PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 143, Number 12, December 2015, Pages 5233-5238
http://dx.doi.org/10.1090/proc/12551

Article electronically published on September 2, 2015

THE BOHNENBLUST-HILLE INEQUALITY
COMBINED WITH AN INEQUALITY OF HELSON

DANIEL CARANDO, ANDREAS DEFANT, AND PABLO SEVILLA-PERIS

(Communicated by Alexander Iosevich)

ABSTRACT. We give a variant of the Bohenblust-Hille inequality which, for
certain families of polynomials, leads to constants with polynomial growth in
the degree.

1. INTRODUCTION

Hardy and Littlewood showed in [7] that there exists a constant K > 0 such that
for every f € H' we have

(/D|f(z)|2dm(z))l/2 SK/TV(UJ)IdU(w),

where dm and do denote respectively the normalised Lebesgue measures on the
complex unit disc D and the torus (or unit circle) T. Equivalently, this means
that the Hardy space H;(T) is contained in the Bergman space By(D). Shapiro
[12, pp. 117-118] showed that the inequality holds with K = &, and Mateljevié [10]
(see also [I1L[M3]) showed that actually the constant could be taken to be K = 1.
A simple reformulation of the Bergman norm then gives that if >~>° ja,2" is the
Fourier series expansion of f € H'(D), we have

(i %)/ < [1twdsto)

n=0
A few years later Helson in [9] generalised this inequality to functions in N variables.
For n € N denote by d(n) the number of divisors and by p* = p{* - - - p;* the prime
decomposition of n. Then we have that for every f € H'(T¥) with Fourier series
expansion EaeNéV Caz®

(1) (3 LY < [ it

aeNY

Given a multiindex «, we write « + 1 = (a3 + 1) -+ (o + 1). Note that, with this
notation, we have d(p®) = o + 1.

Received by the editors February 7, 2014.

2010 Mathematics Subject Classification. Primary 32A05; Secondary 30C10.

Key words and phrases. Bohnenblust—Hille inequality, Helson inequality, polynomials.

The first author was partially supported by CONICET-PIP 0624, PICT 2011-1456 and
UBACyT 20020130100474BA.

The second author was partially supported by MICINN MTM2011-22417.

The third author was supported by MICINN MTM2011-22417 and UPV-SP20120700.

©2015 American Mathematical Society

5233

Licensed to University Politecnica de Valencia. Prepared on Tue Nov 3 13:03:20 EST 2015 for download from IP 158.42.244.26.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/proc/
http://www.ams.org/proc/
http://dx.doi.org/10.1090/proc/12551

5234 DANIEL CARANDO, ANDREAS DEFANT, AND PABLO SEVILLA-PERIS

On the other hand, by the Bohnenblust-Hille inequality [4] as presented in [5]
there is a constant C' > 0 such that for every m-homogeneous polynomial in N
variables P(z) =}, _,, Caz® with z € CN we have

(1.2) < > lea E

2m
+> < C™ sup |P(2)].
la|=m z€DN

The proof of this inequality given in [5] consists basically of two steps: first to
decompose the sum in ([[2)) as the product of certain mixed sums and second to
bound each one of these sums by a term including || P||, the supremum of |P| on
D¥. For this second step usually the following result of Bayart [I] is used: for every
m-homogeneous polynomial in N variables we have

(1.3) ( 3 |ca|2)1/2 g2m/2/TN\ 3 cawa’da(w).

le|=m |a|=m

Very recently, it was proved in [2] Corollary 5.3] that for every £ > 0 there exists
x > 0 such that we can take x(1+¢)™ as the constant in (L2). Our aim in this note
is to get a variant of ([2) by using (LI instead of (L3). With this variant, we
see that for polynomials P, each of whose monomials involve a uniformly bounded
number of variables, the obtained constants have polynomial growth in m.

2. MAIN RESULT AND SOME REMARKS
The following is our main result.

Theorem 2.1. Let A C {a € N}: |a| = m} be an indezing set. Then for every
family (C“)aeA we have
n+41

‘COC| )73—%) 72771 mo1 1 m—1
<m72m (1 — —) sup caz®|.
(5 (L ) s

(S8

We give several remarks before we present the proof.

Remarks 2.2.

(1) Tt is easy to see that vao+1 < v2"'. Hence the preceding inequality
includes the hypercontractive version of the Bohnenblust-Hille inequality
from (2) as a special case.

(2) Thanks to the term /o + 1, the constants in the previous inequality grow
much more slowly than the constants in (L2)). Actually, we have

m—1 1 m—1 vm
m 2w (1 m—l) == (1+o(m)).
(3) Let vars(a) denote the number of different variables involved in the mono-

mial z®. In other words, vars(«) = card {j tay F# O}. Given M we consider
the set

Ay = {a e N{': |a| =m and vars(a) < M}

(note that if M > N, then Ay = An.n). An application of Lagrange
multipliers gives that for any o € Ay s we have for every N and M,

a+1=(a+1)(ar+1)- < (%H)M.
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Combining this with Theorem 2.1l we obtain for every m, N, M,

m+1

m+1

om 2m m M/2 Ica\ 2—11 2m
wl) 7 (5 ) (k)
(2 )" (G (2 (g

a€AN, M a€AN M

M/2 e 1 ym-—1
<(7r) et (-nm)T | X e

N
z€D aEAN,M

hence

ey (X kel

a€AN M

m—+41

2m
M M+l
> <22m 2 sup E ca 2%,
zeDN

a€EAN M

This means that for polynomials whose monomials have a uniformly boun-
ded number M of different variables, we get a Bohnenblust-Hille type in-
equality with a constant of polynomial growth in m. We remark that the
dimension N plays no role in this inequality; the only important point
here is the number of different variables in each monomial. As a conse-
quence, an analogue of (Z1]) holds for m-homogeneous polynomials on cg:
let P : ¢y — C be an m-homogeneous polynomial and

Ay ={ae NéN): || = m and vars(a) < M}.
Then for every M and m

(T letrr?®

aEA

m+1

2m
) < 2% P,

where the ¢, (P) are the coefficients of P and || P|| is the supremum of |P)|
on the unit ball of ¢g.

(4) In [6 Theorem 5.3] a very general version of the Bohnenblust-Hille in-
equality is given, involving operators with values on a Banach lattice. A
straightforward combination of the proof of Theorem 2] (see the final sec-
tion) and the arguments presented in [6l Theorem 5.3] easily gives a version
of Theorem 2.1l in that setting.

3. THE PROOF

Let us fix some notation before we prove our main result. We are going to use
the following indexing sets:
M(m,N)={i=(i1,...,im): 1 <i; <N, j=1,...,m},
Jm,N)y={ie M(m,N)e:1<i; <--- <4, <N}
In M(m, N) we define an equivalence relation by ¢ ~ j if there is a permutation

o of {1,..., N} such that ji = i, for every k. With this, if matrix (aih_“?,’m) is
symmetric, then we have

Z a; = Z Z a; = Z card[é]a;.
iEM(m,N) i€J(m,N) j€[i] i€J(m,N)

Also, given ¢ € M(m —1,N) and j € {1,...,N}, for 1 < k < m — 1 we define
(t7) = (B1y- -+, 0k—1,0, 0k, - - -y im—1) € M(m,N) (that is, we put j in the k-th
position, shifting the rest to the right).
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There is a one-to-one correspondence between J(m, N) and {a € NY: |a| = m}
defined as follows. For each 4 we define o = (a1, ..., an) by ap = card{j: i; = r}
(i.e. a, counts how many times r appears in %); on the other hand, given a we
define 7 = (1, %.,1,...,N,*x, N) € J(m, N).

Each m—homogeneous polynomial on N variables has a unique symmetric m-
linear form L : CN x--- x CN — C such that P(z ) =L(z,...,z) for every z. If (cs)

are the coefficients of the polynomial and a;, .. = L(e“, ...,e; ) is the matrix
of L, we have ¢, = card[t]a;, where « and 4 are related to each other.
Finally, if o and 2 are related and p; < ps < --- denotes the sequence of prime

numbers, we will write p® = p{* ---p3» =pi, -+ i, = Pi-

Proof of Theorem 211 We follow essentially the guidelines of the proof of the
Bohnenblust-Hille inequality as presented in [5]. First of all let us assume that
co = 0 for every a & A; then we have

(Z (=l )T)m < > cardli]—2 +)"‘
— = card|z L
wca Vatl i€J (m,N) d(ps)
a 2m1 7;:'—‘1
= < Z 1 ’card[z] L >
ieM(m,N) 4 d(ps)
a2\ B
(5 ot )
ieM(m,N) d(p:)
We now use an inequality due to Blei [3] Lemma 5.3] (see also [5, Lemma 1]): for
any family of complex numbers (bz)z eM(m,N) Ve have
oo m N ) 1/2\ o1
(3.1) Sl <] (Z( > eal?) )
iEM(m,N) k=1 “j=1 4ieM(m—1,N)

Using this and the fact that card[(¢,; j)] < m card[i] we get

m+1

(ZG™)"

al 1/2
’card[( i) 2 o a(z’u >
<; (ieM(m—l,N) ’ VAP, ) )
i al m—1 1 (l(z 1/2
SH(Z( ’card[]?wmm p(w ) )

k=1 “j=1 ieM(m—1,N)

_ . m=l i i ‘ ied) 1/2>
me IE(Z( Z car ip(zu )

j=1 ieM(m—1,N)

We now bound each one of the sums in the product. We use the fact that the
coefficients a; are symmetric. Also, if ¢ divides p;, - - p;,, = ps, then it also di-
vides p;, - pi,,Pj = D(i,j); hence d(pz) < d(p,,j)) for every ¢ and every j. This
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altogether gives
N o 2\ 1/2
D D S U el
d(p(ivkj))

j=1 ieM(m—1,N)
= 2| (2 w)l 1/2
= E ( g card[g] 7))

j=1 ieJ(m—1,N) AP i )
N . 9
| card[t]a;,, jy|*\ 1/2
(3 lerdeanlyr
j=1 i€J(m—1,N) °

Let us note that what we have here are the coefficients of an (m — 1)-homogeneous
polynomial in N variables. We now use (II]) to conclude our argument:

Z ( Z card[i]a(;’kj)|2)l/2

Jj=1 ieJ(m—-1,N) d(pz)

< Z/ card[i]a;,, jywi, - - w;,,_,

ze](m 1,N)

< / Z ’ Z (i g) Wiz * " Winy o

j=1 ieM(m—1,N)

do(w)

do(w)

IN

sup E :‘ § : Ui,k g)%in """ Fim—1
N
2€DY 51 e M(m—1,N)

N
sup sup ’ E g QA(4,5,5) %ia '.'Zim—lyj‘
N N
2eDT y€DY i1 seM(m—1,N)

1 m—1
< (1 - —) sup Z ca2”

m—1 zeDN ’

where the last inequality follows from a result of Harris [8, Theorem 1] (see also
[5, (13)]). This completes the proof. O

As we have already mentioned, very recently [2l Corollary 5.3] has shown that
for every £ > 0 there exists £ > 0 such that (I2) holds with x(1 + ¢)™. The main
idea for the proof is to replace B by a similar inequality in which we have mixed
sums with & and m — k indices (instead of 1 and m — 1, as we have here). This
allows us to use instead of (L3) the following inequality:

1/2 1
( Z Ca2> < CZQ(/TN ‘ Z cawa‘pda(w)> " ofor1< p<2.
|a]=m

lal=m

A good control on the constants ¢, (that tend to 1 as p goes to 2) gives an im-
provement on the constant in (2] presented in [2]. In our setting, by dividing by
a + 1, we are using ([]), which already has constant 1. Hence this new approach
does not improve the constants in our setting.
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