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Abstract

A two-phase solidification process for a one-dimensional semi-infinite material is con-
sidered. It is assumed that it is ensued from a constant bulk temperature present in the
vicinity of the fixed boundary, which it is modelled through a convective condition (Robin
condition). The interface between the two phases is idealized as a mushy region and it is
represented following the model of Solomon, Wilson and Alexiades. An exact similarity
solution is obtained when a restriction on data is verified, and it is analysed the relation
between the problem considered here and the problem with a temperature condition at
the fixed boundary. Moreover, it is proved that the solution to the problem with the
convective boundary condition converges to the solution to a problem with a temperature
condition when the heat transfer coefficient at the fixed boundary goes to infinity, and
it is given an estimation of the difference between these two solutions. Results in this
article complete and improve the ones obtained in Tarzia, Compt. Appl. Math., 9 (1990),
201-211.
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1 Introduction

Phase-change processes involving solidification or melting are present in a large number of
phenomena related to physics, engineering, chemistry, etc. and they have been widely studied
since several decades. Some reference books in the subject are [IL[6, 1T 12] 15,18, 20] and
a rewiew of a long bibliography on moving and free boundary value problems for the heat
equation can be consulted in [26]. Sometimes, liquid in solidification processes is cooled until
the phase-change temperature without becoming solid. This implies the presence of a region
in the phase-change process containing the material at a special solid-liquid state, which is
known as mushy region [ILITLI5]. In this article, we consider a one-dimensional semi-infinite
homogeneous material undergoing a two-phase solidification process with a mushy zone. This
sort of problems were studied in [25] for boundary conditions of Dirichlet or heat flux type. We
follow it, which is inspired by the model given for Solomon, Wilson and Alexiades in [23] for the
one-phase case, to represent the mushy region. Encouraged by the recent relation between the
classical (absence of mushy zone) two-phase Stefan problems with temperature and convective

boundary conditions [24], we consider here the following free boundary value problem:

10y, (z,t) =04, (2, 1) 0<z<s(t), t>0 )
a9y, (x,t) = by, (1) x>r(t), t>0 )
5(0) = r(0) =0 (1c)
01(s(t),t) = ba(r(t),t) =0 t>0 (1d)
O(x,0) = O2(+00,t) = by r>0, t>0 (le)
k161, (s(t),t) — kaoba, (r(t),t) = plles(t) — (1 — €)7(t)] t>0 (1f)
01, (s(t), )(r(t) — s(t)) = t>0 (1g)

k6, (0, 1) = % (0:(0,) + Do) t>0  (1h)

where the unknowns are:

0, : temperature of the solid region °C]
0y :  temperature of the liquid region °C]
s: free boundary separating the mushy zone and the solid phase  [m]
r: free boundary separating the mushy zone and the liquid phase [m]

the physical parameters involved in the model are:



p>0: mass density kg /m?]
k> 0: thermal conductivity [W/(m°C)]
c¢>0: specific heat [J/(kg°C)]
[ >0: latent heat per unit mass [J/kg]
0 <e<1: coeflicient characterizing the amount of latent heat
contained in the mushy region [dimensionless]
7> 0: coefficient characterizing the width of the mushy region [°C]
6o > 0: initial temperature of the material [°C]
—Dy < 0: external bulk temperature at the boundary z =0 °C]
ho > 0: coefficient characterizing the heat transfer at the
boundary z =0 [kg/(°C s°/2)]
a= % > 0: thermal diffusivity (m? s~ 1]

and the subscripts 1 and 2 refer to solid and liquid phases, respectively.

We note that we are making the following assumptions on the mushy region [23]2528]:

1. Tt is isothermal at the phase-change temperature, which we are considering equal to 0 °C.
2. Tt contains a fixed portion of the total latent heat per unit mass (see condition ([I])).

3. Its width is inversely proportional to the gradient of temperature (see condition (Ig))).

We also observe that, by considering the convective boundary condition (1), we are thinking
of a solidification process ensued due to the constant temperature — D, present in the vicinity
of the fixed boundary x = 0 of the material, which is often represented through physically less
appropriate boundary conditions of Dirichlet type [7]. Convective boundary conditions have
been also used in the context of phase-change processes in, for example, [2H5][13][14]T6L17,19]
21122,30,31]. Especially, a heat transfer coefficient inversely proportional to the square root of
time it was also considered in [31].

In the following (Sect. [2)), we give a characterization for the existence and uniqueness of an
explicit similarity solution to problem () in terms of the existence and uniqueness of a positive
solution to a transcendental equation. We then prove that it has only one solution if and only
if data verify a certain condition. Then (Sect. Bl), we analyse the relation of problem ([Il) with
the problem ([II) given by (Ia)-(Ig) and the following temperature boundary condition:

6’1(0,75) =—Dy, t>0 (DQ > 0), (]_h*)

and we establish when both problems are equivalent. Finally (Sect. M), we prove that the

solution to problem () converges to the solution to problem (II')., that is the special case of
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problem (II) in which the temperature boundary condition is given by:
01(0,t) = =Dy, t>0, (1h")

when the heat transfer coefficient goes to infinity. Moreover, we obtain that the difference

between the two solutions is O (h%) when hg — oo.

2 Existence and uniqueness of solution

In this section we will look for a similarity solution to problem (l). By following the classical

method of Neumann [29], that is, by introducing the similarity variables:

’ and 1y = ‘

2\/0(1t 2«/0[2t

m=

and proposing a solution defined by:
Ql(x,t)zel(nl) 0<l‘<8(t), t>0

Oy(z,t) = O5(12) z>r(t), t>0

s(t) = 26/t t>0
r(t) = 2uv/ st t>0

with € and p positive numbers to be determined, we obtain that ¢, and 6, must be given by:

b1(x,t) = Ay + Byerf(m) 0<xz<s(t), t>0

Oy(z,t) = Ay + By erf(n:) z>r(t), t>0

where Ay, Ay, By, By are real numbers that must be specified from conditions (ILd))-(Thl), and

erf is the error function defined by:

2 xT
erf(x) = ﬁ/o exp(—y*) dy, x> 0.

Through conditions (Id), (Ih]) we obtain that:

A= D, erf(€) and By — D
erf(€) + 5= erf(€) + -

and from conditions (Id), (Id) that:

bperf(p) and By — to

Ay = 0
? erfe(p) 1 —erfe(p)’

where erfc is the complementary error function defined by:
erfe(z) =1 —erf(z), =z >0.
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Exploiting condition we have that the parameters £ and p, which characterize the two free

boundaries of the mushy region, are related as:

= /aW(f), (2)

where a5 is the number defined by:

app=—>0
2
and W is the function defined by:
k
W(x)=z+ ;Z\)/Z, exp(2?) (erf(a:) + ho\/iaﬁ) , x>0. (3)

Finally, through condition ([Lfl), we have that £ must be such that:

I/

F =
© = 2,
where F' and G are the functions defined by:
Flx) = exp(—:zc?1 _ boVkacy exp (—aaW?(x)) =0 (42)
erf(x) + s De kicy erfe (\/apW (x))
1-— k
Glr) =z + % exp(a?) <erf(x) e im) x> 0. (4D)

Then, we have the following result:

Theorem 2.1. The Stefan problem (1) has the similarity solution 01, 0, s, r given by:

G A )
91<x7t)__erf(f)+ho% 1— ol (©) O0<z<s(t), t>0 (ha)

0 (ZL‘ t) _ 90 erf(:“) erf <2\/LO‘?>
S erfe(p) erf(p)

s(t) = 26/t t>0 (5¢)
r(t) = 2uv/ast t>0 (5d)

-1 x>r(t), t>0 (5b)

with p given by (2), if and only if £ is a solution to the equation:

F(z) = ll)ii G(z), x>0, (6)

where F' and G are the functions defined in ().



Therefore, finding a similarity solution to problem () reduces to studying equation (&). We
begin this by introducing some functions related to equation (@) and some properties of them.

Let be Fi, F5 the functions defined by:

_exp(=a?) )
Fie) = erf(x) + ho%’ -0 @)
Fy(x) = %‘é), z>0 (8)

Then, (Za) can be rewritten as:

90\/ k’QCQ

F(z) = Fi(z) — m

Fy (VoW (z)), x>0. 9)

Lemma 2.1.
1. The functions W, Fy, Fy defined by (3), (7), (8), respectively, verify:

vk

hoy/

Fi(0t) = 22 k‘M >0, Fi(+00) =0, Fl(z) <0 Ya >0 (10b)
1

F(07) =1, Fy(+00) = 400, Fy(z) >0 Vx>0 (10c)

2. The function F defined by (4d|) verifies:

hor/aw 6ov/Facs
F(o*) =ty T thecs Fz( g ) F(+o0) = —00, F'(z) <0 Yz >0 (11)

/{Zl Doo k101 2Dooh0\/ &%)
3. The function G defined by [{8) verifies:
+ (1 — 6)f}/k‘l /
= M = : 12
G(0T) 2Dl G(+0) = +00, G'(r)>0 Vx>0 (12)
Proof. 1t follows from elementary computations. [ ]

Then, we have:

Theorem 2.2. Equation (@) has an only one positive solution if and only if the coefficient hg
verifies the following inequality:

ho > ha, (13)
where hf is defined by:

2D on\/an’

withn =n (“/kl (1_5)1) the only one solution to the equation:

Ooko’ 0Ogco

hy (14)

F3(z) =0, x>0, (15)

and F3 the function defined by:

F3(z) = Fy(z) — -
3($) 2(1') 290]{32 xr + 0002 s

x> 0. (16)



Proof. Tt follows from the properties of the functions F', G given in Lemma 2] that equation

([6) admits an only one positive solution if and only if:

F(0*) > %G(oﬂ. (17)

Let us observe that, by using the function F3 given by (I6]), (I7) can be rewritten as:

vk
JoN L E— ) 1
’ (2Dmh0\/a—2) =0 (18)

Let be F} the function defined by:

Falz) = Yhiyml (11— E)lﬁL

200 ]{32 T 0002

x> 0.

Since:

Fs(z) = Fy(x) — Fy(x), x>0,
it follows from the properties of the function F5 given in Lemma[2.I]and the fact that F} verifies:
Fy(07) = —o0, Fy(400) = 400, Fi(z) <0 x>0,
that F3 is such that:
F3(07) = —o0, F3(400) = 400, Fj(z) >0 x>0.

Therefore, (I8]) holds if and only if:

vk

0< =<
2Dooh0\/0z2 T”

(19)

where n = n ( %’22, (é;;)l> is the only one positive solution to equation (). Only remains to

observe that inequality ([I9) is equivalent to (I3)). [

From Theorems 2.1l and 2.2] we can establish now the main result of this section:

Corollary 2.1. The Stefan problem (1) has the similarity solution given by (3) if and only if
the coefficient hg that characterizes the heat transfer coefficient at the boundary x = 0 is large

enough so much as to verifies inequality (13).

Remark 1. In [2§] it was obtained an explicit similarity solution for a one-phase solidification
process with a mushy zone according to the model of Solomon, Wilson and Alexiades [23]. We
note that Theorem 2l reduces to Theorem 1 in [28], in which the explicit solution is established,
when it is considered an initial temperature for the liquid phase equal to the phase-change

temperature. That is, when 6, = 0 we have that the solution presented in this article coincides
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with the solution given in [28] and that the hypothesis on the heat transfer coefficient under
which we have the solution is equivalent to the one given in [28].

In [24] it was obtained an explicit similarity solution for a two-phase solidification process
without any mushy region. We also have that Theorem [Z1] reduces to Theorem 2 in [24], in
which the explicit solution is obtained, if we think of a mushy region of zero thickness. In other
words, when v = 0 we have that the solution obtained here coincides with the solution given
in [24] and that the condition for the heat transfer coefficient is equivalent to the one given

there.

3 Relation between the problems with convective and
temperature boundary conditions

As we have mentioned before, convective boundary conditions are physically more appropriate
to represent a temperature imposed at the boundary of a material (actually, in the vicinity of)
than conditions of Dirichlet type [7]. Nevertheless, Dirichlet conditions are frequently encoun-
tered in the literature modelling this sort of situations. Thus we are interested in analysing the
relationship between the problems with the two types of conditions. In other words, in how
problems () and (II) are related.

Let us start by considering problem () with hg satisfying condition (I3)). We know from
Corollary 1] that it has the similarity solution given by (Bl), where ¢ is the only one positive
solution to equation ([@l). Since:

D, erf(§)

erf(€) + 5

0,(0,t) =

we will consider problem (1) with Dy defined as:

D erf(€)

0 pu—
erf(§) + ho%

We know from [25] that this problem has the similarity solution given by:

> (. (20)

' erf <2\/fm>

07 (z,t) = —Dy oxf (€% O<z<s*(t), t>0 (21a)
* _ 0o erf(,u*) erf (2\/%) *

05(x,t) = exfe() af(r) 1 x>r*t), t>0 (21b)

s*(t) = 26"Vt t>0 (21c)

r*(t) = 2u* Vot t>0 (21d)



where p* is given by:
pt = /a2 Wo(£7), (22)

&* is the only one solution to the equation:

Fo(x) = g({z Go(z), >0 (23)

and Wy, Fy, Gy are the functions defined by:

Wo(z) =z + ;g exp(2?) erf(x) x>0 (24a)
o) exp(—1z?) B v/ kacy exp (—aWo?(z)) )

Folw) = erf(z) Dovkicy erfe (y/apWy(z)) >0 (24b)

Go(z) =z + A= exp(2?) erf () x> 0. (24c)

2D,

Exploiting the fact that £ satisfies (), it follows that it is also a solution to equation (23). In
fact, when Dy is given by (20)), we have that:

- ) I 8 e (w0 )

B erf(§) + ho\/ﬁ Oov/kaco
Sl h@_37£&M@mw

el e a6+ b [y
a erf(f) F&) = erf(¢) |:Doocl G(f)]

B erf(§) + ho\/ﬁ I/m erf(f) (1= T ,
- erf(§) [Dom erf(&) + ho\/m (f + 5Dy exp(¢ )erf(g))

Go(8)-

_ W,
DQCl

Therefore, £ = £*. From this, it is easy to see that p = u*, 6; = 6} and 0, = 63.

Then, we have the following theorem:

Theorem 3.1. If hy satisfies condition (13) then the similarity solution ([3) to problem (1)
coincides with the similarity solution (21]) to problem (1) when Dy is given by (20).

Let us consider now the problem ([II). Tt follows from [25] that it has the similarity solution
given by (2II), where £* is the only one positive solution to equation [23]). Let D, > Dy and
let hg > 0. Since:

o ge0,1) + Do)

k00,0 = =2

if and only if:
k1 Do
ho = > 0, 25
0 /may (Do — Dy) erf(£%) (25)




we will consider problem (Il) with D, > Dy and hg given by (25). As before, by taking into
account that £* satisfies equation (23), it can be shown that £* is a solution to equation ({@]).
Then, we have from Theorem 2.1] that problem ([Il) admits the similarity solution given by ([l
with & = &*. Moreover, Corollary 21l implies that hq satisfies (I3)), which in this case can be

written as:
2D00D0n

V(Doo - Do)\/ﬁam .

erf(£%) < (26)

Then, we have the following theorem:

Theorem 3.2. The similarity solution (21)) to problem (1) coincides with the similarity so-
lution (A) to problem (1) when D > Dy and hg is given by (23). Moreover, the parameter
&* that characterizes the free boundary separating the solid phase and the mushy region verifies

the following inequality:

(27)

2D D
erf(£*) < min {1, el } ,

V(Doo — Do)\ /T2

where 1 is the only one solution to equation ([I1).

Therefore, in the sense established by Theorems Bl and B:2] we have that problems ([II) and
() are equivalent.

Corollary 3.1. The parameter £ that characterizes the free boundary separating the solid and

mushy regions in problem (1) verifies the following inequality:

. . 2Dgn
erf(¢*) < min {1, S 7T0412} : (28)

where 1 is the only one solution to equation ({I1).

Proof. 1t follows by making D., — oo into both sides of (24]). [
Remark 2. Inequality (28]), which is physically relevant when 7%/17)%712 < 1, has already been

obtained in [25] through the relationship between problem ([II) and the problem consisting in
(@& to and the following flux boundary condition:

k01,(0,8) = 12 150 (g0 > 0).

Vit

4 Assymptotic behaviour when hy — +o00

From a physical point of view, if we were able to consider an infinite heat transfer coefficient at

x = 0, the convective boundary condition (Ll could be replaced by the temperature boundary
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condition (1h*). Thus, it is reasonable to expect that the solution to problem (I converges
to the solution to problem (II),, when the heat transfer coefficient increases its value. In this
section we will analyse this sort of convergence, which was already proved for some other Stefan
problems in [§-10].

For each hy satisfying (I3]) we will consider problem (dl) and we will denote its solution as
0105 O2,h05 Shos The- The solution to problem (). will be referred to as 07 , 05 ., sk, 75
The main result of this section is the following:

Theorem 4.1. The solution to problem (1) given by (A) punctually converges to the solution to
problem (I ) s given by (21), when hy — oo. Moreover, the following estimations holds when

ho — 00!
O po(2,t) — 01 oo(2,t) = O (hi) Vz>0,t>0 (29a)
0
Oz po(x,t) — Oy oo(2,t) = O (hi) Vo>0,t>0 (29b)
0
510 (£) — s00(t) = O (i) £ 0 (200)
ho
1
Tho(t) = Teo(t) = O (h—) t>0. (29d)
0

The key to prove Theorem [l is the fact that &, — oo = O (%) when hy — oo. We will
first prove it and then we will back and give the demonstration of Theorem (.11
Hereinafter, we will refer to the functions F'; G, W, F related to problem (), as F},, Gp,,
Wi, Fi no» respectively. Analogously, we will refer to the functions Fp, G, Wy associated with
condition (1h*)y, as Fu, Goo, Wa. That is, Fi, Goo, W will be the functions defined by:
exp(—2?)  Ogvkaco exp (—apW2 (x))

Fo(x) = — > 0 30
(z) erf(z) D\ kic; erfe (w/algwoo(x)) * (302)
1
Geo(z) =2+ %ﬂ exp(z?) erf(x) x>0 (30b)
Weo(z) =2 + ;l\)/% exp(2?) erf(x) x> 0. (30c)
Finally, let be Jp, J the functions defined by:
Fpy (2)
J = >0 31
o) = g2, . (31)
Foo(2)
= _ 1b
Joo () Goo(2)’ x>0 (31Db)
By using the functions Hj,,, H., defined by:
Gh (l‘)
Hy (z) = —>—~, x>0 32a
ola) = F (320)
Hoo(z) = Goo(x), x>0, (32D)
Fl,oo(x)
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where the F} o is the function given by:
FLOO('I) - ) T > 07

it follows that (BI) can be written as:

L /R B (VAW (@)

Iy () = , x>0
WO @) T DR o)
1 Oovkoca Fi (y/a1aWeo
Ju(z) = _ bovhees Fr (Voo (x)), x>0
Hoo(x) Doo klcl Goo(x)
Lemma 4.1.
1. The function Jy, defined by (31d) verifies:
o (07) >0 YV ho > hi
Jp,(x) <0 Ve (0,uv,), Vhe > h],
where hy is a positive number such that:
1 ’7]{31 1
il R (S S
hy? <2Dw/—a2 h;) <6
with:
‘= Do/
0o/ /)k2027
and vy, 1s the only one solution to the equation:
Jho(x) =0, x>0, hg > hj.
2. The function J defined by (310) verifies:
Joo(0T) = 400
J (x) <0, Ve (0,vy),
where Vs 18 the only one solution to the equation:
Joo(x) =0, x>0.
Proof.
1. We have from Lemma 2] that:
1 2Dan/7 (@)2
Hyo(0F)  (I=e)y \k
b (, /Z—;Who(m)) _ 2Dhovar vk
Gho (O+) (]_ — 6)’7]{31 2 2Dooh0‘/042 '
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Then:

2DOOO[1\/E ho 2 1 /Yk/'l
=Y (2 11— —F—— 41
ho(07) = 2 (k) 5 (), (41)
where ( is defined by ([3d). Therefore, Jy,(07) > 0 if and only if:

1 ’yk‘l 1
— | = . 42
ho 2 (2Doow/a2 ho) <C ( )

Let be F5 the function defined by:

1 1
F5(ZL‘) =—I (—) , >0
T T
Since Fj verifies:
F5(0") = 400, Fs(+00) =0, Fi(x) <0 Vx>0,

it follows that there exists a positive number h} > h} which verifies (BH). Moreover, as
we know from Lemma 2] that F, is an increasing function, we have that ([d2) holds for

any hg > hj.

It follows from (B4al) and the properties of the function F},, given in Lemma 2] that
there exists an only one solution v, to the equation ([B7) for any hy > hj. Moreover,

since:

Fry(x) >0 VYae (0,v,), Vho > h, (43)

it follows from the Leibnitz rule and the properties of the functions Fj , Gj  given in

Lemma 2] that (34D holds.

2. It is similar to the proof given for J,, in the previous item.

Lemma 4.2.

1. Let be hy as in Lemma [{.1 The sequence of functions {Jho}hoth has the following

properties:
(a) Jny(x) = Joo() when hy — oo, for all x € RT.

(b) If b5 < b < n?, then:

Jhg)(l‘) < Jhéz) (l‘) Ve (0, Vh(()l))’ (44)

where Yy 18 defined as in Lemma[{.1]

2. {§h0}h0>h* is an increasing sequence of numbers which converges to £, when hy — co.
Zhy
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Proof.
1. Let be h} as in Lemma (4.1

(a) It follows immediately from the definitions of Jj,, and J.

(b) Since:
8F1 ho (.T)
, 45
Ohe >0 Vaz>0, (45)
it follows that:
a‘/Vho (SL’)
Bhe <0 Va>0.
Then, as we also know from Lemma [21] that F5 is an increasing function, we have
that:
0
87 (F2 (VO&HWhO(ZL‘))) <0 Vz>0.
0
Therefore:
OF, ()
: 4
Ohe >0 V>0 (46)
We also have from (43]) that:
0Gy, ()
. 47
he <0 Vz>0 (47)

Then, it follows from ([43)), ({#6]), ([@7) and the Leibnitz rule that:

0Jn, ()
Ohg

>0 Ve (0,vp).
Therefore, {vp,} ho>ht 1S an increasing sequence of numbers and (44)) holds.

2. Tt is a direct consequence of the previous item and the definitions of &, and &, as the

only one solutions to the equations (@) and ([23]), respectively.
[ ]

Lemma 4.3. Let be hy as in Lemma[].1. Then, there exists a number hi* > hi such that the

following estimations holds when hy — oo:

Iho () — Jso(z) = O (%) V€ [Epers Vool (48)

Therefore:
Eho — &0 = O (hio) (49a)
1= 0 (1) (490)

when hy — 0.
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Proof. Let be x € [§+, Vo] and hg > h]. We have from Lemma B2 that:

0< Joo(l‘)—JhO(l‘) =

_mmwﬂam+w@@(&@mmmm_ﬂuﬁmum>_

Hoo(x)Hpy(x)  Doovkicy Gho () Goo()
(50)
On one hand, we know from [28] that there exist a function 7, and a positive number hf* > h}
such that:
0 < Hy, (1) — Hool) < ‘é;f), Y ho > B, (51)

Then, since {Hp, } ~p 18 @ decreasing sequence of functions which punctually converges to
=0

H,, when hy — 00, it follows that:

Hyy () = Hoo(x) _ Ja(2)

0< < Y ho > hy", 52
Hoo(2)Hpy (2) ho 0="0 (52)
where 75 is the function defined by:
Ji(z)
Jo(x) = HZ (@)’ x> 0. (53)

On the other hand, since {W, };, 5.+ is a decreasing sequence of functions which converges to
ZNg

Ws when hy — oo and F3 is an increasing function, we have that:

0 < Fy (VarWhy(2)) = Fa (VaWe(x)) - Vho = hg' (54)

Then, as {Gy, }hozhg* is a decreasing sequence of functions which punctually converges to G,

when hg — 00, it follows that:

Fy (VaaWiu(@) B (VaaWa(x)

0<

Crol®) oo ?)
<G;@@uwmwmwwwuﬂ@mwm> (55)
N N

0

where J3 is the function defined by:

_ Loyky exp(a?)
" 2Dooy/ag Goo(x)’

and L is a Lipschitz constant for Fy in [Weo(&er), Wi (V)] . Henceforth, we have from (50),

((2) and (BI) that:

Js() x>0, (56)

0<4A@—%$w<€f)vmzh3 (57)
0

where J is the function defined by:

90\/ /{?202

J(x) = Ja(x) + Dok

Js(z), x>0. (58)
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Therefore, ({]) holds.
To prove (E9al), we will use some geometric arguments. Let be T the right triangle with

vertices Pi(Engy Jho(Eng))s Po(Engs Joo(Ehg))y Ps(€oos Joo(€xo)). Then, we have that:

J00<§h0) - Jho(é’m)

0< éoo - gho = tan(aho)

(59)

where ay, is the inner angle of 7" with vertex P3. Let also be tan(ay,), an, € (0,7), the slope
of the secant line to the graph of J,, which contains the points P, and P, and let be tan(ﬁ,
p € (0,7), the slope of the tangent line at P3 of the same graph. Since &, < & and J, is a

decreasing convex function in [+, Vao], we have that:
~ . s
ap, < B and Qp,y, B € (5,7?) .
Then:
tan(ap,) > tan(—0) = —J._(£x) > 0, (60)
since ay,, = ™ — ap,. Therefore, it follows from (57), (B9) and (G0) that:

<ty g < T Loy s g (61)

_Jéo<§oo> hO

We know from [27] that J; can be considered as given by:

k exp(—2?) NI 1
Jilx) = JToq erfz(:c) (az +a(l=—¢ Do Fips (x)) Fl,oo(x)Fl,ha (x)
Then:
C Fise(&) ko exp(=&) VT o1 1
56 = CE e v e} (0B Fnigy) T <M 62

where M is the number defined by:

_ k P00 (Enze) (1/ +’y(1—e)ﬁ 1 )>O
L VR G () Fuag () e (@) U Do Fugglie)) T

We also have that:

00\/ k'QCQ
Doo k101

where M is the number defined by:

o Oo Lykiv/ kacy eXp(Vgo)
2Dgov k101a2 Goo (fha*) .

Then, it follows from (G1]), (62)) and (G3]) that:

J3(r) < Mo, (63)

Mo

0 <o —&p < hﬂ YV ho > hy, (64)
0
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where M is the number defined by:

My + M,
M=——7—->0.
_Jéo(éoo)
Then, (49a) holds.
Finally, we have that:
M /T vhiexp(v,) 1
[t — Hoo| < Va2 (h_o + 3D (exp(€2) erf(xc) — exp(&r)) erf(Eny)) + 21'T\/Oz_1h_o

S % \v/hO Z hs*a
ho

where M3 is the number defined by:

- YWTLe\  vkiexp(vi)
Mg—\/a12<M<1+ 2DOO )+ 2DOO\/CY_1 >0

and Lg is a Lipschitz constant in [fh(*)*, l/oo} for the function Fgy defined by:

Fs(7) = exp(z?) erf(x), x> 0.

We are now in a position to prove Theorem [Tt

Proof. (of Theorem [.1))
Let be x > 0 and ¢ > 0. We have that:

O (2,1) — By o2, 8)] < Do ! [1+erf1 (ho\/‘)‘l—ﬁ (erf(goo)—erf(gho))ﬂ)]

N 1+ % erf(fha*) h_O (gho) kl
< Moy > e,

0

where My, is the number defined by:

L/oim
My, = \/goo [1 P < DT M+ 1)} >0
1+ YT erf (&) erf(€sc) \

and L is a Lipschitz constant for the error function. Then (29al) holds.
We also have that:

20 M ox
8210 (2,8) = Or0(, )] < — 52 (exf(po) — exf(pny)) < 5% Vho > AT,
erfc® (fiso) ho
where My, is the number defined by:
200 L
My, = Z0EMs
erfc”(foo)
Therefore, (290) also holds.
The proofs of (29d), ([29d) follow straightforward from (@9a)) and (49L]). |
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Conclusions

In this article we have considered a two-phase solidification process for a one-dimensional semi-
infinite material. We have assumed that the phase-change process starts from a constant bulk
temperature imposed in the vicinity of the boundary and we have modelled it through a con-
vective condition. Regarding the interface between solid and liquid phases, we have assumed
the existence of a mushy zone and we have represented it by following the model of Solomon,
Wilson and Alexiades. For this problem we have obtained a similarity solution that depends
on a dimensionless parameter, which is defined as the only one solution to a transcendental
equation. Moreover, we have analysed the relationship between the problems with convective
and temperature boundary conditions and we have established when both problems are equiv-
alent. We have also proved that the solution to the problem with the temperature boundary
condition can be obtained from the solution to a problem with a convective boundary condition
when the heat transfer coefficient at the fixed boundary goes to infinity and we have given the

order of that convergence.
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