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We present a rigorous electromagnetic method based on Green’s second identity for studying the plasmonic
response of graphene-coated wires of arbitrary shape. The wire is illuminated perpendicular to its axis by a mono-
chromatic electromagnetic wave and the wire substrate is homogeneous and isotropic. The field is expressed every-
where in terms of two unknown source functions evaluated on the graphene coating which can be obtained from
the numerical solution of a coupled pair of inhomogeneous integral equations. To assess the validity of the Green
formulation, the scattering and absorption efficiencies obtained numerically in the particular case of circular wires
are compared with those obtained from the multipolar Mie theory. An excellent agreement is observed in this
particular case, for both metallic and dielectric substrates. To explore the effects that the break of the rotational
symmetry of the wire section introduces in the plasmonic features of the scattering and absorption response, the
Green formulation is applied to the case of graphene-coated wires of elliptical section. As might be expected from
symmetry arguments, we find a two-dimensional anisotropy in the angular optical response of the wire, particu-
larly evident in the frequency splitting of multipolar plasmonic resonances. The comparison between the spectral
position of the enhancements in the scattering and absorption efficiency spectra for low-eccentricity elliptical and
circular wires allows us to guess the multipolar order of each plasmonic resonance. We present calculations of the
near-field distribution for different frequencies which explicitly reveal the multipolar order of the plasmonic
resonances. They also confirm the previous guess and serve as a further test on the validity of the Green
formulation. © 2017 Optical Society of America

OCIS codes: (160.0160) Materials; (160.4760) Optical properties; (250.5403) Plasmonics; (290.0290) Scattering.
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1. INTRODUCTION

Due to its particular electronic band structure, the atom-thick
form of carbon known as graphene exhibits unique electronic
and optical properties that have attracted tremendous attention
in recent years [1]. Several applications from terahertz (THz) to
visible frequencies, including solar cells, touch screens, photo-
detectors, light-emitting devices and ultrafast lasers, are clear
evidence of the rise of graphene in photonics and optoelectron-
ics [2,3]. The strength of the mutual interaction between gra-
phene and electromagnetic radiation plays a key role in a great
majority of these applications. However, a single sheet of homo-
geneous graphene exhibits an optical absorbance of ∼2.3% [4],
a value strong enough to detect exfoliated monolayers by visual
inspection under an optical microscope but not sufficiently

strong as could be desirable in many photonics and optoelec-
tronics applications.

The interaction between graphene and electromagnetic radia-
tion can be improved in the presence of surface plasmons,whether
by combining a graphene layer with conventional plasmonic
nanostructures based onnoblemetals [5,6] or by taking advantage
of the long-lived, electrically tunable surface plasmons supported
by graphene [7,8]. The first alternative fits well in the visible and
near-infrared frequencies where the interband loss becomes large
and graphene behaves as a dielectric material, whereas the second
alternative fits well in the terahertz and infrared regions where
dopedgraphenenanostructures can support surface plasmons [7,8].

Surface plasmons can be roughly divided into two catego-
ries: surface plasmon polaritons propagating along waveguiding
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structures and localized surface plasmons (LSPs) supported by
spatially limited structures, such as scattering particles. Since
the spatial periodicity associated with a surface plasmon propa-
gating along a graphene monolayer is always less than the spa-
tial periodicity which could be induced by an incident plane
wave, plane waves cannot resonantly excite propagating surface
plasmons at a flat graphene monolayer. In contrast, in bounded
geometries, LSPs can be resonantly excited by plane waves at
discrete frequencies that depend on the size and shape of the
object to which they are confined.

The plasmonic properties of graphene-wrapped particles
have recently attracted the attention of researchers [9–18].
Analytical solutions are only available for particles with a
very simple shape, such as spheres [9–11] or circular cylinders
[13–18]. In these cases, the application of Mie theory leads to
multipole coefficients for the scattered field which have essen-
tially the same form as those corresponding to the bare
particles, except for additive corrections proportional to the gra-
phene surface conductivity in the numerator and denominator.
Taking into account the significant progress made in the fab-
rication of particles with a variety of shapes and dimensions
[19] and that wrapping up particles with graphene coatings
brings extra freedom for scattering engineering and for improv-
ing the interaction between graphene and electromagnetic ra-
diation via surface plasmon mechanisms, the investigation of
the scattering characteristics of graphene-coated particles seems
a particularly interesting and very promising area to explore. In
the particular case of dielectric, almost transparent particles,
graphene coatings introduce tunable plasmons which are absent
in the bare particle, whereas for metallic or metallic-like
particles, graphene coatings can modify in a controlled manner
the LSPs already existing in the bare particle.

The particular relation between the shape of a graphene
particle and its plasmonic characteristics—such as cross-section
enhancement, interplay between near- and far-field quantities,
plasmon resonance frequencies, and linewidths—can be
exploited in many terahertz applications, including the sensing
of small changes in a host-medium refractive index caused by
the change in concentration of an analyzed substance [18] or
the design of subwavelength metamaterials [20]. In order to
realize graphene-wrapped plasmonic particles with tailored
properties for specific applications, complete electromagnetic
solutions are needed. The purpose of this paper is to present
a rigorous, fully retarded method based on Green’s second
identity [21–23] for modeling the scattering characteristics of
graphene-coated, homogeneous dielectric or metallic two-
dimensional particles (wires) of rather arbitrary shape.

The paper is organized as follows. First, in Section 2 we give
exact expressions for the electromagnetic field scattered by a
graphene-coated wire illuminated perpendicular to its axis by
a p- or s-polarized monochromatic plane wave. The scattered
field is expressed in terms of two unknown source functions
evaluated on the wire surface, one related to the total field
in the medium of incidence and the other related to its normal
derivative. To find both surface source functions, a coupled pair
of inhomogeneous integral equations must be solved numeri-
cally. In Section 3 the numerical technique is illustrated and
validated for wires of circular and elliptical section. As a first

validation we consider metallic and dielectric circular wires
and show that in this case the numerical results agree perfectly
well with those obtained analytically using Mie’s theory
[15–17]. To explore the effects that the departure from circular
geometries has on the scattering and extinction cross sections
we then consider graphene-coated wires of elliptical section.
We present scattering and absorption efficiency spectra show-
ing that, similarly to the plasmonic resonances of bare metallic
wires, the break of the rotational symmetry of the wire section
introduces a two-dimensional anisotropy in the angular optical
response of the wire, particularly evident in a frequency split-
ting of the strong dipolar plasmonic resonance [24,25], but also
observable for higher multipolar resonances. Using the Green
formulation, we show near-field distributions which reveal that
the splittings correspond to strong localization of the near field
at specific positions along the ellipse axes. In addition, and as a
further test on the validity of the Green formulation, we show
that the multipolar order inferred for ellipses with low eccen-
tricities from the topology of the near-field distribution for a
given resonant frequency is in excellent agreement with the
multipolar order inferred from the spectral proximity between
the enhancement peaks in the scattering efficiency spectra of an
elliptical and a similar circular wire. Finally, in Section 4 we
summarize and discuss the results obtained. The Gaussian sys-
tem of units is used and an exp�−iωt� time dependence is
implicit throughout the paper, with ω the angular frequency,
c the speed of light in vacuum, t the time, and i � ffiffiffiffiffi

−1
p

.

2. GREEN’S APPROACH

We consider a wire in the form of an infinite cylinder whose
axis lie along the ẑ-axis and whose cross section is defined by
the planar curve Γ described by the vector valued function
rs�τ� � f �τ�x̂ � g�τ�ŷ (see Fig. 1). The parameter τ can re-
present the arc length along the curve or any other convenient
parameter, such as the angle θ. The wire substrate (region 2) is
characterized by the electric permittivity ϵ2 and the magnetic
permeability μ2 and is embedded in a transparent medium
(region 1) with electric permittivity ϵ1 and magnetic permeabil-
ity μ1. This wire is coated with a graphene monolayer which can
be considered as an infinitesimally thin, local, and isotropic
two-sided layer with frequency-dependent surface conductivity

Fig. 1. Scattering configuration. The main section of the graphene-
coated cylinder is defined by the planar curve Γ.
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σ�ω� � σintra � σinter given by the Kubo formula [26,27], with
the intraband contribution σintra given by

σintra�ω� � 2ie2T
πℏ�ω� iγc�

ln�2 cosh�μc∕2T ��; (1)

and the interband contribution σinter given by

σinter � e2

4ℏ

�
Θ�ℏω − 2μc� −

i
π

ln

����ℏω� 2μc
ℏω − 2μc

����
�
; (2)

where μc is the chemical potential (controlled with the help
of a gate voltage), γc is the carriers scattering rate, Θ�x� is
the Heaviside function, e is the electron charge, kB is the
Boltzmann constant, and ℏ is the reduced Planck constant.
The intraband contribution Eq. (1) dominates for large doping
μc ≫ kBT and is a generalization of the Drude model for the
case of arbitrary band structure, whereas the interband contri-
bution Eq. (2) dominates for large frequencies ℏω ≳ μc .

When the wave vector of the incident plane wave is
perpendicular to the wire axis, the scattering problem can be
decomposed into two independent scalar problems: electric
field parallel to the main section of the cylindrical surface
(p polarization, magnetic field along ẑ) and magnetic field
parallel to the main section of the cylindrical surface (s polari-
zation, electric field along ẑ). In region j ( j � 1; 2) and for each
polarization mode we denote by ψ �j��r� the nonzero compo-
nent of the total electromagnetic field along the axis of the cyl-
inder, evaluated at the observation point r � xx̂� yŷ. These
field components must satisfy Helmholtz equations in each
region: �

∇2 �
�
ω

c

�
2

ϵjμj

�
ψ � j� � 0; j � 1; 2: (3)

As in the case of uncoated cylinders [21–23], the starting
point for the derivation of an exact expression for the scattered
field is Green’s second integral. Using Eq. (3) in the exterior
region and separating the total field in this region into contri-
butions from the incident and scattered field, ψ �1��r� �
ψ �1�
inc�r� � ψ �1�

sc �r�, we obtain

ψ �1��r��ψ �1�
inc�r��

1

4π

×
Z
Γ

�
∂G�1��r;r 0�

∂n̂ 0 ψ �1��r 0�−G�1��r;r 0�∂ψ
�1��r 0�
∂n̂ 0

�
dS 0;

(4)

where r 0 is a point on the boundary Γ with arc element dS 0 and
G�1��r; r 0� is the Green function of Eq. (3) in the exterior re-
gion. Analogously, using Green’s second integral and Eq. (3) in
the interior region, we obtain

0 �
Z
Γ

�
∂G�2��r; r 0�

∂n̂ 0 ψ �2��r 0� − G�2��r; r 0� ∂ψ
�2��r 0�
∂n̂ 0

�
dS 0;

(5)

whereG�2��r; r 0� is the Green function of Eq. (3) in the interior
region. Due to the cylindrical symmetry both Green functions
may be expressed in terms of the zeroth-order Hankel function
of the first kind H �1�

0 ,

G�j��rjr 0� � iπH �1�
0 �kjjr − r 0j�; (6)

with kj � ω
c

ffiffiffiffiffiffiffiffiϵjμj
p (j � 1; 2). By letting the point of observa-

tion r approach the surface r 0 in expressions Eqs. (4) and (5),
we obtain a pair of integral equations with four unknown func-
tions: the values of the fields ψ �j� and of their normal derivatives
∂ψ �j�∕∂n̂, j � 1; 2, at the boundary Γ. As in the case of un-
coated cylinders, the number of unknowns can be reduced to
two since the electromagnetic boundary conditions at Γ provide
two additional relationships between the normal derivatives
and the fields at the boundary. Taking into account that be-
cause of the graphene coating the tangential components of
the magnetic field H are no longer continuous across the boun-
dary Γ—as they were in the case of uncoated cylinders—the
boundary conditions for our case can be expressed as

1

ϵ1

∂ψ �1�

∂n̂
� 1

ϵ2

∂ψ �2�

∂n̂
and ψ �1� − ψ �2� � 4iπ

ωϵ1
σ
∂ψ �1�

∂n̂
; (7)

for p polarization, and

ψ �1� � ψ �2� and
1

μ1

∂ψ �1�

∂n̂
−
1

μ2

∂ψ �2�

∂n̂
� −

4iπωσ
c2

ψ �1�;

(8)

for s polarization. In Eqs. (7) and (8) the fields and their normal
derivatives are evaluated at r � rs�τ�.

The boundary conditions allow us to express ψ �2� and
∂ψ �2�∕∂n̂ in terms of ψ �1� and ∂ψ �1�∕∂n̂. Therefore, Eqs. (4)
and (5) can be rewritten as a set of coupled, inhomogeneous
integral equations for the unknown exterior functions ψ �1�

and ∂ψ �1�∕∂n̂. To find these functions, the system of integral
equations is converted into matrix equations, which are then
solved numerically. We do this by using a set �t1;…; tN � for
discretizing the interval where the parameter τ describing
the boundary varies. The evaluation of the matrix elements
and the treatment of the Hankel functions singularities when
the argument is zero follows closely that described in [21,22].
Once the functions ψ �1� and ∂ψ �1�∕∂n̂ are known, the scattered
field, given by the second term in Eq. (4), can be calculated at
every point in the exterior region. Yet another application of
Green’s second integral in the interior region gives the following
expression for the field at every point inside the wire:

ψ �2��r� � −
i
4

Z
Γ

�
k2n̂ 0 · �r − r 0�H

�1�
1 �k2jr − r 0j�
jr − r 0j ψ �2��r 0�

−H �1�
0 �k2jr − r 0j�

∂ψ �2��r 0�
∂n̂ 0

�
dS 0; (9)

where the boundary conditions Eqs. (7) and (8) must be used
to obtain the interior source functions ψ �2� and ∂ψ �2�∕∂n̂ in
terms of the exterior source functions ψ �1� and ∂ψ �1�∕∂n̂.

Knowing the total electromagnetic field allows us to calcu-
late optical characteristics, such as the scattering, absorption,
and extinction cross sections [28,29]. The time-averaged total
power scattered by a two-dimensional particle can be evaluated
by calculating the complex Poynting vector flux through an
imaginary cylinder of length L and radius r0 that encloses
the particle (see Fig. 1):

Psc � r0L
Z

2π

0

hSsc�r0; θ�i · r̂dθ; (10)

where
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hSsc�r0; θ�i �
c2

8πωη
Re�iF�r; θ� × �∇ × F�r; θ����; (11)

and F�r; θ� � ψ sc�r; θ�ẑ and η � μ1 (s polarization) or η � ϵ1
(p polarization). Introducing Eq. (11) into Eq. (10), we obtain

Psc �
c2r0L
8πωη

Z
2π

0

Re

�
iψ sc�r0; θ�

∂ψ�
sc

∂r

�
dθ: (12)

In the far-field region the calculation of the scattered fields—
given by the second term in Eq. (4)—can be greatly simplified
using the asymptotic expansion of the Hankel function for large
argument. After some algebraic manipulation, the following re-
sults are found:

ψ sc�r; θ� � −
i exp�i�k1r − π∕4��ffiffiffiffiffiffiffiffiffiffiffiffi

8πk1r
p F ang�θ�; (13)

∂ψ�
sc�r; θ�
∂r

� ik1ψ sc�r; θ�; (14)

where the angular factor F ang�θ� is given by

F ang�θ� �
Z
J�Γ�

�
ik1�−g 0�τ� cos θ� f 0�τ� sin θ�ψ �1��τ�

� ∂ψ �1�

∂n̂
�τ�

�
exp�−ik1�f �τ� cos θ� g�τ� sin θ��dτ:

(15)

When Eqs. (13) and (14) are substituted into Eq. (12), we get

Psc �
c2L

64π2ωη

Z
2π

0

jF ang�θ�j2dθ: (16)

The scattering efficiency Qs is defined as the ratio between
the total power scattered by the two-dimensional particle, given
by Eq. (16), and the incident power Pinc intersected by the area
DL (see Fig. 1). Analogously, the absorption efficiency Qa is
defined as the ratio between the power Pa absorbed by the
graphene-wrapped two-dimensional particle and Pinc. Pa can
be obtained as

Pa � −
c2L
8πωη

Z
J�Γ�

Re

�
iN �τ�ψ �1��τ�

�
∂ψ �1�

∂n̂
�τ�

	��
dτ;

(17)

with N �τ� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�f 0�τ��2 � �g 0�τ��2

p
.

3. RESULTS AND DISCUSSION

A. Wires of Circular Section

To assess the validity of the integral formalism sketched in
Section 2 for investigating light scattering and absorption in
graphene-coated wires near LSP resonances, we resort to
circular geometries where a reference solution exists [15–18].
In Fig. 2 we compare the numerical results obtained with
the integral formalism described in this paper (solid curves)
with the semi-analytical results obtained using Lorenz–
Mie–Debye solution for the scattered fields in the form of in-
finite series of cylindrical multipole partial waves (circles). The
curves in this figure represent the scattering efficiency spectra
for a circular wire with a radius R � 0.5 μm, made with a non-
plasmonic, transparent material (ϵ2 � 3.9, μ2 � 1) in a

vacuum (μ1 � ϵ1 � 1). We used Kubo parameters
T � 300°K, γc � 0.1 meV, different values of μc , excitation
frequencies in the range between 5 THz (incident wavelength
60 μm) and 30 THz (incident wavelength 10 μm), and
p-polarized incident waves. The curve corresponding to the un-
coated wire, not showing any plasmonic feature in this spectral
range, is given as a reference. An excellent agreement between
both formalisms is observed in Fig. 2. The spectral position of
the dipolar graphene surface plasmon resonances—at wave-
lengths near 40.60 μm (μc � 0.4 eV), 33.20 μm
(μc � 0.6 eV), and 27.16 μm (μc � 0.9 eV)—also agree well
with those calculated using nonretarded analytical expressions
[17]. The agreement is also observed for the spectral position of
the lower local maxima near 28.65 μm (for μc � 0.4 eV),
23.40 μm (for μc � 0.6 eV), and 19.13 μm (for
μc � 0.9 eV), which correspond to quadripolar surface current
distributions in the graphene coating and are associated with a
complex pole in the second coefficient of the multipole expan-
sion (the coefficient of the term that varies twice from positive
to negative around the cylinder).

To further assess the suitability of the Green formalism pre-
sented here, we repeat the comparisons for circular geometries,
but with metallic (intrinsically plasmonic) cores instead of di-
electric (nonplasmonic) cores. The results are shown in Fig. 3,
where we show the spectral dependence of the p-polarized scat-
tering efficiency Qs for a graphene-coated metallic wire with
R � 50 nm, illuminated from vacuum. We assume that the
interior electric permittivity is described by the Drude model
ϵ2�ω� � ϵ∞ − ω2

p∕�ω2 � iγmω� with ϵ∞ � 1, γm � 0.01 eV
and different values of ℏωp (0.4, 0.7, and 0.9 eV). Kubo
parameters for σ�ω� are T � 300°K, γc � 0.1 meV, and
μc � 0.5 eV. We observe that numerical results obtained with
the integral formalism (solid curves) and with the Mie solution
(circles) are all again in excellent agreement. As explained in
[10,16,17], the net effect of the graphene coating is to increase

Fig. 2. Comparison between the Green and the multipolar Mie for-
malisms results for the p-polarized scattering efficiency Qs of a gra-
phene-coated circular wire with a dielectric core. R � 0.5 μm,
ϵ2 � 3.9, μ2 � 1, μ1 � ϵ1 � 1, Kubo parameters for the graphene
coating are T � 300°K, γc � 0.1 meV, and μc � 0.4, 0.6, and
0.9 eV.
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the charge density induced on the surface of the metallic par-
ticle, thus blueshifting the resonances of the metallic particle.

B. Wires of Elliptic Section

Having determined the suitability of the Green approach for
the simulation of plasmon resonances in graphene-covered
wires, we next explore the effects that the departure from
circular geometries has on the spectrum of graphene LSPs sup-
ported by the wire. Guided by previous research on metallic
nanowires with a nonregular cross section [24,25], the com-
plexity of the resonance spectrum is expected to increase when
the symmetry of the wire section decreases. In order to proceed
gradually and keep some degree of control to verify the effec-
tiveness of our Green theoretical formulation and numerical
codes, we consider wires with elliptical section, a geometry
which includes the circle as a special case.

In Fig. 4 we plot the scattering efficiency Qs for p-polarized
incident waves and for various angles of incidence for a
graphene-coated elliptical wire with major and minor semi-axes
a � 0.55 μm and b � 0.45 μm, respectively. The wire sub-
strate is a nonplasmonic, transparent material (ϵ2 � 3.9,
μ2 � 1), the medium of incidence is vacuum (μ1 � ϵ1 � 1),
and the Kubo parameters are T � 300°K, γc � 0.1 meV, and
μc � 0.9 eV. The curve corresponding to a graphene-coated
wire of circular section and a � b � 0.5 μm is given as a refer-
ence. We observe that, similar to the case of metallic LSPs
[24,25], the break of the rotational symmetry of the wire
section introduces a two-dimensional anisotropy in the angular
optical response. This anisotropy is particularly evident for the
dipolar plasmonic resonance, which for the circular case
(a � b � 0.5 μm) occurs near 27.16 μm and that is split into
two different resonant peaks, one near 25.81 μm and the other

Fig. 3. Comparison between the Green and the multipolar Mie for-
malisms results for the p-polarized scattering efficiency Qs of a
graphene-coated circular wire with a plasmonic, metallic-like core.
R � 50 nm, the electric permittivity of the core is described by the
Drude model, ϵ2�ω� � ϵ∞ − ω2

p∕�ω2 � iγmω�, with ϵ∞ � 1, γm �
0.01 eV and different values of ℏωp (0.4, 0.7, and 0.9 eV), and the
Kubo parameters for the graphene layer are T � 300°K,
γc � 0.1 meV, and μc � 0.5 eV.

Fig. 4. Scattering efficiency Qs for p-polarized incident waves and
for illumination direction along (top), at 45° (middle), and
perpendicular to (bottom) the major axis, for a graphene-coated ellip-
tical wire with semi-axes a � 0.55 μm and b � 0.45 μm, ϵ2 � 3.9,
μ2 � 1, μ1 � ϵ1 � 1, and Kubo parameters T � 300°K,
γc � 0.1 meV, and μc � 0.9 eV. The light gray curve corresponds
to a graphene-coated circular wire (a � b � 0.5 μm).
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near 28.78 μm. The first peak corresponds to the illumination
direction along the ellipse’s major axis while the second peak
corresponds to the illumination direction perpendicular to
the major axis, as clearly indicated in Fig. 4 by the fact that
both resonances are decoupled for illumination directions par-
allel to either of the ellipse’s axes and that the first (respectively
second) peak is absent when the illumination direction is
perpendicular to (respectively along) the major axis. We ob-
serve that while the graphene coating always introduces a mini-
mum in the scattering efficiency of circular rods—near
21.02 μm for the parameters in Fig. 4, a relevant feature in
the context of graphene invisibility cloaks [9] and correspond-
ing to a complex zero of the first coefficient of the cylindrical
multipole expansion [16]—the position and magnitude of this
minimum depend strongly on the illumination direction,
which is another manifestation of two-dimensional anisotropy
in the angular optical response of the elliptical wire.

Although associated with weaker enhancements of the scatter-
ing efficiency, other peaks corresponding to multipolar modes
higher than the dipolar mode can also be observed in Fig. 4.
These higher-frequency graphene LSP modes are better appreci-
ated in the near field, as shown in Fig. 5 where we plot absorption
efficiencyQa spectra for the same elliptical wire and directions of
incidence considered in Fig. 4. The absorption spectrum corre-
sponding to the circular case (a � b � 0.5 μm) is also given as a
reference. Apart from the frequency splitting of the dipolar mode
already noted in Fig. 4, we also observe a splitting in the quad-
rupolar resonance, which in the circular case occurs at a wave-
length near 19.13 μm and that in the elliptical case is split
into a peak near 19.27 μm, corresponding to illumination direc-
tions parallel to the ellipse’s axes, and another peak near
19.06 μm, the only resolved peak when the illumination direction
makes an angle of 45° with the ellipse’s axes.

In agreement with the results shown in Fig. 3 for graphene-
coated metallic rods of circular section, in the elliptical case the

enhancements of the scattering efficiency are significant only
for the dipolar mode. This is shown in Fig. 6, where we observe
that the dipolar resonance is now split into two peaks corre-
sponding to illumination directions perpendicular and parallel
to the ellipse’s major axis. The curve corresponding to the bare
elliptical wire illuminated at an angle of 45° with the ellipse’s
axes is given as a reference. We note that both dipolar resonan-
ces are blueshifted compared to those of the bare wire, in com-
plete agreement with the fact that the net effect of the graphene
coating is to increase the induced charge density on the cylin-
drical surface of the metallic wire [16,17]. Graphene-coated
plasmonic particles are particularly attractive because their scat-
tering and absorption characteristics can be tuned by varying
the graphene chemical potential μq with the help of a constant
electric field (electric field effect, gate voltage), and not only by
changing their size or their dielectric constant, as is the case for
metallic particles. To illustrate this tunability for elliptical wires,
we show in Fig. 7 the scattering efficiency Qs for the wire con-
sidered in Fig. 5 and three different values of the chemical po-
tential, μc � 0.5 eV, 0.7 eV, and 1.0 eV. The illumination
direction makes an angle of 45° with the major axis of the
ellipse and the incident wave is p-polarized. We observe that
the value of the chemical potential influences the position of the
multipolar resonances and the magnitude of the splitting. In
Fig. 8 we plot the spatial distribution of the field normalized to
the incident amplitude for the wire considered in Figs. 4 and 5.
In Fig. 8(a) the incident wavelength is λ � 25.81 μm and the
illumination direction is along the ellipse’s major axis (0°)
whereas in Fig. 8(b) the incident wavelength is λ � 28.78 μm
and the illumination direction is along the ellipse’s minor axis
(90°). We observe that in both cases the wire is behaving as an

Fig. 5. Absorption efficiency for different angles of incidence for the
same elliptical wire considered in Fig. 4. The illumination direction
(i) is along the ellipse’s major axis (0°); (ii) makes an angle of 45° with the
ellipse’s axes; and (iii) is perpendicular to the ellipse’s major axis (90°). The
light gray curve corresponds to a graphene-coated circular wire and is dis-
placed, for clarity, by themagnitude indicatedby thedouble-headed arrow.

Fig. 6. Scattering efficiency spectra for a graphene-coated elliptical
wire (a � 0.03 μm and b � 0.01 μm) with a plasmonic, metallic core.
The electric permittivity of the core is described by the Drude model,
ϵ2�ω� � ϵ∞ − ω2

p∕�ω2 � iγmω�, with ϵ∞ � 1, γm � 0.01 eV, and
ℏωp � 0.7 eV. The Kubo parameters for the graphene layer are
T � 300°K, γc � 0.1 meV, and μc � 0.7 eV. The illumination di-
rection (i) is along the ellipse’s major axis (0°); (ii) makes an angle of 45°
with the ellipse’s axes; and (iii) is perpendicular to the ellipse’s major axis
(90°). The curve corresponding to the bare elliptical wire illuminated at
an angle of 45° with the ellipse’s axes is given as a reference.
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oscillating electric dipole oriented along the direction of the in-
cident field, that is, along the ellipse’s minor axis in Fig. 8(a)
or along the ellipse’s major axis in Fig. 8(b). Figure 8(c), corre-
sponding to an incident wavelength λ � 25.81 μm and illu-
mination direction making an angle of 45° with the ellipse’s
axes, shows that in these conditions the electric field inside
the wire is parallel to the minor axis, although the components
of the incident field along both ellipse’s axes have equal mag-
nitude. Figure 8(d), corresponding to the incident wavelength

λ � 28.78 μm and illumination direction at 45° with the
ellipse’s axes, shows a similar behavior, except that now the elec-
tric field inside the wire is parallel to the major axis, despite the
fact that the components of the incident field along both
ellipse’s axes have equal magnitude. The results in Figs. 8(c)
and 8(d) are a clear confirmation that the values λ �
25.81 μm and λ � 28.78 μm correspond to the splitting of
the degenerate dipolar resonance of the circular wire, as sug-
gested in Figs. 4 and 5 by the correspondence between the scat-
tering and absorption efficiency spectra for low-eccentricity
elliptical and circular wires.

The agreement between the multipolar order revealed by the
topology of the near field on the one hand and that suggested
by the correspondence between spectra for circular and for low-
eccentricity elliptical wires on the other hand is also observed
for higher-frequency peaks. This is illustrated by the panel in
Fig. 9, showing near-field maps for three illumination direc-
tions: at 45° with the ellipse’s axes (top row), along the ellipse’s
minor axis (middle row), and along the ellipse’s major axis
(bottom row). The near-field maps in the left column
correspond to the quadrupolar resonance, in the circular case
(a � b � 0.5 μm) located near 19.13 μm and split into two

Fig. 7. Scattering efficiency Qs for an elliptical wire with three dif-
ferent values of the chemical potential μc . The illumination direction
makes an angle of 45° with the major axis of the ellipse; the other
constitutive and geometrical parameters are the same as those consid-
ered in Fig. 5.

Fig. 8. Map of the near field j ~H �x; y�j for the graphene-coated
elliptical cylinder considered in Figs. 4 and 5. (a) λ � 25.81 μm,
illumination direction along the ellipse’s major axis (0°);
(b) λ � 28.78 μm, illumination direction along the ellipse’s minor axis
(90°); (c) λ � 25.81 μm, illumination direction at 45° with the ellip-
se’s axes; (d) λ � 28.78 μm, illumination direction at 45° with the
ellipse’s axes.

Fig. 9. Map of the near field j ~H �x; y�j for the graphene-coated
elliptical cylinder considered in Figs. 4 and 5. (a) λ � 19.06 μm,
illumination direction at 45° with the ellipse’s axes; (b) λ�15.64μm,
illumination direction at 45° with the ellipse’s axes; (c) λ �
19.27 μm, illumination direction along the ellipse’s minor axis (90°);
(d) λ � 15.64 μm, illumination direction along the ellipse’s minor axis
(90°); (e) λ � 19.27 μm, illumination direction along the ellipse’s major
axis (0°); (f ) λ � 15.64 μm, illumination direction along the
ellipse’s major axis (0°).
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close resonant peaks, one at λ � 19.27 μm, associated with field
enhancements near vertices and co-vertices, and the other at
λ � 19.06 μm, associated with field enhancements near the
diagonals of the rectangle circumscribed to the ellipse. The maps
in the right column correspond to hexapolar resonances near λ �
15.64 μm (near 15.61 μm in the circular case). Although the
topology of the hexapolar near field when the illumination di-
rection is at 45° with the ellipse’s axes is very different to the
topology when the illumination direction is along the axes,
symmetry-breaking splittings of the hexapolar peaks are not
resolvable in the scattering and absorption efficiency spectra.

4. SUMMARY AND CONCLUSIONS

In conclusion, we have presented in this paper an electromag-
netically rigorous method based on Green’s second identity for
studying the plasmonic response of graphene-coated wires of
arbitrary shape. To validate the method, we compare the nu-
merically computed scattering and absorption efficiencies in the
particular case of graphene-coated wires of circular section with
the results obtained from a multipolar Mie theory. All the
results agree excellently, for both metallic and dielectric sub-
strates. To explore the effects that the break of the rotational
symmetry of the wire section has in the plasmonic features of
the scattering and absorption response, we apply the Green for-
mulation to the case of graphene-coated wires of elliptical sec-
tion. Compared with the scattering and absorption efficiency
spectra for graphene-coated wires of circular section, and as it
might be expected on symmetry grounds, a frequency splitting
of multipolar plasmonic resonances is observed in the spectra
for low-eccentricity elliptical wires. To illustrate the application
of the Green method in the near field we investigate the spatial
distribution of the electromagnetic field near the graphene coat-
ing for different frequencies and directions of incidence. As a
further test on the validity of the Green formulation, we show
that the multipolar order revealed by the topology of the near
field agrees perfectly well with the multipolar order obtained
from the correspondence between spectra for circular and
for low-eccentricity elliptical wires. The method presented here
should be useful in the design and engineering of graphene-
wrapped particles with tailored properties for specific plasmonic
applications, including photovoltaic devices, nanoantennas,
switching, biosensing, and even medical treatments.
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