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ABSTRACT. In 1993, V. Sverak proved that if a sequence of uniformly bounded domains Q,, C R?
such that Q,, — Q in the sense of the Hausdorff complementary topology, verify that the number
of connected components of its complements are bounded, then the solutions of the Dirichlet
problem for the Laplacian with source f € L*(R?) converges to the solution of the limit domain
with same source. In this paper, we extend Sverdk result to variable exponent spaces, in
particular to solutions of the p(x)—laplacian.

1. INTRODUCTION

One important problem in partial differential equations is the stability of solutions with
respect to perturbations on the domain. This problem has fundamental applications in numerical
computations of the solutions and is also fundamental in optimal shape design problems. See
[3, 18, 26] and references therein.

The famous example of Cioranescu and Murat [9] shows that this problem presents severe
difficulties when treated in full generality. In fact, in [9] the authors take D = [0,1] x [0,1] C R?
and define the domains ,, = D\ Uzj_:llBrn (z7;) where the centers of the balls 27, = (i/n, j/n),
1 <4i,7 <n—1 and the radius r, = n~2. Then these domains €, converge to the empty set in
the Hausdorff complementary topology, but if u,, € H&(Qn) is the solution to

—Auy, = f in Q,
Up =0 on 0f),,

then wu,, — u* weakly in H}(D) to the solution of

—Au* + %u* =f in D,
u* =0 on 0D.

This example can be generalized to other space dimensions, to different bounded sets D and
also to different types of holes. See the original work [9] and also [30].

There are some simple cases where the continuity can be granted. For instance, if ) is convex
and {Qp}ren is an increasing sequence of convex polygons such that Q = U,en2,, then the
solutions of the approximating domains €2, converge to the one of 2. This fact can be traced
back to the late 50’s and the beginning of the 60’s, see [4, 19, 20, 21]. Then, this result can be
generalized in terms of the capacity of the symmetric differences of €2 and €2,. See the book of
Henrot, [18].
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In practical applications, when one does not have control on the sequence of approximating
domains, this hypothesis is uncheckable, so a different condition is needed. Sverak in [29] gave
such a condition. In fact, given a bounded domain D C R? and a sequence of domains §,, C D
such that €2, — € in the sense of the Hausdorff complementary topology the condition that
guarantees the convergence of the solutions in €2, to the one in {2 is that the number of connected
components of D \ €2, be bounded. c.f. with the example of Cioranescu-Murat.

The reason why Sverdk’s result holds in dimension 2 is because the capacity of curves in
dimension 2 is positive, while in higher dimension curves have zero capacity.

Sverdk’s result was later generalized to nonlinear elliptic equations of p—Laplace type. In
fact, in [7], the authors prove the continuity of the solutions of

~Apup, = f inQ, CRY
Uy, =0 on 0,

when the domains €, converges to € in the Hausdorff complementary topology under the
assumption that the number of connected components of its complements remains bounded.
The idea of the proof is similar to the original one of Sverdk and so they end up with the
restriction p > N — 1 that is needed for the curves to have positive p—capacity.

Recall that Apu = div(|Vu|P~2Vu) is the so-called p—laplace operator.

In recent years a lot of attention have been put in nonlinear elliptic equations with nonstandard
growth. One of the most representative of such equations is the so-called p(z)—laplacian, that
is defined as A, u = div(|Vu|P®)=2Vy). This operator became very popular due to many new
interesting applications, for instance in the mathematical modeling of electrorheological fluids
(see [27]) and also in image processing (see [8]). Here, the exponent p(x) is assumed to be
measurable and bounded away from 1 and infinity.

So, the purpose of this paper is the extension of the result of Svergk (and also the results of
[7]) to the variable exponent setting.

We believe that the results of this paper can be useful in numerical computations of solutions to
the p(x)—laplacian when the (curved) domain is approximated by polygonal ones. See [5, 10, 11].

Organization of the paper. The rest of the paper is organized as follows. In section 2 we
collect some preliminaries on variable exponent spaces that are needed in this paper. The
standard reference for this is the book [13]. Some results are slight variations of the ones found
in [13] and in these cases we present full proofs of those facts (c.f. Theorem 2.24).

In section 3, we study the Dirichlet problem for the p(x)—laplacian, the main result being
the continuity of the solution with respect to the source. Although some of the results are well
known, we decided to present the proofs of all of the results since we were unable to find a
reference for these.

In section 4 we analyze the dependence of the solution of the Dirichlet problem for the
p(z)—laplacian with respect to variations on the domain. Our two main theorems here are
Theorem 4.7 where a capacity condition on the sequence of approximating domains is given
in order for the continuity of solutions to hold, and Theorem 4.8 where it is shown that the
continuity only depends on the approximating domains and not on the source term.

In section 5 after giving some capacity estimates that are needed in the remaining of the
paper, we collect all of our results and prove the main result of the paper, namely the extension
of Sverdk’s result to the variable exponent setting, i.e. Theorem 5.9.
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2. PRELIMINARIES

2.1. Definitions and well-known results. Given Q ¢ RV an open set, we consider the class
of exponents P(2) given by

P(Q2) :={p: 2 — [1,00): p is measurable and bounded}.

Given a variable exponent p € P(), the variable exponent Lebesgue space LP(*) () is defined
by

17(Q) i= {f € Ll Q) pp)(f) < o0},

where the modular p,,) is given by

This space is endowed with the Luxemburg norm
171 zoory = 1 ey = 1 ey o= inf {2 > 02 gy (§) < 1}

The infimum and the supremum of the exponent p play an important role in the estimates
as the next elementary proposition shows. For further references, the following notation will be
imposed

1<p_ = essﬂinfp < esssupp =: p4 < 00.
Q

The proof of the following proposition can be found in [15, Theorem 1.3, p.p. 427].
Proposition 2.1. Let f € LP®)(Q), then
mind 125 125} < ppgoy () < ma{ 1122, 1125
Remark 2.2. Proposition 2.1, is equivalent to
min{py(o) (F)7- 2yt ()7} < o) < mas{ppio) (£ oy (F)75 )

We will use the following form of Holder’s inequality for variable exponents. The proof, which
is an easy consequence of Young’s inequality, can be found in [13, Lemma 3.2.20].

Proposition 2.3 (Holder’s inequality). Assume p_ > 1. Let u € LP@(Q) and v € LV'®)(Q),
then

| ol de < 2l ol
where p'(x) is, as usual, the conjugate exponent, i.e. p'(x) := p(x)/(p(x) — 1).

The variable exponent Sobolev space W1P(*) is defined by
Wir@ (@) .= {u e Wh(Q): u e LP@(Q) and du € LP@(Q) i =1, ..., N},

loc

where 0;u stands for the i—th partial weak derivative of w.

This space posses a natural modular given by
PLp(a) (1) = / [ 4 |VulP) d,
Q

so u € WHP@)(Q) if and only if P1p(z)(u) < 0o
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The corresponding Luxemburg norm associated to this modular is

HUHWLP(I)(Q) = ||uH1,p(a:),Q = ||uH1,p(x) := inf {A > 0: pl,p(:v)(%) < 1}
Observe that this norm turns out to be equivalent to |[ul| := |lul () + | Vul|p)-

One important subspace of W1P(#)(Q) is the functions with zero boundary values. This is the
content of the next definition.

Definition 2.4. We define WO1 P (z)(Q) as the closure in WP (Q) of functions with compact
support.

In most applications is very helpful to have test functions to be dense in VVO1 P (z)(Q). It is well
known, see [13], that this property fails in general, even for continuous exponents p(z). In order
to have this desired property one need to impose some regularity conditions on the exponent
p(z). This condition was introduced in [31].

Definition 2.5. We say that p: Q — R is (locally) log — Hélder continuous in ) if

(2.1) sup. log(e + |z — y| ™) |p(z) — p(y)| < 0.
RIS
TFY

Set P8(Q) = {p € P(Q): p satisfies (2.1)}.

Under this condition, the following theorem holds,
Theorem 2.6 (Theorem 9.1.6 in [13]). Assume that p € P°8(Q), then CX(Q) is dense in
Wy P ().

The proof of the following theorem can be found in [13, Theorem 8.2.4].

Theorem 2.7 (Poincaré’s inequality.). Let p € P'°8(Q). Then there erists a constant ¢ > 0
such that

[tllp) < cllVullpay, ue WaP@ ().

Remark 2.8. Thanks to Poincaré inequality, as usual, in I/VO1 P (w)(Q) with p € P°%(Q) the fol-
lowing norm will be used,

ully 10 () = IV Ullp(a)-
This norm, is equivalent to the usual norm in WP (Q) for functions u € WO1 P(@) ().

Definition 2.9. We denote by W~ (#)(Q) the topological dual space of W&’p(x)(ﬂ).

The duality product between f € W1 (#)(Q) and u € WO1 p(@) (Q) will be denoted, as usual,
by (f,u).
The norm in this space will be denoted by

1 -1y = I l- 1wy = sup{(fru): w € WoP(Q), [[Vullpe < 1}

We now present a result which we will find most useful later.

Proposition 2.10. Assume that p € P8(Q). Then the space L>(2) is dense in W1 (@) (Q).



AN EXTENSION OF A THEOREM OF V. SVERAK TO VARIABLE EXPONENT SPACES 5

Proof. By Holder’s inequality we have that WO1 Q) c VVO1 P (x)(Q) C WO1 P~ (Q) with continuous
embeddings. Since CZ°(Q2) C Wol PH(Q) and p € P8(Q) we have the embeddings are dense.
Therefore,

wLe-)(Q) c WP E@(Q) ¢ wLeH (),
with dense embeddings. Finally, since L=(Q) is dense in W) (Q), we have that L>(Q) is
dense in W1 (#)(Q). O

Analogous to the constant exponent case, we have the following characterization of W~1#'(#) ().

Proposition 2.11. Let p € P8(Q) be such that p_ > 1. Let f € W2 @)(Q). Then, there
exists { f;} g € LP'®)(Q) such that

N
<fau>=/Qfoud$—Z/in8iudx.
=1

We will then say that f = fo + ZZJL 0 fi. Moreover,

N N
I £+ = inf {Z fillpy: = fo+ D 0ifi, fi € PE(Q),i=0,... ,N} :
i=0

i=1

defines an equivalent norm in W1 (#)(Q).
Proof. The characterization of W~1#'()(Q) follows exactly as in the constant exponent case. It
remains to see the equivalence of the norms || - [|_ /(5 and [| - [|.

Observe that || - ||+ clearly defines a norm in W12 (#)(Q).

Let us now take fo, f1,..., fn € LP@(Q) such that f = fy + Zfil 0;f; and consider v €
Wy P (Q) such that | Vol = 1.

By Hélder’s inequality (Proposition 2.3) and Poincaré’s inequality (Theorem 2.7), we have

N
(f,v) :/Q <fov + Zf@v) dx
=1

N
< 2 folly @) 10llpe) + 2D I filly @) 1060l
=1

N
<C (HfOHp’(m) +y !fi”;ﬂ(@) :
=1

Therefore,

N
1 l-1p ) = _ sup <f7v>SC(Hfo”p’(x)+ZHfin’(x)>v

”Vv”p(z)zl i=1
SO
1l =12y < ClIf ]I+

Now, the reverse inequality is a direct consequence of the Open Mapping Theorem (cf. [6]). O
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Remark 2.12. Let now D C RN be a bounded, open set and let  C D be open. Then, we have
that VVO1 P (2)(9) C VVO1 P(@) (D), the inclusion being canonical, extending by zero. This inclusion
induces W17 @) (D) ¢ W1 (#)(Q) by restriction. Therefore, when dealing with sets Q that

are subsets of D, if one is considering f € W5 (#)(D) and u € VVO1 #(@) (€2) there is no ambiguity
in the notation (f,u).

2.2. p(z)-capacity and pointwise properties of Sobolev functions. We need the concept

of capacity modified to deal with pointwise properties of functions in I/VO1 P (x)(Q). This is the
concept of p(z)—capacity. See [13, Chapter 10].

Throughout this section we assume that € is a bounded open set of RY.
Definition 2.13. Given E C RY, we consider the set
Sp(z)(E) = {u e WHPE(RNY: 4 > 0 and u > 1 a.e. in an open set containing E} .
If Sp(z)(E) # 0, we define p(x)—Sobolev capacity of E as follows
capyy(E) =  inf P@) 4 | VufP@dy = inf .
oo ) = ot [ (e =t 0

If Sp(x)(E) = (), we set capp(m)(E) = 0.

Definition 2.14. Let p € P'°5(Q) and K C Q compact, we define the p(x)—relative capacity as

VK, Q) = inf 2 (|V
capyq) (K, &) = 0 g ) P y(IVul)
where R, (K,2) = {u € Wol’p(x)(Q): u>1ae. in K and v > 0 a.e. in Q}.
If U C Q is an open set, we define cap,,)(U,2) =  sup  capp, (K, ).
K g)%lgact

Finally, if E C Q is arbitrary, we define the p(z)— relative capacity of E with respect to 2 as

CaPp(x) (E7 Q) = EUCH(}fCQ Capp(z) (U7 Q)

open

The main advantage of the relative capacity is the fact that it is possible to obtain a capacitary
potential, i.e. a function whose modular gives the capacity of a set.

To this end, let D € RY be a bounded open set and let A C D. Consider the class

Iy = {v € Wol’p(x)(D): v > 1 a.e. in an open set containing A},
the closure being taken in Wol’p(x)(D).

Remark 2.15. Observe that since I'y C VVO1 P (x)(D) is closed and convex (the closure of a convex
set is convex), it follows that is weakly closed. This fact will be used in the next proposition.

Now we show that the relative capacity of a set is realized by a function in I' 4.

Proposition 2.16. Let p € P°5(D) be such that p_ > 1. IfT' 4 # (), then there exists a unique
uyg € I'y such that

capp(x) (A,_D) = / IVUA’p(x) dx.
D
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Proof. Consider {v,}nen C Wol’p(w) (D) such that v, > 1 a.e. in an open set containing A and
/D V0, [P dz — cap, (A, D).

By Theorem 2.7 and Proposition 2.1, we have

1 1

va'ﬂup(m) < Ina“x{pp(:(;)(vvﬂ)H ) pp(:c)(vvn)pi}

Then, {v,}nen is bounded in WO1 P (x)(D), which is a reflexive space. By Alaoglu’s Theorem,
there is a subsequence vy,; — v In Wol’p(x)(D). By Remark 2.15, vy € T'4.
Observe that

/ Voo [P da < lim inf/ |V, ‘p(x) dx = capy(,) (4, D).
D D

Since the reverse inequality is obvious, the first part of the Proposition is proved.

The uniqueness is an immediate consequence of the strict convexity of the modular, since
p— > 1. We leave the details to the reader. O

We can now give the definition of capacitary potential.

Definition 2.17. We define the capacitary potential of A such as the only u4 that verifies
/ |VuaP® dz = inf / IVoP® dg = capy(z) (4, D).
D vel 4 D

It is well known that when dealing with pointwise properties of Sobolev functions, the concept
of almost everywhere needs to be changed to quasi everywhere. This is the content of the next
definition.

Definition 2.18. An statement is valid p(x)—quasi everywhere (p(z)—q.e.) if it is valid except
in a set of null Sobolev p(z)—capacity.

Definition 2.19. Let D C R"Y be an open bounded set, Q C D is p(x)—quasi open if there is a
decreasing sequence {W), }nen of open sets such that cap,,)(Wy, D) converges to 0 and QU W,
is an open set for each n.

Definition 2.20. A function u:  — R is p(z)—quasi continuous if for every € > 0, there is an
open set U such that cap,,) (U, () < ¢ and ulg\p is continuous.

The proof of the next theorem can be found in [13, Corollary 11.1.5].

Theorem 2.21. Let p € P5(Q) with 1 < p_ < py < co. Then for each u € WHP#)(Q) there
exists a p(x)—quasicontinuous function v € WP (Q) such that u = v almost everywhere in Q.

Remark 2.22. Tt is easy to see that two p(z)—quasi continuous representatives of a given function
u € WHPE)(Q) can only differ in a set of zero p(z)—capacity. Therefore, the unique p(z)—quasi
continuous representative (defined p(z)—q.e.) of u € WP (Q) will be denoted by 1.

The proof of the next proposition can be found in [13, Section 11.1.11].

Proposition 2.23. Let D C RY be open. Let v; — v in Wol’p(x)(D). Then, there is a subse-
quence {vj, }ren such that v, — v p(x)—q.e.
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Now we need a characterization of the space I/VO1 #(@) (Q) as the restriction of quasi continuous
functions that vanishes quasi everywhere on RY \ Q. This theorem is essentialy contained in
[13, Corollary 11.2.5, Proposition 11.2.3]. We include here the proof since a minor modification
of the above mentioned result is needed and for the reader’s convenience.

Theorem 2.24 (Characterization Theorem). Let D C RY be an open set, Q@ C D an open
subset and p € P°9(Q) with p_ > 1. Then,

u € Wol’p(w)(Q) Sy € Wol’p(w)(D) and @ =0 p(x) — g.e. in D\ .

Proof. Let u € Wol’p(w)(ﬂ), then, it is immediate that u € Wol’p(z) (D).

Now, let {¢n}neny C C°(£2) such that ¢, — u in Wol’p(x)(ﬂ) (and therefore in Wol’p(x)(D)).

Let {¢n, }jen C {¥n}nen be a subsequence such that ¢, — @ p(r)—q.e. Then, since ¢, =0
in D\ €2, we have that @ = 0 p(x)—q.e. in D\ Q.

To see the converse, let us assume that D = RY (or else, we extend by zero). Since u =
ut —u~, we can assume that v > 0. Moreover, since min{u,n} € W'P@ (RY) converges to u in

WLP@)(RN), we can assume that u is bounded. Finally, let us consider & € C2°(B(0,2)) such
that 0 < ¢ < 1and £ =1 in B(0,1). Setting &,(z) = (%), we have that &,u converges to u

in WP (RN). Therefore we can assume that u(z) = 0 for every z € (B(0, R))® with R large
enough.

Therefore, we need to prove the converse for bounded, compactly supported and nonnegative
functions u € WP (RN) such that @ = 0 p(x)—q.e. in QF.

Since @ is p(x)—quasi continuous, there is a decreasing sequence of open sets {W,, },en such
that capy(,)(Wn, D) — 0 and @|gn\yy, is continuous.

We can assume that W, contains the set of null capacity of RV \ Q where @ # 0. Therefore,
u=0in (QUW,) =Q°NIWE
Given 6§ > 0, set V;, = {x: @(x) < 6} UW,. Since @ is continuous in RY \ W,,, V,, is an open
set. Therefore, V¢ is a closed set. It is also bounded since V,¢ C B(0, R). Then, V,¢ is compact.
Let upy, be the capacitary potential of W, then (u — §)"(1 — uw, ) = 0 a.e. in Q\ V<.
Consider now a regularizing sequence {d)j } jen. Therefore, for j sufficiently large we have that
g5 [(u—8)T(1 —uw,)] € C™(Q).
Observe that
Po(x)(Vuw,) = cap, ) (Wn, D) — 0.
By Proposition 2.1, we can conclude that [[Vuw, |, — 0 and, by Poincaré’s inequality,
luw, l1,p(z) — 0. Therefore, 1 — uy, — 1in W) (D) when n — oo,

Obviously, (u — 8)t — ut = u in WHP@) (D) when § — 0 and observe that

[[(w =) (1 —uw,) = ully iy SN =uw, [l iy [ = ) =]

+ [ully pay luwn 1 pa) -
Finally, taking the limit when when j — 0o, n — oo and § — 0, we have that
b+ [(u = 8)* (1 = uw,)] = u,
which completes the proof. O
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We end this subsection with a lemma that will be much helpful in the sequel.

Lemma 2.25. Let v € W'YP@(RN) and w € Wol’p(x)(D) such that |v| < w a.e. in D. Then,
ve WD),

Proof. Tt is enough to see that v € I/VO1 P (x)(D) (for v~ we procede similarly and having shown
this result for v and v~, we can state that is valid for v = v+ —v7).

Since w > 0, by density we can consider {wy,}neny C C°(D), wy > 0, such that {wy, }nen
converges to w in W1P@) (D).

Therefore, inf{w,,v"}, which has compact support in D (for each w, has so) converges to
inf{w, v"} which coincides with v* since |v| < w a.e. in D.

Then, taking an adequate regularizing sequence, we obtain a sequence of C2°(D) convergent
to vT, which completes the proof. O

3. THE DIRICHLET PROBLEM FOR THE p(z)—LAPLACIAN.

We define the p(z)—laplacian as

Ayu = div(|VulP® "2 V).

p(z)

Observe that when p(x) = 2 this operator agrees with the classical Laplace operator, and when
p(x) = p is constant is the well-known p—laplacian.

The Dirichlet problem for the p(z)—laplacian consists of finding u € VVO1 P (z)(Q) such that

—Appu=f inQ
p(x) )
(3.1) { u=0 on JN,

where f € L’ (#)(Q) or, more generally, f € W1 (#)(Q). Recall that p/(z) = p(z)/(p(z) — 1) is
the conjugate exponent of p(z).

In its weak formulation, this problem consists of finding u € WO1 p(@) (Q) such that
/ IVu[P@ 2V - Vude = (f,v) for every v € Wol’p(x)(Q).
Q

Setting
1
I(v ::/ — |VolP® dz — (f,v),
@)= [ o510l (f.0)
the problem can be reformulated as finding u € T/VOl P (x)(Q) such that
I(u) = min{I(v): v € WgP(Q)}.
By standard methods, we obtain the following result

Theorem 3.1. Assume p_ > 1. Then there exists a unique minimizer of I(v) in Wol’p(w)(Q)
and a unique weak solution of (3.1) u € Wol’p(x)(Q).

Proof. The proof is standard and uses the direct method of the calculus of variations. We omit
the details. O
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Remark 3.2. The unique weak solution of (3.1) will be denoted by u{l’p (@) When there is no

ép(x) = ul. So, since in the

remaining of the paper the variable exponent p(x) is fixed we use the lighter notation U{z

ambiguity with respect to the exponent p(z) we will denote u

Remark 3.3. There is, by now, a well developed regularity theory for weak solutions of (3.1).
We refer the reader to the works [1, 2, 12].

Proposition 3.4. Assume that p € P8(Q) with p_ > 1. Let f € W=7 #)(Q) and let A > 0
be such that || f||_1 () < A. Then, there exists a constant C' depending only on A, p— and p,
such that

IVl < C.

Proof. Let us assume that HVu{al(x) > 1 (otherwise, the result is clear). By Theorem 2.7 and
Proposition 2.1,

/Q VP = (f,ud)

<1y |1 ey
< CHf!L1,p/(x)HVU{sz(x)

1
< |l Fll -1 @) (Ppe) (VU ) - .

Therefore,
p_

[ DR < )T
which completes the proof. O

In what follows, the monontonicity of the p(x)—laplacian is crucial. This fact is a consequence
of the following well-known lemma that is proved in [28, p.p. 210].

Lemma 3.5. There is a constant ¢; > 0 such that for every a,b € RV,
Cl‘bia|p pr22a

(16lP~2b — |aP"%a) - (b~ a) > { b-a?
e P2

Remark 3.6. Observe that if u € Wol’p(x)(Q), then —Apyu € W=7 (#)(Q). In fact,

(—A

p(z)Us V) = / IVulP® =2y - Vo dz.
Q

Definition 3.7. Let f € W—1'(#)(Q). We say that f > 0 if (f,v) > 0 for every v € Wol’p(z) (Q)
such that v > 0.

Let f,g € W*I’p/(‘”)(Q). We say that g < fif f —g > 0.
We now prove the comparison principle for (3.1)
Lemma 3.8 (Comparison Principle). Let u,v € Wol’p(w)(D) be such that

—Apyu < =Appyv in D,
u < on 0D.

Then, u <wv in D.
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Proof. Let us call g := —Aj;u and f:= —A,,;)v. Then, by Remark 3.6, we obtain that, given
= WOLP(?C)(D)’

[ (9uP 200 = (Vo2 V0) - Vpta) do = (g - £,
In particular, taking ¢ = (u —v)" € Wol’p(x)(D), since g < f we have that
/D(\Vu]p(x)QVu — |[VolP® =200 - V(u—v) T de = (g — f, (u—v)T) <0.
Taking into account that V(u —v)* = (Vu — Vv)X{y>}, We conclude that
/{ }(|Vu|p($)_2Vu VP 2) - (Vu — Vo) d < 0.
u>v
Now, let us define Q) := {& € D: p(x) > 2} and Qf := {z € D: p(x) < 2}. Therefore,

D = Q} U Qf (disjoint union).

Now, by Lemma 3.5, there is a constant ¢ > 0 such that
/ (|VulP@) 2Ty — |[Vo|P®=2V) - (Vu — Vo) d
{u=>v}

_ 2
Zc/ Vu — Vo[P@) dm—{—c/ [V VU2| dx.
(uzv}ne, tuzviney (|Vul +[Vo])2-p@)

Therefore, since V(u —v)T = (Vu — Vv)xyu>v, we conclude that

V(u—v)t?
0> Vu—erp(x)daH—/ | dx.
oY M oy (IVul + [Vv])2=7@)

Then, V(u—v)T =0in D. So (u—v)" is constant in D. Since (u—v)* € Wol’p(m) (D), we have
that (u —v)* = 0. Therefore u — v < 0, which completes the proof. O

Corollary 3.9 (Weak maximum principle). Let f € W17 @)(Q) be such that f > 0. Then
f
ug > 0.

Proof. Just apply Lemma 3.8 with « =0 and v = U{z g

The following proposition gives the monotonicity property of the solution with respect to the
domain. The proof follows the ideas of [18, Theorem 3.2.5.] where the linear case p(z) = 2 is
treated. Nevertheless, since the p(z)—laplacian is nonlinear, the monotonicity property of this
operator comes into play replacing linearity in the argument.

Proposition 3.10 (Property of monotonicity with respect to the domain.). Let 1 C Q9 and
fewW=P'@)(Qy) be such that f > 0. Then, u{h < uéQ.
Proof. We will denote u; = “{21 and ug = u{b.

Given v € Wol’p(x)(Ql) C Wol’p(z)(Qz),

(3.2) / |V |P@ 2V, - Vode = (f,v), i=1,2.
Q;
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Therefore,

(3.3) / (|IVur|P@ 2V — |Vua [P ~2Vuy) - Vo da = 0,
951

for every v € Wol’p(m) ().

Since f > 0, we have that us > 0. Then, (u; — ug)™ < uf € Wol’p(x)(Ql) and hence, by
Lemma 2.25, (u1 —ug)™ € Wol’p(z)(Ql). Therefore

/ (IVur|P®2Vuy — |Vua P2V uy) - V(up — ug)t da = 0.
951

Now, let us define Q) := {z € Qi: p(x) > 2} and Q) := {z € Q;: p(x) < 2}. Therefore,
;= Q) UQf (disjoint union).

Now, by Lemma 3.5, there is a constant ¢ > 0 such that
0= / (|vu1|p(x)_2vul - |VU2|p(z)_2vu2) - (Vuy — Vug) dx
{ulzug}ﬂﬁl

o2
> c/ IVu — Vol|P@® dz + c/ [Vu Vv2|_ &) dx.
{ur>uz)N, {fur>uspny (|Vul +[Vo])2=pl

Therefore, since V(u —v)* = (Vu — Vv)X{y>0}, where x4 denotes de characteristic function of
the set A, we conclude that

0= |
o

Then, V(u;—uz)™ = 01in Q. Hence, (u1 —uz)™ is constant in ;. Since (u3—u2)™ € Wol’p(x)(ﬂl),
we have that (u; — U2)+ = 0. Therefore u; — us < 0, which completes the proof.

V(u—v)*?
\V4 _ +p(x) d / ‘
V(u—v)"| T + » (Vul + NUDZ_p(m)

We now end this section with a stability result for solutions of the Dirichlet problem

Theorem 3.11. Let D C RY be open, and let p € P°8(D) with p_ > 1 and f; € W*Lp/(‘”)(D),
i = 1,2. There exists a constant C > 0 depending only on p—, py and max{||fi||—1 p @)} such
that, if Q C D,

/D IVl = Vul P de < Ol = follagre) + 17 = LIy,
where the constant B > 0 depends only on p— and p4.

Theorem 3.11 immediately implies the following Corollary.

Corollary 3.12. Under the same assumptions of Theorem 8.11, let f,, f € W_l’p,(‘v)(Q) be
such that || fn, — fll-1p() — 0. Then

Now we proceed with the proof of the Theorem.

Proof of Theorem 3.11. Let us denote u; = u{{
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Given ¢ € Wol’p(x)(Q), we have that
(3.4) /Q IV |P® 2V, - Vode = (fi, @), i=1,2.
In particular, considering ¢ = u; — us € VVO1 P (m)(Q) and subtracting, we obtain

/(|Vu1|p(m)_2Vu1 — |Vug|P® 2V uy) - (Vuy — Vug) da:
Q

= (fi — foyu1 — u2)
< |fi = foll=1pr )| Vur — Vuzl|pem)
< A = fall =1 @) IV ullp) + 1Vuzllpe))
< Clfi = fall=1p ()5
where we have used Proposition 3.4 in the last inequality.
On the other hand, naming Q; = QN {p(x) > 2} and Q2 = QN {p(x) < 2}, we have that

/(]Vul\p(x)_ZVul — |[Vu[P®) =2V uy) - (Vuy — Vug) da
Q

2
= / (IVu PP 72V 0y — |Vug[P®)~2Vuy) - (Vg — Vug) da.
i=1 S

Let us study each of these integrals. By Lemma 3.5,

/ (IVur|P@2Vuy — |Vua P2V uy) - (Vuy — Vug) de > ¢ IV (u1 — ug)|P® da.
Ql Ql

Let us now analyze the integral over ()s.

- 2—p(@)p() |V (u1 — u2)| 7
IV (uy — ) [P das = / ([Vur| + [Vug) 5 : o | de
Qo

O, [Vur| + [Vug|) 2

p(z)
(2—p(2))p(x) V(w1 — u9
< 2)([Vea] + [Vl ) 2] 2 ((!V | |:-‘V D)lpu))
Ul u9 2

2
p()

@ V(Ul—U,Q)P A
<2 Vui| + |Vu pwdw) </ | dx
([ wet+ 9o s (IVur] + Vgl 27

for some constants « and 8 depending only on p_ and p;,. Let us observe that for the first
inequality we took into account Holder’s inequality and for the second one, Remark 2.2.

Let us now find a bound for the first factor. In fact, by Proposition 3.4.

/ (IVur| + [Vua )P d < 2p+1/ (Vs P@ + [V P@) dz < C.

QQ QQ

Observe that, by Lemma 3.5, we are able to find a bound for the second factor.

/ [V —w)l® dz < C [ (|Vu|P® 72V — [Vua PP 2Vuy) - (Vg — Vug) d.
0, ([Vui| + [Vug|)2=r() 2
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Then,

B
/ V(1 — up)P@ dz < C < / (Vur P2V 0y — [VaoP® 2V ) - (Vg — V) dx)
QQ QQ

8
=C </ (IVurP 72V uy — [Vua P92 Vug) - (Vur — Vug) dw)
Q

< CHfl - f2H€1,p/(m)-

So we can conclude that

/Q|V(U1 —w)[P® dz < C(||fr — foll -1 () + 111 — f2”€1,p/(m))-
This finishes the proof. 0

4. CONTINUITY OF THE DIRICHLET PROBLEM WITH RESPECT TO PERTURBATIONS ON THE
DOMAIN.

In this section we investigate the dependence of the solutions of the Dirichlet problem u{z with
respect to perturbations on the domain. We will analyze a rather general problem considering

a sequence of uniformly bounded domains 2,, converging to a limit domain €2 in the Hausdorff

complementary topology. Then we study whether u{)n converges to u{l or not.

For this purpose, in the remaining of the section  will be a bounded open set of RYV.

We begin this section by defining a notion of convergence of domains that will be essential
for our next results.

Definition 4.1 (Hausdorff complementary topology.). Let D C RY be compact. Given K1, Ky C

D compact sets, we define de Hausdorff distance dyg as

dy (K1, K ::max{su inf ||x — sup inf |z — }
(K1, K2) mGII(?lyEK2|| yll,xelgyemll yll

Now, let Q1,5 C D be open sets, we define the Hausdorff complementary distance d as
dH(Ql, QQ) = dH(D \ Ql, D \ QQ)

Finally, we say that {Q,},en converges to € in the sense of the Hausdorff complementary
topology, denoted by €2, B Q, if d(Q,,Q) — 0.

For a study and properties of this topology of open sets, we refer to the book [18].

We now present the one property that will be essential for our purposes.

Proposition 4.2. Let K C Q be a compact set. If ), 5 Q, then K C Q, for every n large
enough.

Proof. The proof is immediate from the definition. See [18]. O

Now we state a couple of corollaries of Proposition 3.4 that will be most useful.

Corollary 4.3. Let D C RY be an open bounded set and let Q,, C D be a sequence of open
domains. Let p € P8(D) such that p_ > 1. Then, {Uén}neN is bounded in Wol’p(x)(D).
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Corollary 4.4. Under the same assumptions as in Corollary 4.3, we have that the sequence
{|Vu{2n\p(z)*2Vu£n}neN is bounded in L' #)(D).
We now extend to variable exponent spaces Proposition 3.7 in [7].

Theorem 4.5. Let D C RY be an open and bounded. Let p € P'8(D) with p_ > 1. Let
Q, Cc D, neN and let f € W2 @)(D).

Let us denote u, = uén. Assume that u, — u* weakly in Wol’p(x)(D). Let Q2 C D be such
that for every compact subset K C §2, there is an integer ng such that K C €, for everyn > nyg.
Then, there holds that

—Ap(x)u* = f n Q.

f

Remark 4.6. Observe that in order to conclude that u* = wug, it remains to see that u* €

Wy P ().
Proof. As p € P°8(D), we need to verify that, given ¢ € C2°(12), the following equality is valid:

| v Vods = (£.0)

Let ¢ € C2°(Q). Since supp(p) C Q is compact, there is an integer ng such that supp(p) C €,
for every n > ng. Therefore, p € C°(€2y,) for every n > ny.

Set K = supp(y) and K¢ = {z € RV: d(z,K) < ¢} with ¢ sufficiently small to make sure
that K¢ CcC Q, NQ for every n > nj.

We will, from now on, work with n > max{ng,n;}.
Let n € C°(Q) be such that n=11in K2, p=01in (K¢)°and 0 < n < 1.
Consider ¢, = n(u, — u*) and since ¢,, € Wol’p(m)(Qn) we have

/ [V, P2V, - Ve, do = / [V, [P "2V,, - Ve, do = (f, ¢n).
D Qn
Standard computations now give us
/ |V P® =2V, - V(un — u*) do < (f, ¢n) — / [V |P® 2V, - Vi (u, — u*) da.
D D

Since u, — u* in Wol’p(w) (D), ¢, = 0 in Wol’p(x) (©) and so (f, ¢n) — 0.

On the one hand, by the compactness of the embedding Wol’p(m) (D) c LP@)(D), we have that
U, — U’ in Lp("’ﬁ)(D)7 and so, by Holder’s inequality,

/D V2V - Vi, — 1) dae < 20| Vnlloo || VP =2Vt | ) un — ullpiay — 0,
by Corollary 4.4. Then we can conclude that
lim sup/D NV |P® 2V, - V(u, — u*) dz < 0.
Since n =0 on (K*¢)¢,

(4.1) limsup/ NV |P® 2V, - V(up — u*) dz <0
Ke
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On the other hand, since Vu, — Vu* in LP(®)(K®),
(4.2) /KE n|Vur PO 20tV (uy — u) dz — 0
By (4.1) and (4.2) we have that
lim sup /KE (| Ve, [P®) =2V, — [Vu* PO 20" - V(uy, — u*) dz < 0.
Since K3 C K¢, by Lemma 3.5, we can conclude that
lim /K% (VPP 2V, — [Vu* P@=2T0*) - V(u, — u*) dz = 0.

Again, by Lemma 3.5, it follows that (|Vu,|P®)~2Vu, — |Vu*|P®)=2Vu*) - V(u, — u*) — 0 in
LY(K?%) and therefore a.e. in K.

From these facts, it easily follows that
(4.3) Vu, — Vu* ae. in K3.

Finally, by Corollary 4.4, there exists £ € LF'(*)(K?2) such that |Vu,|"™2Vu, — € in
LY (@) (K% ).

From (4.3), we can conclude that £ = |[Vu*[P@)~2Vy* in K% and that

/ i |V PO =2V, - Vodz — / i \Vu* PO =2y - Vo da.
K2 K2
Since supp(Vy) C K c K2 ¢ K€ C Q,NQ,
/ Vi, PP =2V, - Vo de — / IV [P@ 20" . Vo de.
Qp Q
This finishes the proof. O

As we mentioned in Remark 4.6, in order to obtain the continuity of solutions with respect to
the domain, we need to provide for conditions that ensure u* € VVO1 P(@) (). This is the content

of the next theorem.

Theorem 4.7. Let D C RN be an open bounded set and let Q,,Q C D be open for every n.
Let p € P8(D) with p_ > 1. If Q, 20 and capy(z) (2 \ Q, D) — 0, then u{zn — ué weakly in
Wolyp(ﬂﬁ) (D).

Proof. As before, we denote u,, = u{ln By Corollary 4.3, {un}nen is bounded in Wol’p(x) (D),
therefore, we can assume that u,, — u* weakly in I/VO1 P (x)(D).

By Theorem 4.5 and Remark 4.6 the proof will be finished if we can prove that u* € I/VO1 P(@) (Q).
By Theorem 2.24, it is enough to prove that u* = 0 p(z)—q.e. in Q°.

Consider Qj = Up>;{), and E = ﬂjzlﬁj.

Since u,, — u* in I/VO1 P (x)(D), by Mazur’s Lemma (see for instance [14]), there is a sequence
vj = Z]:j an,up such that a,, >0, ZZ]:j an;, =1 and v; — u* in WOLP(x)(D).
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Since u, € Wol’p(x)(Qn) by Theorem 2.24, 4, = 0 p(x)—q.e. in Qf. Therefore, v; =
Zﬁ]:y an;Up = 0 p(x)—q.e. in ﬂnj A D Qc for every j > 1. Then, v; = 0 p(z)—q.e. in
Qf for every j > 1. As a consequence, v; = 0 p( )—q.e. Uj>195 = E-.

On the other hand, since vj — u* in Wol’p(z)(D), by Proposition 2.23 9;, — u* p(x)—q.e.
Then we conclude that u* =0 p(z)—q.e. in E°.

Since capy() (Q,\Q,D) goes to zero, passing to a subsequence, if necessary, we can assume
that capy(,)(Q2n \ @, D) < 55. Therefore,

CEpP (SZ \Sl ‘l ) CEppl‘ ( ”>j ”\ 7‘l )
( )

n>j
1 1
< _— = —.
- 2n 27—1
n>j

Since E C Q;, we have that F\ Q C €, \ Q for every j > 1 and so,
1
capy(p) (E\ 2, D) < capy, (Q \Q,D) < 51 for every j > 1.

Taking the limit j — oo, we have that cap,)(E \ 2, D) = cap,(2°\ £, D) = 0. So we can
conclude that u* = 0 p(z)—q.e. in Q°, which completes the proof. O

The next result shows that the continuity of the solutions of the Dirichlet problem for the
p(z)—laplacian with respect to the domain is independent of the second member f.

For constant exponents, this result was obtained in [7, Lemma 4.1]. The proof that we present

here, in the non-constant exponent case, follows closely the one in [18, Theorem 3.2.5] where
the linear case p(z) = 2 is studied.

Theorem 4.8 (Independence with respect to the second member). Let D C RN be a bounded,
open set. Let p € P8(D) with p_ > 1 and let Q,9, C D be such that for every compact
subset K C ), there is an integer ng such that K C Q, for every n > ng. Assume moreover
that ugj‘{ — uQM in LP@) (D) for every M > 0. Then “{Zn — U{z in Wol’p(x)(D) for every
few =@ (D).

Proof. Let us assume first that f € L>°(D). Therefore, there is a constant M > 0 such that
—M< f<M a.e.

We will name ufl = u{) and u/ = ué
Now, observe that u;™ = —u} and so by Proposition 3.10, we obtain that
M M
(4.4) —uy < u£ <,

By Corollary 4.3, {uf,,}neN is bounded in WO1 p(@) (D). Then, by Alaoglu’s Theorem, there is a

subsequence, which will remaine denoted by {ufl}neN, such that uf, — u* in VVO1 p(@) (D).

Since, by Rellich-Kondrachov’s Theorem, we know that VVO1 »(@) (D) is compactly embedded
in LP(®)(D), we have that ul = u* in LP@)(D).
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Then, taking into account the convergence in L) (D) in (4.4), we have that

Therefore, |u*| < u™ and, since uM € Wol’p(x)(ﬂ) we can conclude that u* € Wol’p(x)(ﬂ).

Let us assume now that f € W17 (#)(D). By density, there is a sequence {f;};en C L>(D)
such that f; — f in W12 @) (D).

Given ¢ € Wﬁl’p/(:”)(D),

<307urf1 - uf> - <QO,U£ - u£J> + <807u£j - uf]> + <807ufj - uf>
Now, by Theorem 3.11, given € > 0, there exists jo € N such that
IVu) = Vul |y < e and [Vl — Vali|,q <e,
uniformly in n € N for every j > jo. By the first part of the proof,
<g0,u£j° —ufio) 0 asn — oo.

This completes the proof. O

5. EXTENSION OF A RESULT OF SVERAK.

In this section, we apply our results to prove the extension of the theorems of Sverdk discussed
in the introduction. Our main result being Theorem 5.9.

We begin by establishing some capacity estimate from below for compact connected sets. This
was obtained for p(z) = 2 by Sverdk in [29]. See the book [18] for a proof. For general constant
exponents, this estimate was obtained in [7]. Our extension to variable exponents will rely on
Bucur and Trebeschi’s result [7]. In fact, we use the following proposition.

Proposition 5.1 ([7], Lemma 5.2). Let p > N — 1 be constant and let K C RY be compact and
connected. Assume that there exists a constant a > 0 such that 2a < diam K. Then, for every
reK anda<r< %, we have the following inequality:

cap,(K N B(x,r), B(z,2r)) > c,

for some constant ¢ > 0 depending only on p and a.

The next proposition relates the relative capacity of a set for constant exponents with the
one with variable exponents.

Proposition 5.2. Let p € P'°¢(D). Then,

p_

capy,_ (E) D) <C max{capp(x) (E7 D)’ (Ca‘pp(:c) (E) D)) P+ }7

where C' > 0 depends on |D|, p4+ and p—.

Proof. Given ¢ € VVO1 P (x)(D), by Hoélder’s inequality and Proposition 2.1, we obtain

/ |[Vo|P~ de < Cmax {/ |V¢|P(:Jc) dr, (/ ‘va(gj) dx) Pt } '
D D 5
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p_

Let us denote by h(t) = max{t,t?+ } for t > 0, so we conclude

f VolP-dz < C f YV o|P\*
ity [werasze e n( [ verta)

=Ch ( inf / |Vp|P®) )
goGSp(@ (E,D)
since h is increasing.

On the other hand, since Wol’p(x)(D) C Wol’p’ (D),

inf / V|- dz < Ch inf / IVe|P@ da | .
SOESP E D) (pesp(:c)(EvD) D

We can conclude that cap, (E,D) < Ch(capy)(E, D)). O

From Proposition 5.1 and Proposition 5.2 we obtain the following corollary.

Corollary 5.3. Given K C D C RY compact and connected and p € P8(B(z,2r)) such that
p— > N —1. Then, for everyx € K and a <r < W for some positive constant a,

capy(z) (K N B(z, ), B(x,2r)) > kK,
for some constant k > 0 depending on |D|, diam D, py and p_.

Proof. Just apply Proposition 5.2 to the sets K N B(x,r) and B(x.2r), and observe that 2r <
diam K < diam D. Then apply Proposition 5.1. O

Now we look for an extension of Theorem 4.7 in the sense that instead of requiring some
capacity condition on the differences of the approximating domains with the limiting domain,
we require a uniform boundary regularity in terms of capacity.

Definition 5.4. We say that € verifies the condition (p(z), a,r) if
capy(p) (N B(z,r), B(z,2r)) > o, x € Q.
Set Oqro (D) = {2 C D open:  verifies the condition (p(x),a,r) for every 0 < r < ro}.
From now on we will need a result on uniform continuity with respect to Q € Oq (D) for

the solutions of the Dirichlet problem, u{l with f sufficiently integrable.

This result for p(z) = 2 is classic and can be found, for instance, in [18, Lemma 3.4.11 and
Theorem 3.4.12, p.p. 109]. The key for its proof is to obtain the Wiener conditions, see [17].

The extension for 1 < p < N constant can be found in the articles [16, 22, 25]. Consult the
book [24], Theorem 4.22. The result for p(x) variable was recently obtained in [23].

Lemma 5.5 ([23], Theorem 4.4). Given Q € O, T’o( ), f € L"(D), r> N. Then, there are
constants K >0 and 0 < 6 < 1 such that |u{2( ) — uQ( )| < K|z —yl°.

With this result we are able to prove the analogous of Theorem 4.7 for domains in O, .

Theorem 5.6. Given {2, }nen C Oqr, (D) such that Sy, Q. Then, u{zn - U{) in Wol’p(x)(D).
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Proof. By Theorem 4.8, we can assume that f = M with M > 0 and uQMn —y* in Wol’p(z)(D).

In order to see that u* = ug[ , by Theorem 4.5, it is enough to verify that u* € I/VO1 P (x)(Q).
By Theorem 2.24, it is enough to prove that u* = 0 p(z)—q.e. in Q.

As a direct consequence of Lemma 3.8, uAD/[ >0 and uMn > 0.

By Lemma 5.5, given y € 9D, for every = ¢ ) we have

up (x) = |ufy (z) = up (y)| < K|z — y|* < K(diam D)’.

By Lemma 3.8, 0 < uQMn < u} < K(diam D)?. Therefore, {uQMn}neN is uniformly bounded for
every M > 0.

By Lemma 5.5, {uQMn tnen is uniformly equicontinuous for every M > 0. Therefore, {uQMn tnen

converges uniformly to u*.

Given x € Q€ since €, RS €, there is a sequence z,, € (2, such that z,, converges to z. By
uniform convergence, we have that uQMn (x5,) converges to u*(x). Since supp ugj‘{n C Q,,, we obtain
that ué‘{n (x5,) = 0 for every n and, therefore, u*(z) = 0, which completes the proof. O

Remark 5.7. If p_ > N, the same proof can be applied. It is enough to observe that, by Morrey’s
estimates, Wol’p(x)(D) C Wol’p_ (D) Cc C*(D) witha=1—-N/p_.

Having presented the previous results, the proof of the extension is similar to the one given
by Sverék for p = 2. We include it for the reader’s convenience.
Definition 5.8. Given ! € N and 2 C D, set # the number of connected components of D\ €.
Set O)(D) = {Q C D open: #Q < }.
Theorem 5.9. Given p € P'°8(D) such that N — 1 < p_ and {Qn}nen C Oy(D) such that
QB Q. Then u{zn - U{z in Wol’p(w)(D).

Proof. By Remark 5.7, we only have to consider the case N —1 < p_ < N.
By Theorem 4.8, we can assume that f = M with M > 0 and u,, := ugj‘fn — u* in Wol’p(x)(D).

In order to see that u* = ul!, by Theorem 4.5, it is sufficient to verify that u* € Wol’p(x)(Q).

Set D\ Q, = F,, = F} UF?U...UF! where each F} is compact and connected. Assume that
F,{ iI> FJ for every 1 < j <I.

Let us analyze each of the three possibilities. We will find that it is possible to disregard the
first two.

(1) If F7 = (), then F = () for every n > ng. Set Jo = {j € {1,...,1}: F} = 0 for n large}.

(2) If F/ = {x;}, set J1 ={j€{l,...,1}: FV ={x;} and p(zj) < N}. Now consider the set
Q" = Q\ Ujes {z;}. Since cap,,)({zi}, D) = 0, we have that cap,,)(Q2*, D) = capy ) (2, D).
Then, by Theorem 2.24, Wol’p(x)(Q*) = Wol’p(m) (©). It is enough therefore to verify that u* €
WOLP(QC)(Q*)_

Set I={1,...,1}\ (JoU.J;) and consider Q% = D\ U;c;Fi 2 0~

(3) If, for j € I, F7 contains al least two points, let a; be the distance between them. These

points are limits of points from FJ which we may assume to have a distance at least of %J
between them for n large enough.
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Given xz € 02} and j = j(z) € I such that x € FJ, by Corollary 5.3, if a < r < % for some
positive constant a, then there is a universal constant k that verifies the following inequality:

capy(z) ((25)°N B(x, 1), B(z,2r)) > capyy) (FJ N B(x,r),B(z,2r)) > Kk > 0.
This shows that the open sets €2, belong to O, with o = x and ¢ = imin{aj: jelt}.

Since 2 5 Q, by Theorem 5.6, we have that uM. — ud! in Wol’p(x)(D).

On the other hand, since €2, C 2}, by a direct consequence of Lemma 3.8 and Proposition
3.10, we have that 0 < uQMn < ué\{ﬂ Passing to the limit n — oo, 0 < u* < u?{[ We conclude

then, by Lemma 2.25, that u* € Wol’p(m)(Q)

If FV contains exactly one point zg, then p(zo) > N and so {z¢} has positive p(z)—capacity,
the bound from below will be its capacity, which completes the proof. ]
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