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A GENERALIZED HERMITE CONSTANT
FOR IMAGINARY QUADRATIC FIELDS

WAI KIU CHAN, MARIA INES ICAZA, AND EMILIO A. LAURET

ABSTRACT. We introduce the projective Hermite constant for positive defi-
nite binary hermitian forms associated with an imaginary quadratic number
field K. It is a lower bound for the classical Hermite constant, and these
two constants coincide when K has class number one. Using the geometric
tools developed by Mendoza and Vogtmann for their study of the homology
of the Bianchi groups, we compute the projective Hermite constants for those
K whose absolute discriminants are less than 70, and determine the hermitian
forms that attain the projective Hermite constants in these cases. A compar-
ison of the projective hermitian constant with some other generalizations of
the classical Hermite constant is also given.

1. INTRODUCTION

Let K be an imaginary quadratic field and Ok its ring of integers. We regard
K as a subfield of C by identifying K with its image under an embedding into C.
For any binary hermitian form S and any column vector v € C2, S(v) denotes the
value of S at v. The (2-dimensional) Hermite constant yx for K is defined as

. S(v)
1.1 = _—
(1.1) K =98P eoi (0} det(S)1/2

where P is the set of all positive definite binary hermitian forms. In the subsequent
discussion we often identify a binary hermitian form axZ + bZy + bz + cyy with the
2 X 2 hermitian matrix (% z), and the determinant of a hermitian form will be the
determinant of its associated hermitian matrix. The constant vx has been studied
by many authors, and we will give a brief summary of some of the earlier results
later in this section.

From now on, all hermitian forms are assumed to be positive definite. As an at-
tempt to take the ideal class group of K into consideration, we define the projective

minimum of a binary hermitian form S to be

P ooy . . S(v)
Hic(5) = v} N (1))
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where Nk ((v)) denotes the norm of the ideal generated by the coordinates of v. As
an analogy of (1], we define the projective Hermite constant ~%. of K by

S) . S(v)
1.2 P o._ L — .
(12) VK T GER Qet(S)12 T SEP wedb 0} Nie((0)) det(S)1/2

It is clear that in both (IIl) and (L2)), the maximum can be taken over only those
S with determinant 1.

It is not hard to see that 7%, < vk, and the equality holds when the class number
hx of K is one. However, these two constants could be different when hg is greater
than one, and ~%, becomes a nontrivial lower bound for vk in these cases.

A binary hermitian form S is called projective extreme (with respect to K) if
7% attains a local maximum at S, and is called absolutely projective extreme if the
maximum is absolute.

Suppose that K = Q(y/—D), where D is a square-free positive integer. An
integral basis for Ok is given by {1,w}, where w = /=D or (1 + +/—=D)/2 if
D = 1,2 mod 4 or D = 3 mod 4 accordingly. We denote the discriminant of
K by di. The constant vx has already been determined for many D. The case
D =1 was due to Speiser [13], which was extended by Perron [10] to the cases D =
1,2,3,7,11,19. Oberseider [7] treated all imaginary quadratic fields of class number
one by completing the cases D = 43,67, 163, and he completed the additional cases
D =5,6,10,13,15 (class number 2) and D = 14,17 (class number 4).

On the other hand, since O is a free Z-module of rank two, a binary hermitian
form over K of determinant A can be viewed as a quaternary quadratic form over
Q of determinant (A|dg|)?/16. This idea was exploited by Oppenheim [9] to show
that

ldx|

and that the equality holds if and only if —2 is a quadratic residue modulo D or,
equivalently, every odd prime divisor of D is congruent to 1 or 3 modulo 8.

Since 75 = 7k for every K of class number one, 7% is determined for the
nine imaginary quadratic number fields of class number one. Our main result is
the computation of 7%, and the corresponding projective extreme forms for every
imaginary quadratic field K with class number not one and |dx| < 70.

IA

Theorem 1.1. Let K be an imaginary quadratic number field whose absolute dis-
criminant is less than 70. Then v%- and the associated absolutely projective extreme
forms of determinant 1, modulo the action of SLa(Ok), are given in Table [ and
Table B, respectively.

In Table [, we also record the value of i whenever it is known for the sake
of comparison. For the convenience of presentation, in Table [2 we use [a, b, ¢] to
denote the hermitian form (‘51 g) Every absolutely projective extreme form in that
table attains its projective minimum at (}), except when it has a column vector v

as a subscript. In that case, the projective minimum of that form is attained at v.
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TABLE 1. Projective Hermite constants for |dg| < 70

—dx D hx ~5 YK —dx D hg V5 YK
33 1 32 32 39 39 4 Vi3
4 1 1 V2 V2 40 10 2 6y/5/13 8,/10/39
77T 1 13 /13 43 43 1 /4372 \/43)2
8 2 1 2 2 47 47 5 47/5
11 11 1 /112 J/11/2 51 51 2 (/512 \/51/2
15 15 2 V3 2./5/3 52 13 2 52/3  8./3/35
19 19 1 V/19/2  \/19/2 55 55 4 4,/11/19
20 5 2 VBh  4y5/11 56 14 4 2/7/3 8,/14/41
23 23 3 \/23/5 59 59 3 \/59/2 \/59/2
24 6 2 2V3 2V/3 67 67 1 67/2 67/2
31 31 3 31/3 68 17 4 V34 V34
35 35 2 VT 163 163 1 163/2 163/2
TABLE 2. Absolutely projective extreme forms for |dx| < 70
—dg hx  abs. proj. extreme forms —dx hgk abs. proj. extreme forms
V2 o V2 V51 71 V5L
3 ]‘ [37:|: 3] 51 2 |i\/§7:|:\/§7\/§:|
141 V51 10i 2+/51
4 1 [\/57 + 2 ) \/§] [W? :l:ﬁ7 W]
701 VI 2 VI V4T V5
[ 3 3] 59 9 [ V2 :t\/gv 2
8 1 [2, + Y2421 9] [@ _ /Easei @]
2 V2’ V3 ) V2
11 [, +3L M [4m | 358 6\/ﬁ]
V197 T V/957 V19
15 2 V3, £V51, 2v/3] 55 4 [5\/ﬁ 4 7VIT45V10i 11\/ﬁ}
A V19 20’ V19
19 1 (VIO 4 6i 2v10) .
2 2 [5\/ﬁ i(3m+\/ﬁl) 9\/ﬁ]
. vioo “\avis T Vs )0 Vis
20 2 V5, £/51, 3v/5] [@  frrovai ﬂ]
r \/51 V33 Vs’ V3T vEd
23 3 , B, Y=
[ & ] 56 4 [@ B 11V7+532 2155\/3]
24 2 V12, iM,\/Q} V3! Ve 1VES J(lw)
V59 23i 959
31 3 [C,i\/il, 4\/;] 0 3 [W’iﬁ’ \/5]
i _ 59423591 559
35 2 V7, £290, 3V/7] [Vlo& Vios 0 va }(gtw)
39 4 [V13 :I:6 , V13] 67 1 [@ 4208 @}
2’ 2i’ 2
3120 3104221 104/10 .
0 9 |28, — 2k, 100] [x/S_ — AT /3]
68 4
3120 \/_ilgl 320
|:\/E s +y—=-s2 \/2— \/ﬁ] |:9 / 9\/_+951 17 / ]( )
43 1 [YA3 } 161 6vi3) -
2’ 2’ 2 163 1 [\/16 i181 \/163]
VAT | 181 7\/4?]
V5 57 5
47 5
2VAT 4 29i 9\/47]
[ PR VR (E)
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Remark 1.2. Our computation shows that when |dx| < 70, vk attains the upper
bound +/|dk|/2 if and only if 4% is also equal to /|dk|/2 (there are twelve of
these K). Although our sample size is small, the results we have here lead to the
following interesting question:

|dk|

If v = B

The proof of Theorem [I] relies heavily on the geometric tools developed by
Mendoza [6] and Vogtmann [15] for their study of the homology of the Bianchi
groups. Our idea is to make use of the classical bijection between the binary
hermitian forms of a fixed determinant and the upper-half space H?, which is equi-
variant under the action of the Bianchi group I' = SL2(Ok) (see Theorem 2.]).
Mendoza [6, Definition 2.1.6] constructs a set M, which is a 2-dimensional cellu-
lar retract of H® and is invariant under T. His result [6, Page 30] implies that
the function S + . (S)/det(S)'/? attains its local maxima at the vertices of M
[0, Page 30]. Our main task is to apply Vogtmann’s theorem to build an appro-
priate cellular fundamental domain of M under the action of I' and to recover its
vertices.

The paper is organized as follows. In Section 2lwe introduce the well-known geo-
metric relationship between the set of binary hermitian forms of a fixed determinant
and the upper-half space, and we recall some results in [6] by Mendoza. Section
describes Vogtmann’s theorem [15]; it determines a convenient cellular fundamental
domain which will be used for the computation of 7}, and the projective extreme
forms. In Section [] we discuss the idea behind the computations needed in the
proof of Theorem [[.1] and illustrate it by working out in detail the particular case
K = Q(+/—39) which has class number four and whose calculation is already quite
involved. In Section Bl we define the n-dimensional projective Hermite-Humbert
constant for an arbitrary number field K and any n > 2, which can be viewed as
a generalization of 7%.. A comparison of this constant with other generalization of
the Hermite constant given by Icaza [5], Thunder [I4], and Watanabe [I6l17] will
be given.

d
, is 7% also equal to |2—K|?

2. GEOMETRIC TOOLS
The group GL3(C) acts on P by
S g-S=|detgl (97)" S (97,
where * denotes the conjugate transpose of a matrix. The set P(A) of binary
hermitian forms with a fixed determinant A is invariant under this action, for
every A > 0. Let H® denote the 3-dimensional (real) hyperbolic space which is
realized as the upper half-space of C x R, that is,
H? = {(2,{) eCxR : ¢ >0}

There is a natural action of GLy(C) on H? given by

[ (az+b)(cz +d) + ac¢? |det g| ¢
9GO\ TG E T RE e AR+ P )

The subgroup SLy(C) of GLy(C) acts on H® as isometries. In fact, PSLy(C) is
the full group of orientation preserving isometries of H®. The next theorem relates
these two actions.
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PROJECTIVE HERMITE CONSTANT 5

Theorem 2.1 ([3, Proposition 1.1]). The map ® : P — H* defined by

o s b)_<—_b, ac—le)
b ¢ a a

is GLa(C)-equivariant, and @ := ®|p(a) : P(A) — H? is a bijection for all A > 0.
The inverse of this map is given by

A _
Ua(z,() = \/T— (—12’ |22 _i<2> .

The action of GLy(C) on H? extends to the boundary of H®>. We identify this
boundary with P1(C) = C U {oc}, where the elements in C correspond to the
elements in C x R with the second component equal to zero. Via this identification,
the action of GLg(C) on this boundary is precisely the classical Mobius action.

An element A € P1(C) is called a cusp if either A € K C C or A = co. The set
of cusps can be identified with P*(K) and, from now on, we will write A = a/f3
with o, 8 € Og if A € K, or A =1/0 if A = co. Note that the subgroup GLy(K)
preserves the set of all cusps. Following the classical theory we associate to each
cusp A = a/f the element of the ideal class group Jx containing the fractional
ideal (a, B). Tt is easy to see that this map is well defined and it induces a bijection
between SLo (O )\P(K) and Jy (see [4, §7.2]).

We are now ready to describe Mendoza’s work [6]. The distance between a point
P = (2,¢) € H® and a cusp \ is given by

d(P, A) — |BZ - Oé|2 + ‘6|2<2 )
C NK(<a7 ﬂ>)
This definition does not depend on the choices of o and 3, as we shall see in the
following remarks.

Remark 2.2 (Geometric interpretation). It follows immediately that for any A € K,
Ny := Ng({a, 8))/|8|> does not depend on the choices of the integers o and 3 as
long as A = a/B € K. This gives d(P,\) = |P — A\?/(¢ Ny).

If A and p are two cusps, let S(\, ) be the set of points in H? that are equidis-
tant from these cusps. These sets are hemispheres or planes perpendicular to the
boundary C. In other words, they are geodesic planes in H?. In particular, S(co, \)
is a hemisphere centered at A with radius v/Ny.

Remark 2.3 (Arithmetic interpretation). Write S = A (P) € P(A) andv = (3) €
O? where A = o/f. Then

_ S(v)

VA Ng({e, 8))

As an easy application of (Z1]) we have the following proposition, which can also

be obtained by combining Propositions 3.2 and 3.3 of [15].

Proposition 2.4. If g = (¢}4) € My(Ok) with det(g) # 0, P € H? and A =
a/B € PYK), then

(2.1) (P, \)

~|detg| Nk({, B))
dlg-P,g-\) = NK(<aa+b;,ca+d5>) d(P, ).

In particular, d(g - P,g-\) = d(P,\) for all g € SL3(Ok).
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6 WATI KIU CHAN, MARIA INES ICAZA, AND EMILIO A. LAURET

In view of (2)) and (), the projective Hermite constant 7% can be computed
by
2.2 P = su inf d(P,)\).
(22 = s inf AP

A positive number ¢ € R is called an upper reduction constant for K if for each
P € H? there is at least one cusp A of K such that d(P, \) < c¢. The optimal upper
reduction constant for K is the infimum of all upper reduction constants for K.

Theorem 2.5 ([6]). For P a point in H*, the following hold.
(1) For any real number ¢ > 0, there are only finitely many cusps X of K such
that d(P,\) < c.
(2) V/|dk|/2 is an upper reduction constant for K.
(3) Consider the function nx : H* — R defined by

(2.3) Nk (P) = Aeﬁﬁfm d(P, \).

Then nk is continuous and invariant under the action of SLy(Ok).
(4) The function nk attains a mazimum on H3, which is equal to the optimal
upper reduction constant for K.

Note that part (2) of the above theorem can be seen from (L3]).

Definition 2.6. Let A be a cusp of K. The minimal set H(\) of A is the set of
points in H? such that the distance from X is smaller than or equal to the distance
from any other cusp, that is,

H(\) ={PeH?® : d(P,\) <d(P,p) forall yeP(K)}.

Remark 2.7. Tt follows from the definition that 1 (P) = d(P, A) for all P in H(\).
The set H(co) is easily seen to be the set of points in H® which lie above all
hemispheres S(oo, A) for all finite cusps .

We denote by I' the Bianchi group SL2(Ok), and by I'(\) the stabilizer of A
in T. Let {A1,A\a,..., n} be a set of representatives of the SLy(Of)-orbits in
the set of cusps. From Proposition 2.4] and Theorem one can easily see that
T (H(A)U---UH(\,)) = H. Note that this set is far from being a fundamental
domain of the action of I" on H?, since T'(\;) preserves H()\;) for each i.

The minimal incidence set [0, Definition 2.1.6] is

(2.4) M= JoHW\) = | J HN N H(w),

A AFp
This M has been used in the computation of integral and rational homology of
Bianchi groups, since it is a 2-dimensional cellular retract of H®> which is invariant

under SL2(Ok). The readers are referred to [6], [I5], and the references therein for
more information.

Lemma 2.8 ([6, Proposition 2.1.7]). If the function nk defined in 23) attains its
mazximum at a point P, then P is in M.

Now, (22)), Proposition 2:4] Theorem and Lemma 2§ allow us to write 7%
as

p __ — .
(2.5) Tk = max i (P) = ax max d(P, Ai),

Licensed to Universidad Nacional de Cordoba. Prepared on Thu Feb 26 10:01:53 EST 2015 for download from IP 200.16.16.13.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



PROJECTIVE HERMITE CONSTANT 7

where T} denotes a fundamental domain of H()\;) under the action of I'(\;). In
the next section we shall use the work of Vogtmann in [I5] to construct the sets T;.

A point at which nx attains a local maximum is called a projective extreme
point. A point is called an absolutely projective extreme point if ng attains the
global maximum there. It is explained in [6] Page 30] that the projective extreme
points are the vertices of M. By definition, projective extreme points and projective
extreme forms of a fixed discriminant are in bijective correspondence.

Proposition 2.9. The map ® defined in Theorem[2.1] identifies projective extreme
forms (resp. absolutely projective extreme forms) of a fized determinant with pro-
jective extreme points (resp. absolutely projective extreme points).

3. VOGTMANN’S RESULTS

This section contains a brief summary of results of Vogtmann in [I5]. The
next theorem gives an effective method to find a cellular fundamental domain of
L(AM)\OH (A). Given a finite cusp A of K, let n be the smallest positive integer such
that @ = nA € Ok, and let

For A = o0, we set « = 1, n = 0 and L, the identity matrix. The matrix L) will
be regarded as an element in GLy(C) and so acting on H?.

Theorem 3.1 ([I5, Theorem (4.9)]). Suppose that |dx| > 4. Let A be a cusp of K,
and D a fundamental domain of the lattice n{a,n)~2 (or Ok if A = c0) in C. A

fundamental domain for the action of T'(X) on OH(N) is given by the union of the
cells H(AN) N H(Lx(y/m)) such that

(i) m is a rational integer satisfying 0 < m < Nk ({(a,n))(—dk/2);
(ii) v € Ok and v/m € D;
(iii) dim (H(X) N H(Lx(y/m))) = 2.

The fundamental domain for I'(A) given in the above theorem will be denoted
by I(A).

Remark 3.2. The case A = oo is missing in the statement of [I5] Theorem (4.9)].
However, the assumption |dx| > 4 implies that I'(co) is the group of translations
of C by elements in Og. As a result, D can be chosen to be a fundamental domain
of Ok in C when \ = oo.

Remark 3.3. When |dx| = —4 and —3, I'(c0) contains isometries other than the
translations by elements of O, namely the rotations by 7= and 27 /3 respectively.
In these two cases, we obtain a fundamental domain of I'(\) on dH(A) by first
applying the theorem and then taking the quotient of the resulting space by the
rotations.

When K has class number one, there is only one SLa(Ok)-orbit of cusps. To
compute 75 in this case, it follows from (23] that it is sufficient to determine a
cellular fundamental domain for I'(c0)\ M, and Theorem Bl tells us how to do
exactly that. Moreover, for determining the projective extreme points, we have to
locate the vertices of this fundamental domain, modulo the action of I'(c0).
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8 WATI KIU CHAN, MARIA INES ICAZA, AND EMILIO A. LAURET

In the general case when the class number hg of K is not one, we should deter-
mine the hg fundamental domains I'(\;)\OH (\;) for each A;. If A # oo, the minimal
set H(\) is not as nice as H(oo), graphically speaking, because H(A) cannot be
seen directly from the top. For these A, we will follow the proof of [I5, Theorem
(4.9)] to construct a cellular fundamental domain for a conjugate of I'(A) which
is visible directly from the top, and then apply an isometry to obtain a cellular
fundamental domain of T'(\) on OH(A). We briefly explain this procedure below.

The A-distance from a point P € H? to a cusp y is defined to be

dA(P, p) = d(LA(P), Lx(n)).
For pu,v € P1(K) we define
Sa(p,v) = {P € B’ : dy(P,p) = dr(P,v)}, and
Hy(p) = {P € H® : d\(P,p) <dx(P,v) YvePY(K)}.
The set Hy(p) is called the A-minimal set of p.

Remark 3.4. As in Remark 277 S (0o, 1) is a hemisphere centered at u = /0 with
radius the square root of Ng((Lx(v,0)))/(Nk({c,n))|d]?). Furthermore, Hy(co)
is the set of points in H® which lie above all hemispheres S (00, p) for every finite
cusp p. Therefore, Hy(00) is visible directly from the top.

Remark 3.5. Note that

(3.1) La(Hx(p)) = H(Lx(p))-

Since Ly(00) = A, we have Ly(Hx(o0)) = H(A); thus the cell structure of 0H(X)
is the same as that of 9H)(co0). This means that if I is a fundamental domain
for Ly 'T'(A)Ly on 9H(00), then Ly (1) will be a fundamental domain for I'(\) on
OH(X). Typically we will take I to be the union of the sets Hy(oco) N Hy(y/m)
over the cusps v/m which satisfies (i), (ii) and (iii) in Theorem [BIl Note that
Ly Y (HN) N H(Lx(y/m))) = Hx(c0) N Hy(y/m) by @), and so this I, is indeed
a fundamental domain for Ly 'T'(\)Ly on 9H, (c0).

On some occasions, however, we can exploit the symmetries between the cusps
and obtain I, in a more convenient manner. For example, using the equality
d5((z,¢), 1) = dx((2,¢), 1), one obtains the following lemma.

Lemma 3.6 ([15, Corollary (5.5)]). Hx(00) is the reflection of Hx(00) through the
plane Im(z) = 0.

For p = v/0 € K, let [u] be the class of the ideal (v,d). One finds a useful
application of Lemma [3.6] when the ideal class group Jx is {[o0], [A], [A]} for some
cusp A. In this case, finding 7% requires only the maximum of 7k in 9H (co) and in
OH()N). A less obvious type of symmetry follows from the following theorem which
is essentially Proposition 5.2 and Theorem 5.6 in [I5] together. We provide a sketch
of its proof since certain features of it will be used in the next section.

Theorem 3.7 ([I5]). Let A\ be a cusp of K, and suppose that [\J*> = 1. If u and
v are cusps of K such that [u][A] = [V], then there exists h € GL2(Ok) such that
h(p) = v and h is an isomorphism sending H () to H(v). In particular, OH (u) is
isomorphic to OH (v).
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PROJECTIVE HERMITE CONSTANT 9

Sketch of proof. Write X = a/B. Since [A\]? = 1, one can prove that there is a
matrix

(, B) = (. y) = (z,w),
| det(g)| = Nk ({o, B)),

inducing an isomorphism g : Ox @O — {(a, f) @ {a, B). It follows that (g(s,t)) =
(s + yt,zs + wt) = (s,t){a,B) for all (s,t) € O%, and hence [g - u] = [p][\] =

[v] and Nk ({g(s,t))) = Nk((s,))Nk((c,3)). Writing p = ~/6 and applying
Proposition 24 it follows that

d(g'Pyg-u)—<

w

(3.2) g= (ﬁ y) € GL2(Ok) such that {

| det g|Nk ({7, 6))
and therefore g is an isomorphism taking H(u) to H(g - ). Since [g - p] = [v],

there exists ¢’ € SL2(Ok) such that ¢'g(p) = v. Thus h := ¢'g is an isomorphism
sending H(u) to H(v). O

) d(P.u) = d(P.ps),

Remark 3.8. Assume that [A\]?> = 1. Then we can apply the above theorem to obtain
an h € GL2(Of) such that h(oco) = A. Then h(I(00)) is a fundamental domain for
T(M\OH (A). Therefore,
d(P,\) = d(g-P,g-o0) = d(P,00).
P28 PN = PR o P 00) = g AU o)
Hence there is no need to consider the maximum of i on OH (\) in (ZX). Similarly,
if [v] = [A][u], then the maximum of nx on JH(v) is equal to its maximum on

OH ().

We conclude this section with a lemma from algebraic number theory which will
help us bound the size of the hemispheres Sy (u, V).

Lemma 3.9 ([I5, Lemma 4.3]). Let A be a cusp of K, and n be the smallest positive
integer such that nA € Ok . Then, for any finite cusp p of K,

R (v

where m is the smallest positive integer such that mu € Ok .

4. COMPUTATIONS

We have already laid down all necessary background to compute 75 and to de-
termine the projective extreme forms for an arbitrary imaginary quadratic number
field K. Our method for computing 7%, can be summarized in the following steps:

(I) Find cusps A1,..., A\n, such that [A1],...,[An,] are all the elements in the
class group of K.
(IT) For each 1 < ¢ < hg, determine the set I(\;) using Theorem [311
(III) Find the minimum of nx on the set of vertices of each I(\;).

Step (I) is the easiest, and Step (III) will follow immediately once we construct
I()\;) in Step (II). For this step, we will use graphical aid (e.g. Sage) to help us
produce a candidate Jy, for I,,. Once we prove that Jy, is indeed I,,, we may
apply Ly, to obtain I();) (see Remark [B). This will be further explained in (I1.1)
to (IL.4) below.
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10 WAI KIU CHAN, MARIA INES ICAZA, AND EMILIO A. LAURET

In what follows, if we write a cusp u as §/k, then k is the smallest positive integer
such that kp € Ok. Fix a cusp A = a/n, and let {m,m2} be an integral basis for
the ideal n{a,n)~2 (or Ok if A = 00). If A = oo, we choose 7; and 5 to be 1 and
w, respectively. Recall that w = +/—D or (1++/~=D)/2if D=1,2mod4or D =3
mod 4 accordingly. Let D be {xm +ym : 0 < z,y < 1}.

(I1.1) Use Sage to draw all hemispheres S (vy/m, 00), with 0 < m < —N({(a, n)) %
and v/m € D. The number of such hemispheres is in the order of |dg|*.
However, most of them will be covered by the others.

(I1.2) For each Sx(vy/m,o0) drawn in (II.1), use Sage to draw the additional
hemispheres Sy (y/m+pu, 0o) for all p € {£m, £ma, £(m1 +m2), £(m1—72)}.
As in (II.1), most of these hemispheres are covered by the others.

(I1.3) For the sake of discussion, we call the hemispheres from (II.1) and (II.2)
black and white, respectively. The result of (II.1) and (II.2), when seen
directly from the top, will be a picture showing a set Jy, which is a union
of subsets Ay (y/m) of some black hemispheres Sy (y/m, o), surrounded by
some white hemispheres. Figure [l shows the resulting picture for the case
K =Q(v/—39) and A\ = oc.

(I1.4) Show that Jy is indeed I. This is done by showing that every hemisphere
Sx(0/k,00) does not cover strictly any point on Jy, and the orthogonal
projection of J, on C is a fundamental domain of Ly 'T'(A\)Ly. The latter
is quite straightforward, since the main difficulty involves only the deter-
mination of the intersections of hemispheres. For the former, let ¢ be the
height of the lowest point of Jy. The radius of S)(d/k, c0) is smaller than
or equal to \/1/k by Lemma Therefore, we only need to check those
S (0/k, 00) such that k is bounded above by 1/¢? and §/k is close enough
to some Ax(vy/m). There are only finitely many these hemispheres, and
hence the checking can be done in a finite number of steps.

The above indicates that the complexity of Step (IT) increases when |d | increases
since more hemispheres will be needed. However, sometimes the computation can be
simplified by exploiting the symmetries explained in Lemma and Theorem [3.71
As an illustration of our method, we determine 4% and the corresponding projective
extreme forms when K = Q(v/—39), whose class number is four.

Fix K = Q(v/-39) from now on. We follow the notation introduced in the
previous sections. In particular, for 6, 8 € Ok, [6/8] denotes the class of the ideal
(6,8). The class group of K is cyclic of order 4 generated by 6 = [w/2] with

w = (14 +/-39)/2. More precisely,

sem o g 14 - [}

Case \g := 00. As is explained in Remark B2l we may choose D to be {z + yw €
C : 0<uz,y<1}. Weneed to consider H(co) N H(y/m) for 0 < m < 39/2 =19.5
and v € Ok such that v/m € D.
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PROJECTIVE HERMITE CONSTANT 11

FIGURE 1. I(o0) for K = Q(v/—39)

Figure [Tl shows all the black and white hemispheres from (II.1) and (I1.2) that
are visible directly from the top, and the resulting subset J, from (I1.3) which is
the union of five Ay (y/m), where v/m are 0, HT“’, 2, 1+va and % Note that
for each of these five v/m, A (y/m) is the subset of S(c0,~y/m) which contains
points that are outside all the other black and white hemispheres from (IL.1) and
(I1.2). The orthogonal projection of J. onto C is shown in Figure2l It is not hard

to check that J is a fundamental domain for the action of I'(c0) on C.
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12 WAI KIU CHAN, MARIA INES ICAZA, AND EMILIO A. LAURET

Zﬁvgﬁ) P2 = (_257C5)a
= (ZG - 17@6);

= (-

: = (-
/F<I+Tw Py Ps = (26, C6) = (%4‘2%’%)7

(

(

(

(

P4 P6

P Py

FIGURE 2. Projection of I(c0) onto C for K = Q(1/—39)

We checked that (see Figure[2)) the height of the lowest point of J is \/%—3 Now,
the radius of S(6/k,o0) is \/Nk ({6, k))/k2, which is < 1/vk by Lemma 33l Thus
we only need to check finitely many S(d/k, 00) for which k£ < 13 and |§/k — 2| <
1/4/13 for some (z,¢) € Ju. After carrying out these computations, which we

do not include here for brevity, we conclude that J, is indeed the I(c0) given by
Theorem [B11

Case A1 := w/2. For this cusp, we have

LA1—<°‘) 1) and  20w,2) 2 =270 =27,

2 0
In this case, D={z+y(1 —w)/2€ C : 0<z,y < 1} is a fundamental domain of
2(w,2)"2 in C.
Q7

a

1 9i
wlagl) (_2_4\/@’\/?)7
ws, &5), Q4= (w1 +2,6),
Ws +2 - H_wa€5)

= (
= (-
= (
= (ws,&5) = (——4’41;1— \/@)
(=
= (-w

w1, 1), Q7 = (w1 + 52,&),
ws + 42, &), Qo = (ws +2,&).

FIGURE 3. Projection of Iy, onto C for K = Q(v/—39)

From (I1.1), (I1.2), and (I1.3), we obtain Jy, as the union of Ay, (0), Aj,(w/2),
and Ay, (1). Here for p € {0,w/2,1}, Ay, (1) is the subset of Sy, (co, ) which
contains points that are outside all the other hemispheres from (II.1) and (IL.2).
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PROJECTIVE HERMITE CONSTANT 13

The vertices labeled by the same figure (circles, horizon-
tal and vertical elipses) are equivalent under the action of
GL2(Ok). In addition, if the colors of the labels (black or
white) are the same, they are SL2 (O )-equivalent.

FIGURE 4. Proj. extreme points under SLo(Ok)-equivalence, K = Q(v/—39)

The orthogonal projection of Jy, to C is shown in Figure B which can be seen to
be a fundamental domain for the action of L;llF(/\l)L A, on C. With an argument
similar to the one used in the previous case, we obtain that

I)\l :A)\I(O)UA)\I(%)UA)\I(l) and I()\l) :L)\I(I)\l).
Case \y := (1+w)/3. Note that [\2]? = 1. Following the proof of Theorem B.7] we

take
(1t w 2-w
203 —1-w)e
This matrix satisfies the requirements given in (82)) since (14w, 3) = (2—w, —1—w)
and det(g) = 3 = Ng({1 + w, 3)). Furthermore, g(co) = A2 and g (A\2) = co. Fi-

nally, Theorem B implies that H(A2) = g2(H (00)) and g2(I(0)) is a fundamental
domain for the action of the group I'(A2) on OH (Aq).

Case A3 := (1 + w)/2. Lemma now yields that dHy,(cc) is the reflection of
OH,y, (00) through the plane Im(z) = 0, since [A\3] = 672 = 6 = [A]. Thus
Ly, (In,) = L, (L;ll (I()\l))) is a fundamental domain for T'(A3) on OH (A3).

Summarizing, we have determined the fundamental domains (given by Theo-
rem [3.1))
I(oc) and  I(A1)=Lx,(Ix,) =(%5) I,
for OH (00)/T'(00) and OH (A1)/T'(A1), respectively, and also we have proved that
g2(I(c0)) and Ly, (Iy,) = ('375)  In,
are fundamental domains for 9H (A\2)/T'(A2) and OH (A3)/T'(A3), respectively. Let
I be the union of these four sets.

We cannot assert that I is a fundamental domain for I' = SLy(Og) on the
minimal incidence set M (see ([24)), but it is evident that every point in M is
SL2(Ox )-equivalent to one point in I. Our next goal is to determine a set of repre-
sentatives of the set of vertices of I under the action of I'. Recall that the vertices
of I are the projective extreme points, which are in a one-to-one correspondence
with the projective extreme forms by Proposition
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14 WAI KIU CHAN, MARIA INES ICAZA, AND EMILIO A. LAURET

It is easy to see that {Py, Py, Ps, Ps, Pr, Py} (see Figure 2) is a set of represen-
tatives of the set of vertices of I(co) under the action of I'(co). Note that the
group GL3(Of) is generated by the elements of I' and the matrix (' ¢) which
acts on H® as (z,¢) + (—z,¢). This implies that {Py, Ps}, {Py, Ps}, and {P7, Py}
are GLo(Of)-orbits, and therefore {Ps, P, Py} is a set of representatives of the set
of vertices of I(oo0) under the action of GL3(Of). These facts are illustrated in the
picture on the left in Figure [l

The vertices of g2(I(00)) are of the form {go(P;) : 1 < j < 13}. It can be
checked that Ao (1) on S((1 + w)/3,00) is mapped into itself by go. More
precisely, g2(Ps) = Py, g2(Ps) = Ps, g2(Ps) = Ps and g2(P;) = P;. On the other
hand, it is easy to check that gohg, L' €T for all h € T. This implies that two points
are ['-equivalent if and only if their images under g, are I'-equivalent. Therefore,
any vertex in go(I(00)) is I'-equivalent to some vertex in I(oco).

It is easily seen that (or, see [I5, Page 406])

LIT(\) Ly, = {(‘02 :4;> Lz € (w,2>2}.

We now describe the action of L;ll I'(A\1) Ly, on the vertices of Iy, in Figure @l It is
a simple matter to check that any vertex in Iy, is equivalent under L;ll T'(A1) Ly,
to one of {Q1,Q2,Q5,Q6} (see Figure 3). One can compute that Ly, (Q1) = Py,
Ly, (Q2) = Pro, L, (Qs) = Ps and Ly, (Qs) = P;. This tells us that each of the
vertices of Ly, (Iy,) is equivalent under I' to a point in I(co) and therefore to a
point in {Py, Py, Ps, Ps, P, Py}. The same proof works for As.

In conclusion, the points P, Ps, P5, Ps, P7, Py are the projective extreme points
up to I' = SLa (O )-equivalence. These points contain all the necessary information
to obtain the projective Hermite constant 7%, and the projective extreme forms. By
23), v = maxpernx(P), where ng(P) is given by (Z3). On the other hand,
this maximum is attained at a vertex of I. All the vertices have representatives in
I(00), and the distance is I-invariant. Therefore,

1 /39
p el d P-, = -— = —_— =V ].3.
VK = je125.6.7.9) (£, 00) Je(12:5.6.7.9} 3

The maximum is attained at the vertices P, and P5. By applying the map ¥ = ¥y
in Theorem 2], we obtain the two associated absolutely projective extreme forms
of determinant one:

fo(PQ)—<_\\//_11%i —\/\/11_?)7 \1/(P5)—<\‘//1_?i \\//_11331>

Both of them attain their projective minima at (), which is the vector associated
with the cusp oo = 1/0.

5. COMPARISON WITH OTHER HERMITE CONSTANTS

In this section we compare the constants vx and ~%- given in (1) and (L2)
with other generalizations of the Hermite constant for any number field K. From
now on, K is an arbitrary number field of degree m = r 4+ 2s and O is the ring
of integers in K. The discriminant and the class number of K are denoted by dg
and hg, respectively. Let {o1,...,0,} be the set of embeddings of K into the
complex numbers. Our convention is that oy,...,0, are real and o,41,...,0,125
are complex with 0,4 ; =0,1,1; for j=1,...,s.
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PROJECTIVE HERMITE CONSTANT 15

An (r+ s)-tuple S = (S1,...,Sr45), where Si,..., S, are n X n positive definite
real symmetric matrices and Sy41,...,S-+s are n X n positive definite hermitian
matrices, is called a Humbert form over K of dimension n. The set of all such
forms is denoted by Pk . Let S be an n-dimensional Humbert form over K. For

z € OF%,
r r+s 2
Slx] := HSz[x‘T] ( H SZ[:EU]> ,
i=1 i=r+1
where 7 is the column vector with coordinates z7°,...,z% and S;[z] = 2*S;x

with z* being the conjugate transpose of . The determinant of S is defined as

T r+s 2
det(S) = HdetSi- ( H detSi> )
=1

i=r+1

In [5], Icaza defines the n-dimensional Hermite-Humbert constant of K by

. Sz

(5:1) W K) = S0 B ) de(S)
Humbert reduction theory for positive definite quadratic forms over number fields
implies that y(n, K) < co. When K = Q, the Hermite-Humbert constant coincides
with the classical Hermite constant, which is known for 2 < n < 8 and for n = 24.
When n = 2 and K is a totally real quadratic number field, v(2, K) is known in
several cases (see [1], [2], [11], and [12]).

If b is a fractional ideal of K, let Nk (b) be its ideal norm. The fractional ideal
generated by the coordinates of a nonzero vector € K™ is denoted by (z). We
define the n-dimensional projective Hermite-Humbert constant of K to be

. Sla]
5.2 P(n,K) = .
(5:2) VLK) = b B N (@) det(S)

It is clear that v?(n, K) < (n, K) and they coincide when the class number is
one. Furthermore, it follows that when K is an imaginary quadratic field, we have

Y(2,K) =k and P(2,K)* =%

Thus, v?(n, K )% can be viewed as the generalization of ~}; in the context of Hum-
bert forms.

On the other hand, using the twisted height on the Grassmanian manifold, Thun-
der [I4] defines constants that are analogs of the Hermite constants. For any place
v of K, let K, be the completion of K with respect to v, and let | |, be the absolute
value on K, normalized so that u(aC) = |a|,u(C) where p is a Haar measure on
K, and C is a compact subset of K, with nonzero Haar measure. For any x € K,
the local height H,(z) is defined by

n 1/(2m)
(Z :z:z|12}> if v is real,
i=1

n 1/m
H,(x) = (Z l‘i|v> if v is complex,
i=1

1/m
( max |xl|v> if v is finite.

1<i<n
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16 WAI KIU CHAN, MARIA INES ICAZA, AND EMILIO A. LAURET

Let A be the ring of adeles of K, and |- | be the adelic norm given by the product
over all places. For any g € GL,,(A), the global twisted height H is defined by
Hy(x) =11, Hv(gz) for any x € K™. Now, as is described in [§], there is a double
coset decomposition

h
GLA(A) = | GLn(Ax)\iGL, (K)

with Ay € GL,(Ax) = GL,(Kxo) ]
der’s constant is defined by

GL,(Ok,). Under this notation, Thun-

vtoo

Hq/\i (x)Q

53 T ')’L7 K = max m R A S —
(53) i ) 9gE€GL, (Koo ) ze K"~ {0} |detg)\i|§/(”m)

Let S be an n-dimensional Humbert form over K. We may interpret S as a
sequence {S, : v | oo}, with S, a positive definite n x n symmetric or Hermitian
matrix, depending on whether v is real or complex. Then each S, can be written as
gigy for some g, € GL,,(K,), and Nk ((2)) = [[,4o, Ho(x) ! for every z € K"~ {0}.
Therefore,

vfoo

H 2m
(5.4) +(n,K)=  max Lx)z,
9EGLn (Koo) 2€K™~{0} | det Q\A/n
where GLy (Ko) = [0 GLn(Ky) regarded as a subgroup of GLy,(A). As a result
of comparing (5.3) and (5.4]), we have the inequality

VP (n, K) <" (n, K)™,

and the equality holds if the field K has class number one.

In [I6l[17], Watanabe introduces a constant v (G, ) attached to a connected
linear algebraic group G defined over K and an absolutely irreducible strongly K-
rational representation 7 of G, which can be viewed as an analog of the classical
Hermite constants. Indeed, when G = GL,, and m = p is the standard representa-
tion of GL,,, then v (GL,, p) is exactly Thunder’s constant 47 (n, K). If we take a
maximal K-parabolic subgroup @ of G and a representation 7 : G — GL(V;) such
that the stabilizer of the highest weight line of 7 is @), then

w . 2
(5:5) 7 (Gm) 4€G (A 2eQ(RNG(K) Hr(z0)
where H, is the global height function on V..

Let g € GL,(K) be given. For each v | oo, there exists a, € K, such that
det(ayg,) = 1. In particular, the matrix h, := a,g, is in SL,(K,). Define h €
SL,(Ks) < SL,(A) by setting h, = ayg, for all v | co and, of course, h, = 1 for
all v { co. Then for each v | 0o,

Hg'u (x)z

H, S TR S A—
| det g, |2/ "™

(I)2 = Hv(avgvx)2/m = |av|12;/mHv(gv$)2/m =

v

Since SL,, has the strong approximation property (assuming n > 2), therefore
SL,(A) = SL,,(Ax)SL, (K). As a result, we can rewrite (5.4) as

5.6 P(n,K) = in  Hyp(x)*™.
(5-6) 7 (n, K) he%lli}%/&)xelrg}}?{o} n(z)
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PROJECTIVE HERMITE CONSTANT 17

If we specialize (.0]) to the group G = SL,, and p the natural representation of
SL,,, then, in view of (5.6) and the observation that SL,(A) = SL,(A)! because
SL,, is semisimple, we have

P (n, K) = 'yW(SLn, p)™.

We therefore obtain the exact values of ¥V (SLy, p) for imaginary quadratic fields
covered by Theorem [Tl
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