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in plant nutrition and the temporal-weight-averaged influx
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Departamento de Fisica, Univ. Nacional de Rio Cuarto, Rio Cuarto, Cérdoba, Argentina; "CONICET-Departamento de
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ABSTRACT ARTICLE HISTORY
A generalized cumulative uptake formula of nutrient uptake by roots Received 2 November 2015
following our previous formula (Reginato-Tarzia, Comm. Soil Sci. and Plant., Accepted 13 September 2016

33 (2002), 821-830) is developed. Cumulative nutrient uptake obtained by KEYWORDS
this formula is compared with the simulated results obtained by the Claassen cumulative nutrient uptake;
and Barber (Claassen and Barber, Agronomy J., 68 (1976) 961-964) and mass balance: nutrient influx;
Cushman (Cushman, Soil Sci. Soc., 43 (1979) 1087-1090) formulas. A mass Williams's formula
balance is analyzed for the three formulas of cumulative nutrient uptake in

order to decide which of them is correct. Moreover, the mass balance is also

verified through a computational algorithm using data obtained from

literature, and we compute the potassium (K) uptake for maize for low and

high soil concentrations using the three mentioned formulas. The theoretical

analysis shows that Claassen and Barber, and Cushman formulas do not

verify, in general, the mass balance condition. The Claassen and Barber

formula only verifies this condition when the influx is constant and root

grows linearly. The Cushman formula verifies the mass balance when the

influx is constant regardless of the law of root growth. Reginato and Tarzia

formula always verifies the mass balance whatever be the representative

functions for the influx and the law of root growth. Moreover, we propose a

redefinition of the averaged influx from which the Williams formula (Williams,

J. Scientific Res., 1 (1948) 333-361) can be deduced. We remark that Williams

formula is a consequence of our definition of temporal-weight-averaged

influx for all root growth law expressions. Also, we present a comparison of

influx and cumulative uptake of cadmium (Cd) with data extracted from

literature. Cumulative uptake is obtained through the Barber-Cushman

model and our moving boundary model by using the redefinition of

averaged influx on root surface and the correct cumulative uptake formula

presented in this paper.

Introduction

Simulations of transport and nutrient uptake by roots generate a set of influxes data at the root-soilin-
terface. From these influxes, the cumulative nutrient uptake is calculated integrating on a variable the
Claasen and Barber formula (1976)

Uas =2,/ (4) f; IO+ 275, i [ [T de+ | £ (e, (1)
the Cushman formula (1979)
Uc = 275/ (t) [V J(O)dt + 2715, [ [

t

f:j‘_t](t)dt+} / (v)dr, )
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and the Reginato and Tarzia formula (2002)

Ut = 28,/ () [ J(O)dt + 275 [ [ [ J(Ddt +] / (v)dr, (3)

where t; and t; are the initial and final times, respectively, s, is the root radius, /,is the initial root
length, J(t) is the influx on the root surface as a function of the time t and /(t) is the rate of root growth
as a function of time.

Depending on the used formula, a wide dispersion in the results can be obtained for the cumulative
nutrient uptake. In order to show this fact, we will discuss which of the three formulas for cumulative
nutrient uptake is the most appropriate with the corresponding efficiency. Prior to this analysis, a sim-
plified formula of Eq. (3) for Ugy is obtained in the following manner:

Unr = 275, (t) [ J(0)dt + 275, [ [ [¥ J(s)ds] 7 (1) dr
' ‘ .
v U

= 27so/(1) [ J(Odt + 21, {/(‘L’) (JET(ds) |7t + f0 I(t)/(t)dt}

— 2o/ (1) 1 J(Ddt + 2756 [o./(tf) - /(ti)( b ](t)dt) + [ ](t){(t)dr}
=275,/ (t;) [;' J(O)dt — 25,/ (8) [i (DAt + 275, [ J(D/ (D d7

=2ms, [, J(/(t)dr, (4)

where the product 27s,J(t)/(t) represent the instantaneous nutrient uptake. The last formula (4) can
also be obtained from basic physics principles owing to J(t) is the amount of nutrient by unit of time
and unit of area that the root takes. That is to say that if we multiply J(t) by the instantaneous lateral
root area (27,7 (t)), we get the instantaneous amount of nutrients per unit of time that the root takes;
integrating this versus time, we get the proposed formula.

Thus, the goal of this paper is to evaluate the accuracy of the three formulas used in the last decades
to compute the cumulative nutrient uptake by roots. Moreover, once the most suitable formula is
obtained we show that this is the most appropriate formula for estimating the average simulated influx
as a parameter to assess when a prediction of cumulative uptake is good or poor.

Ananalytical mass balance and the cumulative nutrient uptake formulas

In order to verify which of the formulas, Eq. (1), Eq. (2) or Eq. (3) (or its equivalent simplified expres-
sion given by (4), is more adequate, an analytical mass balance is performed according to the following
procedure: if we subdivide the integration interval (t;, tr) from t; until an intermediate time t and from
this time t until the final time t¢, then the mentioned formulas must satisfy the mass balance when the
cumulative nutrient uptake U verifies the following equality:

U(t, tr) =U(t;, t) + U(t, t7), forall t<t<t (5)

From here onward, we denote U(t;,t) + U(t,t) as SUM CUMULATIVE UPTAKE. Now, we
develop our study in the following three cases:
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(I) First, we analyze the Claassen and Barber formula (Eq. 1). In order to make this study easier, we
simplify the referred formula by integration in parts:

U =275, | /(6 [} Ts)ds+ [ [ [ T0)ds+ | 7 (e
———
f(1)

=27s, {/(t) “J(e)ds+ (DL I8 = [ f () /(r)dr]
1~
J()

=273, [/(tl) S T)ds +£(te) /() — f(t Y/t — [¢ I(r)/(r)dr}

__0
=27, {/(t ) [ T(s)ds + £ (t) [ T(s)ds — [ ](r)/(r)dr}

=27s, [, [/ (t) + £ (tr) — /(D)]](r)dT (6)

Now, in order to decide if Ucg verifies Eq. (5), we compute

Ucss(ti, t) + Ucss (t, tr) — Ucss (ti, te)
278,
= j; [t + /() — £@](DdT + [/ +£(t) — £(D)]](1)dT
S + () — /()] (D)dr
=[/(t) +/®] [ J(Ddr — [{ J@O/(@Ddr+ [£() + /()] [ T(2)dr 7
— [N @dr— [£() + @) [T T(0dr + [ 1@ (Ddr
=[/() = £(tp)] [ T dT + [£(0) — /()] [ T()dr
=/() [ J(Ddr = £(ty) [, J(dr — /(1) [ J(D)dx
=[/() — ()] [ (D dr = [/ (tr) — /()] [ J(D)dr,

that is
Uca(ti, t) + Ucn(t, tr) — Ucp (t, tr) = 2nso{[/(t) — /W] T (dr = [£(t) — /)] [ ] (r)dr}, 8)

and this is, in general, non-null.
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In the particular case that the influx is constant, i.e. J(t) =] in the interval (t;, t¢), the last expression
(8) reduces to

Ucs(ti, t) + Ucs(t, tr) — Ucs(t, tr)
=2l { [£(0) = LWt =0 = [/ (t) — (O]t 1)} ©
= 2msa){/ (Ot — ) = (Ot = ) ~ (W)t~ W)},

and this is, in general, non-null. Moreover, if we define the function
gt) =/t —t;) — £ (t) (tr — t) — £ (te) (t — t;) in the interval (t;, t¢),

we can see immediately that the derivative of g(t) is given by g'; )= /. ) (ts —t) + £(t) — £ (tr),and
therefore .
g‘; (ty=0if andonlyif 7 (t)= % = Const. in theinterval (t;, t¢),

that is, the law of root growth is linear, and then the function g(t) = g, = Const. in the interval (t;,
tr), and therefore the expression (9) reduces to

Ucg(ti, t) + Ucg(t, tr) — Ucp(ti, tr) = 27s0Jg, = Constant in the interval (t;, t).

For this reason, for any law of root growth, different to the linear case, the expression (9) is not null.

In the particular case that the influx is constant, i.e. J(t) = J in the interval (t;, t¢), and the law
of root growth is linear, i.e. /(t) =7/(t;) + k(t—t;) in the interval (t;,tf), then the expression (9)
reduces to

Ucg(ti, t) + Ucg(t, tr) — Ucs(ti, tr)
= 2mso]{ [/ (t:) +k(t — t)](tr — t;) — £ (t:) (tr — t) — [/ (ts) + k(te — t)](t —t;) } (10)
=2msoJ {/(t) (tr — t;) + k(t — ) (tr — ) — /(1) (tr — 1) — /() (t — &) — k(tr — t)(t—t;) } =0.

Thus, we have proved analytically that, for the Claassen and Barber formula (1), the condition (5) is
not satisfied, in general, except when the influx J is constant and simultaneously the length of root
grows linearly with the time.

(II) Similarly, for the Cushman formula (2), we can simplify the original expression to

Uc =278, /(ti)j:f J(s)ds + j;ff Ué‘“" “TJ(s)ds +} }(r)dr

f(t)

=275, | /(6) [ J()ds + F(D)/ (D) | 1§ — [ f () /(odr

= —Jti+t—1)

=25, [£) [T TOds + £t) £ — B0 /) + [T+t — D/ (D)dr
—_— N .
L f(t) = ¢ J(s)ds =0 “o

= 2715(,[:: J(t + tr — 1)/ (T)dT. (11)
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Now, in order to decide if U verifies Eq. (5), we compute

Uc(t;, T) + Uc(T, tr) — Uc(ts, tr)
278,
= [t +t=D/@dr+ [ J(t+t — D/ (D)dr — [ ]+t — D)/ (1)dr
= f: J(t+t—D/(Ddr+ [ J(t+t — D)/ (D)dr — ffi J(t +te — D/ (Ddt — [ J(4 + t — 1)/ (1)dT
= ft Jiti+t—1) = J(t +tr — )]/ (v)dT + f Jt+t—1) = J(t + tr — )]/ ()dr

(12)

and this is also, in general, non-null.

In the particular case that the influx is constant, i.e. J(r) = J in the interval (t;, t¢), the last expression
(12) vanishes because the two brackets in the previous expression are null. Therefore, when J is con-
stant, then U verifies expression (5), regardless of the law of root growth.

(IIT) Finally, the simplified Reginato and Tarzia formula (4) and then its original version (Eq. 3)
obviously always verify condition (5) because of the linearity of the integral, i.e.

JJ/mdr+ [FT0/mdr= [ T/ (Hdr,

5000 50000 —— - —. T
o Cushman (1979) (Formula (2)) (a) ©  Cushman (1979) (Formula (2)) (b)
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—4on0 | % Claassen-Barber (1976) (Formula (1)) _4oppg | X Claassen-Barber (1976) (Formula (1))
2 ||t Reginato-Blengino-Tarzia (2016) (Farmula (4}) | g __* Reginato-Blengino-Tarzia (2018} (Formula (4))
g : .
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Figure 1. (a) Cumulative nutrient uptake for K uptake by maize without addition of K (low concentrations and J not constant), and (b)
with addition of 250 mg kg™ of K to soil (high concentrations). (c) Mass balance (Eq. 5) for four nutrient cumulative uptake formulas
[Egs.(1)-(4)] without addition of K and (d) with K addition.
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and therefore we have
Urr(ti, tr) = Urr(ti, t) + Urr(t, tr) (13)

for all t in the interval (t;, t¢).

Thus, the formula of Reginato and Tarzia always verifies the condition (5), whatever be the repre-
sentative functions for the influx J(t) and the root length 1(t).

Moreover, we will compare now the formulas (6), (11) and (4) through the expression (5) by means
of a computational algorithm. The obtained graphs for low and high concentrations are shown in
Figure 1. The data used to compute the influxes were extracted from literature for the potassium (K)
uptake by maize without addition of K, and addition of 250 mg kg™' of K to soil (Samal et al. 2010),
and were obtained through our moving boundary model (Reginato et al. 2000) solved by the finite ele-
ments method. The same set of obtained influxes was used to obtain the cumulative uptake through
the three formulas.

From Figure 1, we show that for all time t, our formula (4) always verifies the mass balance Eq. (5),
while the formulas (6) and (11) do not verify it.

The use of simulated influx as an indicator to decide the rightness or wrongness of the predicted
cumulative nutrient uptake

Using the correct cumulative formula (4), we can show below that the predictions based on tem-
poral-average-simulated influx and its comparison with the influx determined experimentally by
the Williams formula (1948) are only valid when the influx J(t) = ] is constant (for high
concentrations).

If the influx J(t) = J is constant, then by using the correct cumulative uptake formula (4), we obtain

Ut = 2715, [ J(O/ () dt =27s.] [} (D dt. (14)

For the exponential root length growth 7 (t) = /,e", we get

27rs,] 27rs,]

[£oekt — foekt‘] =

Ut = 278,] ;' Zoe dt = Al (15)

The last expression for Urr permits us to compute the cumulative uptake from the influx J and the
root length variation AZ. Moreover, after trivial algebraic manipulations, we obtain

Urtk _ %ln({(tf)/{(ti)) .

A/ A tr—t (16)

27so) =

This last expression coincides with the Williams formula. This result has been partially corroborated
by an experimental work of Silberbush and Gbur (1994).

In the case that the influx J is not constant, the usually used temporal average J,of the simulated
influxes is calculated by the following formula:

_ [Tt

= "~ 17
=" (17)

This average influx is compared with the experimental influx obtained through Williams formula,
but from our previous analysis the formula (16) is consistent with the cumulative nutrient uptake for-
mula (14) only when J is constant. Then, formula (17) is not convenient to obtain the simulated aver-
age influx when J is not constant.
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In order to overcome this disadvantage, in the case that the influx J is not constant we define the
temporal-weight-averaged influx J,,, by

_ IO/ (Hdt
Jwta= = ——— (18)
J /(bdt

i

where J 1, is given in mol/cm” s. This temporal-weight-averaged influx is more realistic because it takes
into account the temporal contribution of root length to the influx. With the expression (18) and tak-
ing into account the cumulative nutrient uptake formula (4), we deduce the Williams experimental for-
mula (1948). Thus, replacing Eq. (4) in Eq. (18), we get

- JJw/wdr AU 2as,
T frrwdr T [ rde

i i

(19)

For the exponential growth case, i.e.
L) =1t
we have that

(s ekt —to)

f _ k(t — ti)
(T ekti—t) )

=e

Therefore, we obtain

(/)

ot

and

ek(tf_t°)—ek(t‘_t°) _/f—fi (/f—/i)(tf—ti)

[Fewdt=1, f:‘ ekt=t)dt =/, :
k k In (/f //i>

t

Then, replacing the last expression in Eq. (19), we get the Williams formula when the influx J is not
constant for the exponential root growth law, that is

AUgr In(Z(t) /4 (1)) .

20
tr—t le—1{; (20)

2780 wia =
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Similarly, for the linear growth case given by
(W)=l +k(t—1,),
we have that
(s — i) =1 (tr) — /() =k(tr — t),
and therefore we obtain

(/s =14)
k= Mf %)
(tr —t;)

and

22
Ji /dr =14t —t) +k w —to(tr —ti)] = (tr — i) [/o+k(

ti+t li+{
+f_t0)}= + f(tf—ti).

2 2

Therefore, replacing this last expression in J,,, we obtain Williams formula for the linear growth
case when the influx J is not constant, that is

AURT 2
tr—t e+

27Tsotha\ = (21)

Thus, we have obtained that the cumulative uptake formula (4), the redefinition of averaged influx
(18) and Williams experimental formula are well posed. We remark that Williams formula is a conse-
quence of our definition of temporal-weight-averaged influx (Eq. 18) for all root growth law expres-
sions. This result cannot be obtained by using the temporal-averaged influx, except in the constant
influx case (for high concentrations).

Then, it is not convenient to choose the simulated temporal-averaged influxes as an indicator of a
good prediction for cumulative nutrient uptake when the influx is not constant (low concentrations in
the linear zone of the kinetic absorption of Michaelis-Menten), because by our formula (4) the cumula-
tive nutrient uptake U is proportional to the influx ] only when this is constant. Some papers in the lit-
erature use the simulated temporal-averaged influxes as a prediction of cumulative nutrient uptake for

Table 1. Comparison of predicted with observed Cd influx on root surface of maize, sunflower, flax and spinach on a different Cd addi-
tion [14 and 40 (+) mmol Cd/kg] to the soil. Idem for the cumulative uptake.

Influx of Cd on root surface (10—16 mol cm™2s~")

Plant CR(1073 umolcm™3) Obs. JuNST3.0 P/O J,uNST3.0 P/O JoMB-FE P/O J,MB-FE P/O
Maize 0.22 025 245 98 239 95 177 708 0.81 3.7
Sunflower 0.38 212 611 29 574 27 474 223 3.29 15
Flax 1.19 354 244 69 19.9 56 16.6 469 10.7 3.0
Spinach 0.48 755 120 16 106 14 10.5 139 9.78 13
Maize+ 0.74 164 773 47 7.2 44 535 3.6 19 12
Sunflower+ 1.80 556 259 47 242 44 185 333 10.2 1.8
Flax+- 459 1098 822 75 73.8 6.7 619 5.63 448 40
Spinach+ 3.07 42.11 750 18 69.8 17 712 1.69 61.1 14
Averaged P/O 4.98 477 3.66 2.24
Pearson coefficientR? 0.737 0.754 0.836 0.894

Cg: Soil solution concentration, P/O: Predicted/Observed, Obs.: Observed, NST 3.0: Barber-Cushman model - Finite Differences, MB-FE:
Moving boundary model - Finite Elements.
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Table 2. Comparison of predicted with observed cumulative uptake of Cd by maize, sunflower, flax and spinach on a different Cd
addition (14 and 40 wmol Cd/kg) to the soil.

Cd cumulative uptake (iumol)

CR
Plant (1073 umol cm™3) U#Obs. UNST 3.0 P/O U*NST 3.0 P/O UMB-FE P/O
Maize 0.22 3.25 323 9.95 29.65 9.13 10.5 3.23
Sunflower 0.38 1.36 18.6 13.6 17.35 12.73 9.89 7.26
Flax 1.19 1.42 24.7 174 20.29 14.28 10.29 7.24
Spinach 0.48 3.67 5.55 1.51 5.14 14 4.72 1.28
Maize+ 0.74 10.06 82.8 8.23 75.19 747 22.73 2.26
Sunflower+ 1.80 8.18 83.5 10.2 77.28 9.44 3242 3.96
Flax+ 4.59 7.62 60.6 79 54.81 7.19 33.18 435
Spinach+ 3.07 11.76 20.40 1.73 19.48 1.65 16.91 1.44
Averaged P/O 8.81 8.08 3.87
Pearson coefficient R? 0.54 0.554 0.637

Ucg NST 3.0: Estimated with formula (1), Ucg NST 3.0 *: Estimated with correct formula (4).
Ugr MB-FE: Estimated with correct formula (4), U*ops: Estimated from the observed influx (by using the Williams formula).

low concentrations (Stritsis, Steingrobe, and Claassen2014; Samal et al. 2010; Singh, Bhadoria, and
Rakshit 2003). In order to establish the differences between the results obtained for the predicted influx
by using the NST 3.0 program (Claassen and Steingrobe 1999) and our moving boundary model
(MB-FE) (Reginato et al. 2000) through the temporal-averaged influx and the temporal-weight-aver-
aged influx formula, we perform simulations with data extracted from literature. Thus, Table 1 shows
the comparison among the temporal-averaged influx, the temporal-weight-averaged influx and the
experimental influx obtained by the Williams formula with influxes data set obtained by Stritsis,
Steingrobe, and Claassen (2014) and our moving boundary model for cadmium (Cd) uptake to differ-
ent levels of Cd addition to the soil (14 and 40 umol Cd/kg) for various crops during 43 days. The
influxes set data obtained from Stritsis, Steingrobe, and Claassen (2014) are predicted by the Barber-
Cushman model, which is solved numerically using the Crank-Nicholson and Newton-Ralphson tech-
niques through the NST 3.0 software. The influxes set data predicted by our moving boundary model
are obtained by using finite elements techniques (MB-FE).

The obtained results show that the averaged influxes J,, and ], (temporal-averaged influx and the
temporal-weight-averaged influx) differ very little when these averages are obtained by using the set
data of influxes provided by the NST 3.0 program (averaged P/O of 4.88 and 4.77, respectively, and,
Pearson correlation coefficients of 0.737 and 0.754). Instead, when the data of influxes obtained by our
model solved by finite elements technique are used, a very different result is provided (averaged P/O of
3.66 and 2.24, respectively, and, Pearson coefficients of 0.836 and 0.894), which represents an improve-
ment of 13 and 18%, respectively, in the Pearson coefficients. Resuming, NST 3.0 overpredicts influxes
(by using J ) by approximately five times the measured influx, while our model MB-FE overpredicts
influxes (by using J ) by approximately two times the measured influx.

Table 2 show the comparison among the cumulative uptake predicted through the experimental
influx obtained by the Williams formula, the cumulative uptake predicted by the original NST 3.0 pro-
gram and the cumulative uptake predicted by the NST 3.0 program by using the correct formula (4)
with influxes data set obtained for Cd uptake to low concentrations by various crops during 43 days
(Stritsis, Steingrobe, and Claassen 2014). Also, the cumulative uptake predicted by our moving bound-
ary model with influxes data set obtained by finite elements technique (MB-FE) by using the correct
formula (4) is included in Table 2.

The obtained results show that the cumulative uptake predicted by the original NST 3.0 program and
cumulative uptake predicted through the NST 3.0 program by using the correct formula (4) differ very
little when are obtained by using the set data of influxes provided by the NST 3.0 program (averaged
P/O of 8.81 and 8.08, respectively, and Pearson correlation coefficients of 0.54 and 0.554). Instead, when
the data of influxes obtained by our model solved by finite elements technique are used to compute the
cumulative uptake, a very different result is provided (averaged P/O of 3.87, and a Pearson coefficients of
0.637), which represents an improvement of 15% in the Pearson coefficient. Resuming, NST 3.0
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overpredicts cumulative uptake by approximately eight times the measured cumulative uptake, while our
model MB-FE overpredicts cumulative uptake by approximately four times the measured cumulative
uptake.

Conclusions

The obtained results show that the Claassen-Barber and Cushman cumulative nutrient uptake formu-
las do not satisfy, in general, the mass balance condition (5). The Claassen-Barber formula (1) only
verifies the mass balance when the influx is constant (high concentrations) and the root grows linearly.
The Cushman formula (2) verifies the mass balance when the influx is constant, regardless of the law
of growth. The Reginato and Tarzia formula (3) and its simplified version (4) are formulas that verify
always the mass balance whatever be the representative functions for the influx and the law of root
growth. Moreover, it was proved that in the case of Cd uptake when the influx is not constant, better
predictions are obtained when the temporal-weight-averaged influx J,,is used instead of the tempo-
ral-averaged influx J,(Table 1). Comparing Tables 1 and 2, we can conclude the Cd uptake and predic-
tions of the influx on root surface in the considered case, but in case of using a more precise method
(finite elements), the Cd uptake and predictions of the influx on root surface are, respectively, quadru-
pled and twice the observed values. Thus, predictions of cumulative nutrient uptake based on the use
of the predicted averaged influx can differ significantly between them. Taking into account these
results, we think that numerous papers published in the last decades based on the formulas (1) and (2)
and simulated influxes for low concentrations could be reinterpreted.
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