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The objective of this work is to make the numerical analysis, through the finite element method with Lagrange’s triangles of type
1, of a continuous optimal control problem governed by an elliptic variational inequality where the control variable is the internal
energy g. The existence and uniqueness of this continuous optimal control problem and its associated state system were proved
previously. In this paper, we discretize the elliptic variational inequality which defines the state system and the corresponding cost
functional, and we prove that there exist a discrete optimal control and its associated discrete state system for each positive h (the
parameter of the finite element method approximation). Finally, we show that the discrete optimal control and its associated state
system converge to the continuous optimal control and its associated state system when the parameter h goes to zero.

1. Introduction

We consider a bounded domain QO < R" whose regular
boundary 0Q = I} U T, consists of the union of two disjoint
portions I and I, with meas(I;) > 0. We consider the
following free boundary problem (S):

u >0
u(-Au-g)=0;
( —Au —g; >0 W
in Q;
u=b onlj;
ou 2

- = on [,
on 1
where the function g in (1) can be considered as the internal
energy in Q, b is the constant temperature on I}, and g is
the heat flux on I,. The variational formulation of the above
problem is given as follows: find u = u, € K such that Vv € K

a(u,v—u)z(g,v—u)H—Lq(v—u)ds, (3)

where
V=H(Q),

K={veV:v>0in Q,v=bon [},
Vo={veV:v=0onT},

H=1*(Q),

Q="L*(I), )

(u,v)q = L uvds Yu,veQ,

2

(u,v)H:J uvdx Yu,v € H,
Q

a(u,v)=J Vu-Vvdx VYu,veV.
Q

We note that a is bilinear, continuous, and symmetric on V
and a coercive form on V; [1]; that is to say, there exists a
constant A > 0 such that

a(mv)zAlvly, VeV, (5)



In [2], the following continuous distributed optimal control
problem associated with (S) or the elliptic variational inequal-
ity (3) was considered as follows.

Problem (P). Find the continuous distributed optimal control
9op € H such that [3-5]

J (ep) = min (9). ©6)

where the quadratic cost functional ] : H — Rg is defined
by

19) =5 ol + 5 ol o)

with M > 0, a given constant, and u, is the corresponding
solution of the elliptic variational inequality (3) associated
with the control g.

Several continuous optimal control problems are gov-
erned by elliptic variational inequalities, for example, the
process of biological waste-water treatment; reorientation
of a satellite by propellers; and economics: the problem of
consumer regulation of a monopoly and so forth. There
exists an abundant literature for optimal control problems
governed by elliptic variational equalities or inequalities
[6-12], for numerical analysis of variational inequalities or
optimal control problems [13-16].

The objective of this work is to make the numerical
analysis of the optimal control problem (P) which is governed
by the elliptic variational inequality (3) by proving the
convergence of a discrete solution to the continuous optimal
control problems.

In Section 2, we establish the discrete elliptic variational
inequality (10) which is the discrete formulation of the
continuous elliptic variational inequality (3), and we obtain
that these discrete problems have unique solutions for all
positive i. Moreover, on the adequate functional spaces these
solutions are convergent when i — 07 to the solutions of the
continuous elliptic variational inequality (3).

In Section 3, we define the discrete optimal control
problem (31) corresponding to continuous optimal control
problem (6). We prove the existence of a discrete solution for
the optimal control problem (P,) for each parameter h and we
obtain the convergence of this family with its corresponding
discrete state system to the continuous optimal control with
the corresponding continuous state system of the problem
(P).

2. Discretization of the Problem (S)

Let O ¢ R” be abounded polygonal domain; b a positive con-
stant; and 7, a regular triangulation with Lagrange triangles
of type 1, constituted by affine-equivalent finite elements of
class C° over Q, h being the parameter of the finite element
approximation which goes to zero [17, 18]. We take h equal
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to the longest side of the triangles T € 1, and we can
approximate the sets V and K by

Vy={v, €C’(Q):v,eP,(T) on T, ¥T € 1,},
VhOZ{VhGVhZVhZO on FI}, (8)
Kh:{thVhZVhZO, Vthonrl},

where P, (T) is the set of the polynomials of degree less than
or equal to 1 in the triangle T. Let II,, : V' — V, be the
corresponding linear interpolation operator and ¢, > 0 a
constant (independent of the parameter h) such that, Vv €
H(Q),1<r<2[17]:

Iv =11, )]y < k" IV,

[v =11, W)y < h™ v,

The discrete variational inequality formulation (S;,) of system
(8) is defined as follows: find uy,, € K, such that Vv, € K,

€)

a (”hg"’h - ”hg) 2 (9’ Vh ”hg)H - (q, Vh ”hg)Q' (10)

Theorem 1. Let g € H, b > 0, and q € Q; then there
exists unique solution of the problem (S,,) given by the elliptic
variational inequality (10).

Proof. It follows from the application of Lax-Milgram Theo-
rem [1]. O

Lemma2. Let gy, g, € H and w,g , uy,,, € K, be the solutions
of (Sy,) for g, and g,, respectively; then one has that

(a) there exists a constant C independent of h such that

””hg“v <C, Vh>O0; 11)
(b) Vh>0
[, =, < 3 192 = s 1)

(c) if g, — g in H weak, then u,, — w,, inV strong for
each fixed h > 0.

Proof. (a) If we consider v, = b € K, in the discrete elliptic
variational inequality (10) we have

A “”hg - b”i sa (”hy — by — b)
< (g, Upg — b)H + (q, b- uhg)Q (13)

< (lglss + lallo Ivoll) s — ¥, -

where y, is the trace operator and therefore (11) holds.

(b) As uy,, and wuy,, are, respectively, the solutions of
discrete elliptic variational inequalities (10) for g, and g,, we
have

a (”hg,-’ Vh ~ ”hg,-) > (g vi - ”hgf)H
(14)
- (q, V= ”hg;)Q> Vv, € K,
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for i = 1, 2. By coerciveness of a we deduce
A 2
Jt4hg, = 4na, “V < @ (g, ~ thng,>tg, — tg,)

S (gz ~ 9 Upg, ~ Upg, )H (15)
< 9> = 91l [1tng, = 11|,
Yh > 0;

thus (12) holds.

(c) Let & > 0. From item (a) we have that g, Il < C Vn;
then there exist # € V such that u,, — 7 inV weak (in H
strong). If we consider the discrete elliptic inequality (10) we
have

a (”hgn> Vh ~ “hgn) 2 (gn’ Vh ~ ”hgn) H
(16)

- (q’ Vh = Ung, )Q

and using the fact that a is a lower weak semicontinuous
application then, when 7 goes to infinity, we obtain that

a(mve=m) 2@y (@vu-1q  17)
and from uniqueness of the solution of problem (S,), we
deduce that 7 = u,; € Kj,.
Now, it is easily to see that

a (“hgn = Ung> Upg, — ”hg) s - (g = 9w Ung, ~ ”hg)H (18)

and from the coerciveness of a we obtain

2
A ””hgn - ”hg"v <(g- 9> Yng, ~ ”hg)H‘ (19)
Asup, — w,,inHand g, — gin H, by passing to the limit

whenn — ©o in the previous inequality, we obtain

Jim e, —ug|, = 0. (20)
O

Henceforth we will consider the following definitions [2]:
given u € [0,1] and g,,9, € H, we have the convex
combinations of two data items

g5 () =ug, +(1-p) g, € H, (21)

the convex combination of two discrete solutions

wys (u) = pug, + (1 - ) g, € K, (22)

and we define u,,(¢) as the associated state system which is
the solution of the discrete elliptic variational inequality (10)
for the control g;(u).

Then, we have the following properties.

Lemma 3. Given the controls g, g, € H, one has that

(a)
2
H

Huhslli =y “”hgl “j{ +(1-u) “”hgz
(23)

—u(l-p) "”hyz = Ung, ”;

3
(b)
2 2 2
lgs (lz; = ullgnllz + (1 = ) | g3
) (24)
w1 =g - gl
Proof. (a) From definition (22) we get
2 2
leallzs = 6 Jetng, |+ (1= 0)” g, |
+ 2‘“ (1 - M) (uhgl’uhgz )H >
(25)
2 2 2
””hgz ™ Ung, ||H = "”hyz ut "”hm ”H
-2 (”hgl’ Ung, )H’
and then we conclude (23).
(b) It follows from a similar method to part (a). O

Theorem 4. If u, and u,, are the solutions of the elliptic
variational inequalities (3) and (10), respectively, for the control
g € H, thenw,; — uy in'V strong when h — 0".

Proof. From Lemma 2 we have that there exists a constant
C > 0 independent of h such that IIuthIV < CVh > 0,and
then we conclude that there exists 7 € V so that Upg —ninV
weakash — 0" and 57 € K. On the other hand, given v € K
there exist v;, such that v, € Kj, foreachhandv, — vinV
strong when & goes to zero. Now, by considering v, € K, in
the discrete elliptic variational inequality (10) we get

a (”hg’ ”hg) sa (”hg’ VZ) - (g, Viy = ”hg)
(26)

+ (q, v, — uhg)Q

and when we pass to the limitash — 0" in (26) by using the
fact that bilinear form a is lower weak semicontinuous in V'
we obtain

a(mn) <a(mv)-(gv-n+@v-nqy  (27)
that it is to say,
a(mv-n)=2(gv-n-(gv-n, YveK (28

and, from the uniqueness of the solution of the discrete
elliptic variational inequality (3), we obtain that n = u,.

Now, we will prove the strong convergence. If we consider
v = up, € K ¢ K in the elliptic variational inequality (3) and
v, = 1, (u,) € K, in (10), from the coerciveness of a and by
some mathematical computation, we obtain that

P P P CR—
< a4y Ty (11, ~ 1)
~ (911, (ug) - )
(@ ()~ 11,)

then by passing to the limit when & — 07 it results in
limh_)(y "uhg - l/lg"V =0. ]

(29)



3. Discretization of the Optimal
Control Problem

Now, we consider the continuous optimal control problem
which was established in (6). The associated discrete cost
functional J, : H — R; is defined by the following
expression:

Jiel, + 5 sl (0)

(o) =3

and we establish the discrete optimal control problem (P,) as
follows: find g, € H such that

Ji (9ep, ) = minJ (9). (31)

where u;,, is the associated state system solution of the
problem (S;,) which was described for the discrete elliptic
variational inequality (10) for a given control g € H.

Theorem 5. Given the control g € H, one has

()
o (g) = 0o (32)
(b) Jn(g) = (M/2)||g||i1 — Cllglly for some constant C
independent of h;

(c) the functional ], is a lower weakly semicontinuous
application in H;

(d) there exists a solution of the discrete optimal control
problem (31) for all h > 0.

Proof. (a) From the definition of J,(g) we obtain (a) and (b).
(c) Let g, — g in H weak; then by using the equality

Ig,l2; = g, — gliz; = llgliz; + 2(g,,» §)5r We obtain that ||gll;; <
liminf,_, . g,ll7; Therefore, we have

2
lim infJ, (g,) = = “uhg" ||g||H =J,(9). (33)
(d) It follows from [4]. O
Lemma 6. If the continuous state system has the regularity
u, € H'(Q) (1 < r < 2) then one has the following estimations
Vg € H:
(a)

g ], = CHO &

(b)

14 (9) =T (g)] < Ch"™P2, (35)

where C’s are constants independent of h.
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Proof. (a) As u, € K, we have that Hh(ug) € K, ¢ K. If we
consider v, = II;(u,) in (10), by using the inequalities (29),
we obtain

< —
’\“”hy g"v “(”hg Ug> Upg “g)

sa (”hg’ I, (”y) - ”g)
- (g, I, (”g) - ”g)
+ (q’ I, (”g) - ”g)Q

< Clt () - ],

(36)

hr—l
gllr
<CH™,

and then (34) holds.
(b) From the definitions of J and Jj,, it results in

1

15(9)=7(9) = 5 (lnallsy = ;)
1 2 (37)
) ["uh@ - uﬁ”H + (”y’”hg - ”g)]

and therefore

7n(9) - T (9)|

1
< (5 I =l + Bl ) g vl 39

< CRIV2
O

Following the idea given in [2] we define an open
problem: given the controls g;,g, € H and VYu € [0,1],
Vh >0

0 <y (u) <wy (u) inQ, (39)

s (e)ler < Nt (o) (40)

Remark 7. We have that (39)=(40).

Remark 8. The equivalent inequality (39) for the continuous
optimal control problem (P) is true; that is [2], for all g;, g, €
H,and Vu € [0,1],

0<uy () <us(p) inQ, (41)

where u3(p) = pu, + (1 - pu, € K, u, (i = 1,2) is the
unique solution of the elliptic Varlatlonal 1nequa11ty (3) when
we consider g; instead of g and u, () is the unique solution of
the elliptic variational inequality (3) when we consider g, (u)
instead of g.
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Remark 9. If (40) (or (39)) is true, then the functional Jj, is
H-elliptic and a strictly convex application because we have

W (91) + (1 =) ], (92) = T (95 (1)

OB (1 < [+ L - 0]
1 2 ) (42)
+3 (ol = ol
p(1-p) 2 s
> BB g, = g I, + Mg = a1l] > 0

and therefore, the uniqueness for the discrete optimal control
problem (P,) holds in Theorem 5.

Now, we will show the convergence result for optimal
control problems governed by elliptic variational inequalities
in order to generalize the result for optimal control problems
governed by elliptic variational equalities [19]. We remark
that there exist a few numbers of papers for the numerical
analysis of optimal control problems governed by elliptic
variational inequalities, for example [20-22].

Theorem 10. Let ug, € K be the continuous state system
associated with the optimal control g,, € H which is the
solution of the continuous distributed optimal control problem
(6). If, for each h > 0, one chooses an optimal control g, € H
which is the solution of the discrete distributed optimal control
problem (31) and its corresponding discrete state system Ung,, €

K;,, one obtains that

—u

Ung,, 9y O V strong,

(43)
Gop, — Gop On H strong when h — 07,

Proof. Let h > 0 and let g,, be a solution of (31), and let
Ung,, be its associated discrete optimal state system which is
©Ph

the solution of the discrete elliptic variational inequality (10)
for each i > 0. From (30) we have that forall g € H

1

T (9op,) = 2 "“hgoph E-

ot 3 o L

(44)
1 2 M, 2
< Lol + 2 ol
Then, if we consider g = 0 and u,, its corresponding
associated state system, it results in the following:

L % “goph"; = %"”ho";{ (45)

1
T (9op,) = 2 "”hgoph .

From Lemma 2 we have that [lu,olly; < C Vh; then we can
obtain

s, |, <C vr>0,

1
Yop, ”H < \/_M ”uhOHH \/M

If we consider v, = b € K}, in inequality (10) for g, , we
obtain

a (uhg"l’h b - Yo, ) = (‘%Ph’ b- Yhgep, )
(47)

_ (q, b- Ungy, )b

therefore
-b, Ung, ~ b)

= (gOPh’ Yhgep, ~ b) - (q’ Yhgop, ~ b)Q ’

and from the coerciveness of the application a we have that
"“hgoph - b|ly < Cand in consequence "”hyoph I, <C.

a (uhgnph
(48)

Now we can say that there exist # € V and f € H such
that uy, ~— ninV weak (in H strong), and g, — f in H
oy

weak when i — 0". Then, n/T; = band 57 > 0 in Q; that is,
n € K.

Letting v € K, there exist v, € K}, such that v, — vin
V strong when h — 0. Then, if we consider the variational
elliptic inequality (10) for g = g, we have

> —_
a (”hgoph’vh) z4a (”hgoph’ ”hgoph) + (gom’ Vh ”hynph)

— (q, vy — uhgoph )Q .

Taking into account that the application a is a lower weak
semicontinuous application in V and by passing to the limit
when h goes to zero in (49) we obtain that

a(mv-n)z(fv-n-(av-nq YeK (50

and by the uniqueness of the solution of the problem given by
the elliptic variational inequality (3), we deduce that 7 = u.

Finally, the norm on H is a lower semicontinuous appli-
cation in the weak topology; then we can prove that

49)

10F) =5 gl + 5171 < timin, (g0,

h—0*

o 1 .. 2 M
< liminfJ, (g) = Ehh—{%* uhg"H t ”9"1211 (5)

h—0"

1 2 M, 2
=35 Jog; + 5 lglz;=7(9), vgeH
and because of the uniqueness of the optimal problem (6), it
resultsin f = g,, and 7 = U, -
Now, if we consider v = u,, , €K, cKin the elliptic
opp,

variational inequality (3) for the control g,, and we define
2y = Upg ~— U, ,wehave that
opp 0]

< —
a(zpz,)<a (”hyoph , uhgoph) a (”hynp,, , ugop)
- (gop’ uhgoph - ugop) (52)

+ (q, Uhge, ~ ”gup)Q’



and by considering v = TI,(u, ) € K for g = g,, in
inequality (10) we obtain

() = (G, 1 (),
+ (q, 11, (ugup) Uy, )Q (53)

ta (uhgoph > (ugop)>

and then by the coerciveness of a we get
Manly < (@11 (v, ) = 5, ),

ta (uhgoph 1T (ugop) B ugop)

+ (90}7;, = Yop> Ung,,, ~ Ug,

(54)

P

- (gOP’ I, (”%;;) - “gop) :

When we pass to the limit as 4 — 0 in (54) and by using
the strong convergence of u,, . tou, onH and the weak
0] h 0]

convergence of g, 10 g,, on H, we have

lim

h—o0* (55)

Ugop ™ Ungy,

V_

The strong convergence of the optimal controls g, to g,
is obtained by using Theorem 5 and g,, — g,, weakly on H;
that is,

1 2

J (gOP) =3 "”gop

H h—0"

S ol g 5
< lihnlig}f]h (gop) (56)

2 M
ut o 9ol =7 (90p)s

.1
= liminf— uu
h—0* 2 gop

then  limy, ol gep, I lgoplly and  therefore
limy, _, ||g0ph - gopllH =0. [

4. Conclusions

We have proved the convergence of a discrete optimal control
and its corresponding discrete state system governed by a dis-
crete elliptic variational inequality to the continuous optimal
control and its corresponding continuous state system which
is also governed by a continuous elliptic variational inequality
by using the finite element method with Lagrange’s triangles
of type L.
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