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Abstract: Central extensions of Lie algebras can be understood and classified by means of 2-cocycles. The Lie
algebras we are interested in are “twisted forms” (defined by Galois descent) of algebras of the form g ®; R
with g split finite-dimensional simple over a base field k of characteristic 0 and R a commutative unital and
associative k-algebra (such algebras are ubiquitous in modern infinite-dimensional Lie theory). We introduce
a special type of cocycle that we called standard. Our main result shows that any cocycle is cohomologous to
a unique standard cocycle. As an application we give a precise description of the universal central extension
of the twisted forms of g ®¢ R mentioned above. This yields a new proof of a classic theorem of C. Kassel [8].
For multiloop algebras, we obtain a “twisted” version of Kassel’s result (which is due to R. Wilson [21] in the
case of the affine Kac-Moody Lie algebras).
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1 Introduction

If £ is a perfect Lie algebra, the category of central extensions of £ admits an initial perfect object £ (which
is then unique up to unique isomorphism), usually referred to as the universal central extension, or universal
covering algebra of L. In the case when £ = g ® R, where g is a finite-dimensional split simple Lie algebra
over a field k of characteristic 0, and R is a commutative associative unital k-algebra, the explicit nature of z
is described by a rather elegant result of Kassel [8], as we now recall.

Let Q}.\, Ik denote the R-module of Kéhler differentials of the k-algebra R, and d = dg/x : R — Q}Q /K its cor-
responding universal derivation. By dR we will indicate the image of R under the map d. Thus defined dR is
a k-subspace of Qzle /k SO that we can consider the corresponding canonical quotient map of k-spaces

—. 0l 1
: QR/k — QR/k/dR'

In what follows we will denote for convenience g ®x R by gr, and identify g with the subalgebra g ® 1 of gg.
Kassel’s result asserts that
R = 9r ® Qg i /dR
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as a k-space with bracket given by
[xerye®slg =[x®ry®slg, +Bgx, y)% =[x, ylg®rs + By(x, y)%,

and
[ﬁ, Q}g/k/dR]’g} =0,

forallx,y € g, r, s € R, where B, denotes the Killing form of g.

The nature of the “universal cocycle” corresponding to Kassel’s central extension is rather special, and
it is an example of what will be called a standard cocycle. In the case of gg a cocycle P € Z%(gg, V) will be
standard if it is of the form

P(x®r,ye®s)=Byx,y),s)

for some k-bilinear formJ: RxR — V.1

We will see in Section 6 that Kassel’s theorem implies that every cocycle in Z%(gg, V) is cohomologous
to a standard cocycle. The aim of the present note is to provide an a priori proof of this fact, not only for
gr but also for any of its twisted forms given by Galois descent. These are Lie algebras £ over R such that
L ®r S = ggr ®r S for some finite Galois extension S/R. We first prove that the exact sequence

0 — BX(L, V) — ZX(£, V) =5 H(L, V) — 0
is naturally isomorphic to the exact sequence

0 — Derg(£, M) — Der\” (&, M) =5 Der\”(R, M) — O,

where M = Homy (£, V) and the superscript ) denotes skew-symmetric derivations. In the last sequence 7
admits a natural section . The corresponding section ¢ of 7 leads to the definition of standard cocycles
for the twisted form £: they are the elements of the k-linear subspace Zszt(L, V) := o(H*(L, V) of Z2(L, V).
In the untwisted case £ = gg, these cocyles are exactly the ones mentioned above. The useful orthogonal
decomposition Z%(£, V) = Zszt(L, V)P B?(£, V) and the general form of the standard cocycles (Theorem 4.2)
are the main results of our paper. Once this is done, and a technical lifting of cocycles for twisted forms is
established, Kassel’s and Wilson’s original results can be easily retrieved as particular cases of the explicit
description of the universal central extension of multiloop algebras in terms of standard cocycles.

Our motivation for studying central extensions of twisted forms of gg comes from infinite-dimensional
Lie theory (in which case R is a Laurent polynomial ring; see [1, 11] for further details). The twisted forms
that appear are the so-called multiloop algebras based on g that appear as the centerless cores of Extended
Affine Lie Algebras (see [1, 4, 12]).

2 Recollections about derivations and central extensions

Throughout this work k will denote a field of characteristic 0. If £ is a Lie algebra over k and V an £-module,
we use the standard notations Q™(£, V), C™(L, V), Z™(L, V), B™(L, V) and H™(L, V) to denote the k-spaces
of multilinear mappings (resp. alternating mappings, cocycles, coboundaries, cohomology) of degree m of £
with values in V. Recall that the connecting morphism 6™ : Q™(L, V) — Q™*1(L, V) is defined by

"war,...,am)= Yy DYo(a,al,ar, ..., di ey Gy Amin)
1<i<j<m+1
+ Y D™Maw@, ..., di . i) (2.1)
1<ism+1

By definition, Z™(L, V) is the kernel of the restriction of §™ to C™(£, V), B™(L, V) is the image of ™1, and
H™(L,V)=2Z™(L, V)/B™(L, V).

1 That P is a cocycle puts restrictions on the nature of J. More precisely, ] needs to be a cyclic 1-cocycle, as we shall later explain.
In the case of Kassel’s cocycle V = Q}Q Ik /dR.
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Remark 2.1. Assume V is a trivial £-module. In this case the second summand of (2.1) vanishes. For
P ¢ C*(L, V) the 2-cocycle condition then takes the familiar form

PeZ*(L,V) & P(la,b],c)+P(c,al,b)+P(b,c],a) =0.

2.1 Central extensions

Assume £ is a perfect Lie algebra over k and V is a trivial £-module. Any cocycle P € Z2(£, V) leads to a central
extension
0—V—Lp LN N 0

of £ by V as follows: as a space Lp = £L @ V, and the bracket [ -, -]z, on Lp is given by
[x+u,y+Vvlg, =[x,ylc +P(x,y) forx,yeLandu,velV.

In this situation, we will henceforth naturally identify £ and V with subspaces of £p. The center of Lp is V,
because the center of £ is trivial and V is an abelian ideal of £p. Note that £ is not in general a subalgebra
of Lp.

Definition 2.2. Given two central extensions
cext(L,V,P): 0 —V — LoV 5L —0

and
cext(L,V',P'):0 -V —seV 5 L0,

amorphism of extensions is given by a Lie algebra morphism ¢ : £L & V — £ @ V' over k such that the diagram

0— sV —"YsteVv—"032—50

P)W yp Jld
0——V — stV 5L —0
commutes. To describe this situation we will adopt the terminology that ¢ : L& V — £ ® V' is a morphism

over L. The corresponding notion of isomorphism is clear.

Definition 2.3. Two central extensions cext(L, V, P) and cext(L, V, P') are equivalent if there is an isomor-
phism¢ : L&V — L &V over £ such that

0 v LoV c 0
lld J‘P lld
0 Vs tev "¢ 0

commutes.

Remark 2.4. From the definitions it follows thatif ¢ : L& V — £ @ V' is a morphism over £, then we have
-8\ + @iy o P = P'.1f p is an equivalence, -8¢|; + P = P'. This yields the well-know relationship between
classes of equivalence of extensions and the relevant second cohomology space H2(£, V). In other words,
the equivalence class of this extension depends only on the class of P in H*(L, V), and this gives in fact
a parametrization of all equivalence classes of central extensions of £ by V (see for example [10] or [20] for
details, as well as Neher’s excellent survey [12]).

Definition 2.5. A central extension cext(£, V, P) is universal if for each extension cext(L, V, P) there is
a unique morphism @ : L&V — L & V over L.

If such an extension exists, it is clearly unique up to unique isomorphism. On the other hand, it is well known
that universal central extensions exist for perfect Lie algebras. (See for example [20] or [10].)
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Remark 2.6. The group A = GL(V) x Aut,(£L) acts k-linearly on each Q™ (£, V) in anatural way: For (i, 9) € A
onw € QM(L, V),

w®9 :y_loa)o(s)("'xs)-
m

This action stabilizes C™(L, V) and commutes with the coboundary operator, so it induces an action of A
on the cohomology spaces H™(£, V) satisfying [w]®9 = [w®9] for all [w] € H™(L, V) and (i, 9) € A. Let
P, Q, € Z2(L, V). It is easy to see that the two central extensions £p and L q are isomorphic k-Lie algebras if
and only if their cohomology classes [P], [Q] € H?(L, V) are in the same A-orbit. In other words, if and only
if there exist (4, 9) € A and a € Q1(L, V) = C1(£, V) such that Q®9 — P = §a. Otherwise stated: the isomor-
phic classes of extensions of £ by V are parametrized, as Lie algebras over k, by the orhit space H(£, V)/A.
As we mentioned above already (and this is well known — see for example [20] for a thorough coverage) the
equivalence classes of extensions of £ by V are parametrized by the cohomology space H>(£, V). The isomor-
phism question and the action of A are not mentioned in the usual literature. It is important then to keep in
mind that £p and £ above could be central extensions of £ by V which are not equivalent, yet Lp and £
are isomorphic as Lie algebras over k. For more details about this observation, see [17, Lemma 2.3].

2.2 Derivations

We will make extensive use of derivations for different types of algebras and rings. Let us begin by recalling
the basic concepts and fixing some notation that will be used throughout the paper.

Let R be a commutative associative unital k-algebra and M an R-module. A k-derivation D : R — M is
a k-linear map such that for all r, t € R, D(rt) = r- D(t) + t - D(r). We denote by Dery(R, M) the k-module of
derivations of R with values in M.

Next we turn to the Lie algebra counterpart. Let £ be a Lie algebra over k and M an £-module. A k-linear
mapping D : L — M is a derivation ifforalla, b € £,

D([a, b]) = a-D(b)-b - D(a).
We denote by Dery (£, M) the k-module of derivations of £ with values in M. Each m € M defines a derivation
D, : L — Msuchthatfora € £,
Dy (a) =a-m.
These are the inner derivations
IDery (£, M) = {Dy, € Derx(L, M) : m € M}.

We remind the reader (even though this will not be used in our work) that the space Dery (£, M)/ IDer (£, M)
is nothing but H(£, M).

2.2.1 The case of M = Homy (L, V)

Let V be a k-space that we henceforth view as a trivial £L-module. Central to our work is the case of the space
Dery (£, M) when M is the £-module Hom (£, V). We look at this case in some detail.
Recall that since V is trivial, the action of £ on M is given by

(a-a)(b) = -a([a, b])
fora €e Mand all a, b € £. This is to say
D([a, b])(¢c) = (a-D(b) - b - D(a))(c) = -D(b)([a, c]) + D(a)([b, c]).

Inside Dery(£, M) we have the subspace Der}(_)(L, M) of skew-symmetric derivations, namely, those
D e Dery (£, M) such that foralla, b € £,

D(a)(b) + D(b)(a) = 0.

It is clear that all inner derivations are skew-symmetric.
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Given a k-bilinear form P : £ x £ — V, let us denote by 0p : L — M the mapping sending a € £ to Pg,
where P,(b) = P(a, b). Thus op(a)(b) = P(a, b).

Lemma 2.7. The map 0 : P — 0p induces a k-space isomorphism Z*(L, V) — Der;(_)(ﬁ, M). Furthermore, we

have P € B%(L, V) if and only if 9p € IDery (L, M).

Proof. That op is a skew-symmetric derivation follows from the cocycle condition. The map given by P — 0p
is clearly k-linear and injective. Given D € Derf(_)(L, M), define P : £L x L — V by P(a, b) = D(a)(b). Since D
is skew-symmetric, P € Z>(£, V), while 0p = D by definition. This establishes surjectivity.

Finally, we have 0p € IDery (£, M) if and only if 0p = D, for some a € M = Homy (£, V). Then

P(a, b) = op(a)(b) = Dqa(a)(b) = -a([a, b]).
But this is precisely to say that P € B>(£, V). O
As a natural corollary we have the isomorphism of k-linear spaces
H2(L, V) = ZX(&, V)/B*(L, V) — Der\ (£, M)/ IDeti(L, M), P+ B2(L, V) — 0p + IDer(L, M).

This gives a natural bijection between the set of equivalence classes of central extensions of £ by V and the
set of outer skew symmetric derivations:

Exteen(L, V) = H2(L, V) = Der\” (£, M)/ IDery(£, M) := ODer| (£, M).

Let A be the inverse of the isomorphism o of Lemma 2.7. We then have the following important commu-
tative exact diagram of k-linear spaces (where the meaning of A; and A are clear):

0 —— IDery (&, M) —— Der (£, M) —— ODerl” (L, M) —— 0

L
0 — BXL,V) —— 722(¢, V) — ™ H%(L, V) ——— 0.

Thus, given a section
ji: ODer\ (£, M) — Der((£, M)

of 71, the splitting (of k-linear spaces)
Der) (L, M) = ji(ODer!” (£, M)) @ IDery(£, M)

induces a splitting
Z*(L, V) = o(H*(L, V) ® BX(L, V)

in the second sequence, where 0 = A~! o Ji o A. Note that a nontrivial consequence of this is that the elements
of o(H*(L, V)) are, indeed, cocycles.

3 A natural section for Galois twisted forms of Lie algebras

The purpose of this section is to provide, for the type of twisted forms that we are considering, explicit for-
mulas and identities that fall within the general framework of [13].

Let S/R be a finite Galois extension with Galois group I' = {y; = 1r, ..., ym} (see [3], [9], or [7] for refer-
ence). Thus:
(1) The extension S/R is faithfully flat.
(2) T is a finite subgroup of Autg(S).
(3) The R-linear mapping

m

¢:S® S —>Sx---xS§

such that ¢p(s ® s’) = (sy1(s'), ..., Sym(s')) is an isomorphism.
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Remark 3.1. Note that S is not assumed to be connected. In the terminology of [7] our Galois extension S/R,
or rather the corresponding scheme morphism Spec(S) — Spec(R), is a revétement principal de groupe de
Galois T. It is not a “revétement galoisien” unless S is connected. In this case I' = Autz(S).

Remark 3.2. The following consequences are well known (see [3] for details):

(1) R=ST={seS:y(s)=sforally eT}.

(2) There exists a finite set {s1,...,5q, t1,...,ty} €S such that Z?:l siti =1 and Z?;l s;y(t;) = 0 for all
y# 1r

(3) Foreachsetasin(2)and foreachs ¢ S s=m Z _, (sty)s;i = m Z _, (ssj)t;, where : S — Ristheusual
average projection given by 7(s) = IFI Zyel" y(s).

Let N be an R-algebra. By means of the projection 77 : S — R above, we consider the R-linear map
1em: N®R S > N®r R =N

such that (1® m)(n®s) = m(s)n. Viewing 1 ® m as a k-linear map allows us to consider its V-transpose
(1®m)* : Homy (N, V) —» Homi(N ®r S, V), where (1 ® m)*(¢) = ¢ o (1 ® m).

Consider the map py : Homy (N, V) x S - Homy(N ®g S, V) defined by pn(¢, s) =s- ((1 ® m)*(¢p)) with
the natural action of S on Homy (N ®g S, V). Since py is clearly bilinear and R-balanced, it induces an R-linear
map py : Homy (N, V)®r S — Homy (L ®r S, V) such that py(@p®s) =s-((1®@m)*(¢)) € Homy(N®g S, V). Note
that by definition

(on(p®s)(nes') = p(n(ss')n).

Lemma 3.3. The map py : Homy(N, V) ®g S — Homy(N ®g S, V) is an isomorphism of S-modules.
Proof. It is easy to see that py is S-linear. We will explicitly describe its inverse
v : Homy(N ®g S, V) —» Homy(N, V) ®g S.

Let us fix a finite set {s1, ..., Sg, t1,..., tg} asin (3.2). For ¢ Homy(N ® S, V) and foreachi € {1, ..., g}
set i; € Homy(N, V) by 1;(n) = m(n ® s;). Having done this, we now define

q
V(l/)) = Z l/)i ® ti’
i=1

where y; € Homy (N, V) and y;(n) = mp(n®s;). If we now evaluate py(v(y)) = pN(Z?:1 Yiet) at nes,
we get

q
(pN(Z pi® n))(n ®S) = Z(PN(l/h ®t;)(n®s) = Z pi(n(sti)n)
i=1

i=1

q
= z my(n(styn @ sq) = (m Z(n ® n(st,-)s,-))
i=1

i1
= (n@m Zn(st)s )

=iP(nes) (byRemark 3.2).

On the other hand v(py(p ® 5)) = Z?=1(PN(<P ®5s)); ® t; € Homy (N, V) ® S. Here (py(¢ ® s)); € Homy(N, V)
and ((on(@ ® $))i1)(n) = mpn(p ® $)(n® sq) = me(n(ss;y)l) = m(n(ss;) - ¢)(n). So

q q
Von(@ ®5) = ) (pn(@ @ s)i @t = Y m(n(ssy) - @) ®t;
= i1

q q
=m Z poen(ss)ti=pem Z (ssi)t;
i=1 i=1

=¢p@®s (byRemark3.2).

This finishes the proof that v is the inverse map of py. O
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Remark 3.4. If N is a Lie algebra, then py is a morphism of N ®r S-modules with the obvious actions: for
s,s' €S,n €N, ¢ € Hom(N, V) and i € Homy(N ®g S, V) we have

(n®s)-(pos’)=-poady(n) ®ss’ e Homy(N, V)®g S

and
(n®s)-(P) = -y oadngs(n®s) € Homg(N @R S, V).

We leave the details to the reader.

The Lie algebras that we are interested in are S/R forms of g ®; R, where g is a finite-dimensional split simple
Lie algebra over k. By definition, this is an R-Lie algebra £ with the property that £ ®g S =~ g ® S as S-Lie
algebras. For our purposes £ will also be thought as a Lie algebra over k.

Remark 3.5. The set of isomorphism classes of S/R-forms of the algebra g ® R is measured by the pointed
set H(T, Aut(g)(S)), where Aut(g) is the algebraic k-group of automorphism of the algebra g. We recall that
by definition Aut(g)(S) is the (abstract) group of automorphisms Auts(g ®; S) of the S-algebra g ® S. The
group I' acts on Aut(g)(S) by functoriality on S, but one can also check the explicit nature of this action as
follows: if y € T and f € Aut(g)(S), then

f=(1ey)ofo(loy™).

Without going into details, let us simply recall for future use that the S/R-form corresponding to a cocycle
u = (uy)yer € Z(T, Aut(g)(S)) is given by

Ly={zegerS:uYz=zforally eI} (3.1)

We therefore can (and henceforth will) always view £ as an R-subalgebra of g ®; S. Recall also that the
S-algebraisomorphism 0 : L& S — g®; S is also explicit and natural. The multiplicationmap S" = S®gS — S
gives an S-algebra homomorphism 0 : g ®, S®r S — g ® S. Ourisomorphism 6 is nothing but the restriction
of © to £ ®g S. Thus, if ] € £ and we writel = ) x; ® s; € g ® S, then

O(le®s) = G)((Zx,- ®sl~) ®s) = in ® S;S.

If we identify L ®r 1 =~ £ < g & S, then 6(I ® s) = sl, where the “scalar multiplication” by s is given by the
natural action of s € S on g ® S. We also observe that for [ € £ € g®; S we have 871(I) = I ® 1.

The above considerations apply to any finite-dimensional algebra g. Our assumption on g is crucial in
the understanding of the inner derivations and centroid of £.

Henceforth we fix a k-space V which we view as a trivial £-module and set (to substantially trim down the
size of the formulas to follow)
M = Homy (L, V).

This puts us exactly in the situation discussed in Section 2.2.1. We begin by recalling (explicitly) the nature
of some relevant known isomorphisms.

Since £ is a projective R-module of constant rank dimy(g), the trace of elements of Endg(£) is defined.
Thus £ has a Killing form B defined as usual by B (a, b) = tr(ad ¢ (a) - ad ¢ (b)). For a general discussion
(with references) of bilinear forms of twisted algebras the reader can refer to [14].

Theorem 3.6. The map ~ : Homy(R, V) — Ctd(L, M) given by
@(a)(b) = ¢(Bs(a, b))
is an R-linear isomorphism, where
Ctd(£L, M) = {y € Homy (L, M) : x([a, b]) =a-x(b) =x(a)-bforalla,b € L}.
Proof. See [14, Remark 5.3]. O

Remark 3.7. The set Ctd(£, M) is the centroid of the £L-module M. This concept can of course be defined for £
and M arbitrary. Centroids play an essential role in our constructions.
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Lemma 3.8. The sequence
0 — Derg(£L, M) — Derp (L, M) A, Dery(R, Ctd(L, M)) — O
is exact for the naturalmap n : Dery (L, M) — Dery (R, Ctd(£, M)) suchthat for § € Derg(L, M),r € Randl € L,
(&M = 6(rl) - ré(D). (3.2)
Proof. See [13, Proposition 3.1]. O
Under the action of R on M we have
@ @O = G = WD)(T).

Let us denote by ¢ : Dery(R, Homy(R, V)) — Dery(R, Ctd(£, M)) the isomorphism induced by the isomor-
phism in Theorem 3.6, that is to say @(8)(r)(D(I") = §(r)(B (1, I)). It is well defined: since the morphism
~ is R-linear, ¢(6) is actually a derivation. Now we can define

7 : Dery (£, M) — Dery(R, Homg(R, V))

by
n=¢lon. (3.3)
For each § € Derg(L, M), r € Rand [, I' € £ we thus have
MBI = (&N = n(6)(r)(Be (1, 1')). (3.4)

Lemma 3.9. The sequence

0 —> Derg(L, M) —> Dery(£, M) — Derg(R, Homy(R, V)) — 0
is exact.

Proof. The surjectivity of 7, and that Ker(7) = Derg(L, M) follow immediately from Lemma 3.8 and the
definition of 17 given by (3.3) and (3.2). O

Let N = Homy(R, V), so that N ®g S = Homy(R, V) ®r S =~ Homy(S, V) by Lemma 3.3. Since S/R is étale for
any element 6 € Dery(R, Homy (R, V)), there exists an unique 8 € Dery(S, Homy (R, V) ® S) such that

8(rn=6n®leN®l1— N®S§.

(See [6, Chapter 0, Section 20]. The last injection follows from S/R being faithfully flat.) By considering the
isomorphism pr = p of Lemma 3.3 we obtain an element 5= po § € Der(S, Homy(S, V)) such that

p(B(N)(s) = p(8(r) ® 1)(s) = 8(r)(n(s)),

where the last equality follows from the definition of p. Note that & is an extension of § in the sense that the
restriction of 6 to R takes values in Homy(R, V) = Hom(R, V) ® 1 — Homy(R, V) ®g S and coincides with 8.
Such an extension is unique. We observe that for s = r’ € R we have

pEM)(") = 8((r).
Observe that p~' o S(r) = 6(r)® 1 for all r € R. Furthermore,
(P led)N=06Mel « B8(r)=pB(r)e1)
— S(r)(s) =p(6(r)®1)(s) = 6(r)(n(s)) forall s € S.
Summing up:
Proposition 3.10. For each 6 € Dery(R, Hom(R, V)) there exists a unique extension 6 € Dery(S, Homy(S, V))

such that R
8(r)(s) = 6(r)(m(s)).

Now we can define
0 : Dery(R, Homy(R, V)) — Dery (L, M),
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which will be one of the key ingredients of the construction of standard cocycles as follows. Given an ele-
ment § € Dery(R, Homy(R, V)), let 6 € Dery(S, Homy(S, V)) be its unique extension as described in Proposi-
tion 3.10.

We fix once and for all a k-basis {e1, ..., ep} of g. For 1 = Y ; e; ® si(l) and I = 2}1:1 ej ®s;j(l') € £ define
n n

a@@)((I") =Y Y Bgylei, €)8(si(D)(s;(l"). (3.5)
i=1j=1

The verification that ¢(8) is, indeed, a derivation is a straightforward computation that we omit here.
Lemma 3.11. Let the notation be as above. Then ¢ is a section of 1.

Proof. Letr,r’ € Rand § € Dery(R, Homg(R, V)). Since the Killing form is surjective, there exist 1, I’ € £ such
thatr’ = B¢ (1, I'). Then

(7o NS N)(') = (772 0)E)(NBL (L 1) = n(@(E)NDI') (by (3.4))
= (&) D) ~ (6@END(T) (by (3.3))

= Z Z By(ei, €))(8(rsi(D)(s(1)) - 8(si(D)(rs;(1')))

1]
™M= T
M: ||

By(ei, e)(8(r(si(D)sj(1")) + 8(si(D)(rs;(1')) = 8(si(D)(rs;1")))

1l
=
—.
1l
[

By(ei, €)8(n(si(D)sj(1'))

Il
m M;«.
) M:

|
)
~
<
—

(ZZB (ei, e)si(D)sj(l ))

=8B (L 1) = (") = 6. O
Theorem 3.12. We have Der; (L, M) =~ Derg(L, M) & Dery(R, Homy(R, V)).
Proof. This follows from the fact that the sequence in Lemma 3.9 is split exact. O
Theorem 3.13. We have Derg(L, M) = IDery (L, M).
Proof. See [13, Proposition 4.2]. O

Corollary 3.14. We have Dery (L, M) = IDery (£, M) @ Dery(R, Homy (R, V)), and this decomposition admits as
a section the map & : Dery(R, Homy(R, V)) — Dery (L, M) discussed in Lemma 3.11.

Proof. All the assertions follow immediately from Theorem 3.12, Theorem 3.13 and Lemma 3.11. O
Remark 3.15. Since all derivations in IDer (£, M) are skew-symmetric, we have the decomposition
Der{”(£, M) = IDery(£, M) & (6[Derg(R, Homy(R, V),

where
(G[Derk(R, Homy (R, V)2 = ¢[Deri(R, Homy(R, V))] N Der;_)(L, M).

We will see in Section 5 that

a(Der )(R, Homk(R, V))) = (6[Deri(R, Homy(R, V))])©.
4 Standard cocycles

Recall the isomorphism A : Derk )(L M) — Z2(L, V) as it was defined after Lemma 2.7.
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10 — A.Pianzola, D. Prelat and C. Sepp, Standard cocycles DE GRUYTER

Definition 4.1. Consider the k-linear subspace of Z2(£, V) defined by
Z23(£L, V) = A((6[Dery (R, Homy (R, V)))).

The elements of Z2 (£, V)are called standard cocycles.

Because of the importance of the concept of standard cocycle let us take the time to go over the details of their
definition. To a given P € Z2(£, V) we can attach by Lemma 2.7 an element dp € Derg(_)(ﬁ, M) such that

op = 0™ + 5(Jp)

(Remark 3.15), where ai}?“ e IDery (£, M), dp € Dery(R, Homy(R, V)) and 6(dp) € Deri_)(L, M). We can again
appeal to Lemma 2.7 and associate to 3(dp) an element Py € Zszt(L, V). Note that, by construction, to each
cocycle P € Z%(£, V) corresponds a unique standard cocycle. This is the element which we have denoted
by Pst-

Theorem 4.2. Let V be a trivial L-module. Then:

i) Z%(L,V)=B*L,V) @Zszt(L, V).

(ii) A cocycle P € Z*>(£, V) is standard if and only if there exist a 5e Dery (S, Homy(S, V)) such that for
=Y ei®si)andl = Z}Zl ej®s;(l'),

P(L 1) =Y Y Bgy(ei, €))d(si(D)(s;(1)).
i=1j=1

If this is the case, 6 satisfies
Y'Y By(ei, ep)(8(si(D)(s;(1") + 8(s;(I"))(si(1)) = 0. (4.1)
i=1j=1

Proof. (i) This follows from Corollary 3.14 and Definition 4.1.

(i) By definition, we know that a cocycle P € Z?(£, V) is standard if and only if there exists an element
0 € (0[Derx(R, Homy(R, V))])© such that A(d) = P. By (3.5), for this to be the case it is necessary and suffi-
cient that there exists a § € Dery(R, Homy(R, V)) such that forall 1, I’ € £,

P, 1" = o)1) = a(®D(I') =Y Y Bylei, e)8(si(D)(s;(1")),
i=1j=1

where § ¢ Dery(S, Homy(S, V)) is the unique extension of §. The skew-symmetry of P implies that the deriva-
tion & satisfies equation (4.1).2 O

Remark 4.3. The derivation 6 in Theorem 4.2 is determined by P. Indeed, a straightforward calculation
shows that for any cocycle P, forallI,1’ € £ and all r, ' € R we have

Pl 'l - P rl") = 6(r)(r' B, (1, 1) = 8(r")(rB (1, I')).
So, if we choose r' = 1, we have
Pl Iy - P, rl") = 6(r) (B (1, 1), (4.2)

Since B is onto R, we have that the restriction and co-restriction of & to elements of R is determined by P,
that is to say & is determined by P, and then & is also determined by P.

As a consequence of the theorem and (4.2) a cocycle P € Z2(L, V) is R-balanced if and only if it is
a coboundary.

In the case that £ is untwisted standard cocycles have a very natural expression.

2 In Corollary 5.11 we will prove that equation (4.1) is equivalent to the skew-symmetry of §and 6.
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Corollary 4.4. Let P € Z>(g® R, V). For P to be standard it is necessary and sufficient that there exists
a k-bilinear mapping Jp : R x R — V such that

P(x®r,y®s) = Bg(x,y)]p(,s),

where Jp is a cyclic 1-cocycle, i.e. it is a k-bilinear, skew-symmetric mapping such that for allr, s, t € R,
Jp(rs, t) + Jp(st,r) + Jp(tr,s) = 0.

Furthermore, the 1-cocycle Jp is unique.

Proof. Since the Killing form By of g is non-degenerate, there exists (xo, yo) € g x g such that By(xo, yo) = 1.
Then, forl = xo®rand ' = yo ® r', we have

0 = By(xo, Yo)(B((r') + 8(r")(r)) = 8(r(r') + 8(r")(1).
S0 8 = 6|« is indeed skew-symmetric, and the corresponding 1-cocycle is given by
Jp(r, 1) = 6(N(r") = Pxo® 1,y ®1').
This shows that P determines Jp. O
Remark 4.5. We observe that Jp also satisfies the identity
Jp(t,1) =0 =Jp(1, ).

Remark 4.6. Every cocycle P € Z?(g ® R, V) is cohomologous to a unique standard cocycle Pg;. (This is the
untwisted case of Theorem 4.2.) The equivalence classes of central extensions of g ® R by V are parametrized
by th(g ®k R, V), or equivalently, by the space Z'(R, V) of cyclic 1-cocycles.?

Corollary 4.7. If P € Z2(g ® S, V), then the restriction of P to L x L is an element of Z%(L, V).
Proof. IfP € Zszt(g ®k S, V), it follows from Corollary 4.4 that P is such that
P(x®s,y®s') = By(x, y)Jp(s, ) = By(x, y)8(s)(s")

for some skew-symmetric derivation & € Dery(S, Homy(S, V). Now for [ = Yi,e®si(Dand!l = Z}lzl ej®s;(l')
we get
n n =
P(L,I') =) ) By(ei, )8(si(1)(s;(1)).
i=1j=1
So P| .« is standard. O

Remark 4.8. The restriction map res : Z%(g & S, V) — Z%(£, V) preserves the orthogonal decomposition of
Theorem 4.2 (i).

5 Standard cocycles and Kahler differentials

1

Given an S/R-form £ of g ® R and a trivial £-module V, we shall use the modules of Kahler differentials Q¢ Ik

and 9112 sk to give a simple form in which to write standard cocycles, namely the elements of Z2 (£, V).

5.1 Kédhler differentials and Galois extensions

Throughout S/R will be a finite Galois extension as above. The S-module of Kdhler differentials of the
k-algebra S will be denoted by Qé Ik and the corresponding universal derivation by ds : S — Q}g e

3 For a detailed account of the cohomology of algebras of the form g ® R, see [15].
4 Our standard reference for this material is [6, Chapter 0, Section 20]. The notation employed therein is dg/x : S — Q}g e We will
throughout write ds instead of ds since no confusion is possible. Similar considerations apply to R/k.
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Recall that for all S-module N there is an S-module isomorphism
Homs(Qg, N) — Der(S,N), @+ ¢ o ds. (5.1)

Given that S/R is faithfully flat, the natural map i : R — S is injective and allow us to identify R with
a k-subalgebra of S. Since ds o i € Derg(R, Qé / «)» we can use (5.1) to obtain a (unique) R-module morphism y
making the following diagram commute:

R—" s

Jo e

1 X 1
QR/k ’ QS/k'

Consider the S-module morphism
Qpi® S — Q5. w8s - sy(w).

If S/R is Galois (hence étale), this last morphism is an isomorphism of S-modules [6, Section 20, Corol-
lary 20.5.8]. Since S/R is faithfully flat, it follows that y is injective, and this allows us to identify Q}le Ik with
an R-submodule of Qé /i Following this with identification of R with a subalgebra of S allows us to identify
dr(R) c Q}q/k with dg(R) ¢ Q§/k.

The Galois group I of S/R acts on Qé Ik via¥(sds(t)) = Ysds(*t) and the invariants are exactly the elements
of )((Q}le /k). (We can check this fact by Galois descent: for any R-module M we have that (M &g S) = M ®z 1,

and since Qj, K ®RS = Q5 /i our claim follows). On the other hand, it is easy to see that:

Lemma 5.1. We have ds(S)' = ds(R) = x(dr(R)).

Proof. The last equality was explained in the penultimate paragraph above. Under the identifications
explained therein, the inclusion ds(R) c ds(S) is immediate by the way that the Galois group acts on Q; Ik
(simply observe that ST = R). To see that this inclusion is in fact an equality we appeal to a standard reasoning
from abelian Galois cohomology. Let V be the kernel of the k-linear map ds : S — Qg e Consider the exact
sequence of abelian groups (in fact of k-spaces)

d

0— V— S ds(S) — 0.
It is clear from the way that the Galois group acts that this sequence is I'-equivariant. Passing to cohomology
yields

d

R=S"= dg($)F — HYT, V).
Since HY(T, V) is a torsion group and also a k-vector space, we get H(T', V) = 0 (see [18, Chapter 1, Section 5]).
It follows that ds(R) surjects onto ds(S)T. O
Let s : Qé/k - Qé/k/ds(S) and g : Q}e/k - Q}z/k/dR(R) be the canonical k-spaces maps. Since

(ms ° x)(dr(r)) = 0,

there exists an unique y : Qg i/ dR(R) — Qg /x/ds(S) making the diagram

1 X 1
QR/k ' QS/k

Qk; /dr(R) —— QL /ds(S)

commute. The map y is injective: w € Ker(}) & (s o x)(w) = 0 & y(w) € ds(S). But y(w) = x("w) = Vx(w)
for all y € T, so y(w) € (ds(S)), then w € dgr(R). This allows us to identify Q}e/k/dR(R) with a k-subspace
of O, /ds(S)

Lemma 5.2. The group T also acts in the quotient space Qé/k/ds(S) via ¥(sds(t)) = Ysds(Yt). Under this action
QL /dsS)T = Qk , /dr(R).
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Proof. We leave to the reader to check that the action is well defined. Consider the I' equivariant exact
sequence of k-spaces
0 — ds(S) = Qg — Qg /ds(S) — 0.

By passing to cohomology and appealing to the last lemma we get
0 — dgr(R) — Q}e/k - (Qé/k/ds(s))r — HY(T, ds(S)).

As already explained before HY(T, ds(S)) vanishes. The lemma now follows. O

5.2 The skew-symmetry problem

Lemma 5.3. Anelement § € Dery (S, Homy(S, V)) is skew-symmetric if and only if for all s € S, §(s)(1) = O.
Proof. Foralls,s' € Swehave §(ss’)(1) = 8(s)(s") + 6(s')(s). O

Lemma 5.4. Let § € Dery(S, Homy(S, V)).

(i) There exists ¢ € Homk(Qé/k, V) (not necessarily unique) such that for all s, t € S, §(s)(t) = ¢p(tds(s)).

(ii) 6 is skew-symmetric if and only if one (and then all of the) ¢ of (i) verifies the equation ¢ - ds = O.

(iii) The reciprocal of (i) and (ii) holds: For all ¢ € Homk(Q§ Ik V), the mapping 6 : S — Homy(S, V) given by
6(s)(t) = ¢(tds(s)) is an element of Dery (S, Homy(S, V)), and this derivation is skew-symmetric if and only
ifpods=0.

Proof. (i) Given 6 € Dery (S, Homy(S, V)), by (5.1), we have a morphism ¢ € Homs(Q§/k, Homy(S, V)) such

that § = ¢pg o ds, i.e. forall s, t € S 6(s)(t) = ¢o(ds(s))(t). Since ¢y is S-linear, we have

Po(sds(t))(u) = (s - Po)(ds(t))(u) = Po(ds(t))(su).

To define ¢ we will consider first the linear mapping ¢ defined in the free S-module with basis {ds : s € S}
such that ¢ (tds) = ¢o(ds(s))(t) € V. This action factors through the quotient defining Q1 . Indeed,

S/k*

$1(d(st) - sdt — tds) = p1(d(st)) - p1(sdt) - ¢p1(tds)

= ¢o(ds(st))(1) = po(ds()(s) - Po(ds(s))(t)

= ¢o(sds(t))(1) + do(tds(s))(1) — po(ds(t))(s) — po(ds(s))(t)

= Po(ds())(s) + Po(ds(s))(t) — Po(ds(D))(s) - Po(ds(s))(t) = O,
¢1(d(s +t) - ds — dt) = p1(d(s + 1)) - p1(ds) - ¢p1(dt)

= ¢o(ds(s + ))(1) = Po(ds(s))(1) — po(ds(t))(1)

= ¢o(ds(s + t) — ds(s) — ds(6))(1)

= ¢o(0)(1) = 0.

It follows that ¢»; induces a k-linear morphism ¢ : Q; e V such that forall s, t € S,

P(tds(s)) = ¢p1(tds) = po(ds(s))(t) = 6(s)(0).

(ii) This follows immediately from Lemma 5.3: 6 is skew-symmetric if and only if forall s € S, §(s)(1) = 0
ifand only if forall s € S, ¢p(ds(s)) =0
(iii) Given ¢ € Homk(Qé/k, V), the mapping 6 : S — Homy(S, V) given by 6(s)(t) = ¢(tds(s)) is an ele-
ment of Der (S, Homy(S, V)):
8(ss')(t) = Pp(tds(ss')) = p(tsds(s') + ts'ds(s))
= p(tsds(s")) + ¢(ts'ds(s)) = 6(s')(st) + 6(s)(s"t)
=5-8(s")(t) +s"-8(s)(t),

and again by Lemma 5.3 this derivation is skew-symmetric if and only if ¢p o dg = 0. O
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Corollary 5.5. The following statements hold.

(i) Given 6 € Dery(S, Homy(S, V)) skew-symmetric, there exists @ € Homk(0§ /k/ds(S), V) (not necessarily
unique) such that forall s, t € S, §(s)(t) = O(tds(s)).

(ii) Given @ € Homk(Qé/k/ds(S), V), the mapping 6 : S — Homy(S, V) given by 6(s)(t) = ®(tds(s)) is a skew-
symmetric derivation.

Proof. (i) By Lemma 5.4 (i), there exists ¢ € Homk(Q}q/k, V)such thatforalls, t € S, §(s)(t) = ¢(tds(s)). Since
§ is skew-symmetric, it follows from Lemma 5.4 (ii) that ¢ o ds = 0. Then we have a well-defined morphism
D e Homk(Qé/k/dg(S), V) such that forall s, t € S,

O(tds(s)) = ¢(tds(s)) = 6(s)(t).

Thus, 6 is skew-symmetric if and only if one (and then all of the) ¢ of (i) is such that ¢p o dg = 0.
(i) Given @ ¢ Homk(Q}g/k/ds(S), V), we can define

6(s)(t) = ¢p(tds(s)) = D(tds(s))

and by Lemma 5.4 (iii) it is a derivation. Since §(s)(1) = ®(ds(s)) = ®(0) = 0, we have again by Lemma 5.4 (iii)
that § is skew-symmetric. O

Recall the average map

— P
7: Qg /ds(S) - Q4 /ds(S), (@) = i Y .

yer
Since the elements in ﬁ(Qé Ik /ds(S)) are T-invariant, we actually have
7: QL /ds(S) = (QL,/ds(S) = Qb /dr(R).
Now we can prove the following theorem about extension of skew-symmetric derivations:
Proposition 5.6. Let 6 € Dery(R, Homy(R, V)) be skew-symmetric. The unique extension
8 € Dery(S, Homg(S, V))

given in Proposition 3.10 is skew-symmetric.

Proof. Let 6 € Dery(R, Homy(R, V)) be skew-symmetric. By Corollary 5.5 (i) applied to R, there exists some
D e Homk(Q}e/k/dR(R), V) such that forallr,r' €S,

§(N(r') = O dr(r)).

So we can define @ ¢ Homk(Q§ Ik /ds(S), V) as the composition of the morphisms in the diagram

QL /ds(S) —"— (Q,/ds(S)T —— Qb /dr(R)
. Jm
)
V.
By Corollary 5.5 (ii), we obtain the skew-symmetric derivation 6 € Dery(S, Homy(S, V)) defined by
8(s)(t) = D(tds(s)).

Since we can identify r'ds(r) € (Qé/k/ds(S))r with r'dg(r) € Q}z/k/dR(R), forallr € Rand t € S we have

8(r)(t) = D(tds(r)) = ©(r(t)dr(r)) = 8(r)(a(t) = 8(r)(¢).

By the uniqueness of the extension of §, we have 5=05.In particular, 8is skew-symmetric. O
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5.3 Another expression for standard cocycles

From Theorem 4.2 and Lemma 5.4, for a standard cocycle P we have the expression

n n n n
P(,1') =" Byl(ei, e)¢(sj(l")ds(si(D)) = qb( Y. Y Bglei, ej)Sj(l')ds(Si(l)))
i=1j=1 i=1j=1
fori=Y7",e;®si)and !l = Z;Ll ej®sjl') e L.

This last formula motivates the definition of the k-bilinear morphism

B:(gerS) x (g Qé/k) - Qé/k suchthat B(x®s,y® w) = By(X, y)sw
and the definition of the k-linear map
d:g®S — g Qé/k such that d(x®s) = x ® dg(s).

Now we can rewrite the above formula: for I = Y, e;® si(l) and I' = Y1 ej ® s;(I') € £,

n n n n

P(L 1) = ¢( > Y Baei, e;)s;(l’)ds(siu») = ¢(3< Y ejosil), ) ei® ds(si(l))) = B, 00)). (5.2)

i=1j=1 j=1 i=1

Some remarks about the existence and nature of these objects are in order:

o oiswell defined: The k-bilinear morphism gx S — g® Q; Ik given by (x, s) — x®ds(s) induces a k-linear
mapo: g®S — g® Qé/k satisfying (x ® s) — x ® ds(s).

+  Bis well defined: From the k-multilinear map g x S x g x Qé/k - Qé/k given by (x, s, y, w) = By(x, y)sw
we obtain a k-linear map g ®x S ® g ®x Q}g/k - g8 Q}g/k such that (x®s®y ® w) — By(x, y)sw. This
yields a k-bilinear map g ® S x g ® Qé/k — gk Q§/k such that (x® s, y ® w) — By(x, y)sw.

. g8k Qé/k is an S-module, with S acting in Qé/k.

e g®k Qé/k isa g ®x S-module via (x® s) - (y ® w) = [x, y] ® sw. It is easy to see that this defines an action
of the S-Lie algebra g ®k S on the S-module g ® Qé Ik

Proposition 5.7. Let 0 : g® S — g ® Q}g/k and B : (g @k S) x (g ®x Q}q/k) - Q}g/k be as above. Then:
(i) o s a derivation.
(ii) Foralla,b € g® Sand g € g oy Qé/k we have

B([a, b]a Q) = B(as b- C)-

(iii) Foralla, b € g ® S,
ds(Bge,s(a, b)) = B(a, o(b)) + B(b, 0(a)).

Proof. The proof consists of straightforward computations that we omit. O
We can now rewrite Theorem 4.2.

Theorem 5.8. Let V be a trivial £-module and P € Z% (L, V) a standard cocycle. Then:
(i) There exists a (in general not necessarily unique) k-linear map ¢ : Qé ik — Vsuch that foralll,1' € £ and
reR,
P(1,1') = p(B', (1) (5.3)
and
(¢pods)(r)=0. (5.4)
(ii) Conversely, for any k-linear map ¢ : Q} x — V satisfying (5.4), formula (5.3) defines a standard cocycle.

Proof. The existence of ¢ has been seen in Lemma 5.4 and (5.2). Now, since P is skew-symmetric,

0=P(1")+PI',1)= dBI', o)) + p(B(l, o(I')) = p(ds(Bya,s(l, 1) = p(ds(Bs (1, 1)),

where the last equality follows from Proposition 5.7 (iii). Since B is onto R, we have (¢ o dg)(r) = O for
allr e R.
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Conversely, we have to prove first that formula (5.3) defines a cocycle. The skew-symmetry follows from
the calculation above and formula (5.4). In order to prove the Jacobi identity, let a, b, ¢ € £; then we have

P([a, b], c) + P([b, c], a) + P([c, a], b)
= ¢(B(c, o([a, b])) + B(a, o([b, c])) + B(b, o([c, a])))
= ¢(B(c,a- (b)) - B(c,b-d(a)) + B(a, b-9d(c))
~B(a, c-0(b)) + B(b, c-d(a)) - B(b, a-d(c))) (by Proposition 5.7 (i))
= ¢(B([c, al, o(b)) - B([c, b], o(a)) + B(la, b], 0(c))
- B([a, c], o(b)) + B([b, c], 0(a)) - B([b, a], d(c))) (by Proposition 5.7 (ii))
= 2¢(B([c, a], d(b)) + B(la, b], 3(c)) + B([b, c], d(a))).

One the other hand,
8s(B:([a, b], ¢)) = B([a, b], 3(c)) + B(c, 9([a, b)) (by Proposition 5.7 (iii))
= B([a, b], 3(c)) + B(c, a- (b)) - B(c, b - d(a)) (by Proposition 5.7 (i))
= B(la, b, 0(c)) + B([c, a], o(b)) — B([c, b], 0(a))  (by Proposition 5.7 (ii))
= B([a, b], 3(c)) + B([c, a], (b)) + B([b, c], d(a)).
So

P(la, b], ¢) + P([b, c], a) + P([c, al, b) = 2¢(B([c, a], (b)) + B([a, b], d(c)) + B([b, c], d(a)))

= 2¢(dS(BL([a! b]’ C))) =
€R

Finally, we have to prove that P is standard. Indeed, given [ = }!' ; e; ® s;(l) and I = Z}'zl ejesjl') e L,
P(, 1) = pB(', o(D)))

( (Z ejosj(l'), Z e ® ds(s; (1)))

j=1

z z Bg(ei, ej)Sj(I,)dS(Si(l)))

=1]=1

I
<
M= =

z By (ei, €)(s;(I")ds(si(D)))

]:
n -~

Y. 2. Bolei €)6(siD)(s;(1).

}:

By Theorem 4.2, P is standard. O

]
Ju
-

I
D=

Il
[
—_

Corollary 5.9. IfP € Z (L, W) and ¢ € Homi(W, V), thenp o P € Z (L, V).
Proof. Follows immediately from the Theorem 5.8. O
We can establish some important facts about the skew-symmetry of the derivations involved in Theorem 4.2.
Proposition 5.10. We have

(Der|(R, Homk(R, V))) = (¢[Der(R, Hom(R, V))])*"
Proof. Leté € Dery(R, Homy (R, V)) and§ e Der (S, Homy(S, V)) its unique extension. If § is skew-symmetric,

then & is also skew-symmetric (see Proposition 5.6). Then

n n
a(&) M) +a(&)I)D) = Z Z Bgl(ei, €)(8(si(D)(sj(1") + 6(sj(I"))(si(1)) = 0
i=1j=1
Reciprocally, if 6 € Dery(R, Homy(R, V)) is such that 6(8) is skew-symmetric, let us see that & (then 6) is
skew-symmetric. By Lemma 5.4, there exists ¢ oF: sk V such that a(tds(S)) = 8(s)(t) and we can rewrite

aB)D(I') = B, o).
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Since ¢(8) is skew-symmetric, ($ ods)(r) = 0 forall r € R (see Theorem 5.8 and its proof). Now
8(r)(1) = 8(r)(1) = P(ds(r)) = 0;
then, by Lemma 5.3, § is skew-symmetric. O

Corollary 5.11. Equation (4.1) in Theorem 4.2 can be replaced by the skew-symmetry of & (which in turn is
equivalent to the skew-symmetry of 6).

6 Applications to universal central extension of Galois twisted
forms

Let £ be a twisted form of g ®, R. By definition (see [4] for details that are relevant to the present paper), there
exists a faithfully flat and finitely presented ring extension S/R such that £ ®g S = g ® S as S-Lie algebras.
Because Aut(g) is smooth and affine, there is no loss of generality in assuming that S/R is étale. In the present
paper we will only be interested in forms were S/R can be assumed to be Galois.?

Assume henceforth that S/R is Galois with Galois group I (see Section 3 for all relevant definitions and

details). The action of T on Q; Ik viaY(sds(t)) = Ysdgs(¥t) passes to the quotient Qé /k/ ds(R), and T acts via

Y(sds(t)) = Ysds('t),
where the double overline mean class in Qé Ik /ds(R).

Lemma 6.1. We have
Q3 /ds(R)" = Q}  /dr(R).

Proof. The proof is similar to that of Lemma 5.2. O

Let us consider the k-linear map

¢ : QY — Qf,/ds(R),  Pltds(s)) = tds(s). (6.1)
Since clearly (a odgs)(r) = Oforallr € R, by Theorem 5.8, we have the standard cocyclel3 € th(L, Qé/k/dg(R))
such thatforalll =Y, e;®s;()and ' = Z}lzl ejesjl') e L,
n n —
P 1) = gB(', 0D)) = ) Y Bgles, e))sj()ds(si(D). (6.2)
i=1j=1

Remark 6.2. In terms of Theorem 4.2, we have the derivation

8 € Dery(S, Homy(S, Q} , /ds(R))) such that 8(s)(t) = tds(s).

Let us define an important k-subspace of Q§ Ik /ds(R) that will appear in our new description of the universal
central extension of £. This is the space

W(L) = the k-linear span of P(£ x £) € Qé/k/ds(R).
Theorem 6.3. The Lie algebra £ = L & W(L) with bracket
U+w, ' +w]=[,1:+P1T)

is the universal central extension of L.

5 This assumption is superfluous in the case of Laurent polynomial rings R = k[tfl, ..., t51] (which is the case that arises
naturally in many areas of infinite-dimensional Lie theory). Indeed, by the main Isotriviality Theorem of [5], any twisted form
L of g ® R, i.e. split by S/R étale, is necessarily split by a Galois extension of R.
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Proof. Let Lp be a central extension £p = £ @ V, where P € Z2(£, V) is a cocycle, which may be supposed
standard without loss generality (every cocycle is cohomological equivalent to a standard one, and isomor-
phic central extension correspond to cohomological equivalent cocycles). Let us prove that there is a unique
morphism of Lie algebras 1 : £ — £ @ V such that the diagram

LoV

commutes, where 71 and 7 are the projections to £. For a general linear mapping i : £ — LoV we write
Y +w) =1P1(l+w) +P(l + w). Then a morphism of Lie algebra making the above diagram commute must
verify mo ¢ = . Thus I = 77(l + w) = n(P(l + w)) = Y1 (1 + w) for all I € L. This is to say

YA +w)=1+P(l+w) (6.3)

and
YL+w, ' +wlg) = [P+ w), A" + W)l cev.

Taking into account (6.3) this yields

(L Ue +PA 1)) = [T+ ol +w), I+ ho(I' + W],
(L1U]e +Ya([L, U]e + PALT)) = (1, 1] ¢ + P D),
Ya((L, U + PALT)) = PAL T,
Y21, 1" ) + Y2 (PU, 1)) = P D).
But the mapping (1, I') — ¥ ([1, I']) is obviously a coboundary in £ with values in V, and (I, I') — 1, (P(1, 1))
is a standard cocycle, because P is standard (see Corollary 5.9). Since Theorem 4.2 asserts that the decom-

position of a cocycle as a sum of a coboundary and a standard part is unique, and P is standard, the last row
is possible only if ), ([, I']) = 0 for all I, I' € £. But L is perfect, so forall l € £,

Po()=0 and (P 1)) = P 1T). (6.4)

We may thus consider i, as a linear mapping W(£) — V satisfying (6.4).

Summing up: we have proved that any morphism of Lie algebras i : £ — £ @ V making the diagram
commute is necessarily of the form (I + w) = [ + ¥(w), where ¥ : W(L) — V is a linear mapping satisfying
W(P(, 1)) = P(I,1") forall I, I' € £. Thus the existence of a unique morphism ¥ : £ — £ & V of Lie algebras
making the above diagram commute reduces to the existence of a unique linear mapping ¥ : W(£) — V sat-
isfying W(P(1,1')) = P(1,I') forall I, I' € L.

Existence. By Theorem 5.8, for I, I' € £ the standard cocycle P is of the form
P, 1) = pB(I', o(1)))

for some k-linear map ¢ : Q; K™ V such that (¢ o ds)(r) = 0. This induces a k-linear map

¥: Qg /ds(R) - V  such that W(tds(s)) = W(P(tds(s)) = Pp(tds(s)),
where ¢ is as in (6.1). Now
(P, 1) = W(@BI', 0(1) = pBA', (1)) = P(L, ).
Then, the restriction of ¥ to W(L) is the required morphism.

Uniqueness. Let us suppose that ¥ : W(£) — V is a linear mapping satisfying W(P(l,I')) = O forall I, I € L.
By the definition of W(£), we have ¥ = 0. O
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Remark 6.4. Just as in Section 5.1 we have the commutative diagram

1 X 1
QR/k ' QS/k

Qb /dr(R) —— QL /ds(R)

and the inclusion Q}e/k/dR(R) — Qé/k/ds(R). It follows that

Q}e/k/dR(R) — W(L).

Indeed given r'dg(r) L r'ds(r), we can choose I, I' € £ such that B¢ (I, 1) = r'; then

r'ds(r) = B (1, 1ds(r) = 8() (B (L, 1) = P(rL, ') - P(L, ') € W(L),
where the last equality is due to (4.2).
Corollary 6.5. Kassel model is universal. That is to say the Lie algebra gg = g ® R & ol /k/d r(R) with bracket
[x®r+{,y®s+n]m =[x,yl®rs +B(x,y)%

is the universal central extension of g ® R.

6.1 Universal central extension of multiloop algebras

In this subsection we will consider multiloop algebras based on g. (See [16, Section 5]). Thus we have
R = k[tf!, ..., t5'] with k algebraically closed (of characteristic 0). In this case S may be assumed to be of
the form S = k[t”/ e, tﬁl/ ™ for some positive integer m. The choice of a compatible set of primitive roots
of unity in k determines an isomorphism of Galois group of S/R with (Z/mZ)". The cocycle uy, € Auty(g ® S)
defining £ is actually in Auty(g) — Auty(g ®x S),i.e.forx® s € g ® Swehave that uy(x ® s) = v, ® s for some
vy € Aut(g). We continue with the notation in the previous section: Pe Z (L, Ql /k/ ds(R)) given by (6.2).

Lemma 6.6. In the multiloop case, for all I,1' € £, P(*(1,I')) = Y(P(1,1')), where T acts on £ € g®, S x g ® S
via the twisted action.

Proof. Indeed, for 1 = Y, e;®si(l)and I = Z}‘Zl ejesjl') e L,

P, 1) = P(uy ("), uy ("))

( ( (Ze’m (’)>)’“v(y(iej®s;(l’)))>
( (Z ®”si(D), y<Zez®Ys,<z>))

vy(e) ®Vsi(l), z vy(ej) ® Vsl ))
j=1

"u>
/-~
M=

]
-

Bg(Vy(e ) Vy(ej))YSJ(II)dS(YS )

I
™M=
M=

Il
[

—.

Il
=

Bg(e;, e])ysj(ll)ds(ysz(l))

1}
™M=
M=

I
[N
~.

I
=

M=

y(
i=1j

=YL 1')). O

Z Bg(ei, e))sj(I)ds(si (l))>

—.
II
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Remark 6.7. Cocycles of the form u,(x®s) = v, ®s for some v, € Autx(g) are usually called “constant”
(because the action of the Galois group is trivial). As we have seen such cocycles allow the key identity

PO 1) ="(PA 1))
for 1,1’ € £ to hold. Not all twisted forms of g ® R are given by constant cocycles (the so-called Margaux
algebra [4, Example 5.7] is one such example).
Theorem 6.8. If £ is a multiloop algebra based on g, then

W(L) = Qg /dr(R).

Proof. We have already seen that Q}Q /K /dr(R) — W(L) (see Remark 6.4). On the other hand, all (I, ') € £ x £
are I'-invariant, so we have

P(L,U)=P( (1)) =Y(PAL)).
SoP(L 1) e (Qé/k/ds(R))r = Q}e/k/dR(R) and therefore W(£) — Q}e/k/dR(R). O

Other descriptions of the universal central extension of multiloop algebras can be found in [2] and [19].
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