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We experimentally demonstrate the possibility to perform a fractional differentiation of arbitrary order
on a given light pulse by propagation through a single long-period grating. A simple analytical expression
is obtained also, relating the fractional order of differentiation with the parameters of the long-period
grating. A secant hyperbolic like pulse of 23 ps time width with a chirp parameter of �30 was suc-
cessfully fractionally differentiated to the 0.5th order. The proposal was corroborated experimentally and
numerically. The device may find applications in real time phase recovery.

& 2015 Elsevier B.V. All rights reserved.
1. Introduction

It is well-known that the inherent speed limitations of con-
ventional electronics can be overcome by all-optical circuits, one of
whose basic building blocks is a temporal differentiator. A pho-
tonic differentiator is a device that provides the time derivative of
the complex envelope of an arbitrary input light pulse. The device
may find interesting applications for optical pulse shaping, optical
computing, information processing systems, and ultra-high-speed
coding, among other uses. In the last few years different proposals
were presented to perform photonic differentiation of integer or-
der [1,2]. As far as we know, the first photonic fractional order
differentiator was proposed in Ref. [3]. Since then, different solu-
tions were found to perform photonic fractional differentiation by
using asymmetrical π phase-shifted fiber Bragg grating [4], tilted
fiber Bragg grating [5], silicon-on-isolator micro-ring resonators
[6,7], and electrically tuned Mach–Zehnder interferometer [8].
Among them, the in-fiber solution offers some advantages, such as
simplicity, low cost, low insertion loss, polarization independence,
and inherent full compatibility with fiber optic systems. In Ref. [9]
it was anticipated that a long-period grating (LPG) would provide
the fractional order differentiation on an input light pulse propa-
gating in the fundamental mode. However, nor an experimental
analysis neither a theoretical expression relating the LPG
o (CONICET-UNR), Blvr. 27 de

rado-Laborde).
characteristics with the fractional order of differentiation were
provided.

In this work, we experimentally prove that a LPG can perform a
0.5th order fractional differentiation on an input light pulse. We
also found a simple analytical expression relating the order of the
fractional differentiation with the LPG characteristics. The effect of
pre-chirping the input light pulse on the fractional differentiator
output is also analyzed experimentally for the first time, as well as
numerically. Very recently, it was shown that the signal's in-
stantaneous frequency of an arbitrary light pulse can be obtained
by simple dividing the temporal intensity profiles of the input and
output of a spectrally shifted 0.5th order fractional differentiator
[10]. Therefore, the 0.5th order fractional differentiator proposed
here could found applications for simple real-time phase recovery
purposes.
2. Theory

The Fourier transform ℑ of a signal F(ω)¼ℑ[f(t)] and its nth
time derivative Iω( ) = [ ( ) ]F d f t dt/n

n n are related by
ω ω ω( ) = ( ) ( )F j Fn

n , where n ∈Rþ , ω is the baseband angular fre-
quency (i.e. ω¼ωopt�ω0, with ωopt the optical angular frequency
and ω0 the carrier angular frequency), and j¼√�1. Therefore we
can consider the differentiation process as a filtering action per-
formed by an ideal filter H(ω), with the transfer function:

ω ω( ) = ( ) ( )H j , 1n
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on the input signal spectrum F(ω). It is worthwhile to mention
that this necessarily implies a n�π phase discontinuity at ω0, and
a |ω|n dependence for the amplitude, of the transfer function H(ω)
[4].

An in-fiber LPG induces gradual coupling between the funda-
mental mode and co-propagating cladding modes as light propa-
gates along the fiber length z. Unlike in FBGs, where there is a
counter-propagating coupling between modes. The amplitude
evolution of a pulse propagating in a LPG for both core and clad-
ding modes can be described through the following matrix [11]:
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where Ai(0,ω)¼ℑ[ai(0,t)], and ai(0,t) is the temporal amplitude of
the pulse at the beginning of the LPG (z¼0) and the sub-index
i¼1, 2 denotes the core and cladding modes, respectively. If the
index modulation depth and the periodicity are constants over the
whole grating, each matrix element in Eq. (2) has the following
expressions:
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where κ is the coupling coefficient, 2s(ω)¼β1(ω)�β2(ω)�2π/Λ,
β1(ω) and β2(ω) are the propagation constants for the core and
the cladding modes, respectively; Λ is the grating period, and γ2

¼κ2þs2 [11]. In the following, we will find an analytical expres-
sion relating the fractional order of differentiation n with the LPG
parameters.

If only the fundamental mode is initially excited by the pulse
launched at the input of the LPG, i.e. A2(0,ω)¼0, see Eq. (2). Then
the temporal pulse envelope propagating through the core at a
distance z along the LPG can be obtained by a1(z,t)¼ℑ�1[A1(z,
ω)]¼ℑ�1[F11(z,ω) A1(0,ω)], see Eq. (2), where ℑ�1 stands for the
inverse Fourier transform. In this sense, F11(z,ω) can be considered
the transfer function H(ω) of our device; whose phase will be gi-
ven by:
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where sgn[.] is the signum function. In the following, and only for
simplicity, the term β1z will be omitted in Eq. (4), since it is only
responsible of a time delay in the output signal. The maximum
phase change Δθ, can be obtained by finding the roots of the first
derivative of Eq. (4), which are given by γz¼π/2. By replacing this
value in Eq. (4) and taking into account that Δθ¼n�π, we arrive
to an analytical expression for n as a function of the LPG para-
meters:

= − − ( ) ( )n z L1 1 / , 52

where L is the LPG length providing full-energy coupling into the
cladding mode, i.e. κL¼π/2. The simplicity of this expression is
remarkable, especially when taking into account that no approx-
imation was used. It is worth to mention also, the generality of
expression given by Eq. (5), i.e., every LPG designed to perform a
full-energy coupling into the cladding mode, behaves as a frac-
tional order differentiator at fractions of its characteristic grating
length L. Being the fractional order n only related with this fraction
of the grating length. When z¼L, n¼1, see Eq. (5); and in this si-
tuation the phase shiftΔθ¼π, and the transmission varies linearly
with the baseband frequency around ω¼0, as it is required for a
first order differentiator [2]. On the other hand, at fractions of L,
the spectral behavior approaches that of a fractional order differ-
entiator; i.e., with a maximum phase change within a narrow
spectral bandwidth and a transmission dip at ω¼0. In this way, an
optical pulse propagating in the core mode of a LPG designed for
full-energy coupling (κL¼π/2) experiences all the fractional deri-
vatives between n¼0 (for z¼0) and n¼1 (for z¼L) while propa-
gates through the LPG. Finally, the maximum operative optical
bandwidth of the LPG working as a fractional order differentiator
is determined by the first transmission maxima at both sides of
the resonance dip. The solution can be found by solving |F11(z,ω)|¼
1, see Eq. (3), which is given by γz¼π.
3. Results

Fig. 1(a) shows graphically the relationship given by Eq. (5). The
amplitude and phase responses of the LPG are shown in Fig. 1
(b) and (c), at different fractions of the LPG length given by z/L¼1,
0.954, and 0.866. By using Eq. (5), these fraction lengths corres-
ponds to the following fractional differentiator orders n¼1, 0.7,
and 0.5, respectively. This simulation of the LPG was performed by
using the same parameters described in Ref. [9]. For example,
when z/L¼0.866 (n¼0.5), the maximum phase change is
Δθ¼1.57 rad, see the dotted lines in Fig. 1(c), which match exactly
with the expected phase change of a 0.5th order fractional dif-
ferentiator Δθ¼0.5�π¼1.57 rad.

The experimental setup is shown in Fig. 2. Since we test
chirped light pulses, we found essential to monitor its in-
stantaneous angular frequency profile before and after the frac-
tional order differentiation. To this end, we will use the phase
recovery technique presented in Ref. [12] for this specific task. The
original signal f(t), as well as the fractionally differentiated signal
dnf(t)/dtn, are split by an optical fiber coupler, and further propa-
gated along a fiber spool. Then, the intensity profiles of both the
un-propagated and propagated signals are registered by
a463 GHz sampling oscilloscope provided with a fast built-in
photodetector (53 GHz), in both cases. The propagation was per-
formed in a low numerical aperture optical fiber (SM980 by Fi-
bercore), whose length was of 44 m in both cases. The measured
first-order dispersion of this optical fiber is �44 ps/nm�km, at
the emission wavelength of the laser that we used in our experi-
ments. The LPG was inscribed in a boron doped photosensitive
fiber (PS980 by Fibercore, numerical aperture of 0.13 and a cut-off
wavelength of 980 nm) by using the point-by-point technique. The
selected periodicity was of 187.6 μm, with a final LPG length of
146.5 mm. The transmission response of the LPG was followed
during the fabrication process by recording the transmitted light
provided by a led source in an optical spectrum analyzer. We in-
terrupted the LPG fabrication when the transmission reached a
resonance depth of 14 dB at 1042.549 nm with a 3 dB bandwidth
of 1.14 nm. This resonance depth is below the full coupling con-
dition, being equivalent to a working condition of z/L≅0.86, which
in turn corresponds to a 0.5th order fractional differentiator, see
Fig. 1(a). The light pulses to be optically differentiated were pro-
vided by a passively mode-locked ytterbium fiber laser, emitting at
a fixed wavelength λ0¼1038.5 nm. The LPG was carefully tuned to
the central wavelength of the laser through a micrometric trans-
lational stage. The spectrum of the LPG, after the wavelength
tuning, can be observed in Fig. 3(a). In the same figure, the theo-
retical intensity response of an ideal 0.5th order fractional differ-
entiator was superimposed. The degree of similarity between both
is reasonably good within the whole operative optical bandwidth,
except at the resonance frequency, where the theoretical trans-
mission decay to �1 (as opposed to our LPG which decays
to �14 dB). However, as it has been discussed before [13], a slight



Fig. 1. (a) Fractional order of differentiation n as a function of the grating length z/L. (b) Amplitude and (c) phase response of the LPG at different fractions of the grating
length.

Fig. 2. Experimental setup for fractional order differentiation with a LPG, where
OFS, OFC, OSC, and OSA stands for optical fiber spool, optical fiber coupler, oscil-
loscope, and optical spectrum analyzer, respectively.
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deviation in the magnitude response of the proposed filter to
perform the fractional differentiation (as compared with the ideal
filter) has lower consequences that the same deviation in the
phase response. This difference between the ideal fractional order
differentiation and the (approximate) fractional order differentia-
tion performed by a LPG is finally a function of the input band-
width. However, the deviation between both can be minimal,
when the input bandwidth is adequately selected [9]. The repeti-
tion rate of the mode-locked laser was of 23.15 MHz, and the
output light pulses can be approximately fitted with an hyperbolic
secant profile f(t)¼sech(t/T0), with T0¼13 ps, i.e., a FWHM of
23 ps, see Fig. 3(b). Fig. 3(c) shows the spectra of the signals at the
input and output of the LPG. One can see that the input signal
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catter points and solid curve respectively. (c) Measured spectra of the light pulses at
tantaneous frequency of the output light pulse of the mode-locked laser, with its
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Fig. 4. (a) Measured temporal intensity profile of the light pulse at the output of the LPG and simulated response of an ideal 0.5th order fractional differentiator, scatter
points and solid curve, respectively. (b) Measured instantaneous frequency of the light pulse at the output of the LPG and calculated instantaneous frequency for the
simulated response of an ideal 0.5th order fractional differentiator, scatter points and solid curve, respectively.
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carrier is well aligned with the resonance optical wavelength of
the LPG – compare with the resonance dip shown in Fig. 3(a) – as a
result, the optical carrier is deeply suppressed at the output
spectrum, as expected for a photonic differentiator, regardless
being fractional or not. The instantaneous frequency of f(t) was
measured by using the temporal intensity profiles of both the
original and propagated pulses registered by the oscilloscope, see
Fig. 3(d) – the details of this technique can be followed in Ref. [12].
The measured instantaneous frequency increases monotonously
from the leading to the trailing edge of the pulse; which is cur-
rently known as an up-chirp. We emphasize that we should focus
our attention to the region where the pulse energy is localized, see
Fig. 3(b). Therefore, the measured instantaneous frequency profile
of the input pulse f(t) can be fitted linearly, see Fig. 3(d). This
implies a parabolic phase profile for the output pulse of the mode-
locked laser f(t), which can be approximately described by exp(�
jCt2/2T02), where C is the chirp parameter, being C¼�30 according
to our fitting.

Fig. 4(a) shows the measured temporal intensity profiles of the
light pulse at the output of the LPG. In the same figure, it is also
shown the simulated response of an ideal 0.5th order fractional
differentiator; by composing an input pulse with the square root of
the measured temporal intensity profile as the modulus, and the
reconstructed phase obtained above for f(t). The sinusoidal ripple
superimposed in the simulated pulse – much more evident in the
right peak; is a consequence of a constructive interference because
of the spectrum splitting after the optical differentiation. This is
exclusive of highly chirped pulse differentiation, and it was not
detected in the measured pulse because of insufficient bandwidth
in our available detectors. The instantaneous frequency of the light
pulses at the output of the LPG, i.e., dnf(t)/dtn∣n¼0.5, was measured
by using the temporal intensity profiles of both, the originally
fractional differentiated and further propagated pulses registered
by the oscilloscope, see Fig. 4(b). In the same figure, we also have
shown a calculated instantaneous frequency for the simulated
response and propagation of the ideal 0.5th order fractional dif-
ferentiator, shown in Fig. 4(a). The peak in the instantaneous fre-
quency profile corresponding to the intensity minima between the
peaks of intensity maxima (localized at ∼100 ps), is a consequence
of the phase difference Δθ¼0.5�π between the right and left
peaks of the differentiated pulses, which in turn is a consequence
of the fractional differentiation, see Fig. 4(b). It is interesting to
point out that if the LPG would have a frequency response of the
type H(ω)¼ |(jω)n| – i.e., similar only in intensity to a fractional
order differentiator filter response, but without a phase dis-
continuity at the resonance frequency; the measured in-
stantaneous frequency profile would be linear, i.e., without an
instantaneous frequency peak in the intensity minima between
the peaks of intensity maxima.

Next, we further corroborate the order of the experimental
fractional differentiation performed (n¼0.5), by comparing with
the simulated response of two different ideal fractional order
differentiators with orders n¼0.2 and n¼0.8, see Fig. 5(a). In these
simulations we composed an input pulse with the square root of
the measured temporal intensity profile as the modulus, and the
measured phase obtained for f(t), as we did for the results shown
in Fig. 4. Two main features can be distinguished, first the tem-
poral separation between intensity peaks increases directly with
the fractional order, from 13 ps (n¼0.2), to 24 ps (n¼1); as com-
pared with the measured temporal separation of 19 ps (n¼0.5).
Second the intensity minima, which is located between intensity
maxima, decreases as the fractional order increases, eventually
reaching zero when n¼1. On the contrary, the waveform of the
fractionally differentiated pulse remains practically unchanged.

We conclude by showing the effect of chirp on the fractionally
differentiated signal. In Fig. 5(b) we show the simulated response
of an ideal 0.5th order fractional differentiator when the simulated
signal is chirp free, and twice chirped, i.e. C¼0 and C¼�60, as
compared with the measured temporal intensity profiles of the
light pulse at the output of the LPG (where the measured chirp
C¼�30). Not only the waveform of the composed twin pulse, but
its temporal width changes, decreasing inversely with the degree
of chirp, from 46 ps (C¼0), to 25 ps (C¼�60); as compared with
the measured temporal separation of 35 ps (C¼�30). Thus, this
parameter could be used as a simple technique to rapidly estimate
the degree of chirp (especially for single-shot non-repetitive sig-
nals); being minimum the chirp when the temporal width of the
differentiated pulse is maxima.
4. Conclusions

In this work we experimentally prove that a LPG can perform a
fractional order differentiation on an input light pulse propagating
by the fundamental mode. A simple analytical expression was
found relating the order of the fractional differentiation with the
characteristics of the LPG. A LPG provides the simplest technique
to perform a photonic fractional differentiation. Further work is in



Fig. 5. (a) Measured temporal intensity profile of the light pulse at the output of the LPG (solid curve), and simulated responses of an ideal 0.2th and 0.8th order fractional
differentiator, dashed and dotted curves, respectively. (b) Measured temporal intensity profile of the light pulse at the output of the LPG (solid curve) and simulated
responses of an ideal 0.5th order fractional differentiator when the input pulse is chirp free and twice chirped as considered in the example shown in Fig. 4(a), dotted and
dashed curves, respectively.
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progress to use this device for phase recovery purposes.
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