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a b s t r a c t

The understanding of the behavior of hydrodynamic bearings requires the analysis of the fluid film

between two solid surfaces in relative motion. The differential equation that governs the movement of

this fluid, called the Reynolds equation, arises from the integration over the film thickness of the

continuity equation, previously combined with the Navier–Stokes equation. An order of magnitude

analysis, which is based on the relative value of the dimensions of the bearing, produces two

dimensionless numbers that govern the behavior of the system: the square of the aspect ratio, length

over diameter (L/D)2, and the eccentricity ratio (Z). An analytical solution of the Reynolds equation can

only be obtained for particular situations as, for example, the isothermal flow of Newtonian fluids and

values of L/D-0 or L/D-N. For other conditions, the equation must be solved numerically.

The present work proposes an analytical approximate solution of the Reynolds equation for

isothermal finite length journal bearings by means of the regular perturbation method. (L/D)2 is used

as the perturbation parameter. The novelty of the method lays in the treatment of the Ocvirk number as

an expansible parameter.

The zero-order solution of the Reynolds equation (obtained for L/D-0), which matches the Ocvirk

solution, may be used to describe the behavior of finite length journal bearings, up to L/D�1/8–1/4, and

relatively small eccentricities. The first-order solution obtained with the proposed method gives an

analytical tool that extends the description of pressure and shear-stress fields up to L/D�1/2 and Z�1/2

(or combinations of larger eccentricities with smaller aspect ratios, or vice versa). Moreover, the friction

force and load-carrying capacity are accurately described by the proposed method up to L/D�1 and Z
very near to 1.

& 2011 Elsevier Ltd. All rights reserved.

1. Introduction

The understanding of hydrodynamic lubrication began in the
19th century and many advances have been done since then [1].
Nevertheless, the exact analytical solution of the governing
equations is still not possible in most applications, and numerical
methods are required to solve them. However, it is always useful
to have analytical solutions, even approximate ones, to under-
stand the overall behavior of the system and the dominant effects.

When the thin-film lubrication approximation is considered,
the pressure in the lubricant film is described by the Reynolds
equation [2]. This equation is obtained by integrating the con-
tinuity equation, previously combined with the Navier–Stokes
equations, into the film thickness. The result is a nonhomoge-
neous partial differential equation of elliptical type that, in

general, requires considerable numerical effort to be solved.
However, approximate solutions have been obtained using elec-
trical analogies, mathematical summations, relaxation methods,
and numerical and graphical methods [1,3,4].

The present work is focused on journal bearings (JBs). The
hydrodynamically lubricated JBs are bearings that develop load-
carrying capacity due to the relative motion of two quasi-
concentric cylinders separated by a fluid film [1]. The two most
widely used approximations of the Reynolds equation for this
type of bearings are the ones known as the ‘‘infinitely short
journal bearing’’ (ISJB) [5] and the ‘‘infinitely long journal bear-
ing’’ (ILJB) [6], depending on the derivative of the pressure that is
not considered. In both these cases, the Reynolds equation
reduces to a linear ordinary differential equation for which closed
form analytical solutions exist. The significance of the ISJB and
ILJB solutions lie not only in the fact that they are analytical but
also in that they indicate trends, and often establish upper and
lower limits to a JB performance [3]. Most of the attempts that
have been done to solve the complete Reynolds equation for finite
length JBs contemplate these ideal limit cases. For example, one
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approach is the one that assumes the existence of a homogeneous
solution plus a particular one given by the ILJB solution [3]. In that
case, the homogeneous solution, if obtainable, may be regarded as
a ‘correction factor’ of the ILJB for finite length JBs [3,7].

Another approach frequently used to solve the Reynolds
equation contemplates the use of asymptotic methods [8–10].
These methods have been used to approximate the solution to
fluid film lubrication problems like those of slider, step, partial,
and JBs. For example, asymptotic results have been obtained for
infinitely long slider and step squeeze-film bearings using differ-
ent asymptotic expansions to take into account the effects of the
trailing edge and to reach smaller values of the squeeze and
bearing numbers [11–14]. Infinitely long slider bearings and
slider bearings with a discontinuity in the film slope at high
bearing numbers have also been analyzed with similar methods
[15,16]. The general finite width gas slider bearing has also been
studied in order to find a formal explicit uniformly valid asymp-
totic representation of the pressure with a low order error over
the entire bearing [17–19]. In the case of short slider bearings, the
descriptions have been done by rectifying the infinitely short
bearing theory and performing an asymptotic analysis to correct
the pressure field near both, the leading and the trailing edges of
the slider [20,21], and by solving an Euler–Lagrange equation
using a small aspect ratio singular perturbation approach [22].
The infinitely short bearing theory has been also applied to
cylindrical partial-arc short bearings using a matched asymptotic
perturbation method to correct the inaccuracies caused by the
azimuthal edge pressure boundary conditions [20,21,23]. The
finite length JB with high-eccentricity has been analyzed in terms
of inner and outer asymptotic expansions to get the pressure
distribution inside the fluid film, load-carrying capacity, and
frictional loss [24]. Furthermore, several authors have contem-
plated the effect of nonzero inertia and curvature, not present in
the Reynolds’ equation, on the ILJB using different series expan-
sions methods [25–29]. Regular perturbation series expansions
have been applied to extend the range of applicability of the ISJB
and to quantify the accuracy of this ideal limit solution [21].
When all the previously mentioned methods and approaches are

considered, one thing that has to be kept in mind is that the
Reynolds equation is a multi-parameter equation, and conse-
quently, the different expanded solutions present limitations and
restrictions associated to the chosen parameters.

The constant development towards higher speed, higher per-
formance, but smaller size machinery has established the trend to
the use of shorter bearings [30]. For that reason, the ISJB approx-
imation has received much attention over the years. Furthermore,
if an isothermal and incompressible Newtonian fluid is considered,
this approximation yields a simple pressure field, which is a
function of both, the tangential and axial coordinates, and satisfies
all pressure boundary conditions [1,3]. This solution is frequently
applied in the areas of rotor-bearing dynamics, dampers, and shaft
seals, even though the accuracy of the ISJB solution depends on
how close the real conditions are to the assumed ones. In that
sense, the nonzero aspect ratio (length over diameter) and
eccentricity are the most important factors that deviate the real
solution from the ISJB approximation [21,31]. In order to get
more accurate results, specific analytic developments have been
carried out to perform dynamic analyses. In general, these devel-
opments use different combinations of short and long bearing
solutions [32,33].

The purpose of the present work is to provide a new analytical
solution valid to finite length JBs obtained as an extension of the
ISJB approximation by means of the regular perturbation method.
In the following section, the governing equations as well as the
resulting equations from the order of magnitude analysis are
presented. Then, the proposed approach to the regular perturba-
tion method is discussed, and finally the predicted variables are
compared to the results from numerical solutions as well as other
analytical approaches.

2. Governing equations

Fig. 1 displays a scheme of the JB together with the associated
coordinate system and some dimensions. The journal, of radius R,
turns inside a bearing of length L at an angular speed O. The loci

Nomenclature

D journal bearing diameter, D¼2R

F magnitude of the load-carrying capacity
Ff friction force, Ff¼ fF

Fx X-component of the load-carrying capacity
Fy Y-component of the load-carrying capacity
H film thickness, H¼ cþecosðyÞ
L journal bearing length
O Ocvirk number, O¼ mU

RPp

R
c

� �2 L
R

� �2

O0 zero-order Ocvirk number
O1 first-order Ocvirk number
P pressure
PEXT external pressure
Pp projected load
PREF characteristic pressure
R journal bearing radius
S Sommerfeld number, S¼ mU

RPp

R
c

� �2

T dimensionless shear stress, T ¼�@u
@y h ¼ t hc

mU

������
U surface journal velocity—characteristic tangential

velocity
V characteristic radial velocity
VY tangential velocity
Vy radial velocity

Vz axial velocity
W characteristic axial velocity
X tangential coordinate
Y radial coordinate
Z axial coordinate
c journal bearing clearance
e eccentricity
f friction coefficient
h dimensionless film thickness h¼ H

c ¼ 1þZcosðpYÞ
p dimensionless pressure, p¼ P�PEXT

Pp

p0 zero-order dimensionless pressure
p1 first-order dimensionless pressure
p0 dimensionless pressure, p0 ¼ P�PEXT

PREF

u dimensionless tangential velocity, u¼ VY
U

uc dimensionless linear tangential velocity, uc ¼
U
h

v dimensionless radial velocity, v¼ Vy

V

w dimensionless axial velocity, w¼ Vz

W

y dimensionless radial coordinate, y¼ Y
c

z dimensionless axial coordinate, z¼ Z
L

Y dimensionless tangential coordinate, Y¼ y
p ¼

X
Rp ¼

x
p

e perturbation parameter, e¼ L
D

� �2

Z eccentricity ratio, Z¼ e
c

m fluid viscosity
t shear stress
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of the journal and the bearing are separated by a distance, e,
called eccentricity. The maximum value that e can reach, c, is the
difference between bearing and journal radii. The gap between
them, H, is fully filled with an incompressible fluid, the lubricant.
Although both, journal and bearing, are cylinders, the flow of the
lubricant in the gap can be studied in rectangular coordinates
{X,Y,Z}, ignoring the curvature, because R is several orders of
magnitude larger than c. Dimensionless coordinates Y, y, and
z are defined by means of the characteristic values pR, c,
and L as

Y¼
X

pR
, y¼

Y

c
, z¼

Z

L
ð1Þ

For isothermal flow, the dimensionless variables of interest are
the tangential velocity, u, axial velocity, w, radial velocity, v, and
pressure, p0, defined as

u¼
VY

U
, v¼

Vy

V
, w¼

Vz

W
, p0 ¼

P�PEXT

PREF
ð2Þ

where U, V, W, and PREF are the characteristic values of the
corresponding variables.

The dimensionless mass balance equation:

0¼
U

pR

@u

@Y
þ

V

c

@v

@y
þ

W

L

@w

@z
ð3Þ

determines the values of V¼Uc/R and W¼UL/R if the three terms
are of similar order of magnitude.

The dimensionless momentum conservation equations can be
largely simplified neglecting the terms that are of an order of
magnitude c/R, since this ratio normally has values of the order
of 1/1000. Accordingly, the final expressions of the Y-, y- and
z-direction momentum balances are, respectively

0¼�
PREF

pR

@p0

@Y
þm U

c2

@2u

@y2
0¼�

PREF

c

@p0

@y
þm V

c2

@2v

@y2

0¼�
PREF

L

@p0

@z
þmW

c2

@2w

@y2
ð4Þ

The main assumption of the ISJB approximation, known as
the ‘‘Ocvirk solution’’ [5], is that the pressure gradient in the
Y-direction can be neglected when compared to the axial one.
This means that the tangential speed profile should be linear, like

in Couette flow, and that PREF can be estimated from the
z-direction momentum balance and defined as

PREF ¼
mU

R

R

c

� �2 L

R

� �2

ð5Þ

In this case, the dimensionless mass and momentum equations
take the following form:

0¼
1

p
@u

@Y
þ
@v

@y
þ
@w

@z
ð6Þ

0¼�
1

p
L

R

� �2 @p0

@Y
þ
@2u

@y2
0¼�

@p0

@y
þ

c

L

� �2 @2v

@y2
0¼�

@p0

@z
þ
@2w

@y2

ð7Þ

On the other hand, the main assumption of the ILJB, known as
the ‘‘Sommerfeld solution’’ [6], is that the axial pressure gradient
is much smaller than the tangential one. No axial speed profile is
then expected. The value of PREF can be then calculated from the
Y-direction momentum equation, and defined as PREF¼mU/R(R/c)2.
In both, the ISJB and the ILSB cases, the pressure gradient in the
radial direction can be neglected because the momentum
conservation equations in the y-direction are (c/R)2 or (c/L)2 times
smaller, respectively, than the equations in the other two
directions.

2.1. Reynolds equation

The so called Reynolds equation [2] is obtained combining the
mass and momentum balances and integrating the mass balance
within the thickness of the film considering non-slip boundary
conditions over the walls for all velocity components. If h is the
dimensionless gap, defined as h¼H/c, the dimensionless expres-
sion of the complete Reynolds equation is

dh

dY
¼

1

6p
L

R

� �2 @

@Y
h3 @p0

@Y

� �
þ
p
6

h3 @
2p0

@z2
ð8Þ

when the dimensionless pressure PREF is defined according to
Eq. (5) for short JBs.

Clearly, the use of the ISJB hypothesis in Eq. (8) makes the term
that includes the (L/R)2 factor negligible. The resulting simplified
equation has only two terms and it is analytically solvable using
appropriate boundary conditions for the pressure. It is clear from
the comments above that an extension of the two ideal cases (ISJB
and ILJB) to finite length JBs should consider the fact that the
order of magnitude of pressure changes with aspect ratio.

2.2. Sommerfeld and Ocvirk numbers

Traditionally, the behavior of JBs has been related to the Bearing
or Sommerfeld number [1,6], S, or the capacity or Ocvirk number
[5,34], S(L/D)2. In the following sections, a slightly modified definition
of the Ocvirk number, O, is used, in which the square of the length-
to-diameter ratio is replaced by the square of the length-to-radius
ratio. The resulting used expressions are

S¼
mU

RPp

R

c

� �2

, O¼ S
L

R

� �2

ð9Þ

where Pp is a mean pressure defined as the ratio between the load-
carrying capacity and the projected area, 2RL. Thus, the Sommerfeld
number represents the ratio between PREF for ILJBs and the mean
pressure Pp, while the Ocvirk number corresponds to the ratio
between PREF for ISJBs (Eq. (5)) and Pp. Traditionally, these numbers
are defined using the shaft speed in RPS [1,3,35], which introduces a
factor of 2p with respect to the definitions of both S and O in Eq. (9).

If the Sommerfeld and the Ocvirk numbers are introduced in
the Reynolds equation, the dimensionless pressure changes from

Fig. 1. Geometry and system of coordinates.
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p0 to p, which is given by

p¼
P�PEXT

Pp
ð10Þ

and Eq. (8) becomes

O
dh

dY
¼ S

L

R

� �2 dh

dY
¼

1

6p
L

R

� �2 @

@Y
h3 @p

@Y

� �
þ
p
6

h3 @
2p

@z2
ð11Þ

This equation shows that S must tend to infinity as (L/R)2 tends
to zero in order to keep the equality between the two dominant
terms. Consequently, when applied to ISJBs, the solution of the
two remaining terms of Eq. (11) can only be used for bearings
working at very high Sommerfeld numbers. Furthermore, since
the larger the Sommerfeld number, the smaller the eccentricity
[1], when a bearing works at high Sommerfeld number, the
eccentricity tends to zero, and vice versa. Then, the ISJB’s solution
is also accurate for very small eccentricities.

3. Finite length JBs and proposed analytical solution

Although in their work, Dubois and Ocvirk [5] suggested that
the ISJB approximation could be used for aspect ratios up to one,
the following research demonstrated that this assumption is only
justified for bearings with L/D smaller than �1/8, for all eccen-
tricities. In practice the assumption is used for L/D up to �1/2 and
eccentricities up to 0.75 [35].

The analysis of finite length JBs may be done by ‘‘shortening’’
the ILJB or ‘‘lengthening’’ the ISJB. The former approach can be
applied considering an edge effect on the extremes of the bearing
with a thickness of order of magnitude R/L. Each edge is treated
as a ‘‘boundary layer’’ by means of functional analysis, and the
solution of this zone is then matched to that of the ‘‘center zone’’
of the bearing [7].

The extension of the solution from ISJBs to finite length
bearings can be done by applying the Regular Perturbation
Method [36]. Perturbation approaches have historically been
viewed as a viable method for analyzing higher order effects.
Buckholz and Hwang [21] proposed an analysis of the Reynolds
equation for short bearings by introducing a regular perturbation
expansion for the pressure. The mathematical problem was
determined by an ordering of the pressure terms of the series
according to powers of the bearing aspect ratio. The expression of
the zero-order solution is the Ocvirk solution while higher order
terms in the pressure expansion are determined by a recursion
formula. However, while the correction terms in this series should
decrease in importance as the order increases, this does not
happen neither near the minimum gap nor at values of eccen-
tricity close to unity. This occurs because this is a multiple
parameter problem. To solve it, the authors proposed a more
stringent scaling of the Reynolds lubrication equation considering
the aspect ratio and the eccentricity parameter to be in the same
order of magnitude. Consequently, they pointed out that the
Poiseuille flow component in the sliding direction becomes
important near the minimum gap region when the eccentricity
is sufficiently large for any given value of aspect ratio.

However, if only one length scale is considered, like in the first
part of the work of Buckholz and Hwang [21], more than one
variable must be taken in account in the series expansion to keep
in balance the order of magnitude of the terms of the differential
equations. For example, in addition to the pressure, other authors
[25,29] have expanded the stream function or the Reynolds
number, but none of these approaches were applied to ISJBs.

In the present paper, an extension of the short bearing approx-
imation to finite length JBs is proposed using a regular perturbation

method with the perturbation parameter, e, defined as

e¼ L

D

� �2

ð12Þ

where D is the diameter of the journal (D¼2R). The difference with
respect to previous methods is that the balance between the terms
of the Reynolds equation is kept by expanding not only the
pressure but also the Ocvirk number. In that way, the resulting
pressure field should be able to describe JBs with higher eccentri-
cities and higher aspect ratios than previous methods in which
only the pressure was expanded. Thus,

p¼ p0þ
L

D

� �2

p1þO
L

D

� �4

-p¼ p0þep1þOðe2Þ ð13Þ

and

O¼O0þ
L

D

� �2

O1þO
L

D

� �4

-O¼ O0þeO1þOðe2Þ ð14Þ

Introducing these expansions into the Reynolds equation
(Eq. (11)) and keeping the terms up to order e, gives

ðO0þeO1Þ
dh

dY
¼

2

3pe
@

@Y
h3 @p0

@Y

� �
þ
p
6

h3 @
2ðp0þep1Þ

@z2
ð15Þ

To solve this equation, the dimensionless gap, h, can be
calculated with

h¼
H

c
¼ 1þZcosðpYÞ ð16Þ

where Z is the eccentricity ratio defined as

Z¼ e

c
ð17Þ

The zero-order solution (p0 and O0) is the solution of the ISJB
(L/D¼0), known as the Ocvirk solution. This solution gives the
pressure field

p0 ¼ 3O0
1

4
�z2

	 

ZsinðpYÞ

1þZcosðpYÞ
� �3 ð18Þ

The boundary conditions used to obtain this equation are
p0¼0 at z¼�1/2, and qp0/qz¼0 at half the length (z¼0). This
pressure field automatically satisfies the conditions along the
azimuthal boundaries for a JB, that is, p0¼0 at Y¼0 and Y¼2.

The first-order solution of Eq. (15) gives

p1 ¼
2ða1ZsinðpYÞþa2Z2 sinð2pYÞþ1=4a2Z3 sinð3pYÞÞ

a3 cosðpYÞþa4 cosð2pYÞþa5 cosð3pYÞþa6 cosð4pYÞþa7 cosð5pYÞþa8

ð19Þ

where

a1 ¼�
O0

4
ð5�24z2þ16z4Þð2�7Z2Þþ

3O1

2
ð1�4z2Þð4þZ2Þ

a2 ¼ O0ð5�24z2þ16z4Þþ6O1ð1�4z2Þ

a3 ¼ 80Zþ120Z3þ10Z5 a4 ¼ 80Z2þ40Z4 a5 ¼ 40Z3þ5Z5

a6 ¼ 10Z4 a7 ¼ Z5 a8 ¼ 16þ80Z2þ30Z4 ð20Þ

In order to calculate O0 and O1, it is necessary to recall that the
Ocvirk number definition (Eq. (9)) includes the mean pressure, Pp,
defined as

Pp ¼
F

2RL
ð21Þ

where the load-carrying capacity, F, is the magnitude of the load
applied to the journal. If the system is equilibrated, then load has
the same value as the force done by the lubricant to the journal.
Consequently, F can be obtained integrating the fluid pressure
field over the journal area (or bearing area, since c5R).

Another fact that has to be considered is that the film thickness
is convergent in 0oYo1 and divergent in 1oYo2. The pressure

G.G. Vignolo et al. / Tribology International 44 (2011) 1089–10991092
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field given by Eq. (18) reaches positive values in the first region and
negative ones in the second one. Given the limited capability of
liquids to support negative pressures, the method frequently used
to avoid the unrealistic sub-ambient pressures of the divergent
zone when calculating F is to ignore them. This approach, known as
the ‘‘p film’’ approach, is the most frequently used among analy-
tical studies of JBs and it is also adopted in this work.

According to Fig. 1

F2 ¼ F2
x þF2

y ð22Þ

where

Fx ¼ PpLRp
Z 1=2

�1=2

Z 1

0
�pcosðpYÞdzdY ð23Þ

and

Fy ¼ PpLRp
Z 1=2

�1=2

Z 1

0
�psinðpYÞdzdY ð24Þ

Replacing Eqs. (23) and (24) into Eq. (22) and combining with
Eq. (21) gives

4

p2
¼

Z 1=2

�1=2

Z 1

0
�ðp0þep1ÞcosðpYÞdzdY

" #2

þ

Z 1=2

�1=2

Z 1

0
�ðp0þep1ÞsinðpYÞdzdY

" #2

ð25Þ

which can be expressed as

4

p2
¼

Z 1=2

�1=2

Z 1

0
p0 cosðpYÞdzdY

" #2

þ

Z 1=2

�1=2

Z 1

0
p0 sinðpYÞdzdY

" #2

þ2e
Z 1=2

�1=2

Z 1

0
p0 cosðpYÞdzdY

Z 1=2

�1=2

Z 1

0
p1 cosðpYÞdzdY

" #

þ2e
Z 1=2

�1=2

Z 1

0
p0 sinðpYÞdzdY

Z 1=2

�1=2

Z 1

0
p1 sinðpYÞdzdY

" #
þOðe2Þ

ð26Þ

O0 and O1 can then be obtained by solving the expressions of
order-zero and order-e in Eq. (26), respectively. This procedure
gives

O0 ¼
4k2

Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Z2þp2k4I2

0

q ð27Þ

and

O1 ¼
2

5
O0

3Z2ð1þZ2Þ�2p2k5I0½bþð2�7Z2ÞIs11�

kZ2þp2k5I0½b�ð4þZ2ÞIs11�
ð28Þ

with

k¼ ð1�Z2Þ b¼ Zð4Is12þZIs13Þ I0 ¼

Z 1

0

sin2
ðpYÞ

ð1þZcosðpYÞÞ3
dY

Is11 ¼

Z 1

0

�sin2
ðpYÞ

denom
dY Is12 ¼

Z 1

0

sinðpYÞsinð2pYÞ
denom

dY

Is13 ¼

Z 1

0

sinðpYÞsinð3pYÞ
denom

dY

denom¼ a3 cosðpYÞþa4 cosð2pYÞþa5 cosð3pYÞ
þa6 cosð4pYÞþa7 cosð5pYÞþa8 ð29Þ

The coefficients ai are defined in Eq. (20).
The proposed method will be identified as the ‘‘P&O-perturba-

tion’’ in the rest of the paper making reference to the fact the both
pressure and Ocvirk number are expanded in order to extend the
ISJB solution to describe finite length JBs.

For comparison reasons, two other perturbation expansions
will be considered in the paper in which only the pressure is

expanded. In one of them, p0 and O0 are the zero-order solution,
like in the P&O-perturbation, and p1 is calculated using O0. This
method, which will be identified as ‘‘P0-perturbation’’, produces a
pressure solution that does not satisfy Eq. (26) but is of order e.
Furthermore, since the P0-perturbation solution is equivalent to
that of the P&O-perturbation method with O1¼0, the comparison
between these two solutions will clearly show the effect of O1 in
the proposed method. In the other case, the Ocvirk number is
calculated introducing the expanded expression of the pressure
(p0þep1) in Eq. (26). This approach gives an O that is a function of
e and that will affect the zero-order term of the pressure, which
will not match that of the ISJB solution when more than one term
is considered. This method, which produces a pressure that is not
of order e, is equivalent to the one of Buckholz and Hwang [21]
when only two terms are considered. The predictions of this last
methodology will be identified as ‘‘P-perturbation’’.

4. Results

In the following sections, the results from the P&O-perturba-
tion method are discussed and compared to the Ocvirk solution
(ISJB solution), the numerical exact solution of Eq. (11), and the
other two perturbation expansions previously commented. The
comparison is carried out for L/D up to 1 and eccentricities
between 0 and 1. The Ocvirk number is analyzed in the first
section, followed by the discussion of the pressure profiles.
Finally, the shear stress profiles and friction force results are
analyzed.

4.1. Ocvirk number and load carrying capacity

Fig. 2 displays the value of the Ocvirk number as a function of
the eccentricity ratio for four different values of L/D. The analy-
tical results from the ISJB approximation (O0) and the P-perturba-
tion (O) and P&O-perturbation (O0þeO1) methods are presented
together with the numerical results of Eq. (11) and the results
from Raimondi and Boyd [37]. The difference between Raimondi
and Boyd’s numerical solution and that of the full Reynolds
equation arises from the boundary condition applied to pressure.
Raimondi and Boyd used the Reynolds boundary condition [1,38]
while the solution of Eq. (11) is obtained in this paper using
Gümbel’s (or p) boundary condition [38], which is also used in the
perturbation methods.

As expected, all results agree in the limit of small aspect and
eccentricity ratios. This can be seen in the data for L/D¼1/8,
where the curves are practically indistinguishable at all eccentri-
cities, and in the data for larger aspect ratios in the region of
Z-0. As the aspect ratio increases, the curves separate as the
eccentricity increases, the Ocvirk number calculated with the
P&O-perturbation method being the one that follows more closely
the numerical solution of Eq. (11). Additionally, it may be noticed
that, agreeing with the hypotheses of the Ocvirk solution, its
accuracy deteriorates when the Ocvirk number decreases. The
distance between the ISJB and the P&O-perturbation solutions is
due to the value of O1. The Ocvirk number from the P-perturba-
tion, which is always larger than O0þeO1, also shows an improve-
ment at low eccentricities, in the range of applicability of the
Ocvirk solution, but gives non-real results outside this range.

Once the Ocvirk number has been calculated, the load-carrying
capacity, F, can be obtained from Eq. (9) as follows:

F ¼ 2
mLU

O

R

c

� �2 L

R

� �2

ð30Þ

where O is the Ocvirk number given by different solutions in
Fig. 2. In the case of the P&O-perturbation, an analytical solution
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of F may be obtained using O¼O0þeO1 and the expressions of O0

and O1 are given by Eqs. (27) and (28).

4.2. Pressure profiles

Fig. 3 displays the values of p0(Y) and p1(Y) as a function
of eccentricity ratio calculated with Eqs. (27) and (28) at z¼0.
p0 is also the Ocvirk solution and the zero-order term of the
P0-perturbation method. This function has a sinusoidal depen-
dency with the azimuthal position when Z-0 (as a result of the
way the dimensionless pressure has been defined) and displays a
maximum value that gradually shifts towards the region of
minimum gap as the eccentricity increases. The first-order
solution of the Reynolds’ equation obtained with the P&O-
perturbation method gives curves of p1(Y) that tend to increase
the zero-order solution at small angles and to reduce it at
large angles. As expected, this effect is small at small eccentri-
cities and gets dramatic as the eccentricity increases. The pre-
dicted pressure (p0þep1) will be slightly larger than in the ISJB
for Yo0.4 regardless of the aspect and eccentricity ratios
(for L/Do1). At larger angles, the larger the eccentricity, the
smaller the aspect ratio (and vice versa) that will keep the
corrective term to be of smaller order of magnitude than
the zero-order pressure term. For certain combinations of aspect
and eccentricity ratios, the pressure may become negative near
the minimum gap.

As an example, Fig. 4 shows the pressure profiles predicted
by the ISJB approximation and the different perturbation methods
as a function of the azimuthal direction, calculated at z¼0
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Fig. 2. Ocvirk number as a function of eccentricity ratio for different aspect ratios.

Fig. 3. Dimensionless zero- and first-order functions of the expanded pressure

according to the proposed P&O-perturbation method at z¼0. The curves are

presented with steps of 0.1 in the value of eccentricity.
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and the selected conditions L/D¼0.5 and Z¼0.5. The exact
solution of Eq. (11), obtained numerically, is also displayed in
that plot.

As it may be appreciated, all approximate solutions are
qualitatively correct although the prediction of the P&O-pertur-
bation is the one closest to the numerical solution, at least up to
the vicinity of the maximum pressure. This method, although
locates pmax a little before the position given by the numerical
method (difference in YmaxE0.03), is the one that gives the
closest value (underpredicts the peak pressure by just 1.3%).
The ideal Ocvirk solution, on the other hand, overestimates the
maximum pressure by 8.6% and locates it after its position
(difference with respect to the numerical solution of YmaxE0.03).
The P0-perturbation method, which uses O0 in the calculation of
p1, largely underestimates the peak pressure by 33% because p1

reaches relatively large and negative values. The P-perturbation
solution, on the other hand, overestimates the peak pressure by
12%. Both these methods place the maximum pressure before its
location (difference in YmaxE0.05). The results displayed in Fig. 4
show that the P&O-perturbation method is the one that, in
general, better captures the physics of the flow, at least at the
aspect and eccentricity ratios considered in this figure. This
method predicts a pressure field that practically matches the
exact solution up to Y¼0.4, stays the closest up to Yffi0.6, and it
is not far away from it at larger angles. When the sum of the
square differences between the pressure predicted by the differ-
ent methods and the numerically calculated are considered for
0oYo1, the smallest value is that of the P&O-perturbation
method followed by the ISJB approximation.

A more complete analysis of the capabilities and limitations of
the proposed method can be done from Fig. 5. This figure displays
the pressure profiles calculated at z¼0 as a function of journal
aspect ratio (for Z¼0.5) and eccentricity ratio (for L/D¼0.5) at
three different azimuthal positions. Within the analyzed ranges,
the results show that, the zero-order solution matches the exact
numerical results at all azimuthal positions only at very small
aspect and eccentricities ratios (L/Do0.1 and Zo0.05). For
Z¼0.5, the P0-perturbation method makes an improvement over
the Ocvirk solution only at small values of Y, regardless the

aspect ratio (Fig. 5, left), while for L/D¼0.5, it worsens the ISJB
solution at small eccentricities for all Ys and at practically all
eccentricities ratios for Y40.5, always underestimating the
pressure. The P-perturbation method, on the other hand, gives
good results only at low aspect (L/Do0.3) and eccentricities
(Zo0.2-0.3) ratios, regardless of the angular position. Outside
these ranges, it overestimates the pressure to finally diverge to
non-real values. Then, according to Fig. 5, the ISJB approximation
gives, in general, better predictions of p(Y) than the P- and
P0-perturbation methods, at least at the selected conditions. The
P&O-perturbation, on the other hand, largely improves the pre-
dictions of the ISJB method. The pressure calculated with the
proposed method agrees with the numerical results in larger
ranges of aspect and eccentricity ratios and produces realistic
values outside those ranges. Furthermore, p(Y) practically
matches exactly the numerical results for L/Do0.35 at all Ys
(for Z¼0.5) and for small Y’s at all Z’s and for Zo0.35 at larger
Ys (L/D¼0.5).

4.3. Friction force

Another useful variable to analyze is the shear stress. The
dimensionless shear stress at the moving wall is defined as

T ¼�
@u

@y

����
h

¼
t
��
h
c

mU
ð31Þ

which corresponds to the integration of the dimensionless
Y-Direction Momentum Balance at the moving wall, after apply-
ing no-slip boundary conditions, that is

T ¼�
@u

@y

����
h

¼�
1

pO

L

R

� �2 @p

@Y
h

2
þ

1

h

 !
ð32Þ

Fig. 6 shows the shear stress profile at the moving wall
calculated at the same conditions than the pressure profiles of
Figs. 4 and 5. The displayed results demonstrate that the cap-
abilities and limitations of the proposed method to predict both,
pressure and shear stress profiles, are the same. As expected, the
zero-order solution of the Reynolds equation describes the
behavior of very short JBs and small eccentricities. The P0- and
P-perturbation methods give the same shear stress profiles, at
least in the range of real values of O of the P-perturbation. This is
because p(Y) has the same analytical expression in both cases
(p¼p0þep1�O), differing only in the value of O. According to
Fig. 6, these methods give values of T that approach those of the
numerical results in larger ranges of aspect and eccentricity ratios
than the ISJB method. The first-order solution obtained with the
proposed P&O-perturbation method matches the exact numerical
results up to L/D of at least 0.4 and improves the matching outside
this range at practically all tested conditions.

The friction force, Ff, which corresponds to the integration of
the fluid shear stress over the journal area, can be also defined as
the product of a friction coefficient, f, and the load-carrying
capacity,

Ff ¼

Z 2

0

Z 1=2

�1=2
t hpRLdYdz¼ fF
�� ð33Þ

Accordingly, a friction coefficient, f ðR=cÞ L=R
� �2

, can be obtained
combining Eq. (33) with Eq. (30) and considering t¼�ðmU=cÞ

ð@u=@yÞ and that, according to the p film hypothesis, in the
divergent zone of the fluid film, 1oYo2, a Couette type of flow
exists (linear velocity profile). That is,

f
R

c

L

R

� �2

¼
1

2
pO

Z 1

0

Z 1=2

�1=2

@u

@y

����
h

dYdzþ
1

2
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Fig. 4. Dimensionless pressure profiles predicted by the different methods at z¼0

for L/D¼0.5 and Z¼0.5.
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which can be combined with Eq. (32) to give the following
expression:

f
R

c

L

R

� �2

¼ e
Z 1

0

Z 1=2

�1=2
h
@p

@Y
dYdzþ

1

2
pO

Z 2

0

Z 1=2

�1=2

1

h
dYdz ð35Þ

The dominant term in Eq. (35) is the second integral-term in
the right-hand side (Couette flow), which establishes that the
factor f R/c is of order (R/L)2. Furthermore, this integral-term
(evaluated with O0) corresponds to the prediction of f ðR=cÞ L=R

� �2

of the ISJB approximation (L/D-0) and to the zero-order term of
the P0- and P&O-perturbations (using O0) and of the P-perturba-
tion (using O). The corrective first-order terms of the P0- and
P-perturbations are given by the first integral-term evaluated
using the zero-order expression of the pressure. The P&O-pertur-
bation method contemplates an additional first-order term, the
one obtained from replacing O by (O0þeO1) in the second integral.

Fig. 7 displays the friction coefficient as a function of eccen-
tricity for four different aspect ratios. The figures also include the
exact numerical solution of the Reynolds equation and the results
from Raimondi and Boyd. At L/D¼1/8, the predicted friction
coefficients are practically indistinguishable at all eccentricities.

The same occurs at low eccentricities and larger aspect ratios
although, as expected, the range of agreement of the predictions
decreases as L/D increases. The first-order term in the
P0-perturbation expansion (generated by the azimuthal variation
of p) slightly increases the value of the friction coefficient, which
is still too low compared with the exact value (mainly at large L/D).
The P-perturbation, extends the range of accuracy of the ISJB,
mainly up to aspect ratios of about 0.5, but predicts non-real
results at values of eccentricity that abruptly decrease as
the aspect ratio increases. The best predictions are those of the
P&O-perturbation method, that fall extremely close to the exact
solutions. The accuracy of this method in the calculation of
the friction coefficient extends up to L/D¼1 and e practically 1.
Undoubtedly, the P&O-perturbation, with the expansion of both,
the pressure and the Ocvirk number (which is a dimensionless
mean pressure), is the one that better captures the physics of the
JB flow.

Finally, following a criteria similar to the one of Pandazaras
and Petropoulos [39], Fig. 8 presents iso-operational curves using
the Ocvirk number as the operational parameter. The figure
displays eccentricity and friction coefficient as a function of
aspect ratio at O¼1, 10, and 100. Fig. 8(left) shows that different
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values of O determine different ranges of eccentricity that should
be used for the range of aspect ratio considered in this work.
Similarly, Fig. 8(right) shows that those values of O determine
different ranges of friction coefficient. As expected, as the Ocvirk

number decreases, the eccentricity increases and the friction
coefficient decreases.

The figure shows that, at low L/D, all curves match at all
Ocvirk numbers. However, as the aspect ratio increases, the
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operational curves separate. The ISJB approximation (L/D-0)
predicts constant values for each O while the other techniques
display curves with values that increase as L/D increases. It
can also be appreciated that, the lower the value of O, the larger
the separation. In agreement with the results already displayed
in the previous figures, the P&O-perturbation method is the one
that follows closely the numerical solution of the Reynolds
equation.

5. Conclusions

An analytical tool to perform finite journal bearing calculations
is introduced. The novelty of the proposed regular perturbation
method lies in that both, the pressure and the Ocvirk number, are
expanded. This idea is supported by the fact that the Ocvirk
number is a dimensionless mean pressure and that the order of
magnitude of the pressure varies with aspect ratio. The square of
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the aspect ratio is then used as the perturbation parameter.
Pressure and shear-stress, as well as the Ocvirk number and the
friction coefficient (total friction force over load-carrying capa-
city) were calculated and analyzed as a function of azimuthal
position, if applies, and aspect and eccentricity ratios.

The zero-order solution of the proposed perturbation method
corresponds to the ISJB approximation (L/D-0). This approxima-
tion correctly describes the behavior of short journal bearings up
to approximately the following limits: Zo1 for L/D¼1/8; Zo0.6
for L/D¼1/4; Zo0.2 for L/D¼1/2; and Z-0 for L/D¼1. The first-
order solution of the proposed method extends the limits up to
Z�0.9 for L/D¼1/4; Z�0.6 for L/D¼1/2; and Z�0.4 for L/D¼1. In
the case of variables that correspond to the integration of
pressure or stress fields, like friction coefficient and load-carrying
capacity (and even the Ocvirk number itself) the improvement
in the range of accuracy is larger. The friction coefficient is, for
example, very well described even for bearings with aspect ratio
up to 1 and medium to high eccentricities.

Consequently, the treatment of the Ocvirk number as an
expansible variable produces noticeable improvements in the
analytical description of the flow fields of journal bearings, and
even more remarkable ones in the calculations of load-carrying
capacity and friction coefficient.
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