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Abstract

HSZ Double Field Theory is a higher-derivative theory of gravity with exact and manifest T-duality symmetry. The first
order corrections in the massless sector were shown to be governed solely by Chern-Simons deformations of the three-form
field strength. We compute the full action with up to six derivatives O(a’?) for the universal sector containing the metric,
two-form and dilaton fields. The Green-Schwarz transformation of the two-form field remains uncorrected to second order.
In addition to the expected Chern-Simons-squared and Riemann-cubed terms the theory contains a cubic Gauss-Bonnet
interaction, plus other six-derivative unambiguous terms involving the three-form field strength whose presence indicates

that the theory must contain further higher-derivative corrections.
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Introduction
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In recent years there has been renewed interest in understanding how dualities constrain higher-derivative

interactions in string effective actions. The most convenient frameworks to address this challenge are those

in which dualities appear as manifest symmetries. Double Field Theory (DFT) [1]-[2] formulates the two-

derivative universal massless sector of string theory in a way that T-duality symmetry can be anticipated

before dimensional reduction (for reviews see [3]). In this context, the question of how T-duality constrains

higher-derivative terms simply translates into the question of what the most general consistent higher-derivative

deformations of DFT are. Recent works discussing the duality structure of the first order corrections to the

heterotic string are [4]. In [5], a two parameter family of first order consistent deformations of DFT was



introduced, containing in a unified framework the corrections to bosonic [6] and heterotic strings [6], [7].

Higher-derivative theories of gravity are always defined up to field redefinitions. There are two different set
of fields that are important when dealing with duality invariant theories. On the one hand, there are gauge
and diffeomorphism covariant fields, whose duality transformations receive higher-derivative corrections. On
the other hand, there are duality covariant fields, whose T-duality transformations are exactly those given by
the Buscher rules or more generally the action of O(D, D, R), without higher-derivative corrections. The latter
are non-covariant with respect to gauge and diffeomorphism transformations: to lowest order in a derivative
expansion they transform tensorially, but the gauge transformations are deformed by higher-derivative correc-
tions. Both set of fields turn out to be connected through higher-derivative field redefinitions that are neither

gauge nor duality covariant.

The standard way of writing a higher-derivative theory of gravity is in terms of gauge covariant fields, such
that gauge and diffeomorphism invariance is manifest. If the action turns out to be duality invariant, then the
duality symmetries are hidden in this formulation. On the contrary, the fields that are preferred by duality
invariant frameworks like DFT are the duality covariant fields, so the actions obtained from these constructions
are manifestly duality invariant but the gauge symmetries are hidden. When the action is written in terms
of gauge covariant fields, duality transformations mix terms with different orders in derivatives. Instead,
when the action is written in terms of duality covariant fields, duality invariance holds order by order, but
the different orders are mixed by gauge transformations. Presumably, a duality and gauge invariant higher-
derivative theory of gravity will require an infinite number of interactions with increasing number of derivatives.
If such an expansion were truncated to a given order in derivatives, the action would fail to be either gauge or

duality invariant, depending on which set of fields is chosen to express it.

When dealing with duality invariant frameworks such as DF'T, the preferred set of fields are the duality covariant
ones. If the theory were truncated to a given order in derivatives, the resulting action would be exactly duality
invariant, but the gauge transformations would only be approximate symmetries to that order. If instead
one first rewrites the action in terms of the gauge covariant fields, and then truncates to a given order in
derivatives, the truncated action would be exactly gauge invariant, but the duality transformations would only

be an approximate symmetry to that order.

Some years ago, O. Hohm, W. Siegel and B. Zwiebach introduced a gauge invariant higher-derivative theory
of gravity that is both exactly and manifestly T-duality invariant [§], henceforth called HSZ theory. It was
built from a duality symmetric chiral CFT, and does not correspond to a standard string theory. The massless
spectrum includes a metric, an antisymmetric tensor and a dilaton, and the full theory contains in addition two
massive spin-two ghosts and massive scalars [9]. The spectrum is reminiscent but qualitatively different to that
in the chiral string theory investigated in [I0]. The truncated two-derivative theory exactly matches standard

DFT [g§], so the theory corresponds to a higher derivative deformation of DFT. The deformations occur at



different levels. While DFT depends on a generalized metric H sy constrained to be an element of the duality
group, the fundamental field in HSZ theory is an unconstrained double metric M;n. To lowest order both
metrics coincide, but the double metric contains extra degrees of freedom associated to massive excitations [9].
The relation between the two metrics was discussed in [I1]. To lowest order the gauge transformations are given
by the standard DF'T generalized Lie derivative, but in HSZ theory they receive higher-derivative deformations
that in turn induce higher-derivative terms in the action. Remarkably, the latter happens to be cubic in the

double metric, and due to the strong constraint (to be defined latter) it contains at most six derivatives.

The massive modes in the full theory can be integrated out, ending with a low-energy effective theory for the
generalized metric Hjysy and generalized dilaton d that contains an infinite series of higher-derivative terms
[O)-[11]. Tt is then of interest to elucidate what these corrections look like in terms of the standard gauge
covariant massless fields, namely the metric g,,,, two-form B, and dilaton ¢, in a manifestly diffeomorphism
and gauge invariant form expanded in powers of o/ lf. To first order in o/, the deformed gauge transformations

were shown to reproduce the Green-Schwarz [12] transformation of the two-form
0B, = 8M8p§”1“|py}o , (1.1)

so the first order corrections to the action are governed by Chern-Simons terms €2, that correct the three-form

field strength of the Kalb-Ramond field [13]
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On shell three-point functions with vanishing dilaton were computed to all orders in  in [14], leading to the
conclusion that to second order the theory contains a Riemann-cubed interaction. The state of the art is that
to second order, the gauge invariant action that reproduces the on-shell cubic amplitudes of HSZ theory is the

following

1 ~, 1
S = / dPx\/—ge % <R +4(Veg)? — ﬁH2 T RWQBRQBPURMW> . (1.3)

The coefficient of the Riemann-cubed term is minus the coefficient of the same term in the bosonic string
effective action. There could be extra second order terms in this action that do not contribute to the three-

point functions, such as a cubic Gauss-Bonnet term that is also present in the bosonic string [15].

In this work we compute the full second order action in terms of the standard gauge covariant fields in a form
that is manifestly invariant under diffeomorphisms and the gauge transformations of the antisymmetric tensor.
The procedure is to first find the functional dependence of the double metric in terms of the generalized metric

to second order. Then, to find the dependence of the components of the generalized metric on (derivatives

'Note that since this is not a standard string theory, o’ is in principle not related to the tension of a string, but simply a
dimensional parameter used to balance units. Throughout the paper we will set for convenience o’ = 1, but still refer to the
different orders in the action as containing different powers of o’. As is standard, terms with 2(i 4+ 1) derivatives in the action are

of order O(a’?).



of) the standard fields. This is, to find the field redefinitions that relate the duality covariant with the gauge
covariant fields. Finally, one plugs this information in the HSZ action and rewrites the result in a form that is
manifestly covariant under gauge symmetries. This is our main result, and we display the final form of the full

second order action in Subsection Let us summarize some of our main findings:
e The Green-Schwarz transformation of the two-form (LI) remains uncorrected to second order in «’.

e The first order corrections to the action are exactly those present in (I3]). These were anticipated in [13]
and we find that there are no extra terms such as total derivatives nor interactions that could have been

allowed by gauge symmetries and required by duality. This is also consistent with the results in [5].

e Up to covariant field redefinitions and boundary terms, O(a?) corrections with i even/odd contain
even/odd powers of the two-form field. This was known to be true to first order, and explains why
Riemann-squared interactions are forbidden. It also implies that the second order corrections can only

contain even powers of the two-form.

e The terms in the full second order action that contribute to on shell three-point functions with vanishing

dilaton are in precise agreement with the findings in [14], and exactly coincide with (L3)).

e When the dilaton and three-form field strength are taken to vanish, the second order Lagrangian (up to

field redefinitions and boundary terms) is given by

3 1 1
=5 — 2 Ry P Rop” Ryt — 251G - (1.4)
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where €, is the Chern-Simons three-form defined in (I.2)), and G'3 is the cubic Gauss-Bonnet interaction
G3 = R’ Rog™ Rpo! — 2RM™ PR\ 5 RY sy . (1.5)

Remarkably, as with the Riemann-cubed term, the coefficient of this term is also minus the coefficient of

the same term in the bosonic string.

e The more general case with vanishing dilaton ¢ = 0 but non-vanishing metric and two-form is (again, up

to field redefinition and integration by parts) given by

3 1

1 1 -
2 2
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_ a R, Bup R’ Hﬁ/aﬁ HYH ﬁ Raﬁau Rw B fromy @ Raﬁ'ya 20 fy2Bo (1.6)
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where we have defined ﬁﬁu - upgﬁ,/“. Although further field redefinitions can be used to eliminate
ﬁfw from the action, the dependence on H uwvp can not be totaly removed. This implies that the full
action must at least contain up to O(a’*) terms, confirming the expectation that the second order action

cannot by itself be exactly duality invariant.



The paper is organized as follows. We begin with a review of HSZ theory in Section 2l In Subsection 2] we
introduce the gauge transformations and action for the double metric. In Subsection 2.2l we review how to relate
the double metric with the generalized metric. In Subsection we show the general procedure that has to be
followed in order to relate the duality covariant components of the generalized metric with the gauge covariant
fields of supergravity. Subsection [Z4] contains a discussion on the Zy-parity (B, — —B,,) behavior of the
different orders. Subsections and are dedicated to discuss the state of the art regarding the first and
second order corrections in the massless sector of HSZ theory. In Section [l we present the main result of this
paper, namely the full action to second order for the massless fields, and discuss some relevant interactions. We

conclude in Section M and include a number of Appendices to present some intermediate relevant results.

2 Review of HSZ Double Field Theory

In this section we introduce HSZ theory [8], its field content, gauge transformations and action. We then show
how to make contact with the generalized metric and how to relate its components with the standard fields in
supergravity. We briefly review the state of the art on what is known about the first orders in the derivative

expansion of the massless sector.

2.1 Double metric, symmetries and action

HSZ theory is defined on a double space of dimension 2D, equipped with an O(D, D, R) constant and symmetric
invariant metric npsy, which raises and lowers the duality indices M, N,= 1,...,2D. The derivatives are

denoted 0y, and all fields and gauge parameters are restricted by the strong constraint

o ... oM . =9y0M...=0. (2.1)

The fundamental fields in HSZ theory are the double metric My;n and the generalized dilaton d. The double
metric is symmetric, but otherwise unconstrained. Under infinitesimal generalized diffeomorphisms parameter-

ized by a generalized vector £€M the generalized dilaton transforms as usual
e~ = 9p (gPe—Qd) o 6d=¢€Popd - %apgp : (2.2)
but the double metric receives higher-derivative corrections
SMurN :EgMMN+j(1)(M)MN+j(2)(M)MN . (2.3)
Here, the first term is the standard generalized Lie derivative

Le My = EPOpMun + K Mpn + KEn" Marp (2.4)



where Ky = 20)/§n] and the other terms J () constitute corrections with 2 + 1 derivativeﬂ

1

TV M)yn = —§aMMP@apKQN — OpMoun K9 + (M < N) (2.5)
1

TDMyn = —ZOMKMPQ&VPKQK + (M + N) . (2.6)

Due to the strong constraint, the composition of gauge transformations closes

[Oe1, O¢] = Oles, 0] (27)

with respect to a deformed C’-bracket
€1, &8 = &1, &) + opeFoMogel (2:8)

with the standard C-bracket defined as
61, LI = 2¢fopey — oM ep . (2.9)

The deformed gauge transformationiglm) fail to satisfy the Leibnitz rule with respect to the standard product.

Instead, one defines a star-product

(T « T)un = TupIn® — i OnTpo INTT? +20nTp Q0T T — 0pTn @ 0T *
+ % onpTo ! OniTOY — OnpT9 01Ty ¥ — % OnrpQT! Onr TTC
+ % TPROpoThn + % OnTp @ OngGP — % ONTP? DpoCiy
- %aMPTQI IngiGT + % GPopTyn — 0pTar @ OngGP
+TypOnGY — Ty PopGy + (M < N) | (2.11)

where

GM(T,d) = aNTMN —2TMNoynd + TNPonpMd (2.12)

1
—§6M [OnpTNE —40NyTNPOpd — 2TNF (Oypd — 20nd Opd)] .
The star product now does satisfy the Leibnitz rule with respect to deformed generalized diffeomorphisms
5(T1 * Tg) =0T x T + T %615 (213)

where (T * To) N, Tipn and Topyn transform in the same way as the double metric in (2.3]).

?We use the following convention for derivatives dar,ar,... a1, = Orr, Onry - - - Oary, -
30r for different rank-two tensors

1 1
T xTy = (Tl —|—T2)*(T1+T2)——T1*T1——TQ*TQ . (2.10)

2 2

N =



The standard inner product that follows from contractions with the duality invariant metric also turns out not

to be covariant under the deformed gauge transformations. However, the following quantity

1 1
(TY|Ty) = 5 TipgTo’? — 0pTin @ 0 TNF + i OunT P poTpMN (2.14)
3 3 3
-3 G(Ty) yG(To)Y + 5 omG(TN onG(To)M — 5 Tor NonG(Ty)F
3

3 3
—3 Tip NoNG(To)" + 1 TN oy pG(T)M + 2 TN onpG(T)M
transforms as a scalar under the deformed gauge transformations due to the strong constraint

§(Th|Ty) = (OT1|T2) + (T1[6T) = £ 0p(Th|Ts) - (2.15)

The action of HSZ theory is given by
1
S:/d2DXe‘2dL, L:<M‘U—EM*M>. (2.16)

It is gauge invariant by construction, and was fixed to match the equations of motion that follow from the
chiral CFT introduced in [§]
(Mx M)un =2nuN - (2.17)

Since both the star and inner products are linear in each argument, the action turns out to be at most cubic
in powers of the double metric. As a result, the strong constraint restricts the Lagrangian to contain no more

than six derivatives. The full explicit form of the action is given in Appendix [Dl

2.2 Generalized metric and massive fields

Consider the following decomposition of the double metric [11]
Muyn =Hun + Fun , (2.18)

where H sy is the generalized metric of double field theory, and Fj;n is a higher order contribution. The
latter corresponds to massive fields [9] [I1], which can however be integrated out by replacing them with their
equations of motion. We will be interested only in the massless spectrum of the theory, so we will assume
that the integration has already been done, and consider the Fj;n as depending on the generalized metric and

dilaton, i.e. F'= F(H,d).
It is sometimes convenient to use matrix notation, identifying the position of indices as follows

N=Tee, N =0, H=Hew, H ' =H". (2.19)
The generalized metric is symmetric and restricted by the constraint

Hny ' H=n < n'Hypy'l=Hn"' & HyHYY?=1. (2.20)



As a consequence of this constraint, it is possible to define projectors
1 — _
which satisfy

P+P=1, P’=pP, P =P, PP=PP=0. (2.22)

One can then define the following projections on a generic tensor A = [A] + {A} = A
[A] = PAP" + PAPT |, {A} = PAPT + PAP" | (2.23)
such that
(Al =14], {43 ={A}, [AH={lA]}=0. (2.24)
It is easy to check that the generalized metric and its variations satisfy
H={H}, OH=[H]. (2.25)

On the other hand, it was shown in [I1] that the decomposition (ZI8]) is the most general ansatz for the double

metric, provided the fields F' are constrained as

F={F}. (2.26)

We can now consider an expansion of the field F' = F}+ Fy+. .., where the subindex labels the order of the field.
This means that when thought of as depending on the generalized metric and dilaton, F; carries 2¢ derivatives
explicitly. Plugging the expansion in the gauge transformation (2.3]) one obtains on the one hand
M = SO 46O+ 6@ 4 (2.27)
+0OF +6WF + 6P R + ...
+6OR +6WR 4+ 6@ R 4 ...,
and so on, and on the other hand
M = Le M+ ITD(M)+ TP (M) (2.28)
— LeHALeF +LeFo+t ...
+T W)+ TO(F) + T () + ..
+TBM) + TH () + TP () + ... .

Equating order by order in this expansion one finds

SOH = LcH (2.29)
s = —AOR 4+ 70 (3) (2.30)
8 = —AOE 4+ 7))+ TV () -V R (2.31)



where we have defined the operator A(®) = §(0) —Zf that measures the failure of a tensor to transform covariantly

to lowest order. Notice that since 6 = [§()H], one has

dOH = LcH (2.32)
sWH = [TW(H)) (2.33)
8O = [TOH)+ TV (F) -6V R (2.34)

so it turns out that 67 only depends on F; with i < n. Also, notice that since AOP = AOP = 0, one
has
AR = {(JYH) (2.35)
AR, = {TOH)+ TV (F) -6V E) (2.36)

2.3 Parameterizations and field redefinitions

Being symmetric and O(D, D,R)-valued, the generalized metric can always be parameterized in terms of a

D-dimensional symmetric and invertible matrix g,, and an antisymmetric matrix B,,,

g _aupﬁ
Hun =| _ R e R . (2.37)
B,upgpy uv — BupngBcw
This is consistent with the choice

0 o -
TTMN = ) a]\4 = (8“7811) = (Oaau) . (238)
50

The generalized dilaton is parameterized in terms of a dilaton 5 and the determinant of §

e =/ —§e‘2$ , (2.39)

and the generalized parameters decompose as
£
gM _ H , (240)
%
where ¢, are the one-form parameters that generate the gauge transformations of the two-form, and £# are the

vector parameters that generate infinitesimal diffeomorphisms.

To lowest order, the generalized metric transforms as usual with respect to the generalized Lie derivative.

However, we have seen that in HSZ theory its gauge transformation receives in addition an infinite number of



higher derivative corrections (2.32H2.37))

H = LeH+0OH+6DH + .. (2.41)
5d

ead—%a-g. (2.42)

These in turn induce an infinite number of corrections to the gauge transformations of the components

0 = LeGu +0Wgm +03g,, + ... (2.43)
0By, = L¢Bu + 20,6, + 0B, +6PB,, + ... (2.44)
6¢ = Lep+6Dg+6Pg+... . (2.45)

This signals an obstruction to identify the hatted fields g, B\W and ngb with the conventional metric g,

Kalb-Ramond B,,, and dilaton field ¢ in the universal sector of supergravity, which transform as follows

6g/u/ = Lﬁgw/ (2.46)
0By, = LeBuy + 20,6, + 0B (2.47)
5p = Leop. (2.48)

Here gBW gives us some freedom to consider higher order contributions, presumably of the Green-Schwarz

type, which are present in some string theories (such as the heterotic string).

The link between both sets of fields -hatted and unhatted- must be given through an invertible field redefinition

of the form

/g\;w = G T Alg/u/ + AQQW/ + ... (2.49)
B/u/ = Buu + AlB/u/ + A2Buu + ... (250)
6 = 6+A10+Dsd+ ..., (2.51)

where A;g,,, A;By, and A;g,, are allowed to depend on g,,, By, and ¢, and contain 2i derivatives. Each of
these terms must be non-covariant under the standard gauge transformations, and are of course defined only

up to covariant contributions.

Note that since the transformation of d is not deformed, it is possible to parameterize it in terms of the gauge

covariant fields

~

~ 1
e =y=ge = $=9¢+ 1 logg , (2.52)
in such a way that the redefinitions A;¢ are fixed by A;g.

We have then identified two sets of fields:

e Duality covariant fields (g, Euw 5) They correspond to the components of the generalized metric
and dilaton, and as such transform as usual under Buscher rules [16] and more generally under the full

O(D, D,R). Instead, they transform non-covariantly under diffeomorphisms and gauge transformations.

10



e Gauge and diffeomorphism covariant fields (gu., By, ¢). On the contrary, they transform as usual
-covariantly- under diffeomorphisms and gauge transformations (possibly with a Green-Schwarz deforma-

tion), but the duality transformations of these fields receive higher derivative corrections.

The two sets of fields are related by field redefinitions that are neither covariant under diffeomorphisms and
gauge transformations nor duality covariant. In order to find the final form of the action in terms of the
standard supergravity fields, in a way that is manifestly gauge invariant (and where of course the duality

symmetries are hidden) one has to perform the following chain of substitutions

(M, d) = (1, )~ (3, B, §) = (9. B, ) . (2.53)

2.4 Zy-parity

The two-derivative DFT features a discrete symmetry [2], consisting in invariance under a Zs-parity transfor-

mation generated by

N —dy 0 2 -1
Z =7y = , Lt=1, Z=7Z". (2.54)
0 dy
It transforms the generalized metric as
Zo(H) = ZHZT (2.55)

while leaving the generalized dilaton invariant. Adopting vectorial notation for derivatives 0 = 0, and gauge

parameters £ = £°, the parity transformation takes the form
Z2(0) = 20 =0zT |, Zy(&)=¢Z=2"¢ . (2.56)
At the level of components, these transformations imply

Z2(§;u/) = ./q\;u/ ) Z2(§uu) = _B;,LV ’ Z2($) = (g (257)
Zo(€M) =&, Zo(&u) = —&us Z2(0,) =0, Za(0") = —0". (2.58)
In particular, it exchanges the sign of the two-form while leaving the metric and dilaton invariant.

Note that the duality invariant metric (2.38]) changes sign when acted on by the parity matrices
nzt =—n, 2Ty 'z =—yt. (2.59)

The two-derivative DE'T is Zs-invariant because when the indices of the generalized metric and the derivatives
are placed in canonical positions, namely Hee and d,, the action contains an even number of n~'. Since the
effect of Zs-parity is to change the sign of the duality invariant metric, the fact that it enters each term an
even number of times renders the action invariant. This implies that the component action written in terms of

standard fields must contain even powers of the two-form, as is.

11



Here, based on the Zs-parity analysis of the HSZ action and gauge transformations, we wish to anticipate
the powers with which the two-form enters the action order by order. Let us point out that (the following
statements hold when the indices of the generalized fields and derivatives are placed downstairs Mee, Hee, Oo

and all contractions are made with 7°*®):

e In the action written in terms of the double metric (see Appendix [D)), terms with 2i derivatives depend

1

explicitly on even/odd powers of n~" when i is odd/even.

e The fields F; contain (by definition) 2i derivatives of the generalized metric and dilaton, and it can be
inferred from their transformation behavior (2:35H2.36]) that when expressed in terms of the generalized

metric and dilaton they contain an even/odd number of n~! when i is even/odd.

e As a consequence of the previous items, when the HSZ action is written purely in terms of the generalized

1 when

metric and dilaton, terms containing explicitly 2i derivatives will involve an even/odd number of 7~
i is odd/even. Then, terms with 2 (mod 4) derivatives will contain even powers of B\W and terms with

4 (mod 4) derivatives will contain odd powers of B\W.

e A close look into (Z32M234) shows that 65, and & () are even/odd under Zy-parity when i is even/odd,
and §() wa is even/odd under Z,-parity when ¢ is odd/even. As a result, A;g,, and A;¢ must contain
even/odd powers of B, when i is even/odd, and instead A;B,,, contains even/odd powers of By, when

i is odd/even.

Combining this information leads to the conclusion that when the final HSZ action is written in terms of the
standard fields g,,,,, By, and ¢, terms with 2i derivatives contain even/odd powers of B, when i is odd/even.
To be more precise, this statement is true only up to covariant field redefinitions that violate the parity behavior.
Note that the parity of 5(i)§uy, 6@ Euw 5(i)$ only fixes the parity of the non-covariant part of A;g,,, A;B,,
and A;¢, but leaves the covariant part unrestricted. One could, for example, induce through covariant field
redefinitions Ricci-squared terms in the action that seem to violate the claim that first order contributions are
odd under Zs-parity. But then of course by construction these terms are removable through covariant field

redefinitions.

2.5 First order corrections and the Green-Schwarz mechanism

Following a preliminary discussion in [§], the first order corrections to HSZ theory were worked out in detail
in a series of papers [11], 13] by O. Hohm and B. Zwiebach. Here we briefly review the results that are relevant

for our purpose of finding the second order corrections.

In [9 O], the fields Fysn in ([ZI8]) were shown to correspond to dynamical massive excitations. Once the
action is expressed in terms of these fields and of the the generalized metric and dilaton, one can integrate

them out ending with an effective action for the massless fields. The result of such a procedure is a functional

12



dependence of the fields F; in terms of the generalized metric and dilaton. For the first order, the solution was

found to be

1 1 1
Fiyn = ZHMP(?Q'HNI@]'HPQ — Z’HM PaQHN[ aPHQI — Z'HMP(?N'HQI(?Q'HPI

1 1
16 Hm PonHO opHor + S HPCOpH T dgH N + (M <5 N) . (2.60)

Since F} is already first order as it carries two derivatives, to first order the components of H;n and d can be

taken to be the familiar unhatted gauge covariant g,,, B,, and ¢.

In addition, the double metric (2.I8]) also receives a contribution to first order from the generalized metric.

Indeed, the first order deformation of the gauge transformation of the generalized metric (Z33)) is given by

1 1
S HyN = = OHTC0pKon + — Hu PHy YopH! T 01K ¢ (2.61)

4
1 1
—5 OpHou INKOT + 5 Hu PN QoM p 0K + (M < N) .

This, as explained above, induces a first order transformation of its components

Vg = 3 B 057 — 3 B 0 €57+ Do 06575
2 ulloo On&e FT —  Bupiion 0o TG (262)
2 Boouie s 5757 + ()

By = =30l O & T + 1 0o 08 GusG T (w0 0) (263)

One can then try to perform a first order non-covariant field redefinition to make contact with the gauge
covariant fields (2.46H2.48]). These redefinitions were worked out in full detail in [I1], and up to covariant terms

are given by

1 1
Alguu = _Z 8;,LBPO' 8791/5 gp—ygas - Z 8pB;w 8791/5 gpsga'y
1 1
+7 90B1uo 039ve 9797 = 7 0pBuuo Ougye 9797 + (n+v)
1
AIB,U,I/ Z 8lulgpo' 8’)/91/& gp’ygo-e - (M <_> V) . (2.64)

It turns out to be impossible to trivialize the transformation of the Kalb-Ramond field to first order [13], and one

is forced to end with a two-form that transforms to first order under a Green-Schwarz-like transformation
0B, = 8M8p£"I‘|pV}U , (2.65)

where EBW was defined in (2Z47). Due to this transformation, the standard supergravity action fails to be
diffeomorphism invariant to first order, so the three-form field strength must be corrected with a Chern-
Simons term. This is reminiscent to what happens in the heterotic string, where anomaly cancellation requires

a deformation of the three-form field strength with a Lorentz Chern-Simons term constructed from a spin
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connection with torsion. In HSZ theory the connection in the Chern-Simons term is the Levi-Civita (or
Christoffel) connection. The minimal action consistent with the deformed gauge transformations and the

standard zeroth order action is given by
1 ~ -
S = / dPx/—ge (R + 4V, VF¢ — 4V , ¢V — EHWPH“’“’> : (2.66)

where

~

Hywp = Hywp + 32 - (2.67)

All these quantities were defined in Appendix [Al The first order contribution to the Lagrangian is given by
—% H,,, """, and consistently satisfies the expectation that first order corrections involve odd powers of the
two-form field. The bosonic and heterotic strings contain a Riemann-squared term to first order, but in HSZ

theory such a term is forbidden by Zs-parity.

2.6 Second order corrections and the Riemann-cubed terms

Already from the results of the previous subsection one can anticipate a second order contribution to HSZ
theory given by the Chern-Simons squared term in ([2.66H2.67]), namely —% Qv QP In [17], O. Hohm and B.
Zwiebach explored to what extent higher derivative corrections are constrained by T-duality. Building on the
seminal work by K. Meissner [I8] (see also [19]), they refined a procedure to test the T-duality invariance of
a generic gauge invariant action, offering necessary conditions. By applying the method to the action (2.66l),
they found that the theory is consistent with T-duality to first order, but fails to be duality invariant to second
order. As a result, the action (266l faithfully reproduces the interactions in HSZ theory to first order, but is

expected to contain additional second order interactions beyond the Chern-Simons squared terms.

Analyzing on-shell three point functions to all orders in the derivative expansion, U. Naseer and B. Zwiebach
concluded in [14] that HSZ theory must contain, in addition to the quadratic Chern-Simons terms, a Riemann-
cubed interaction to second order. Their work shows that to second order, the following is the gauge invariant

action that reproduces the on-shell cubic amplitudes of HSZ theory
s = [aP 20 (R4 4V, V#6 — AV, VP — — I, [T
= x\/—ge +4V, Vi — 4V ,oVF o — 19 e

1 o o v
_4_8 Ruu BRaﬁp Rpau ) . (268)

The coefficient of the Riemann-cubed term is minus the coefficient of the same term in bosonic string theory. No
such term appears in the heterotic string. It was shown in [20] that interactions that contribute to three-point
amplitudes with three external gravitons lead to causality violations that require the existence of an infinite
tower of new particles with spin higher than two. Such violations are avoided when the full structure of string

theory is taken into account [21].
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In bosonic string theory there is also a non-zero Gauss-Bonnet Riemann-cubed term Gj
G3 = R’ Rag’ Rpo! — 2 R™ PR\ Ry (2.69)

but its presence can only be seen from four point amplitudes [I5]. Note again that these corrections satisfy the

expectation that the second order corrections must involve even powers of the two-form.

3 The full massless action to second order

In this section we present the original results of this paper. Since many computations produce large outputs,
we separate some intermediate results and show them in Appendix [El Most computations are conceptually
simple but computationally challenging. Without the aid of Cadabra software [24], some of the computations

would have been for all practical purposes impossible to carry on.

The main result is the computation of the full massless second order action of HSZ theory. We begin explaining

the procedure, then display the result and conclude by analyzing some relevant interactions.

3.1 Second order gauge transformations and field redefinitions

Let us schematically illustrate the procedure and some intermediate relevant results:

e First. We compute explicitly how the generalized metric transforms to second order. The formal expres-

sion is given in (2.34])
dIH = [TBH) + TV () -V AT, (3.1)

and we already have all the ingredients to perform the computation, namely Fj[H] in ([Z.60). Note that

@7 is independent of the generalized dilaton, because so is F}.

e Second. We compute the second order transformation induced on the set of fields that parameterize the

generalized metric. The results can be found in Appendix [E]

%G, —  eq (EID (3:2)
§PB, = eq (E2). (3.3)

~

e Third. We find the field redefinitions that connect the duality covariant fields (g, B,.) to the gauge
covariant fields (g, By,) by demanding that the gauge transformations trivialize to (Z46HZAT). The
results for the metric (249) and two-form (250) are given in Appendix [E]

AVY — eq. (E3) (3.4)
AoB,, —  eq (EF). (3.5)
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Interestingly, under these redefinitions, EBW in (247)) does not receive a second order deformation, and

remains the first order Green-Schwarz transformation (2.69]).

e Fourth. The last piece of information we need is the functional dependence of Fy[H, d]. With this, and
the information obtained above on how the generalized metric and dilaton are parameterized in terms
of the gauge covariant fields, we are ready to compute the action in terms of the standard supergravity
fields. We then seek the most general F, that satisfies equation (Z386]). This of course determines F» up
to terms that are covariant with respect to the lowest order transformations. One expects a splitting of
the form

= F2non—cov + F;OV 7 A(O)Fé:ov =0, (36)

where F,“"7°" is unique. We show in Appendix [C] that the covariant piece can be simply ignored to
second order, because it leads to covariant boundary terms in the action. Since the right hand side in
(238) does not depend on the generalized dilaton (because F; in ([2.60) is independent) it follows that

FJon=Vig independent as well. Again, the result is shown in Appendix [E]

Fyonmev —  eq. (ELF) . (3.7)

3.2 Full second order action in covariant form

We now have all the necessary ingredients to compute the full second order correction to the HSZ action. The
procedure has been outlined before, but let us sketch it once again. The starting point is the action in terms of
the double metric and generalized dilaton (ZI6) (see also Appendix[D]). Since we are interested in the second
order terms, we need to consider the full action with all up to six derivatives. Then, one needs to find the
parameterization of the double metric M and dilaton d in terms of the gauge covariant fields g,,,, B, and ¢.

This is accomplished through the substitution chain
(M, d) = (1, d) = (3, B. ) = (9, B, 9) , (3.8)

truncated to second order in the action. After this sequence is implemented, the output is a huge expression
in terms of fields and their derivatives, which is covariant under diffeomorphisms and gauge transformations
by construction, but the symmetries are far from being manifest. One then has to re-write the final output
in terms of contractions of covariant quantities, such as the Riemann tensor, three-form field strength, dilaton

and covariant derivatives acting on them.
The result is the following action

S = /de —ge 20 (L(O) + LW 4 L(z)) . (3.9)
Here, L is of course the usual two-derivative action

1
LO = R -4V ,¢VH ¢ + 4V, VFp — 75 Huwp "7 (3.10)
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The first order contribution is exactly the expression anticipated in ﬂm
L(l) - H” 09 v 3 11
——H,,, Q" ( . )

and contains neither extra boundary terms, nor other extra covariant terms that could have been required by
duality. This is consistent with the findings in [5]. The second order contribution is rather lengthy, and it helps

to separate it in powers of the two-form and dilaton as follows

L@ = rploo g1 4 rlo2 | 03] 4 7l04]
L0y pl21 g g2y pl2s) (3.12)

L[470} + L[471} + L[472] + L[670] .

The notation LM57¢] indicates that such terms contain np two-forms and ng dilatons.
Concretely, each contribution is

3 17 1 vV po 1 vV po € 1 1%
o0 — — 1V = S VIR Ry + 5 RYVPTR,Y ) Rioe = 2 VIV VIV R

1 1 1 1
+ RV Ry + RV Ry, 4 g VIRV Ry + 5 VIRV Ry, — SRR Ry

o = VYRV, V,6 — % VHIVYV,R V6 + g VAV VYVPY V0 —3VEV, VYV, VPV 0

—2R"V,RV,¢$ —3V'R’V,V,V,¢ —2VFV,R"” V,V,¢ —4R"R,"V,V ¢
5 3
— 5 RVUR V) + 2RV R, OV N+ 5 RV R T Vo

1
oA = —5 VIV R V6V +3VIVIV, VIV 0 Vd + 11VIVIVIV,0 VY00

+AVIV, VY V,VPV,0 +4VAV'VPG V.V, V6 + 2RIV, V.6 V¢
—5RMV,V, VP Vb + 4RIV . VY6 — AVERYP Y,V 6 Vb +10VFRP Y,V .6 V0
—5VFR,Y VPV, Vb + VAV, R V6V 0 — 8 R¥PV, V6 V) Ved + R R’ OV, Ve |

L3l = 2 VIVYVPY 6 V0 V,6 +AVEVIVPY 0 V0V, — 8VIVYVPY b Vo V0
—2VAVYVP¢ YV, V0 Vg — 16 VAV V6 VPV .0 V0
—20VHIV'VP) V,V,0 Vo —12VIVY6 V, VP V, V0

L0 = 4VIVIVPG Vb VidVep + 16 VIV G VIV, Vb Vo
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1 1 1 1
LRI = 35 VI'VUVIVAH T Hyyg) = o HYPHy "N Vo R = o0 BN Hyy Vo R = < HM'V Hyo Vo R
1 1 1
+ g VI H NV e+ 1 VIV HL 7 VN gy — o HYP Hyy TV V3 Ryo

1 1 3
— H"P ROV N Hypy + 5 HP Ry OV, Hygy, — 12 HPP R, OV oV oy

3 1 1 1

— g HMN Hy "N o Ry — 7 H'N Hyuo " Vy Ry = 2 RN, H, "7 N gy 5 RV H, 7 Vo Hypr
5 1 1

— 5 RV HL TV Hygy o HYPH, T Ryg Ry — o5 HYPH,, 7'V V Ry

1 1 1
— "R VNV Hye = HYPR, TNV N e — < HMPV7H, 7V, Ry

1 1 1
g ROV Hyy Vo Hyoe — 16 RPN Hyuy Vo Hpoe + 5 RPN W H, Vo Hyse
3 3 1
+J H"PH, " Ry ‘Ryoe + 15 H"H Ry Ries — 7 H'PH, “ 'Ry © Ry

) 1 1
—3 HYPH, VR, 5 °Rpers + S H"PH, "V Ryy R pres — G H"PH "Ry Ryoes
1 5 5
L2 = L HYP H, N p RV 6 — < HP Hyy TN N,V Vo6 = 2 HYPN Hyg VIV V
5 17 ag 17 ag 3 17 g
— o "N Huy VNN — HINHy, "V, VoV — 3 HYNIN Hyy V¥ o6

1 1 1
— JHMONIN Hyy VoV — o HUPNOV N Hyy Vb — 3 HPVOV IV, Hypy Vod

1 oo 1 vpo 3 vp oo

-3 VHHYP N Hypo V Ny — 1 VEHYP N ,H,, " VoV — 1 VFH,"PNH,," V,V¢
1 oo 1 Vpo 1 vpo

-3 VHH P NN Hyp Vo — 3 VHHY"P? N N H,py Ve — 3 VEH"P? N NV, Hpe 7 Vg
1 S 1 v o

= VIH NN G Hyy T Vg — 2 VI,V NV Hye T Vg

+ Z H"?H,,° R,V + H"PH,,°V,Ry" V. — g H"™PH,, "NV Ry Vo

+ é H"? RO o H,yyp Vo + % H"P RO o H o V pp — i H"P R, "N Hyoy V b

+ g H"*R,°NH,,, Vb + i H"*R,V ,H,," V¢ + i H"? HOR 10V Vo

+ % H"PH, " Rypy VoV — % H"PH,, "R, V. Vo + i H"?H, "'V Ryyppe Vo

1 1 1
+ 5 H"PR, VN o Hypy Ve + 3 H"PR, TNV Hoye Vo + 3 H"PR, 77V yHpye Vot

22— ZHWPHW"WWVW Vod + ZHWPHW"VPVJV% Vyp +2H"™PH,, 'V, ¢ VeV,
+ g HMPNHyy "NV Voo + Z H"PNHyo VIV ¢ Vo + g H"PN Hyy YNV y¢ Vo
- % HMPN Hyy VN Vg — 3 HPPN  H, 7Y VoV ¢ Vo + %HWVUWHW V6 Vot
- 1—12 HMYPNON Hyp Vo Vot — % HM"PNON  Hyo ' Yy Voo — % VEH"" N Hyy ' Vo Vo

3 1 3
+ G VIH NV TV 00 Vg + L VEH Ny, Va6 Vb — S HP P H, R,V 66 V0

1 v gye 3 v g € 1 17 g €
- §Hﬂ PHY Ruo‘l/’yvp(va(b - §Hﬂ pHM A/Ruap V7¢Ve¢ - ZH“ pH;w Rppya V'y(bvs(b )

5 1
LB = 2 HIPH,, "V ,NV6 Vo Vb — 5 HPV Hy 'V 6 Ve Vot
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1 1

1
L = = Hy P Ho HM N NV ey — 2 Hy " Ho ""HY V5V Hope + o Hyy "HTH V5V Ho e
1 o € w70 3 o €d 1 o €d
+ 76 H"PH,, "V ,Hy VO Hoos + o HWPH, 'V, H,° VyH, 5 — = HMYPH, Oy Hy Vo Hpes
+ 6i4 HHVPHMV crva“/d VJH%J 4 1_16 H“VPHU%VMHVJ 1) va’yeJ _ 3% H“VPHU%VMHVJ 1) V—preé
3 5 1 5 1 5
+ 51 HMPHON  Hyo * YV Hyps — 5 H"PH,, "N Hy VO Hyes + 6 H"PH, "'V, Hyr © VO H s
1 1 1
+ 3_2 H“VPHH o’YveHVpE V(SHU'Y& + % Ve fFove V(SH,uup VéHo"\/E + E HHVP Foe VuHo% véHup(S
1 1 1
= 16 H"PHT Yy gy Vo Hoos = S HywpHo " Hy 7 Hac " RY® — oo HyupHon " He ™ Hy M RE?
L Hy Hy L S Hyg RO — o H o PHV Hy VRO — = H H o Hy 7 Hy 7 R
39 pwrpllo Ye A 16 pvptlory € Ad 32 pvpdloyelds A ’
1 1 1
41 _ 5 5 5
L = = H, " HT " e, *Hoy °V Vs — ¢ Hy""HT" Hyy Hoy *VVed + o Hy""H7" Hy OV Hey V o0
1 1 1
— 5 Ha YPHO M H oy O Hoys V 0 — < Ha YPHOMH,, YV, H.,° Vb + < Hu P HOMY Hy N Hyyp Vo
1 1
-3 HMWPHOHy °N  Heyy Vs — 3 HMWPHV Hyo OV Hs V pb
1 1
“ 16 H,""HO " H, NV He,p Vi — 3 H,"PH"H, NV H, )5 Ve
w2 _ L gu ppew € 4 Lo oo e g
L2 = < H*,PHO H,, “H,, V56 V) < H* ,PHOHE 5,H 0 OV 16 Ve
1 1
L[G’O] = _@ H" VPHJVPHPY séH)\ I OC}Iorw\]{cr < + @ HquHo’y eH(S )\oeH(Se QHMV TH? P A :

This action can of course be simplified combining Bianchi identities, integration by parts and field redefinitions.
Finding the minimal form of the full action is an ambitious program that we will not pursue here. In the case
of the four-derivative theory, it was shown in [6] that any gauge invariant action can be reduced to contain
only eight terms. Some of these terms were dubbed unambiguous because their coefficients can not be modified
through field redefinitions nor integrations by parts. An example of an unambiguous term is the Riemann-
squared contained in the bosonic string. The six-derivative case is far more complicated, and was discussed
in [22] for the case of vanishing dilaton. There, it was shown that the most general theory can be reduced to
only twenty-one terms, ten of which are unambiguous. In the next section we will briefly discuss some limit
cases that will help in identifying some relevant six-derivative interactions in the theory. In particular, we will

provide the minimal form this action when ¢ = 0.

Let us finally note here that gauge invariance (more precisely, the Green-Schwarz transformation of the two-
form (2.63])) requires putting a hat over all the three-form field strengths H,,, — H uvps in order to restore the
Chern-Simons terms (2.67)). This replacement leaves the second order terms untouched, but would be required

by gauge invariance when analyzing the next orders in /.
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3.3 Riemann-cubed, Gauss-Bonnet and more

Here we wish to study the action in some limit cases, in order to understand what the most relevant terms

are.

As a first check, we have verified explicitly full consistency with the results in [I4]. Setting the dilaton to zero
¢ = 0, after repeated use of integrations by part and the lowest order equations of motion (which as we show
in Appendix [Bl corresponds to performing second order field redefinitions), we expanded the metric around a
flat background g,,, = 7, + hy keeping terms up to cubic order in fluctuationd]. We then imposed on-shell
and polarization conditions, namely #**0,...0, --- = 0 and 0"h,, = 0"B,, = 0, and verified that the only

contribution to the cubic action is given by
1
- 4—88“”hp085”hAu8Aph5V : (3.13)

in agreement with [14].

Let us now take both the dilaton and two-form to zero By, = ¢ = 0, and keep the full (unexpanded) metric

field. In this case, the only terms that survive are those in L[

, and moreover integrating by parts, using
Bianchi identities (A.5HAT)) and taking R, = 0 and R = 0 (which corresponds to performing field redefinitions)
one is left with

1

3 1
(0,0 — _ 2 ouvp = af po o
L 1 QP 18 R, Rop" Ryo 24G3 , (3.14)

where (G5 is the cubic Gauss-Bonnet interaction term
G3 = R Rop’ Rpo!” — 2 RMPR,\5 RN, . (3.15)

This term vanishes on-shell to cubic order and is then transparent to three-point amplitudes.

Let us finally discuss another limit case with vanishing dilaton ¢ = 0, but non-vanishing metric and two-form.

After some redefinitions and integrations by parts the Lagrangian can be drastically simplified to

3 1 i 1 B 1 i
L = _ZQHWQW — — R’ Rog” Rpe™ + 1o ftpoaplt VR + ﬁHgoRpaﬁ TR oy

16
_aRaﬁupRupHyaﬁHﬁmy + @Raﬁg,uRfyuHaﬁwHouy - @Raﬁfyonaﬁ/Hzﬁg (316)
1 720 772 1 7y 7y 732 1 7y 7y 732
g Rop ™ H P %RQBH‘”WHBPVH V= 1o Vo llaw VT H" H b

where we have defined H ;2w = H Mmﬁ L,P?. Written in this way, except for the Chern-Simons-squared term, it fits
into the minimal form of the action introduced in [22], implying that the number of terms can not be reduced

further). One can however ask if the dependence on H wp can be eliminated by field redefinitions. Using the

“For a discussion on the cubic-order duality covariant expansion of DFT see [23].

SComparing with the minimal action (5.1) in [22] we see that the only non-vanishing coefficients are By = —=, By = %7

T
A6: L A9: ! A14: : A2O: A22: A24: A38:—

1 -1 1 . L . 1
327 64° 1287 1287 768 256 128"
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equation of motion with vanishing dilaton ﬁﬁy = 4R,,,, the Lagrangian can be rewritten as

3

1 1 1 1
L = 1 Py — 13 Ry R Ry — ﬂGg + ngngamRaaﬁ'y B gRaﬁwRO”RB"
_ZgRaBRaHRBM _ aRaﬁupRupraﬁHWw + 5 RO!BO’;,LR’)/I/HOCB’YHJMV (317)

1 =, = 1_ - .
—aRaﬁHapyHﬁﬂwa - aVUHaWV”HB‘“’RO‘B :

We conclude that H wvp can not be totally eliminated from the action, and taking into account that it hides
a first order correction, the fact that it appears quadratically announces that the full action must at least go
up to O(a/*). This confirms the expectation that the second order action is not exactly duality invariant, and

that duality invariance will require an infinite expansion in powers of o/.

Let us finally note that the lowest order equations of motion combined with integration by parts always allow
to eliminate from the Lagrangian all terms with covariant derivatives of the dilaton, even without assuming
that some particular field vanishes. In fact, whenever the dilaton appears covariantly derived once, it can
be eliminated through an integration by parts e_zd’V“VMqﬁ = —%V“V,ﬁ_% = %VMV“e_%. If instead it
appears derived more that once, the equations of motion can be used to eliminate the dependence on it

V¢ = _%RNV + %HMPUHVPU'

4 Outlook and concluding remarks

We have computed the full second order action for the massless sector of HSZ Double Field Theory [8]. The
theory features an exact duality invariant extension of the Green-Schwarz mechanism [I3]. The first order
a/-corrections are given by Chern-Simons deformations of the three-form field strength. To second order in o’
the theory was known to contain a Riemann-cubed interaction, with minus the coefficient of the same term in
the bosonic string [14]. Here we provide the full second order action in a manifestly covariant form (the result
can be found in Subsection [3.2)). The gravitational sector includes a cubic Gauss-Bonnet interaction, also with
opposite coefficient to that in the bosonic string. The second order contributions contain even powers of the
three-form field strength, and the fact its dependence can not be eliminated from the action anticipates that

exact duality invariance requires further higher-derivative terms.

It would be desirable to take the full second order action to a minimal form, combining field redefinitions,
Bianchi identities and integrations by part. We have done this in the particular case of vanishing dilaton,
obtaining a very simple expression for the action ([B.I7). It would be interesting to compare our results with
the second order corrections to the bosonic string, and explore to what extent the coincidences that occur in

the gravitational sector apply to the general action.

HSZ theory is presumably the simplest higher-derivative theory of gravity with exact duality invariance. Al-

though it is not a conventional string theory, understanding how duality and gauge invariance organize the
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action can shed light on how duality constrains higher-derivative interactions in more general set-ups. In [5]
a deformation of DFT was proposed in the frame-formalism, which captures the first order corrections to
the bosonic, heterotic and HSZ theory. It would be interesting to see how to extend these deformations to

higher-orders, so understanding them in the particular case of HSZ theory is a convenient starting point.

Acknowledgments: We are indebted with J. Edelstein, O. Hohm, U. Naseer, C. Nunez and B. Zwiebach for
enlightening discussions. Support by CONICET, UBA and ANPCyT is also gratefully acknowledged.

A Conventions and definitions

In this Appendix we introduce some notation used throughout the paper.
Space-time indices are denoted with greek letters u,v,.... The Lie derivative of a tensor is given by

LV, =¢€P0,V,)" + 0,87V, — 0,§"V,° . (A1)
The Christoffel connection is defined in terms of the metric as

1
PZV = §gp0' (8#91/0’ + a[/gp/o' - 80'9;“/) 5 F[p O 5 (A.2)
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and transforms anomalously under infinitesimal diffeomorphisms (whenever the Lie derivative acts on a non-

tensorial object, we use the convention that it acts as if it were covariant)
0L, = Lel', + 040,67, (A.3)
so it allows to define a covariant derivative, given by
VoV)' =0,V =17 Vo" +T,, V.7 . (A.4)
The commutator of two covariant derivatives
[Vw V] V7 = _Répuv Vs® + Rochvaé J (A.5)
is expressed in terms of the Riemann tensor, which can be expressed as
Rl gy = 0,10y — 0,10y +T0Ty, —THTS, . (A.6)
Its symmetries and Bianchi identities are
Rpopw = 96 R0 = Ritpolpu)) » Rlow) =0, ViuRun’s =0 (A7)
Traces of the Riemann tensor give the Ricci tensor and scalar, respectively
Ry = R R=g"Ru . (A.8)

22



The Chern-Simons three-form is defined as

2
_ 1o o 1) o A
Qv = Tiugo O Ts + 3Tl T ols » (A.9)

and it transforms under infinitesimal diffeomorphisms as

0 = LeQup — Oy (ay|agg5rlc;] 5) - (A.10)

The Kalb-Ramond two-form transforms both with respect to gauge transformations, parameterized by a one-
form &, and diffeomorphisms
53“1, = LSBHV + 26[“&/] + 8M8p§"1“"’y]a . (A.ll)

The last term corresponds to a first order deformation know as the Green-Schwarz transformation [I2]. Due

to this contribution, the standard three-form curvature of the Kalb-Ramond two-form

Hyp= 38[uBVp] = 0uByy, +0,Bp, + 0,8, , (A.12)
fails to transform covariantly under diffeomorphisms. Instead, the proper covariant curvature tensor is given
by

~

Hyvp = Hyunp+3np ,  0Hpup = LeH,, . (A.13)

This tensor satisfies the following Bianchi identity

Vi H ;

oA
vpo| — _ZR[W/ Rpa]é)\ . (A14)

B Covariant second order field redefinitions

The lowest order action (394310 is
1
SO — / dPxy/—ge <R + 4V, VF — 4V ,¢VH$ — EHWPHWP> : (B.1)

The equations of motion for the dilaton, two-form and metric are

D¢=0, DB, =0, Dg,=0, (B.2)
where
1
D¢ = R+4V,V'¢—4V, o V' — EHWPH“”” (B.3)
DB, = -2V, 0H’,,+V’H,, (B.4)
1 1
Dg,, = —59“,, D¢+ R, +2V,V,0 — ZHupoHupU . (B.5)
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We now explain that any six derivative term in the action that involves at least one of these quantities, can
always be eliminated through a second order field redefinition. Indeed, consider a generic six derivative term

depending on any of these quantities, then integrating by parts it can always be taken to the form
S = / dPxy/=ge ?? (Dg,, T{" + DBy, TS + D¢ Ts) | (B.6)

for some T4, T4" and T3 that depend on the Riemann tensor, three-form field strength, dilaton and their

covariant derivatives. On the other hand, through a covariant second order field redefinition
G = G + Doguy » By = B+ DoBuy . ¢ — ¢+ Do, (B.7)
the two-derivative action (B.J) shifts as
AgS = / dPxy/=ge ** (Dguy Dog"” + DBy AyB* + D Ayg) (B.8)
up to boundary terms. Then, fixing the field redefinition to
ANoguy = =Ty , DoBuy = —Top , Do =-Ty, (B.9)

eliminates S’ from the total action.

C Covariant part of Fj

We have delayed to this Appendix the discussion on why it is consistent to ignore the covariant second order

contributions to F5 in (3.6). Consider the most general parameterization of a tensor with projections F =
{F}

e T g"°F,, — g"°Ff g7 By,

Fp9™ + Busg™ Flg™ il — Fu,9°° Boy — F,9" Boy — Bupg” F 5 6% By

Fyn = (C.1)
A symmetric tensor with projections PFPT (PF PT) contains the same degrees of freedom as a symmetric
matrix £, (F ). Thus, a symmetric tensor with projection F = {F} = PF PT + PFP" contains as degrees
of freedom two symmetric matrices, which have been named in (C.I)) F ;'fj =Fu,+F - Due to its projections
F5°¥ must admit a parameterization of the form (CII), with F, jfj covariant under diffeomorphisms and gauge
transformations. We can then study how the action gets shifted when a non-vanishing F5°V is turned on. The

result turns out to be simply
1
SF2cov = /dD.Z' vV —g VM <—6 6_2¢ V“ij> . (C2)

This is a covariant total derivative, and can then be dropped out from the action.
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Let us now give a complementary argument on why it is possible to ignore the covariant part of F5. We have
checked with Cadabra [24], that the most general form of a covariant range two tensor with the projections of

F, = {F»} takes the form
EsSin = aRupRY N + Hun (0R? + cRynRMY + dV  VyRMY) (C.3)

where R and Ryn = RMN + Rﬁﬂ are the generalized Ricci scalar and tensor of DFT [25]. The covariant
derivatives in the last term above are determined/covariant due to the projections of the Ricci tensor. The
observation is that the Ricci scalar (tensor) encodes the lowest order equations of motion of the dilaton (metric
and two-form), and then any covariant piece of F5 can be ultimately eliminated from the action through field

redefinitions.
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D Full action in terms of the double metric

In this Appendix we show the full HSZ action written in terms of the double metric M,y and dilaton d.

Schematically it takes the form
S = / 2D g2 (L<O> Ty Oy (O L<6>) , (D.1)

where the supralabel L() indicates the number of derivatives that appear explicitly in each term. As can be

verified in what follows, the action is at most cubic in the double metric. Explicitly one has
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E Some relevant intermediate results

Here we show the explicit form of certain results, which due to their length may generate confusion if displayed

in the main text.

The second order transformation of the duality covariant metric ¢ (2)’9\,“, in (2.43) has a shorter expression when

contracted with some symmetric tensor S*”
@G = SMV(;(?)@\W ) (E.1)

This should not be confused with the second order transformation of the determinant of the metric. The
above contraction is only a device to shorten the output, and allows to determine 5(2)’9\,“, from 6@ simply by

factorizing S* out, and symmetrizing the remnant. The result is given by
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The second order transformation of the duality covariant two-form ¢ (Z)EW in (Z.44]) also has a shorter expression

when contracted in this case with some antisymmetric tensor A"

DB = Aw§dB,, . (E.2)

The result is
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The second order field redefinition for the duality covariant metric Ayg,, in ([2.49) also has a shorter expression

when contracted with some symmetric tensor S*”
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_ g SATgéugaagB'ygnugps + g S)ﬂ'g&ugoca‘gﬂ'ygmpgue _ g S)ﬂ'g&ugoca‘gﬂpgn'ygue + g Suwgéﬁgkrgaugnsgpa _ g Suwgéﬁg)ﬂ'gaugna'gpe
1 1 1 1

+ Tﬁ Su'ygéug/\-rga»ig[-}egpa _ E Suvgéug)\fgamgﬁogpe _ Tﬁ S;rygéug/\-rgapg[-}egma + Tﬁ S;rygéug)\rgapg[-}agme
1 1 1 1 1

_ g Su'ygérg)\[-}gaugnegpa + g prygé-rg/\ﬁgaugmagpe + g Su'ygé-rg)\mgaegﬁugpa + g S;rygérg/\»igaugﬁegpo _ g S;rygérg/\»igaugﬁogpe
1 1 1 1 1

_ g Su'yg&rg)uegaagﬂugps _ E Su'yg&rgkagaegﬁugmp + E Suagéﬁgkuga'ygrpgme + E Sua‘géﬁgkrgaug»vygps _ g Sua‘géug)\rga'ygﬁegmp
1 1 1 1 1

+ g Suagéugkrga'ygﬁpgme + 372 Sua‘ éug)\rgamgﬂ'ygps _ 372 Sua‘g&ug)ﬂ'gap‘ B'ygme _ E Sua‘géﬂ'gkﬁgaugm'ygﬂs i Suag&rg)uegaugﬁ'ygpe
1 1 1 1 1

_ Z Suogérg/\uga'ygﬁpgme _ 5 Suvgéﬁg)\ugapgragme _ g Su'ygéﬁg)\rgaugmegpo + E Su'ygéﬁg)\rgaugmagpe + E Swygéﬁg)\rgapgneguo
1 1 1 1

_ E Su'ygéug)\rgocngﬁsgpa' + 3_2 Su'ygéug)\rgocngﬁa'gps + E Su'ygéug)\rgocpgﬁegna' _ 3_2 Su'yg&ug)\rgapgﬂagme
1 1 1 1 1

+— Su'yg&pg)\rgangﬁegua = Su'ygépg)m’gaugﬁegna‘ 4= Su'yg&rgkﬁgaugnsgpa = Su'ygéﬂ'g)\ﬂgaugna'gps I Su'yg&rgkﬁgapgnsgua
32 32 8 16 16
1 1 1 1 1

_ g Swygérg/\»igaug[-}egpa + g Su'ygé-rg)\ngaugﬁogpe + g Swygéfg/\»igapgﬁegua _ g Swygérg/\»igapgﬁogue _ E Su'ygérg)\ugapgﬁegmo

+isu'y 5T Ap _ap Bo ke i

9°" g g% 9" g )+8ugupaogwe859m859m(7165“”9 9”79 g g

vd p\ of3 eT am+%suwguégp>\gargeﬁgam

16
1 1 1 1 1

+ 1_6 Suwgu&gpkga‘ﬂ'gengaﬁ _ E Su'yguegp&ga‘ﬁg)ﬂ'gam 4= Su'ygusgpégargkﬁgan + g Suwguegpkga‘ﬁgéfgam _ g Suwguegpkga‘ﬂ'géﬁgam
1 1 1 1 1

_ g Su'yguegp)\gargémgaﬁ + 5 Su'ygu/\gpaga[-}ge-rgém _ 5 S;rygu)\gpagcr-rge[-}gén _ 5 S;rygu/\gpagafgemgéﬁ + = S[,L’ygl/)\gpfgo'ageﬁgé)i
1 1 1 1 1

_ Z Su'ygu)\gprgoégemgaﬁ + E Su'yguogpégeﬁg)\fgan _ g Su'yguogpége-rg)\[-}gan _ g Su'yguogp)\ge[-}gérgan + g pryguagp/\ge-rgéﬁgam
1 1 1 1 1

+ g Su'ygua‘gpkgsﬂ'gémgaﬁ + 3_2 Suagu&gpkg'yﬁgsfgam _ 3_2 Sua‘guégpkg'yﬂ'gengaﬁ + g Sua‘gu&gpﬂ'g'ykgsmgaﬁ + 3_2 Sua‘gu'ygp&gsﬁg)ﬂ'gam
1 1 1 1 1

_ g Suogu'ygpégerg)\[-}gan + E Suogu'ygp)\gergéﬂgan + E Suogu'ygp)\gergémga[-} + ﬁ Suogu/\gpag'yrgemgéﬁ + 5 Swyguégpegoﬁg)\rgan
1 1 1 1 1

_ g Suwguégpegorg)\[-}gan + 5 Suwguégp/\goﬁgefgan _ E Su'yguégp)\gargeﬁgam _ E Su'yguégp/\gorgemga[-} _ E Swyguegpégcrﬁg)\rgam
1 1 1 1 1

+ g Su'ygusgp&gargkﬁgam + g Su'yguegp)\gaﬂgtﬁ'gan _ g Su'yguegp)\gargtsﬂgan _ g Su'yguegp)\garg&egaﬁ + 3_2 Su'ygukgpagargsmgéﬁ
1 1 1 1 1

+ 5 Swygu)\gpégorge[-}gan + E Swygu)\gpégorgemga[-} + E Sl/‘ygy.)\gpégdfgsﬂgouc + E Su'ygu)\gpegargémga[-} + = Swygu/\gprgoagemgéﬁ
1 1 1 1 1

_ g SV’yg[J.)\nggo')igéagéﬁ + 5 Suwguagpégeﬁg)\fgan _ g Suwguagpége-rg)\[-}gan + E Swyguagp)\gergéﬂgan + E Su'yguagp)\gergémga[-} )

The second order field redefinition for the duality covariant two-form Agéw, in ([Z50) also has a shorter

expression when contracted with some antisymmetric tensor A*”

AyB = A" AyB,, . (E.4)
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The result is

1 1 1 1
AsB = augup B(TB'ys 95 Bra BBBT»@ ( E A'y)\gcrﬁgergéugaugmp _ R A'y/\qa[-}ge-rgéugauqmp E A'y)\qcrﬁgergéugapgnu R A'y/\qargeﬁgéugaugmp

1 1 1 1 1

+ = A'y)\g(rﬂ'geﬂg&ugocugnp + = A'y)\ga'ﬂ'geﬂg&ugocpgmu + = A'ykga‘ﬂ'gsmg&ugaugﬁp = A'y)\ga'ﬂ'gengéugaugﬂp _ = A'ykgargsmg&ugapgﬁu
16 16 16 16 16
1 1 1 1

= Awuga&gs)\gaﬂ'gﬁug»@p = A'yugakgeagéﬂ'gﬁugnp + = A'yugakgségocrgﬁugnp = A'yuga&gekgaﬂgrug»@p
16 16 16 16

+iAwgoagexgaTgﬁugmp iA’yugatsgé/\gaTgﬁpgnu B iA‘ngo)\géagéﬁg‘rp.gK,p+iA’yugo)\géagé‘rgﬁp.gK,p iA'ngU/\geaquTnggmp.
16 16 16 16 16
1 1 1 1 1

+ = A'yugn')\getsgaﬁgﬂ'ugnp - A'yugakgeégargﬁugmp 4+ = A'yugakgeégargﬁpgnu 4+ = Aa&g'yﬁgsﬂ'gkugaugmp 4+ = Aa&g'yﬂ'gsmgkugaugﬁp
16 16 6 16 32
1 1 1 1 1

= An‘)\g'yﬁgsﬂ'géugocugmp 4+ = An‘)\g'yﬁgsﬂ'géugaugmp 4+ = Aakg'yﬁgsﬂ'géugapgnu 4+ = Aakg'yugeugéﬁgom’gmp = Aa‘Ag'yugsug&TgaBgnp
16 16 16 16 16

+iAaz\g’yp.géug57'goucgﬁp _ iAo)\g'y‘rge»igép.ganBp_"_ iAax\g'y‘rge»igJVgap.ng_"_ iAax\g'y‘rgéngVgapgﬁp._"_ iAap.g’ytsgé/\gaTgﬁug»ip
16 32 32 32 16
1 1 1 1 1

+ = Aaugwkgeagéﬂ'gﬂugnp + = Aaug'yégs)\gaﬁgﬂ'ugnp _ = Aaug'y&ge)\gargﬂugmp 4+ = Aaug'yégs)\gom'gﬁpgnu 4+ = Aaug'ykgsag&ﬂgrugmp
32 16 16 16 32
1 1 1

% ATV g g g’ T g g P 4 = A7 g "G 9P g™ ) + 0,90 p Do Gye Dsgra DpBrr ( I APH T g g0 gP N go

_ iABugrogn’yguAgpagéti B iAﬁl/q‘rogn’ygp.Sgp)\géa +iAﬁ1/g‘roglc’ygp./\gpage§ +iABVq‘roglc’ygp./\gp695a +iAu'ygﬁ691'ognegV/\gpa
32 16 16 16 32
1 1 1 1 1

= Auvgﬁegrognégu/\gpa 4+ = Auvgﬁegrogn/\guégpa = Apxygﬁ/\g-rcrgneguégpa = Apxyg[-}ugrpgnéga/\gea = A;rygﬁug-rpgm)\gaageé
32 16 16 16 16
1 1 1 1 1

+ = Au'ygﬁugﬂ'pgnkg(régeoc + = Auwgﬁvgregméyukgpa = Auwgﬂagrsgnkguégpa 4+ = Aun‘gﬁugﬂ'pgmég'ykgsa = Auagﬁugﬂ'pgnkg'y&gea
16 32 16 32 16

+LAV’ygﬁéng.g»ipgo)\géa +iAV’ygB)\ng.g»ipgaageé _ iAu’ygﬁ/\g‘rp.gnpgoégea n iAu’ygﬁp.nggm(;gU/\gea n iAu’ygﬁp.nggnx\goageé
16 16 16 16 16
1 1 1 1 1

- Au'ygﬁp,grpgm)\ga(igea . Awyg[-}pgrugnégo)\gea . Au'ygﬁpgrugnkgacxgeé 4+ — A ﬁpgrugn/\goégea 4+ — Arugﬁ'ygmegwigp)\goa
16 16 16 16 16
1 1 1 1 1

= ATugB'ygnsgukgpaga& 4+ = ATugB'ygnn‘gu&gpkgsa = ATugB'ygmaguAgpaysé = ATuan‘gnwgu&gpkgsa 4+ — ATuan‘gnwgukgpagsé
32 16 32 16 32

_ iATVgE'yg»iégy.Jgp/\goa n iATVgB'ygnegy.)\gpagUS_"_ iAwgﬁn,gmguxgpagoa B iATVgﬁ’yg»iagp.Sgp)\géa +iATVgﬁ’yg»iagy./\gpagé(§
16 16 16 16 16
1 1 1 1

+ E ATVgﬁ’YgKgg“/\gpsgéa + E Arugﬁognwguégp)\gea R Arugﬁagmvguxgpageé _ E Arugﬁognwgu/\gp(igea )

The last result we show here is the functional dependence of F[H)|

mean F,°" 7V but for simplicity we drop the supralabel. Again,

on the generalized metric. Here, we really

it shortens the result to contract F5 with

some symmetric tensor. However, since Fj is projected Fy = {F}, in turns out to be convenient to introduce

two symmetric tensors with projections SMV =

PM PN ;817 and MY _ FMIPNJEU, such that

Fy = SMNFon + 5" Fougw - (E.5)
The result is given by
Fa = O Hro OxiHis (— éHMK,HNLPPIEQJ i é HME Y NLPPTgQJ _ %HAIKPNIPPLSQJ i %,HMKPNIﬁPJiQL B é,HMKPPIﬁQJﬁNL
n % Yy MK pPIBNIGQL _ é,HMKPPIFQJgNL B E,HJWKFNIFPLEQJ i i pMIpPKBQI GNL || pMI pPKBNIGQL _ i pMI pPKBRIGNL
_ pMIBNIBPK gQL | i pPIPMIPRK gNL _ i PPIPMIBORGNL Y L g3t 0o Hicr 015 Hes ( EHMIPNJPKR?PLgQS
1 yMI pNJ pKRBPQGLS _ % HMIpNK pQRBLIGPS | % HMIpNK pQRBLSGPI | % HMIpNE pQREPIGLS _ % yMIpNEK pQREPSGLI
I % yMIpNQpKRBLIGPS _ i yMIpNQ pKREBLSGPI _ i yMIpNQpKRBPIGLS _ i 4 MIpNRpKIBPLGQS
n % HMIpNEpKIBPQGLS | i L MQ pNI pKRBPIGLS _ % HMQpNEpKIBPIGLS | i HMQpNRpKIBPSGLI | i HMI pKIBNLBQR gPS
_ % HMI pKIPNQPLEGPS _ % HMIpKRBNLBQS gPJ 4 i WM pKRpNQpBLS gPJ _ % HMIpNIpPEpQRGLS | i HMIpNIpPQpKRGLS
B i WM pNKBPIBLEGQS | i HMI pNKBPRELI QS | i WM pNQPPIPKRGLS _ % M pNQPPRPKI GLS | i M1 pNRBPEpQS gLy
_ % HMQpNIFFIBKRGLS | % HMQpNIBPREBKI gLS i HMQpNRPPSPRIGLI | % pMEK pNI pQREBPIGLS _ % pMEK pNI pQRBPSGLI
" % pMRpNI pKIBPQgLS _ 1 pMEpNQ pKIPIGLS _ % PMKPNIﬁPJ?LRQQS " % PMKPNI?PR?LJQQS " % PMKPNR?PI?LSQQJ
B g pMK pNRBPSPLIgQJ _ % pMEpKIGNQPLS gPJ _ % pMEpKIBNSBLI gPQ % pMEpNIGPQBKS gL _ % pMEpNKBPIBLS gQJ
n % pMEpNKBPSBLIgQJ | % pMEpNQBPIBKS LI _ pMRpNQEBPSHRI gL _ % pNIpKIBMLEPRGQS | i pNI pKRBMLEPS g7
n % pNTpKRBPIBLS gMQ | é pNRpKIFMLEPS gQ7 _ % pMK pNRBPIBLIGRS | % pMK pNRBPIBLSGRT _ % pMK pNREPIGQSGLT
I é pMK pNRBPSBLIGQI | % pMK pNRBQSBLIGPT _ % pNIpKRpMLEBPJIGQS | i pNI pKRBMLEBPSGQI _ % pNI pKRBMSBPLGQJ
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+

_ —PO— 1 — PJ—LS—
EPNIPKRPMSPPQSLJ+ZPNIPKRPPJPLSS

1 MQ

1 —MS—=PL—= —MS—=PQ—= 1 —NI—=QR— 1 — —PJ—
3 pNRpKIpMSEPLEQJ _ pNRpKIGMSEPQgGLT + 5 PMKPNIPQRPLJEPS + 5 pNIpMKpBPIBQRGLS

1 —MR—=PQ— 1 — —PI—= 1 —PR—
5 PNIPMRPPQPKJﬁLS -3 PNRPMKPPIPQSQLJ )+ OnHp OoHKL 01 Hor OsHru ( > yMQq 18 pNJ pKTGPRGLU

1 PUGSLR

_ = H}WQHISPNJPKTﬁ S + i H}WQHISPNKPJTﬁPRgLU _ i H}WQHISPNJﬁPKﬁRTSLU

B 3% HMQ pNJ pKTHPLBRUGIS _ é HMQpNJ pKTBEPRBIUGLS | é HMQpNJI pKTpPRBLUGIS _ % HMQ pNJ pKTpPUBLRGIS
4 % LyMQpNK pITEPIBLSGRU _ i Ly MQpNK pITBEPIBLUGRS _ é HMQpNK pITBPIBRSGLU | Tlﬁ yMQ pNK pITEPIBRUGLS

é HMQ pNK pITBEPRBIVGLS | % HMQ pNK pITFPRELUGIS _ 1176 HMQpNT pKIBPIBLSGRU | é 4 MQ pNT pKIBPIBLUGRS
4 1 HMQpNT pKIpPIBRSGLU _ é HMQpNT pKIpPIGRUGLS | é 4 MQpNT pKIGPRBIUGLS _ %6 HMQ pIT NI pKSBRU gPL
X % HMQpNIBPEBIT RS gLU _ 1 HMQpNIBPTBRIBRS gLU | i HMQpNTBPIpKSBIU gLR _ 1 HMQpNTBPIBKU RIS gLR
n é HMQpNTBPUBKIBIS gLR | é pMEK pNQ pIT pISEPRGLU _ i pMT pNQ pKI pJSEPRGLU _ é pMJ pNK pQTBPLBRU gIs
B é pMJ pNK pQTBPRBLU gIs | % pMJ pNK pQTpPUBLRGIS | g pMJ pNQ pKTBPLBRU gIs | é pMJ pN@Q pKT BPRBLU g5
-~ i pMI pNQ pKT pPUBLRGIS | i pMK pNQ pIT pPIBLU GRS _ 1_16 pMK pNQ pITpPRBLU gIS | i pMT pNQ pKIpPIpLU GRS
_ % pMT pNQ pKIBPLBIU GRS _ i pMT pNQ pKIBPUBLI GRS _ % pMJ pNK pQTBIUVBRSGPL | i pMJ pNK pQTHPIGRSGLU
7% pMJpNK pQTBPIBRUGLS | i pMJ pNK pQTBPRBIUGLS | % pMJ pNK pQTBPUBLRGIS | i pMJ pNQ pKT pIU GRS gPL
_ % pMJ pNQ pKTEPIBRSGLU | %PMJPNQPKTﬁPIﬁRUgLs n % pMJI pNQ pKTBPLBIUGRS _ % pMJ pNQ pKTBPLBRUGIS
_ i pMJ pNQ pKTBPUBLIGRS _ % pMK pNJ pQTEPIBRSGLU | i pMK pNJ pQTBPIGRUGLS _ i pME pNJ pQT BPRBIUGLS
4 éPIWKPNQPJTﬁPIﬁLS§RU 1 pMK pNQ pITBPIGLUGRS _ % pMK pNQ pITpPIBRS LU | é pMK pNQ pITHPIGRUGLS
_ i pMK pNQ pITpPREBIUGLS | % pMK pNQ pITpPRELUGIS | %PAIKPNTPQJﬁPIﬁRS§LU B i pMK pNT pQJ pPI pRUGLS
4 %PMKPNTPQJﬁPRﬁIUgLS B iPMTPNKPQJﬁPIﬁLSERU _ i pMT pNK pQIBPIBRSGLU | % pMT pNEK pQIBPIBRUGLS
-~ % pMT pNK pQIpPRBIUGLS | %PAITPNQPKJﬁPIﬁLS§RU " % pMT pNQ pKIpPIBRSGLU | % pMT pNQ pK I BPLBIUGRS
X EPAIJPKTFNQﬁLIﬁRUﬁPS _ EPAIJPNQ?PIFKSﬁRTﬁLU n i pMJ pNQBPIBKT RS gLU | i pMJ pNQBFPEBIT RS gLU
_ i pMJ pNQBFTHKIBRS gLU | %PMJPNTﬁPQ?KIﬁRUﬁLS _ i pMI pNTBPQBKRBIV gLS _ é pMJ pRTBNKBIUBRS gPL
L %PMKPJTﬁNUﬁQRﬁLIiPs " é pME pNQpBPIBLSpIT gRU _ % pMK pNQpPIBLT pIS gRU _ % pMK pNTpPLBQIBIU GRS
_ i pMK pNTBPQPLIBIU GRS | EPMKPNTﬁPQﬁLJﬁIUQRs B é pMK pNTBPUBQIBLI GRS _ i pMT pKIBNLBQREIU gPS
_ i pMT pKIBNQBLIBRU gPS _ % pMT pNIBPQBKIBRU gLS % pMT pNIBPQBKRPBIV GLS | % pMT pNKBPLBRIPIU GRS
B % pMT pNKBPQPBLIPBIU GRS | %PMTPNK?PUﬁQJﬁLIQRs " % pMT pNQPBPIBKSBIU gLR _ i pMT pNQPBPIBKU RIS gL R
i %PJWTPNQﬁPUﬁKIﬁJSQLR " i pMT pRIBNIBKSBRU gPL _ i pMT pRIBNIpKUBRS gPL _ % pNJ pKT pMLBPQEBRU g5
_ % pN7 pKTEMUBFPLBRRGIS | é pNK pITEMRBPQBLU gIS _ i pNJIpKTBEMLBPQBIUGRS | % pNJ pKTBMLEPQERUGIS
4 éPNJPKT?MR?PLﬁQUgls B éPNJPKTﬁMRﬁPQ?LUEIS B % pNJI pKTEMUBPLEQRGIS _ i pNJ pKTEMUBPQEBLIGRS
4 EPNJPKTﬁIWUﬁPQﬁLRgIS " é pNK pITpMRBPLBQUGIS | EPNKPJTﬁIWRﬁPQﬁIUELS B g pNK pITEMRBPQEBLUGIS
i %PNKPJTﬁMU?PQ?LIERS B %PNJ?MKﬁPQﬁITﬁRsﬁLU X i pNIPMTBPQBKIBRS gLU )

16 32 32 -

1 —PR—KT 1 —PT—KR 1 —PU— 1 — RU—

3_2,HAIQHISPNJP PET gLU — yMQqIS pNIpPTBKR gLU i 4MQpNIpKS pIT pPUGLR = HyMQpNI pKS pJT pRUGPL

1 —PU— 1 —PR— 1 —PR— 1 —PU—
HMQ pNIpKT pISEPUGLR . HMQpNK pIT pJSEPRGLU . H{MQpNT pKI pJSEPRGLU . yMQpNT pKI pISPUGLR

iis HMQ pIT pISPNRBKU gPL _ é HMQpNI pISEPEBRT gLU _ i HMQpNI pISpPREET gLU | é HMQpNIpISEPT KR gLU
% M@ pNT pITpPKBRU gLS | i M@ pNT pITpPREKU gLS _ é M@ pNT pITpPUBKRGLS | 1_16 #MQ pNI pKS pPIBLT gRU
% HMQpNI pKSBPLBIT gRU _ % HMQ pNI pKSBPTRLI gRU _ % M@ pNI pKTBPIBLU GRS _ i M@ pNI pKTBPLBIU GRS
é HMQpNI pKTpPUBLI GRS _ é HMQpNJ pIT PR BRU gLS _ é HMQ pNJ pITBPRBKU LS | é HMQpNI pITBPUBKR gLS

32 T S
=PI 1 — PR 1 —IU—SRS— 1 SPIsLSw
g,’_LMQleI(PITPPJIDLUERS_i,;_LMQPNI(PJTJDPRJDLUEIS_"_176,’_LMQleJPI(TJDIUIDRSS,F’L_"_176,’_LMQleJ}jI(T]DPI]DLSS,RU
1 —PISLU= 1 —PisRST 1 —PISRU= 1 L=l
EHMQPNJPKTPPIPLUSRS—ZHMQPNJPKTPPIPRSSLU-‘FZHMQPNJPKTPPIPRUSLSJFgHMQPNJPKTPPLPIUSRS

3 —PL— 1 —PR— 1 —PU—
= ,HMQPNJPKTPPLPRUQIS + = HMQpNJ pKTBPRBLU oIS~ 4/ MQpNJ pKT EPUBLR gI5
1
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