah(x*) = f, completing the proof. O

4 Convergence results

In this section, based on conditions (C1), (C2) and considering the general hypotheses we
will show the global convergence of DFF to a quasi-stationary point.

As it was done in Gonzaga et al. (2004), it can be shown that (C1) and (C2) imply the
following condition.

(C3) Given a feasible non-quasi-stationary point X € X, there exists a neighborhood V
of X such that for any iterate xkev,

65 = FeMY = 2(/Hy) 31)
where Hy is the filter slack at x* defined in (9).

The difference between the conditions (C2)—(C3) and the analogous in Gonzaga et al.
(2004) is that here they are defined in neighborhood of a non-quasi-stationary point while
the others are in a neighborhood of a non-stationary point.

Lemma 6 (C1) and (C2) imply (C3).

Proof Let x be a feasible non-quasi-stationary point and let V; be the neighborhood defined
by (C2). Since ¥ = xK|| = O(h(x*)) and X is a feasible point there exists a neighborhood
Vs C V; of X such that for x* € V5, ¥ € V1. Consider an iterate xk e vs. By (19) there is a
positive constant N such that | f(F)— f(xk)l < Nh@Fyand F(xF)— F(z5) > —Nh (x5). By
(C2) there is a positive constant M such that f(z¥) — f(x**!) > M./Hy. Then, considering
that h(xk) < Hj, we obtain

G = fORY = £ = £&5 + £ = £ = MVH - NG
= M/Hy — NVROOVR(R) = M HE — NVHV ().
Thus,
FO5) = fORY = (M — NVR(R)V Hy.

By continuity of / at the feasible point X, there exists aneighborhood V' C V> such that, for any
x € V,h(x) < 0.5% . Therefore, for any iterate x* € V, f(x*) — f(x**1) > 0.5M /H,
completing the proof. O

The following lemmas are adaptations of Lemma 2.5 and Lemma 2.6 in Gonzaga et al.
(2004) for the definition of quasi-stationary point for the derivative-free case. Such results are
obtained considering the validity of the (C3) condition. We state them here for completeness.
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w0 Lemma7 Let X € X be a non-quasi-stationary limit point. Then there exist k € N and a
a0 neighborhood V of X such that whenever k > k and x* € V, the iteration k is an f-iteration.

s Lemma 8 Suppose that {x*}ren has no quasi-stationary accumulation point. Then for k
a2 sufficiently large, all iterations are f-iterations.

473 Finally, we can obtain the following main theorem. The proof of this theorem follows
474 straightforward from Gonzaga et al. (2004).

475 Theorem 1 The sequence {(x¥}ken has a quasi-stationary accumulation point.
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+—
=
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a7s 4.1 Convergence to a Karush-Khun-Tucker point

77 From the previous section we know that the sequence {x*};ciy generated by the DFF algorithm
478 has a quasi-stationary limit point X. Then there exists # C N such that limge 1* =3
479 Furthermore, by (C1), we have that klir} ' =xand consequently

€

. k k ky
480 Am || Py (@ = Vs f(27) =27 =0. (32)

481 In this section, we will prove that, using the linear independence constraint qualification
42 (LICQ) (Bertsekas 1999), x is a Karush—Kuhn—Tucker (KKT) point of (1).

483 The following Lemma shows that (32) still holds when we replace Vj f ) by Vf )
ss4  but maintaining the projection onto L(z¥).

s Lemma9 Ler {x*}ien be a sequence generated by the DFF algorithm. Then there exists

a6 K C Nsuch that

P Jim 1Pty (&* = V() =) =0. (33)
€

48 Proof From condition (H4),

IVFE) = Vs FEOI < kg Ay < ke, (34)
40 where the sequence {d;} tends to zero. Then considering

o lF = P =V D=1 = Py @ = V) = Vo f )+ Ve FEDIE 39)
a2 and using (12) we have that

w12 = Ppay @ = VEEDI = 125 = Pran @ = Vo fEDI+ IV = Vi £ @I

494 Therefore, using (32) and (34) and taking limit when k goes to infinite, k € JZ, we have
495 (33) as we wanted to prove. O

496 The main difference between the condition (7) and the condition (32) is that in the last
497 one just estimations of the true derivatives are used.

498 In Gonzaga et al. (2004, Lemma 1.1) the authors prove that condition (7), together with
499 the Mangasarian—Fromovitz constraint qualification (Bertsekas 1999), is equivalent to the
soo  KKT conditions.

501 We are able to prove that if a quasi-stationary point of the sequence generated by the
sz algorithm verifies the Linear Independence constraint qualification then this point is a KKT
so3  point of the problem (1).

sos  Theorem 2 Let {x*}ren be a sequence generated by the DFF algorithm and X a quasi-
sos  stationary accumulation point of {x*} that satisfies the Linear Independence constraint
sos  qualification. Then X is a KKT point of (1).
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Proof Since X is a quasi-stationary accumulation point of {x*}, then there exists .# C N

such that lim x¥
ket

LetZ¢ = Pp ik (zk —-Vf (zk )), then by definition 7 is the solution of the problem

=X.

min ||z — (ZF = V)2

subjectto  Ay(z —zX) = 0. (36)

Since X is a quasi-stationary accumulation point and using the previous lemma we have that
lim & — 7 =o0.
ke)£/(~ )

Since the feasible set of (36) is defined by linear constraints we know that there exists ﬁk e R™
such that

-G - =V = At
Ak(fk — Zk) =0.
Then
m
F - =V + D whd
i=l1

where a;‘ denotes the ith column of AZ. By Carathéodory’s theorem (see for example Bert-
sekas 1999, page 689), for each k € .# there exist Iy C {1,...,m} and {uf} C R™ such
that

F—F=vrih —I—Zuf‘af
iely

where the set {a{‘ }ier, is linearly independent.
Since the number of possible sets I is finite, then there exists .#] C J# such that for all
k € 2,

L=I1c{l,...,m

and
F—F =V + D ukdf 37)

iel

where the set {a{‘},-6 ; is linearly independent.

If {*} is not bounded, let M = ||,uk||oo. Then k]ir)ng M} = oo and we may take an
S
k
appropriate subsequence such that lim o n # 0, where 7, C #1. Then
keots My
k _ <k k k
=7 V(") Mi ok
= —a;. 38
M My * ;‘ M 8

Thus using (H4) and taking limit in (38) when k goes to infinite, k € %5, we obtain that

D Ve (@) =0
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sss  which contradicts the Linear Independence constraint qualification. So {;*} is bounded and
ss6  there exists #3 C #] such that klirjng uk = . Then using (H4) and taking limit in (37) when
€3

sz k goes to infinite, k € 73, we obtain that

538 VFE) + D wiVei(x) = 0.

iel

sso  Hence, X is a KKT point of (1). O

G
]
]
S
(=W}
-
o
=
+—
=
<

s 5 Numerical experiments

s41  In this section, we present some preliminary computational results obtained with a Fortran 77
s¢2 implementation of the DFF algorithm. These experiments were run on a personal computer
sa3  with INTEL(R) Core (TM) 2 Duo CPU E8400 at 3.00 GHz and 3.23 GB of RAM.

544 As it is usual in derivative-free optimization articles we are interested in the number of
s4s  function evaluations needed for satisfying the stopping criteria.

s¢6 5.1 Details on the implementation of the DFF algorithm

se7 We have considered two versions of DFF: DFF1 and DFF2. The only difference between
s4s  them is the form to compute the matrix Ag. In DFF1 it is computed by simplex derivatives
s49  as was described in Algorithm 1 and used in the theoretical results. In DFF2, once 2 is
sso  computed in the restoration phase, we consider a new Broyden matrix by updating the last
sst one computed in that process, which is used as the matrix Ag.

552 In our experiments the parameters used in DFF1 and DFF2 are « = 0.1, 8 = 100,
ss ep =10"%and ey = 1076.

554 In this implementation we declare convergence, if breakdown does not occur at the restora-
sss  tion phase, when h(x%) < ef, max{AX., A’f,} < ey and ||d.(20)| < ef.
556 In the implementation of the optimization phase we use the subroutine DLSVRR of

ss7  the IMSL Fortran Numerical Libraries, which is based on the LINPACK routine SSVDC
sss  (Dongarra et al. 1979), for computing the singular value decomposition (USV) of the matrix
sso Ay to obtain the projection of *— v, f (z%) onto L(z5).

560 Step 3 of DFF requires the calculation of the simplex gradients of ¢;, for j = 1,...m,
se1  which requires to select a set of interpolation points. In the first iteration we construct the
sz set YC(.) = {0, yLl., ..., y"} for obtaining the models me;(x) = c.,-(zo) + Ve @OHTx —
563 zo), j =1,...,m, generating the matrix A, as an approximation of JL.(ZO). We consider
I 0= po e¢; and the corresponding values cj(y.), fori =1,...,nand j =1,...,m,

ss po < Bmax{8y, h(x")}.

566 Also, it requires to compute the model m ¢ (x) = f ") + Vi F(Z)T(x — 25). In the first
se7  iteration, we used the vectors of the matrix V of the decomposition USV of Ap to obtain
ses  the model m f(x) = f(zo) + st(zo)T(x —z9), considering the set Y9 = {9, y}, cees y;'(},
sea where y} =zo+p0 v; and f(y}),fori =1,...,n.

570 In the following iterations Y, Z‘ and Y 1; are updated, adding the new z¥ as the center of them
s71 and eliminating a point y;, the farthest from the center, trying to maintain the independence
s72  of directions. In this preliminary implementation, in some iterations the interpolation sets are
573 newly constructed, while in others they are updated from the previous ones. The construction
sz takes place in the first iteration and whenever it is not possible to preserve the independence of
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the directions easily. To check the independence of the directions we use a similar algorithm
to the one proposed in Gratton et al. (2011).
The parameters used in BCDF-QNB are the same used in Echebest et al. (2012).
Finally, the parameters used in Algorithm 3 are the following: n = 0.1, A,,;» = 0.5 and
tol = 10710,

5.2 Test problems

We have used a set of nonlinear programming problems defined in Hock and Schittkowski
(1981). Also, we have considered one problem which was used firstly in Gonzaga et al.
(2004) and in our previous paper (Echebest et al. 2012) where we introduced the basic
ideas of the actual algorithm. The selected problems from Hock and Schittkowski (1981)
are those that have equality constraints. Also, we have considered some problems from
Hock and Schittkowski (1981) with inequality constraints. In these problems the inequality
constraints have been replaced by equality constraints since they are active at the solu-
tion.

In Table 1 we show the data of the problems. The number of variables ranges from 2 to
10 and the number of equality constraints from 1 to 4. Initial points were the same as in the
cited references.

5.3 Numerical results

In Table 2 we show the results obtained taking into account the number of iterations (Iter), the
number of objective function evaluations (ObjEval), the number of constraints evaluations
(ConstEval), the final value f(x®"%) and the final value of the infeasibility /4 (x°"%).

We can notice that the DFF1 version has done fewer iterations than the DFF2 version
in 70 % of the problems. We believe that this behavior is due to the fact that DFF1 uses a
better approximation of J,(zX) in many iterations, and as consequence the initial updated
matrix in the restoration phase is better. When we consider h(x9) as a measure of the
performance of the algorithms we can see that DFF1 outperforms DFF2 in 70 % of the
problems.

From the results of test problems we can conclude that the restoration algorithm was
successful in almost all iterations of all the problems. The only exception was the problem
HS 56 for DFF2.

For algorithmic comparison we use performance profile described in Dolan and Moré
(2002) and data profile for derivative-free optimization presented in Moré and Wild (2009).

The performance profile of a solver s is defined as the fraction of problems where the
performance ratio is at most «, that is, ps(a) = ﬁsize{p € P :rps <a},wherer, =

t . . . . .
{mimpi'fsey}’ tp,s is the number of function evaluations required to satisfy the convergence
p.st

test, & is the set of problems and |£?| denotes the cardinality of &.

We are also interested in the percentage of problems that can be solved, according to the
convergence test mentioned in Sect. 5.1, by a solver s with a particular number of function
evaluations. The percentage of problems that can be solved with « function evaluations is
computed by ds () = L—glz,‘size{p €EP ity < al

As it was mentioned in Moré and Wild (2009), the definition of d; is independent of the
number of variables of the problem p € &2. However, we know that the number of function
evaluations grows when the number of variables grows. We thus consider the data profile

of a solver s by d; (o) = @size{ peEP: n”fl < «}, where n is the number of variables
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Table 1 Data of the problems

Problem n m Problem m Problem n

HS 6 of Hock and 2 1 HS 39 of Hock 2 HS 60 of Hock 3
Schittkowski and and
(1981) Schittkowski Schittkowski

(1981) (1981)

HS 7 of Hock and 2 1 HS 40 of Hock 3 HS 61 of Hock 3
Schittkowski and and
(1981) Schittkowski Schittkowski

(1981) (1981)

HS 8 of Hock and 2 2 HS 42 of Hock 2 HS 63 of Hock 3
Schittkowski and and
(1981) Schittkowski Schittkowski

(1981) (1981)

HS 9 of Hock and 2 1 HS 43 of Hock 3 HS 77 of Hock 5
Schittkowski and and
(1981) Schittkowski Schittkowski

(1981) (1981)

HS 14 of Hock 2 2 HS 46 of Hock 2 HS 78 of Hock 5
and and and
Schittkowski Schittkowski Schittkowski
(1981) (1981) (1981)

HS 22 of Hock 2 2 HS 47 of Hock 3 HS 79 of Hock 5
and and and
Schittkowski Schittkowski Schittkowski
(1981) (1981) (1981)

HS 26 of Hock 3 1 HS 48 of Hock 2 HS 80 of Hock 5
and and and
Schittkowski Schittkowski Schittkowski
(1981) (1981) (1981)

HS 27 of Hock 3 1 HS 52 of Hock 3 HS 81 of Hock 5
and and and
Schittkowski Schittkowski Schittkowski
(1981) (1981) (1981)

HS 29 of Hock 3 1 HS 53 of Hock 3 HS 111 of Hock 10
and and and
Schittkowski Schittkowski Schittkowski
(1981) (1981) (1981)

HS 35 of Hock 3 1 HS 56 of Hock 4 Example of 2
and and Gonzaga et al.
Schittkowski Schittkowski (2004)

(1981) (1981)

in p € . The value of d;(«) can be interpreted as the percentage of problems that can
be solved with the equivalent of « simplex gradient estimates, considering that n + 1 is
the number of evaluations needed to compute a one-sided finite-difference estimate of the
gradient (Moré and Wild 2009).

We analyze separately the number of objective function evaluations (ObjEval) and the
number of constraints evaluations (ConstEval).

In the following figures we compare DFF1 and DFF2 using the number of objective
function evaluations as a measure of the performance.
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Fig. 1 Performance profile:
objective function evaluations
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Fig. 2 Data profiles for the comparison between DFF1 and DFF2: objective function evaluations

In the performance profile of Fig. 1, we can notice that DFF1 expended less objec-
tive function evaluations in more than 80 % of the problems, while DFF2 expended less
objective function evaluations in approximately 20 % of the problems. The performance
difference between DFF1 and DFF2 is approximately 20 % when the performance ratio is
2.

The data profile of Fig. 2a shows that DFF1 solves the largest percentage of problems for
all sizes of the number of objective function evaluations. We can observe that DFF1 solves
80 % of problems with 200 evaluations while DFF2 solves approximately 70 %. The biggest
difference is 30 % and it happens when the number of function evaluations is approximately
180. We believe that this behavior is due to the fact that DFF1 uses a better approximation
of J.(z%) in many iterations as well as it makes fewer iterations.

Figure 2b shows that DFF1 solves the largest percentage of problems for all sizes of the
number of simplex gradient estimates (ObjEval/(n + 1)). With 60 evaluations DFF1 solves
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Fig. 3 Performance profile:
constraints evaluations
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Fig. 4 Data profiles for the comparison between DFF1 and DFF2: constraints evaluations

100 % of the problems while DFF2 requires 100 evaluations to solve all of them. The biggest
difference between DFF1 and DFF2 happens when the number of function evaluations is
approximately 30 % and in this case DFF1 solves 80 % of the problems while DFF2 solves
approximately 50 % of them.

In the following figures we compare DFF1 and DFF2 using the number of constraints
evaluations as a measure of the performance.

In the performance profile of Fig. 3 we can notice that DFF2 expended less constraints
function evaluations in approximately 80 % of the problems while DFF1 expended less
constraints function evaluations in more than 20 %.

In Fig. 4a the data profile shows that DFF2 solves the largest percentage of problems
for all sizes of the number of constraints evaluations. We believe that this result is asso-
ciated to the fact that DFF2 does not require new constraints evaluations to define the
matrix Ay because it updates the last matrix used in the restoration phase. With 400 eval-
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uations DFF2 solves all the problems, while DFF1 needs 800 evaluations to solve all of
them.

Figure 4b shows that DFF2 solves the largest percentage of problems for all sizes of the
number of simplex gradient estimates (ConstEval/(n + 1)). With 70 evaluations DFF2 solves
almost 100 % of the problems, while DFF1 solves approximately 90 % of the problems.
The biggest difference between DFF1 and DFF2 happens when the number of constraints
evaluations is 20 % and in this case DFF2 solves 60 % of the problems while DFF1 solves
approximately 40 % of them.

Taking into account the performance and data profiles, we believe that better results
can be obtained developing another alternative that combines DFF1 and DFF2 imple-
mentations. That could be made considering the DFF2 implementation, computing Ay
by simplex gradients after a fix number of iterations. In addition, in the application
of BCDF-QNB in the restoration phase, we could replace the use of finite differ-
ences to compute Bi by the use of simplex gradients. That will be a subject of future
study.

6 Conclusions

We have presented an inexact restoration filter algorithm for equality constrained nonlinear
programming without using derivatives. The main contribution of the paper is to extend the
theory of a filter-based optimization method to the derivative-free context, but future research
about numerical behavior of the algorithm is still necessary to understand if there exists a class
of problems that would be better solved with the DFF algorithm than with other benchmark
DF algorithm.

From the theoretical point of view, under suitable conditions, we were able to prove global
convergence to quasi-stationary points. Furthermore, we have shown that if a quasi-stationary
accumulation point satisfies the Linear Independence constraint qualification then this point
is a KKT point of (1).

From the practical point of view, two versions of the proposed algorithm were implemented
and tested considering a set of small-scale problems. The main difference between the two
versions is the way in which an approximation of the true Jacobian J,(z¥) is computed. Two
main aspects can be taken into account from the numerical experiments:

1. They suggest plausible the use of Quasi Newton for computing the Jacobian approxima-
tions and this will be one of the subject of forthcoming research.

2. The implemented algorithms behave as expected; however, it will be desirable to test the
execution of the algorithm with a more challenging set of problems. Also, we would like
to compare the performance of the tested algorithms with other derivative-free algorithms
defined for solving the same problem.

pgAs the method proposed is the type of inexact restoration, different alternatives can be
studied in order to solve the two phases. In particular, to solve the optimality phase, we
would like to define a derivative-free algorithm based on a quadratic model, instead of a
linear one. In this case the use of quadratics models must be consistent with the theory,
especially with the condition (C2), in order to preserve the convergence.

Acknowledgments The authors are indebted to the two anonymous referees whose comments helped a lot
to improve the quality of the paper.
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