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a b s t r a c t 

This work deals with a two-dimensional continuum model for the problem of congested 

traffic assignment in an urban transportation system consisting of a set of freeways su- 

perimposed over a dense street network. The formulation leads to a system of non-linear 

differential equations whose unknowns are given by the travel times from arbitrary points 

of the network to the corresponding destinations. The governing equations are appropri- 

ately solved by means of the Finite Element Method. Then, traffic flow on every link of 

the network can be obtained. Numerical examples are given in order to demonstrate the 

efficiency of the developed model. 

© 2017 Elsevier Inc. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1. Introduction 

Urban traffic congestion is one of the most important problems in modern cities. Moreover, motor vehicles constitute the

main sources of air and noise pollution. 

The development of cities requires frequent modifications of the traffic network. In order to evaluate the effect of these

changes, the prediction of traffic patterns is of great importance. To fulfill this objective, mathematical modeling is used to

estimate traffic flows and travel times between different points of the city. This problem, known as “static traffic assign-

ment”, can be formulated by means of the Wardrop’s first principle [1] . According to this concept, a user chooses the route

toward a given destination with the aim of minimizing his (her) own travel time (at least for frequently performed trips).

This principle leads to an equivalent optimization problem developed by Beckmann et al. [2] . It constitutes the base for a

discrete model where each link of the network is considered individually and the demand is assumed to be concentrated

at fictitious points denominated “centroids”. Link flows constitute the unknowns of the problem. A detailed explanation of

this formulation along with solution algorithms may be found in Sheffi’s work [3] . This and other similar approaches have

long been used by several authors for problems of design and management of transportation networks [4–7] . The discrete

approach allows to carry out a very detailed representation of the network and, accordingly, the same degree of detail may

be obtained for link flows and travel times. However, this comprehensive description becomes a disadvantage in very large

networks, since computation time increases drastically with the number of nodes and links. For this reason, an extensive

research activity has been directed to the development of more efficient methods to analyze this problem [8–10] . 
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Fig. 1. Scheme of the urban traffic network. 

Fig. 2. Link cost function. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A different and less used approach is the continuum formulation of the assignment problem. According to this method-

ology, a dense network of streets is approximated by means of a two-dimensional continuous medium. The fundamental

idea is that variations in the traffic pattern between adjacent regions are small when compared to differences in the entire

system. Accordingly, continuous functions may be used to represent network characteristics such as travel costs and flows. 

This formulation leads to a system of partial differential equations [11] , the solution of which can be obtained analytically

for simple cases or numerically for more complex situations. 

In their excellent review, Ho and Wong [12] have indicated the following advantages of the continuum approach over

the discrete one for very dense networks: (a) it can reduce the size of the problem, since the number of variables in the

continuum model depends on the numerical method adopted for solving the problem but not on the quantity of nodes of

the network itself; (b) it can be applied without the need of a detailed construction of the network graph; (c) it can offer a

quick view of the impact produced by a change in the network, and (d) it makes unnecessary certain non-real hypotheses

established for the discrete model such as the artificial definition of “centroids”. These advantages are important in the

initial stage of planning and regional studies of great scale. In the following, a brief description of the state of the art is

presented. Different application possibilities of this approach can be found in the above mentioned Ref. [12] . 

Beckmann [13] introduced a continuum approach to analyze the problem of finding the most cost-effective commodity

flow with continuously distributed production over a geographical zone. He suggested this problem could be formulated by

means of a minimization program constrained by continuity equations. 

In subsequent years, continuum models, similar to that developed by Beckmann, were applied to cities with simple

shapes for which analytical solutions were obtained. The circular configuration, where the movements are constrained to

the radial and circumferential directions, is one of the most analyzed in the literature (Lam and Newell [14] , D’Este [15] and

Wong [16] among others). The case of rectangular cities was analyzed by Dafermos [17] and Vaughan and Doyle [18] . 

For arbitrary shape cities, appropriate numerical methods were employed, such as the Finite Element Method (FEM), in

order to overcome the difficulty in obtaining analytical solutions. 
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Fig. 3. Scheme of an arbitrary link a . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Taguchi and Iri [19] were the first authors to apply FEM for solving the continuum model of transportation networks

with arbitrary configuration. They explored three typical problems using three different objective functions: maximum flow,

minimum travel distance and minimum total travel cost. 

Later, Sasaki et al. [11] developed a continuum formulation of the user equilibrium problem similar to the Beckmann

discrete model [2] . They started with a continuum version of the Beckmann variational principle (primal problem) in which

the unknown is given by the flow vector. Then, they obtained the corresponding dual formulation in terms of travel time

(or potential function) between an arbitrary point of the network and the city centre. This problem was solved by FEM. 

The continuum model has been extended to more complex situations using the mixed FEM formulation proposed by

Wong et al. [20] , in which traffic flow and total travel time are considered to be variationally independent variables. This

approach has been generalized to consider multiple user classes [21] , distribution-assignment [22,23] , toll [24,25] and hous-

ing allocation problems [26] . An interesting contribution was proposed by Xu and He [27] , who used the continuum model

to determine the best location of urban routes in the planning process. For the solution of the problem, they applied FEM

along with the Evolutive Structural Optimization method (ESO). 

Recently, an interesting calibration procedure for the local travel cost function, adopted in the continuum models previ-

ously mentioned, was proposed by Wong and Wong [28–30] . 

Moreover, it is relevant to mention the concept of macroscopic fundamental diagram (MFD), used in traffic congestion

dynamics, because it has certain similarity with the continuum approach considered above. In fact, it is a network-level

description that avoids the analysis of individual links. MFD is an observation-based tool that provides a uni-modal, low

scatter relationship between network vehicle accumulation and outflow in homogeneous urban areas (MFD can also be

expressed as accumulation vs space-mean flow). As a remarkable aspect, MFD can consider over congested flows. This new

approach is very useful in the design of control strategies for decreasing congestion in large urban networks [31,32] . 

The static assignment problem in a mixed transportation system, consisting of major freeways and dense surface streets,

was performed by several authors [33–36] . 

Yang et al. [33] have analyzed a monocentric city considering the freeway links in a discrete form and the street net-

work by means of the continuum approach previously developed by Sasaki et al. [11] . Robusté et al. [34] employed a similar

formulation, although the resultant optimization problem was solved by means of Genetic Algorithms. Wong et al. [35] pro-

posed an improved approach in which the problem was reformulated as a simultaneous optimization model. This problem

was solved by using a fixed point algorithm based on a sensitivity analysis of both the discrete and continuous systems. In

that work, the continuum network was analyzed by means of a mixed variational formulation in which the unknowns are

given by flows and travel times simultaneously. Recently, Du et al. [36] proposed an extension of the aforementioned work

in order to take into account several destination points. 

However, some important aspects were not considered in the continuum models cited previously. First, travel cost func-

tions were formulated directly for the continuum case. Accordingly, there is no evident relationship between the discrete

and continuum formulations. Unfortunately, in this way, the experience obtained in the development and calibration of link

travel time expressions cannot be exploited. Moreover, the local travel cost used in previous continuum models is isotropic.

In fact, it depends on the flow intensity but not on the direction. This hypothesis leads to isotropic relationships between

the local flow vector and the gradient of the potential function. However, the discrete transportation network could show

impedance properties dependent on the direction (for example, in the case of an urban cell having streets in N-S direction

with higher capacities than those of streets in E-W direction). This fact should be reflected in the continuum model by

means of an anisotropic relationship between the flow vector and the gradient of the potential function in a similar form to

the generalized Darcy’s filtration law in porous media. This concept of network anisotropy should not be confused with the

anisotropy related to traffic dynamics models [37,38] . 

Previous continuum approaches could present a difficulty to determine individual link flows. This is not a disadvantage

when the objective is to obtain general traffic flow patterns, especially when the details of the network structure are not

known. However, there are situations where the topological and geometrical features of the network are known, at least in

an approximate manner. For instance, this may be the case when the network is existing and the aim is to redesign a part

of it. In this case, it could be interesting to recover individual link flows. These magnitudes are useful to estimate emission

rates of noise and air pollutants, since the corresponding formulas depend on such flows. Moreover, the knowledge of link

flows could be useful for the design of traffic signals in a localized zone. 
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Fig. 4. Radial city. Differential element for the model in cylindrical coordinates. 

Fig. 5. Radial city. Contour plot of travel time to the centre (hours). 

 

 

 

 

 

 

 

 

 

Two recent works, partially considering some of these aspects, are those by Saumtally et al. [39] and Cortínez and

Dominguez [40] . 

Saumtally et al. [39] developed a local travel cost function for a two dimensional anisotropic continuum. Based on this

function, they proposed a Beckmann-like variational formulation and used the Uzawa algorithm for the numerical solution.

They applied this methodology to analyze congestion traffic patterns in the city of Paris. 

Cortínez and Dominguez [40] developed a continuum approximation of the discrete transportation network by using a

homogenization procedure. The objective of the homogenization techniques, that were successfully employed in different

areas of science [41–43] , is to obtain an equivalent continuous representation of a discrete medium (or of an heterogeneous

continuous medium) preserving information about the properties of the original one. 

In order to do this, the static assignment problem for the discrete transportation network was derived from the Beck-

mann dual formulation, where the fundamental unknown corresponds to the travel time between an arbitrary point in the

network and the city centre. The applied homogenization methodology led to a diffusion-like anisotropic non-linear differ-
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Fig. 6. Radial city. Travel time to the centre (hours). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ential equation. Then, the approach was generalized to consider polycentric cities. The governing equations were solved by

means of FEM. The adopted derivation approach allows to demonstrate the straightforward relationship between the discrete

and continuous formulations. This fact makes it possible to compare numerical results obtained by means of both models

for the same transportation network. As shown by the numerical examples, the continuum model yields results comparable

with those given by the discrete model, although with a lower computational cost. 

In this paper, a generalization of the previous research by the authors [40] is proposed in order to consider a mixed

transportation system constituted by a set of freeways superimposed over a dense network of surface streets. Moreover, a

polycentric city with different user classes is taken into account. 

The present model begins with the formulation of the assignment problem for a discrete network from three fundamen-

tal assumptions: (a) link travel time is an increasing function of the corresponding flow; (b) the Wardrop’s first principle

may be established by postulating the existence of a potential function representing the travel time from a given point of

the network to the destination centre; and (c) the number of vehicles at each point of the network is a conservative quan-

tity. Such an approach leads to an algebraic non-linear equation system whose unknowns are the values of the potential

function at each node. It is possible to demonstrate that the aforementioned equation system is equivalent to the node-link

Beckmann formulation [44,45] . 

Then, the continuum approximation (homogenization) of the dense street network is performed by means of the ap-

plication of the Galerkin method [46] . Finally, variational calculus leads to the governing differential equations. They are

diffusion-like equations in a non-linear anisotropic medium, although presenting multipoint constraints corresponding to

the interaction between freeways and surface streets. 

It is of interest to highlight that the present procedure considers explicitly the correspondence between the discrete and

continuum models and the possible anisotropy of the network. This formulation allows one to determine the link flows after

the governing equations have been solved. 

Unlike other approaches, in this model, the mixed transportation network is completely solved by means of FEM. Some

numerical examples are developed to demonstrate the efficiency of the proposed model. 
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Fig. 7. Radial city. Link flow(veh/h). 

 

 

 

 

 

 

 

 

 

 

 

In Section 2 , the discrete formulation of traffic assignment is presented; in Section 3 , the new continuum model for

a mixed transportation system is developed; in Section 4 , the FEM numerical solution for this problem is commented; in

Section 5 , some numerical examples are given and, finally, in Section 6 , the conclusions are presented. 

2. Traffic assignment problem: discrete formulation 

A traffic urban network during the rush hour, when users travel from their homes distributed all over the city toward

certain destination points d ( d = 1 , 2 , ..., N d ), is considered. The scheme corresponding to a city having a surface � and a

perimeter �0 is shown in Fig. 1 . The analyzed transportation system consists of two types of route: (a) a dense network

of surface streets, and (b) a superimposed set of freeways. The freeways are connected to destination centres and surface

streets by means of interchange points (ramps). Moreover, for the street network, it is assumed that for each street in one

direction, another one exists in the opposite direction. 

The traffic assignment problem consists in determining the flow ḡ a (veh/h) on each link a ( a = 1 , 2 , ..., N a ) of the network

from the knowledge of the destination locations, the characteristics of the network and the travel demand Q 

d 
j 

(veh/h) at

each node j for users going to a destination d . 

The mathematical formulation of such a problem is based on the three fundamental concepts described below. 

2.1. Link congestion function 

The congestion effect on every link a can be measured by means of the corresponding travel time t a that is empiri-

cally determined as an increasing function of the link flow ḡ a (veh/h). The corresponding analytical expression adopts the

following general form [3] (see Fig. 2 ) 

t a = t a ( ̄g a ) (1) 

In the literature, such expression is known as cost function. Inverting expression (1) , one obtains: 

ḡ a = ḡ a (t a ) (2) 

In this work, expression (2) is denominated “congestion function”. 
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Fig. 8. (a) Analyzed transportation network. (b) Discrete model scheme. 

Fig. 9. Travel time to the centre on ST 1 street. Cases (a) and (b). 

 

 

 

 

 

 

The total link flow is the sum of vehicles travelling to a destination d , denoted by g d a , and those vehicles going to the

rest of destinations, denoted by g d 
aRes 

. This latter is denominated residual flow with respect to destination d . Thus, the link

flow toward a destination d can be expressed by means of the congestion function and the residual flow as follows: 

g d a = ḡ a (t a ) − g d aRes (3)

There exist empirical formulas to express (1) in an explicit form. In particular, in this work, a modification of the well-

known BPR formula [47] is adopted which allows one to write the congestion function in the following form: 

ḡ a = R a τ
βa 

a (4)

where: 

τa = t a − ˆ t a (5)
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Fig. 10. Travel times to nodes 57 and 163 on ST 4 street. Case (c). 

 

 

 

 

 

 

 

 

 

 

 

βa = 

{
1 τa < τ1 a 

1 /ϕ a τa ≥ τ1 a 
(6) 

R a = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

C a (
αa ̂  t a 

)1 /ϕ a 
τ ( 1 /ϕ a −1 ) 

1 a 
τa < τ1 a 

C a (
αa ̂  t a 

)1 /ϕ a 
τa ≥ τ1 a 

(7) 

ˆ t a corresponds to the free-flow travel time for link a, C a is the effective capacity of link a, αa and ϕa are empirical coefficients

depending of the link characteristics, and τ 1 a is a constant adopted to be equal to καa ̂ t a ( κ is a value between 0.1 and 1). 

The performed modification consists in using a straight line (the dashed line in Fig. 2 ) for τ ≤ τ 1 a , in order to avoid

numerical problems without altering the results from the practical point of view, as will be seen below. 

2.2. User equilibrium 

Wardrop’s first principle [1] , also known as “user equilibrium principle”, states that each driver selects the route to a

given destination in order to minimize his (her) own travel time. In other words, the user travel time between a given

point in the network and the corresponding destination is the same (and the minimum possible) for any route really used.

Accordingly, in equilibrium conditions, the travel time is assumed to be a function of the user location but not of the

employed route. This potential function can be expressed in the following form: 

u 

d = u 

d (x, y ) (8) 

where, by definition, u d (x d , y d ) = 0 , being x d and y d coordinates of the destination d . Thus, the link travel time t d a for a

driver travelling toward a destination d is equal to the difference of the values adopted by the potential function at the

initial and end points of the link ( i and j respectively): 

t d a = u 

d 
i − u 

d 
j (9) 

where u d 
i 

= u d (x i , y i ) and in the same form u d 
j 

( Fig. 3 ). As can be observed, t d a is the travel time on link a obtained from the

potential function corresponding to a destination d . 

2.3. Conservation of vehicles 

The number of vehicles at every node is a conservative quantity. This is also valid for vehicles travelling toward a par-

ticular destination d . Hence, it is possible to formulate the following continuity equation for every node of the network:

M j ∑ 

i =1 

g d a λi j + Q 

d 
j = 0 j = 1 , 2 , ..., N n (10) 
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Fig. 11. Link travel times on ST 3 street. Case (c). 

Fig. 12. Flow/capacity ratios for links on ST 1 street. Cases (a) and (b). 

 

 

 

 

 

 

 

 

 

where λij is 1 if the traffic is directed from i to j , and −1 in the opposite direction, M j corresponds to the number of nodes

adjacent to node j and N n is the number of nodes. It should be observed that a system of equations of the form (10) exists

for every destination d ( d = 1 , 2 , ..., N d ). This fact will be the same for each of the equations that follow. 

It is important to remark that the system of Eqs. (1), (3), (9) and (10) is equivalent to the node-link formulation of the

“user equilibrium” ( [44] Section 2.2 ; [45] ) 

It is useful to re-write the above system by separating the flows using the surface streets from those using the set of

freeways. In order to achieve this objective, G 

d 
A 

denotes the flow on freeway link A and U 

d 
J 

the travel time from the ramp

J to the destination d for those vehicles using the freeway network. Lower case letters are kept for denoting flows on the

surface streets. Moreover, Q̄ 

d 
j 

is the interchange flow between the node J of the freeway and the corresponding node j of the

surface streets, and is positive when traffic enters the freeway and negative in the opposite direction. Also, Q 

∗d 
J 

is defined

as the external traffic flow entering the city directly by the freeway network and travelling toward destination d . With this
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notation, the above system can be expressed as follows: 

M j ∑ 

i =1 

g d a λi j + Q 

d 
j − Q̄ 

d 
j = 0 j = 1 , 2 , ..., N s (11) 

Q̄ 

d 
j = 

⎧ ⎨ 

⎩ 

−
(

M J ∑ 

I=1 

G 

d 
A 
λIJ + Q 

∗d 
J 

)
i f x j = x J 

0 i f x j � = x J 

J = 1 , 2 , ..., N h (12) 

where x j and x J are the position vectors corresponding to street network nodes and ramps respectively, M J represents the

number of nodes of freeway links adjacent to the ramp J. N h is the number of ramps and N s is the number of nodes

corresponding to the set of streets. It should be observed that according to Wardrop’s principle [1] , the travel time from a

given point of the network is the same using either the freeways set or the street network. Accordingly: 

u 

d (x j , y j ) = U 

d 
J i f x j = x J J = 1 , 2 , ..., N h (13)

By substituting expression (9) into expressions (3), (4) and (5) and the result into the system (12) , one can write formally

the latter in the following form: 

Q̄ 

d 
j = Q̄ 

d 
j (U 

d 
I , U 

d 
J , Q 

∗d 
j ) (14) 

where U 

d 
I 

corresponds to the values of the potential function at the ramps I adjacent to J . This last expression shows clearly

the dependence of the interchange flows respect to the values of the potential function at different ram ps. The system is

completed by adding the following equation given by the definition of total travel time: 

u 

d (x d , y d ) = 0 (15) 

Substituting expression (14) into (11) and taking into account the definitions ( 3 )–( 7 ), a system of non-linear algebraic equa-

tions is obtained, the unknowns of which are given by u d 
i 

( i = 1 , 2 , ..., N s ). 

3. Continuum model for traffic assignment 

It is possible to transform the system ( 11 ), ( 15 ) corresponding to the dense street network into variational equations by

means of the Galerkin Method [46] . Accordingly, each of the equations (11) is multiplied by the virtual variation δu d 
j 

of the

potential function corresponding to a destination d . Summing the equations over all nodes of the street network (for every

destination d ), the following expression can be obtained: 

N s ∑ 

j=1 

M j ∑ 

i =1 

g d a λi j δu 

d 
j + 

N ∑ 

j=1 

(
Q 

d 
j − Q̄ 

d 
j 

)
δu 

d 
j = 0 (16) 

where it has been assumed δu d 
j 
( x d , y d ) = 0 . 

Dividing the dense network into M rectangular cells of side lengths L x and L y , as shown in Fig. 1 , it is possible to re-write

expression (16) in the following form: 

M ∑ 

m =1 

( 

−
∑ 

a ∈ m 

g d a δt d a + 

∑ 

j∈ m 

(
Q 

d 
j − Q̄ 

d 
j 

)
δu 

d 
j 

) 

= 0 (17) 

where t d a given by expression (9) along with the definitions of λij have been used. In (17) , the sums are first performed for

the links inside the cell and then, the contributions of all the cells are considered. 

Assuming that u d is a continuous function of geographical coordinates, x and y , and every link length l a is very small in

comparison with the total dimensions of the city, the link travel time may be approximated in the following form ( Fig. 3 ):

t d a = u 

d 
i − u 

d 
j ≈ −l a 

∂u 

d 

∂s 
= −l a (u 

d 
x cos γa + u 

d 
y sin γa ) (18) 

In this last expression, s is a link spatial coordinate in the traffic direction, γ a is the angle between the s and x directions,

u d x = 

∂u d 

∂x 
and u d y = 

∂u d 

∂y 
. Moreover, it is reasonable to assume that the partial derivatives of u d do not change within the cells

because of their small dimensions. 

From (18) one can obtain δt d a = −l a 
(
cos γa δu d x + sin γa δu d y 

)
. Substituting this variation into expression (17) , multiplying

and dividing by the cell area L x L y and considering the limit when the latter tends to be a differential area, one obtains the

next integral expression: ∫ (
f d x δu 

d 
x + f d y δu 

d 
y + 

(
q d − q̄ d 

)
δu 

d 
)
d� = 0 (19) 
�
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where: 

f d x = 

∑ 

a ∈ m 

g d a l a c a 

L x L y 
ξ d 

a 

f d y = 

∑ 

a ∈ m 

g d a l a s a 

L x L y 
ξ d 

a 

q d = 

Q 

d 
j 

L x L y 
q̄ d = 

Q̄ 

d 
j 

L x L y 
c a = cos γa s a = sin γa 

ξ d 
a = 

{
1 i f t d a > 0 

0 i f t d a ≤ 0 

(20)

As observed, f d x and f d y are components of the continuous traffic flow vector (veh/h/km). It should be noted that expres-

sion (18) has meaning only if t d a ≥ 0 for the considered link. That is to say, the potential function u d must decrease in the

traffic direction. For a link in which this is not the case, the corresponding flow g d a must be null (vehicles cannot go the

wrong way). In order to consider this fact, the coefficients ξ d 
a were introduced for every link in the above expressions. 

Substituting expression (18) into (4) and the result into the two first expressions (20) , the continuous traffic flow com-

ponents can be written in terms of u d as follows: ⎧ ⎪ ⎨ 

⎪ ⎩ 

f d x = −D 

d 
xx 

∂u 

d 

∂x 
− D 

d 
xy 

∂u 

d 

∂y 
− P d x 

f d y = −D 

d 
xy 

∂u 

d 

∂x 
− D 

d 
yy 

∂u 

d 

∂y 
− P d y 

(21)

where: 

D 

d 
xx = 

∑ 

a ∈ m 

l 2 a c 
2 
a R a 

(
τ d 

a 

)β−1 

L x L y 
ξ d 

a 

D 

d 
xy = 

∑ 

a ∈ m 

l 2 a c a s a R a 

(
τ d 

a 

)β−1 

L x L y 
ξ d 

a 

D 

d 
yy = 

∑ 

a ∈ m 

l 2 a s 
2 
a R a 

(
τ d 

a 

)β−1 

L x L y 
ξ d 

a 

P d x = 

∑ 

a ∈ m 

l a c a R a 

(
τ d 

a 

)β−1 

L x L y 
ˆ t a ξ

d 
a + 

∑ 

a ∈ m 

l a c a 
L x L y 

g d aRes ξ
d 
a 

P d y = 

∑ 

a ∈ m 

l a s a R a 

(
τ d 

a 

)β−1 

L x L y 
ˆ t a ξ

d 
a + 

∑ 

a ∈ m 

l a s a 
L x L y 

g d aRes ξ
d 
a (22)

here τ d 
a is obtained by substituting t d a , given by Eq. (18) , into (5) . 

It is important to note that the coefficients (22) are not undetermined for low flows ( τ < τ 1 ) due to the modification

introduced into the BPR formula shown in expressions ( 4 )–( 7 ). In this way, the equations remain well-defined. 

The relationship between the continuous traffic flow and the potential gradient expressed by means of Eq. (21) corre-

sponds to an anisotropic medium. In order to show this fact more clearly, the present theoretical relationship is compared

to that utilized in previous continuum models in Appendix A . 

By applying variational calculus to the equation (19) , the following differential system, for each destination d , can be

obtained: ⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

−
(

∂ f d x 

∂x 
+ 

∂ f d y 

∂y 

)
+ q d − q̄ d = 0 

f d x n x + f d y n y 

∣∣
�0 

= 0 

(23)

where n x and n y are components of the unit normal vector of the perimeter �0 . Therefore, the governing equations of the

assignment problem are obtained by substituting (21) and (22) into (23) . The resulting equations along with expression
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Fig. 13. Travel time to node 57 on ST 3 street. Case (d). 

Table 1 

Comparison of results for the freeway links. 

Travel time (minutes) Link flow (veh/h) 

B to A A to B B to A A to B 

Classic 8.38 7.55 12,206 8926 

Present approach 8.28 7.56 12,039 8936 

Error(%) −1.22 0.08 0.11 −1.37 

 

 

 

 

 

 

 

 

 

 

(15) constitute the governing system that can be written in the form: ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

∂ 

∂x 

(
D 

d 
xx 

∂u 

d 

∂x 
+ D 

d 
xy 

∂u 

d 

∂y 

)
+ 

∂ 

∂y 

(
D 

d 
xy 

∂u 

d 

∂x 
+ D 

d 
yy 

∂u 

d 

∂y 

)
+ q d T = 0 

−
((

D 

d 
xx 

∂u 

d 

∂x 
+ D 

d 
xy 

∂u 

d 

∂y 

)
n x + 

(
D 

d 
xy 

∂u 

d 

∂x 
+ D 

d 
yy 

∂u 

d 

∂y 

)
n y 

)∣∣∣∣
�0 

= 

(
P d x n x + P d y n y 

)∣∣
�0 

u 

d (x d , y d ) = 0 d = 1 , 2 , ..., N d 

(24) 

where: 

q d T = q d − Q̄ 

d 
j δ( � x − �

 x j ) + 

∂P d x 

∂x 
+ 

∂P d y 

∂y 
(25) 

It should be noted that these governing equations have multipoint relationships. In fact, Q̄ 

d 
j 

in expression (25) depends

on the values of u d at the different ramps of the freeway network and is given by expression (14) . 

The unknowns of the system (24) are given by the N d potential functions u d ( x, y ). It is a non-linear system of diffusion-

like equations in which the coefficients D 

d 
xx , D 

d 
xy , D 

d 
yy , as well as the functions P d x , P 

d 
y depend on the unknowns. 

If the network consists only of streets, without freeways, Q̄ 

d 
j 

will be null and the above equation system will be reduced

to that developed by the authors in Ref. [40] . 

The developed equations can be generalized in order to take into account multiple user classes. In this case, each user

class is identified by means of its link travel time as a function of the corresponding total link flow. In this study, this

function is given by the modified BPR formula explained in Section 2 , although considering different values of αa , ϕa and 

ˆ t a 
for each class. In this way, following a derivation similar to that presented above, an equation system of the form (24) will

be obtained, for each destination and user class, having as unknowns the functions u d, c with d = 1 , 2 , ..., N d , c = 1 , 2 , ..., N c ,

being N c the number of classes. 

Link travel times can be determined by means of expression (18) after the potential functions u d, c have been obtained

by solving the system (24) . It is clear that, in equilibrium conditions, the same values of t d a will be obtained for a given

link by using any of the functions u d (while t d a � = 0 ). Finally, link flows can be determined from the knowledge of link travel

times by using expressions (3) and (4) . 
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Fig. 14. Convergence study of the iterative procedure. Case (d). 

Fig. 15. (a) Transportation network with freeways; (b) city zones and FEM mesh. 

 

 

 

 

 

 

4. Computational solution by means of the Finite Element Method (FEM) 

The governing differential equation system with multipoint relationships expressed by Eq. (24) can be solved by means

of several appropriate numerical approaches such as finite differences, differential quadrature, weighted residual methods,

etc. In this work, FEM is used by means of the software FlexPDE [48] . 

In this computational program, the mathematical problem is defined by writing the corresponding governing differential

equations and boundary conditions in a text file (descriptor), employing a simple notation similar to that commonly used

in mathematics. 

Internally, the program builds the pertinent variational equations, by using the Galerkin’s procedure, and then performs

the corresponding discretization with an automatic mesh generator. In addition, it has several strategies that users can select

for solving non-linear boundary and/or initial value problems. 
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Fig. 16. Contour plot of the total travel time (minutes) to the city centre. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Therefore, for the present problem, the descriptor should contain the definitions of the network characteristics such as

free-flow link travel times, link capacities, street directions and the expressions of the diffusion coefficients (22) . Then, the

system (24) must be written. Moreover, the geometry, boundary conditions and the characteristics of the graphical outputs

of results should be specified. 

As an initial approximation, the governing equations are solved by taking constant values for the diffusion coefficients

(negligible congestion: τ ≤ τ 1 a ). Starting from this initial solution and applying a Newton–Raphson method, the problem

may be solved for a monocentric city. 

For the case of two or more destinations, an iterative procedure is implemented. This consists in solving the equation

corresponding to one destination at a time, while keeping the flows corresponding to the other centres as constant values.

As convergence criterion of this iterative algorithm, the expression 

∑ N d 
i =1 ( 

∫ 
� u i d �−∫ 

� u i _ ant d �) ∑ N d 
i =1 ( 

∫ 
� u i d�) 

in two successiv e iterations, has

to be less than certain pre-defined tolerance. Several details are taken into account to prevent numerical difficulties. For

example, in order to avoid singularities, ramps are defined as small areas. 

5. Numerical examples 

5.1. Example 1: circular city 

The objective of the present example is to show the efficiency of FEM for solving the governing equations (24) . If this

system is expressed in cylindrical coordinates, it is possible to obtain an analytical solution for the particular case of a

circular city, without freeways, presenting radial symmetry. That is to say, vehicles travel toward the central point using

radial streets. Such a solution is shown in Appendix B . However, this problem in cartesian coordinates is very complex and

should be treated in a numerical form. Thus, it is possible to analyze the accuracy of the present numerical solution by

means of the comparison between the FEM and analytical results [49] . 

Therefore, it is considered a circular city of radius R ( Fig. 4 ) in which q a vehicles per hour and per unit surface are

generated with destination at centre O . It is assumed that flow across the external boundary is null ( f a = 0 at r = R ). The

following numerical data are adopted: R = 10 km, q = 80 veh/h/km 

2 , link length l a = 0.2 km, capacity of radial streets C a 
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Fig. 17. Freeway link travel times. 

Fig. 18. Freeway link flows. 

 

 

 

 

 

 

 

= 400 veh/h and maximum velocity 60 km/h (corresponding to the free-flow travel time ˆ t a = 0 . 00 ̂ 3 h). For the congestion

function, the following values are adopted: αa = 0 . 15 and ϕ a = 4 . 

A contour plot of the total travel time obtained by means of FEM is shown in Fig. 5 . As observed, the numerical results

reproduce correctly a radial symmetric pattern. 

In Figs. 6 and 7 comparisons are shown between the FEM and analytical results for the total travel time u and the link

flow g a , respectively. As appreciated, numerical and analytical results are practically indistinguishable, thus demonstrating

the very good accuracy of the FEM solution. 

5.2. Example 2: urban transportation network with two freeway links 

This example is performed to compare the present continuum theory with the classical discrete Beckmann’s formulation.

The optimization problem corresponding to the latter is solved by means of the Frank–Wolfe method [50] . Fig. 8 a shows

the considered city. It has an area of approximately 240 km 

2 and is limited by an external boundary � across of which
0 
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vehicles cannot flow. The trips are assumed to be generated uniformly over the domain. The street network presents two

perpendicular directions having link lengths of 100 m. Moreover, there are two freeway links joining two points of the city

(A and B) in both directions. 

In order to build the continuum model for the dense street network, cells of 0.8x0.8 km 

2 are adopted. For this reason,

taking into account the uniform distribution of streets within each cell, 32 links for each direction are considered for the

determination of the coefficients given by Eq. (22) . The streets are supposed to coincide with x or y axes, that is to say, γ a 

can adopt the following values: 0 °, 90 °, 180 ° or 270 °. 
To apply the traditional discrete model, a simplified scheme of the street network is defined as a set of 240 nodes and

886 equivalent arcs of 1 km length. Each arc of the discrete model represents a set of 5 parallel streets in the same direction.

Accordingly, the capacity of each equivalent arc corresponds to the addition of the capacities of the pertinent streets (5 C a ).

Fig. 8 b shows the equivalent discrete model under analysis where four paths are identified for future reference: ST 1 , ST 2 , ST 3 
and ST 4 . 

Four particular cases are considered: 

a) Monocentric transportation network having identical link characteristics . 

A uniform travel demand q = 300 veh/h/km 

2 with destination at node 81 (see Fig. 8 ) is considered. The freeways are

not taken into account. The streets characteristics are identical in all directions: the maximum velocity is 60 km/h, the

street capacity is C a = 600 veh/h and the link travel time is given by the BPR function with αa = 0.15 and ϕa = 2. 

b) Monocentric transportation network having different link characteristics . 

The data are the same as in the above case, except for the capacities of the streets constituting the paths ST 1 and ST 2

directed to the centre that, in this case, adopt values 40% higher than those corresponding to the rest of the streets. 

c) Street network with two destinations . 

The data are the same as in case (a) but now, half of the demand has as destination the point A (node 57) and the other

half the point B (node 163). 

d) A two destination network constituted by streets and two freeway links . 

The data are the same as in case (c) but now two freeway links are included, one of them from point A (node 57) to

point B (node 163) and the other in the opposite direction ( Fig. 8 ). 

In Figs. 9 –14 , some results for the four analyzed cases are shown. In Fig. 9 , one can observe, for cases (a) and (b),

the travel times between each node of ST 1 and the centre (node 81). The mean difference between the results of both

approaches is of the order of 4%. 

Fig. 10 shows, for case (c), the travel times between each node of ST 4 and the centres A (node 57) and B (node 163).

Mean differences between both approaches are of approximately 4%. 

Fig. 11 shows, for case (c), the link travel times corresponding to ST 3. The mean difference between values corresponding

to both approaches is less than 2%. 

In Fig. 12 , flow/capacity ratios corresponding to the streets constituting path ST 1 are shown for cases (a) and (b). As can

be seen, the difference for the most congested links is less than 1%. In the last two figures, node numbers on the horizontal

axis correspond to the origins of each one of the considered links. 

In Fig. 13 , travel times from each node of ST 3 to point A , for case (d), are shown. The values obtained by means of both

approaches are practically identical. For the same case, in Table 1 , freeway link flows and the corresponding travel times are

shown. As can be seen, results obtained by means of the present approach show very small differences with respect to the

discrete model values. 

It is interesting to analyze the convergence of the iterative procedure for solving a polycentric network as explained in

Section 4 . Thus, the relative error evolution with the number of iterations is shown in Fig. 14 for case (d). As observed, after

seven iterations the relative error becomes negligible. 

The computation times to solve the analyzed problems by means of the traditional discrete model were approximately

of 1 h [49] , while the continuum model required 6 s, 7 s, 72 s and 120 s for cases (a), (b), (c) and (d), respectively. 

These calculation times do not constitute a measure totally objective because they can vary when using different com-

puters and software. However, they could be considered as approximate indicators showing the important reduction of

computational burden obtained with the continuum model in comparison with the discrete one. 

It is interesting to note that, unlike discrete models, continuum formulation does not require larger computational times

when the number of links is increased. In fact, in the continuum approach, FEM discretization is independent of the real

structure of the network. 

5.3. Example 3: urban transportation network constituted by streets and several freeway links 

The above example has demonstrated the good accuracy of the continuum model respect to the traditional discrete

formulation when considering a mixed transportation network. The aim of the present example is to compare the proposed

FEM solution against an iterative method consisting in combining the FEM solution for the street network and the Frank–

Wolfe methodology for the freeways. 

In this last methodology, the FEM solution of the continuum problem provides the discrete formulation with approxi-

mations to the travel demands at the ramps. Then, after solving the discrete model by means of the Frank–Wolfe method,
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travel times at the ramps are determined and taken as boundary conditions for the continuum model. Iteration between

both models is performed up to convergence. The purpose for analyzing such a methodology is due to the fact that a simi-

lar approach was previously presented by Wong et al. [35] and Du et al. [36] , although by employing a different continuum

model. 

The explained approaches are applied to the city shown in Fig. 15 that has an approximate area of 600 km 

2 , where all

the trips are directed to destination O . Moreover, there are no trips across the boundary of the city. The freeway network

comprises links (1) to (6) and four access ramps numbered 1 to 4. 

The city is divided into 4 zones having different travel demands: 100 veh/h/km 

2 , 80 veh/h/km 

2 , 130 veh/h/km 

2 and

70 veh/h/km 

2 for the zones 1, 2, 3 and 4, respectively. 

For freeways, the link travel time function is assumed to be t A = ̂

 t A ( 1 + 0 . 85( ̄G A /C A ) 
5 ) and for streets t a =

ˆ 
 a 

(
1 + 0 . 15 ( ̄g a /C a ) 

4 
)
. Free flow travel times ˆ t A and 

ˆ t a correspond to maximum velocities of 100 km/h for freeways and 60

km/h for streets. The capacities of freeway links are 10,0 0 0 veh/h and 60 0 0 veh/h for links 1–3 and 4–6, respectively. The

capacity of every surface street is 600 veh/h. 

In Fig. 16 , a contour plot of the total travel time (minutes) obtained by means of FEM is shown. In Figs. 17 and 18 ,

link travel times for each one of the freeway links and the corresponding flows obtained by means of both approaches are

compared. The mean difference is of the order of 3%. 

6. Conclusions 

In this paper, a continuum model for the study of congested urban traffic in systems constituted by a set of freeways

superimposed over a dense network of streets has been proposed. 

The theoretical model is based on three concepts: (a) the quantitative definition of the congestion at every link by means

of a cost function (travel time increases with flow); (b) the Wardrop’s first principle defined here by postulating the exis-

tence of a potential function for each destination that represents the travel time between an arbitrary point of the network

and the corresponding destination; and (c) the conservation of vehicles at each node of the transportation network. Unlike

previous works, the present model is not based on any variational principle of abstract meaning. 

The theory is first developed for a discrete system. Then, the continuum approximation is obtained by means of the

Galerkin’s method considering the limit when link lengths tend to zero. The theory leads to a system of non-linear diffusion-

like differential equations with multipoint relationships. This governing system may be conveniently solved by means of sev-

eral numerical approaches. FEM is employed in the present work. The theoretical model can consider multiple destinations

and user classes and takes into account the possible anisotropic characteristics of the surface street network. 

As a remarkable aspect, the present approach is obtained from the discrete formulation, thus allowing the comparison

between both models. The numerical examples show that the present methodology could be useful for the analysis of trans-

portation systems involving a high number of streets. Certainly, the numerical results are comparable with those obtained

by means of the classical discrete method, although by requiring less computational time. This is due to the fact that FEM

numerical discretization does not need to be refined with the number of links. Moreover, the accuracy of the model tends

to improve with the increase of the number of streets, since the network becomes more similar to a two-dimensional con-

tinuum. 

In order to apply the present methodology, one needs to know the characteristics of network structure at least in an

approximate form. Therefore, this model may be useful to redesign pre-existent networks. The possibility to recover link

flows is, according to the authors’ knowledge, a novelty with respect to previously developed continuum models. However,

it has to be noted that a high heterogeneity of the characteristics of adjacent links would cause a decrease in accuracy. 

This methodology differs from previous continuum models for analyzing a mixed transportation system in the form of

the continuum representation for the surface streets. When the features of the street network are approximately known, the

present methodology could be considered as an interesting alternative. If this is not the case, the use of previous continuum

models may be advantageous. Another difference with respect to the cited approaches is the fact that the present model

is entirely solved by FEM. Therefore, the methodology could be completely implemented in the same commercial FEM

software. Moreover, traffic-related pollution problems could even be analyzed with the same program. 

It is important to realize that the present approach is an approximation to the discrete formulation of the static assign-

ment problem and, accordingly, shares the same limitations. In particular, static equilibrium approach shows a decreased

accuracy when many links of the network become oversaturated. In this case, an improved description would be obtained

by using a dynamic approach. 

The developed model could be useful for the optimal design of urban transportation networks. This aspect will be pre-

sented in the future. 
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Appendix A. Flow-potential gradient relationship 

The most common form to express this relationship in a continuum medium is the following: 

f = K ∇u (A.1) 

This kind of relationship appears in several problems of mathematical physics such as heat conduction and flow in porous

media. In this last context, it is known as Darcy’s law. 

It is possible to obtain expressions of the form (A.1) equivalent to ( 21 )–( 22 ). In order to do this, components f d x and f d x 

given by Eq. (20) are multiplied and divided by t d a . Substituting (18) into the resultant expressions allows one to obtain: { 

f d x = −K 

d 
xx 

∂u d 

∂x 
− K 

d 
xy 

∂u d 

∂y 

f d y = −K 

d 
xy 

∂u d 

∂x 
− K 

d 
yy 

∂u d 

∂y 

(A.2) 

where the conductivity tensor is given by: 

K 

d 
xx = 

∑ 

a ∈ m 

g d a ξ
d 
a 

t d a 

l 2 a cos 2 γa 

L x L y 

K 

d 
yy = 

∑ 

a ∈ m 

g d a ξ
d 
a 

t d a 

l 2 a sin 

2 γa 

L x L y 

K 

d 
xy = 

∑ 

a ∈ m 

g d a ξ
d 
a 

t d a 

l 2 a cos γa sin γa 

L x L y 
(A.3) 

It should be to noted that, in this case, K 

d 
xx � = K 

d 
yy � = K 

d 
xy , thus defining an anisotropic medium. 

In previous continuum models, expressions of the form (A.2) were obtained with the following definition of the conduc-

tivity tensor [36] : 

K 

d 
xx = K 

d 
yy = 

∣∣f d ∣∣
α + β

∑ ND 
r=1 | f r | 

K 

d 
xy = 0 (A.4) 

These last expressions correspond to an isotropic medium. 

It should be remarked that expressions (A.3) or (A.4) give very small values for low flows. This aspect causes numerical

problems. 

In order to avoid this fact, in this paper the alternative flow relationship (21) has been used because its coefficients D 

d 
xx ,

D 

d 
xy , D 

d 
yy , as well as the functions P d x , P 

d 
y , given by Eq. (22) keep determined even for low flows. 

Appendix B. Analytical solution for a radially symmetric circular city 

For the analyzed case, the system (23) may be written in cylindrical coordinates as follows: 

−1 

r 

d(r f r ) 

dr 
+ q = 0 (B.1) 

with f r (R ) = 0 . 

The solution of this equation is given by: 

f r = 

q 

2 

(
r 2 − R 

2 

r 

)
(B.2) 

Taking into account that the city has M radial streets, link flow may be obtained from: 

| g a | = 

2 π r 

M 

| f r | (B.3) 

Substituting (B.2) into (B.3) , one obtains: 

| g a | = 

qπ

M 

(
R 

2 − r 2 
)

(B.4) 

Inserting this last expression into (4) and taking into account (18) one can obtain, after rearrangement, the following

expression: 

du 

dr 
= 

1 

ˆ v a 
+ 

αa 

ˆ v a 
κβ−1 /ϕ 

( 

qπ
(
R 

2 − r 2 
)

MC 

) 1 /β

(B.5) 

where ˆ v a ( = l a / ̂ t a ) is the free-flow velocity. Expression (B.5) is easily integrated in a numerical form in order to determine

u ( r ). 
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