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QUANTUM LOGIC ASSOCIATED TO FINITE DIMENSIONAL
INTERVALS OF MODULAR ORTHOLATTICES

R. GIUNTINI. H. FREYTES., AND G. SERGIOLI

Abstract. In this work we study an abstract formulation of a problem posed by J.M. Dunn, T.J. Hagge
et al. about the inclusion of varieties generated by the modular ortholattice of subspaces of C". We shall
prove that, this abstract formulation is equivalent to the direct irreducibility for atomic complete modular
ortholattices.

81. Introduction. In their 1936 seminal paper [1]. Birkhoff and von Neumann
introduced a suitable model for the logic of quantum mechanics based on the lattice
L(H) of all closed subspaces of a Hilbert space H. The lattice L(). equipped with
the orthogonal complement, can be described as an ortholattice. In the case of a
finite-dimensional Hilbert space, the ortholattice of its closed subspaces is modular.
In this way, they provided the first notion of quantum logic.

However this notion can assume several meanings according to the different
authors. In this work we refer to the terminology used in [4] i.e., the quantum
logic associated to a Hilbert space H, denoted by QL(H), is identified with the
class of all models of the set of true equations in L(#) formulated in the language
of ortholattices. In terms of the universal algebra, QL(#) is the subvariety of
ortholattices generated by L(H).

In [4]. JM. Dunn, T.J. Hagge et al. show that, for any n > 0, QL(C") is a proper
subvariety of QL(C>**!) and they raise the question whether this result could be
extended to any finite-dimensional complex Hilbert space C". In other words:

is QL(C") a proper subvariety of QL(C™) whenever n < m?

It should be noticed that, an explicit positive solution to this question was given
by T.J. Hagge in [5].

The aim of this paper is to study this problem in a general algebraic framework.
More precisely. taking into account that the modular ortholattice L(C") can be
thought as an interval of L(C™) whenever n < m, the problem posed in [4] can
be generalized by studying inclusion relations among varieties generated by finite-
dimensional intervals in modular ortholattices. We also see that, this abstract form
of the problem is closely related to the direct irreducibility of atomic complete
modular ortholattices.
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2 R. GIUNTINI. H. FREYTES. AND G. SERGIOLI

The paper is organized as follows. In Section 1, we summarize some basic notions
about universal algebra and modular ortholattices. In Section 2, we outline some
properties concerning the dimension on direct irreducibility atomic complete mod-
ular ortholattices. In Section 3, we introduce and study varieties generated by
finite-dimensional intervals in modular ortholattices as a generalization of QL(C™).
In this framework we reformulate, in an abstract way, the problem posed in [4].
Finally, we prove that it turns out to be equivalent to the direct irreducibility of
atomic complete modular ortholattices.

§2. Basic notions. We first recall from [2, 6, 7] some notions about universal
algebra and ortholattices that play an important role throughout the paper. A variety
is a class of algebras of the same type defined by a set of equations.

Let A be a variety of algebras of type o. If 4 € A, V 4(A4) denotes the subvariety
of A generated by A i.e., the smallest subvariety of A containing 4. We denote
by Term the absolutely free algebra of type ¢ built from the set of variables
V' = {x1,x2,...}. Each element of Term 4 is referred to as a term. We denote by
Comp(t) the complexity of the term ¢.

Let A € A If t € Termy and ay,....a, € A, by t(ay.....a,) we denote
the result of the application of the term operation ¢4 to the elements aj. ..., a,.
A valuation in A is amap v : V — A. Of course, any valuation v in 4 can be
uniquely extended to an A-homomorphism v : Term4 — A in the usual way, i.e., if
t.....ty € Termythenv(t(ty.....t,)) = t2(v(t1).....v(t,)). Thus, valuations are
identified with A-homomorphisms from the absolutely free algebra. If 7, s € Term 4,
A = t = s means that for each valuation v in 4, v(¢) = v(s) and A = 7 = s means
thatforeach 4 € A, 4 =t = s. An algebra 4 € A s directly irreducible iff A is not
isomorphic to a direct product of two nontrivial algebras in A.

An ortholattice [6] is an algebra (L. A, V., 0, 1) of type (2,2, 1,0, 0) that satisfies
the following conditions:

1. (L,A,V.0,1) is a bounded lattice,
2. (x") = x.

3. (xVvy) =x"AY,

4. x Ax'=0.

It is not difficult to see that the equation (x A y)’ = x’V y’ holds in any ortholattice.
Boolean algebras are distributive ortholattices. More precisely, if B is the variety of
Boolean algebras and OL is the variety of ortholattices then B = OL+{xV(yAz) =
(xVy)A(xVz)}

Let L be an ortholattice. If @, b € L. we say that b covers a (and we write a < b)
iff, « < b and does not exist x € L such thata < x < b. Anelement p € L is called
an atom of Liff 0 < p. We denote by Q(L) the set of all atoms of L. L is said to be
atomic iff foreach x € L — {0}, x = \/{p € L: p <x, p e Q(L)}. Two atoms
p1. p2in Q(L) are said to be strongly perspective iff there exists x € Q(L) such that
O<x<piVpand piVx=p,Vx=pVp.

A modular ortholattice (or MOL, for short) is an ortholattice that satisfies the
modular law, 1.e.,

xVpAxVz)=KxVy) A(xVaz). (1)
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We denote by MOL the variety of modular ortholattices. Two examples of atomic
MOL are the following:

a. if H is a finite-dimensional Hilbert space then L(#) is an atomic complete
MOL. In particular if dim(#) > 1 then any two atoms in L(#) are strongly
perspectives;

b. the lattice MO, where « is an ordinal number. The Hasse diagram of MO,
can be represented as follows:

1
ay ‘) a,;
0

For each ordinal number a, MO,, is a complete lattice and if o > 1 then any
two atoms in MO, are strongly perspectives.

Note that MOy = 2 and MO, = 2 x 2 where 2 is the boolean algebra of two
elements. Thus,

B =Vamor(MOy) = Vaor(MOy). (2)

An important characterization of the equations ¢t = s that hold in MOL is given
by:
MOLEt=s iff MOLE(@As)V(I'As')=1. (3)

Therefore, we can assume, without loss of generality, that all MOL-equations
are of the form # = 1, where ¢t € Termao,. Let L be an atomic MOL. An
element a € L is called finite iff, a = 0 or there exists p;. ..., p, atoms in L such that
a = p1V---Vp,. Afiniteset of atoms { p1. .... p, } isabaseiff (p1V.---Vpi_1)Ap; =0
fori = 2,...,n;in this case, if @ = p; V --- V p, then we say that {p;,.... p,} is
a base of a. It is well known that if ¢ € L — {0} is a finite element then ¢ admits
a base (p;)1<i<n, where the number n is uniquely determinated by the element «
[7, Lemma 7.6 and Theorem 8.4]. The number 7 is called the dimension of a and
it is denoted by d (a). In particular, d(0) = 0. If 1 is finite then d(1) is called the
dimension of L.

ProposITION 2.1. Let L be an atomic MOL and let a,b € L be finite elements.
Then we have:

1. Ifa < bthend(a) < d(b).

2. dlavb)=d(a)+d(b) —d(a ND).

3. Let S be a base. Then, for any pair of finite subsets F\, F> of S we have that:

(VxeFl X) A (\/Xer x)=\V{xe Nk}

4. If 1is finite then L is complete. Moreover d(x') = d(1) — d(x).

PRrOOF. 1) and?2) See[7. Lemma 8.8, Theorem 8.14]. 3) See [7. Lemma 3.3]. 4) By
[7. Lemma 8.10] L is a complete lattice. d (1) = d (xVx') = d (x)+d (x")—d (x AX'),
sothatd(x') =d(1) — d(x). .
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4 R. GIUNTINI. H. FREYTES. AND G. SERGIOLI

The following proposition is a lattice theoretical version of the Gram-Schmidt
procedure.

PRrROPOSITION 2.2. Let L be an atomic MOL and let n,r be natural numbers such
that0 < n <r <d(1).If {ey,....e,} is a base, then there exists e, 1. ..., e, atoms in
L such that {ey, ..., en. €y 1, .... e, } is a base. Therefore, if a € L and d(a) = n, then
there exists a, € L such that a, < a, andd(a,) =r.

PrROOF. If e is an atom such that e ¢ {e;....e,} and e A /| ;.,ei # O then
e < \/1<i<n e;. since 0 < e. Consequently, there exists an atom e, such that
eni1 N \/I<;<n e; = 0 (otherwise d (1) = n and this is a contradiction). Thus, we can
extend {el_ e e, } toabase {ey, ..., e, e,1}. Finally, in r — (n + 1)-steps we obtain
a base of r atoms {ey, .... €y, €y41, ... € }. B

Let Lbea MOL and let a € L. The commutator of Listhemapk : L x L — L
such that for any x. y € L:

k(x,y) =(xVy)AxVy)AK V) AKX V).

Since ’ is an involution in MOL, it is clear that k(x.y) = k(x'.y) = k(x.y’) =
k(x'.y"). It is not very hard to see that a MOL L is a Boolean algebra iff for any
x.y €L, k(x,y)=0.

REmARK 2.3. For the sake of simplicity, the set Terma o will be denoted by
Term, and k(x. y | z) will be used in place of k(k(x., ). z).

§3. Dimension on directly irreducible atomic complete A/OLs. Let L bea MOL. A
reflexive and symmetric binary relation can be defined on L. This is the compatibility
relation referred as a is compatible with b in L iff a = (a Ab) V (a Ab’). An element
a € L is called central iff it is compatible with any x € L. The set of all central
elements of L is said to be the center of L and denoted by Z(L). In[7, Theorem 4.15]
it is proved that Z (L) is a Boolean sub algebra of L. Direct irreducibility in MOL
is closely related to Z(L). In fact, L is directly irreducible MOL iff Z(L) = {0, 1}.
In [3] it is shown that the direct irreducibility of an atomic complete MOL can be
equivalently characterized as follows:

PrOPOSITION 3.1. Let L be an atomic, complete MOL such that L # MO,. Then
L is directly irreducible iff for each pair of distinct atoms py, p» € L there exists an
atome in L —{p1. p2} such thate < p| V pa. =

The modular ortholattices L(#), with 1 < dim(H) < oo and MO, for a > 1,
are examples of directly irreducible atomic complete MO Ls.

PrROPOSITION 3.2.  Let L be an atomic MOL. The following conditions are satisfied.:

1. If p1.pr.e €Q(L) ande < p1 V prthene NV py =e VN pr = p1 V pa.
2. If L has dimension 2 then L = MO, for some ordinal .

Proor. 1) Let py. pa.e € Q(L)ande < p;Vp;y.Supposethatz = eVp; < p1Vps.
We first note that po A z = 0. In fact: if py Az # 0, p» A z = p; and then p, < z,
since p, is an atom. Hence, p; V p» < p; Vz = p; Ve = z, which is a contradiction.
Then p; V (p2 A(p1Vz) =p1V(paAz) = prand (p1 V p2) A(p1V z) = z which
is again a contradiction since z # p; and L is modular. By the same argument we
can prove thate V pr = p1 V pa.
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2) Since L has dimension 2, there exist p;, p» € Q(L) such that p; V p, = 1.
Suppose that there exists a chain 0 < ¢ < z < 1 in L. We can assume that e # p».
We first note that p, V e = 1; otherwise, if ¢ V p, < 1, by Proposition 2.1-1, we
would have 2 = d(p, V e) < d(1) = 2, which is a contradiction. We can also see
that po Az = 0. In fact, if po A z # 0. then p, < z. since p; is an atom. Therefore,
1 = pyVe < zVe =z, whichis a contradiction. Thus, e V (py A (e Vz)) = e
and (e V p») A (e V z) = z, which is a contradiction since L is modular. Hence, L is
formed by 0.1 and a string of atoms py, p{. p2. p5. .... whence L = MO, for some
ordinal a. a

ProposITION 3.3. Let L be an atomic directly irreducible MOL having finite
dimension. Then. all pairs of atoms in L are strongly perspective and 2d(1) <
Card (Q(L)).

ProoF. By Proposition 2.1-4, L is a complete lattice. Therefore, by Proposition
3.1 and Proposition 3.2-1, every pair of atoms is strongly perspective. We now prove
(by induction on the dimension of L) that 2d (1) < Card (Q(L)). By Proposition
3.2-2, if L has dimension 2 then L = MO, for some ordinal o > 1. Hence,
Card(Q(L)) > 4 = 2d(1). Assume that the proposition holds for each MOL L such
that d (L) < n. Suppose that d (L) = nand lete € Q(L). Thend(¢’) =d(1) — 1 =
n—1ande ¢ L. . By inductive hypothesis 2d (¢/) = 2d (1) — 2 < Card (Q(L,")).
Let ¢; € Q(L.). Since every pair of atoms in L are strongly perspective, then there
exists o € Q(L) — {e.q1} suchthat ¢ < eVgrandeVg =eVq = q1V q.
We now prove that ¢ & Q(L/). If ¢ € Q(L,/) then e < g1 V q» < ¢’ which is a
contradiction. Thus, 2d (1) < Card (Q(L.) U {e.q2}) < Card (Q(L)). -

PrOPOSITION 3.4. Let L be an atomic MOL such that d(1) = n. If x. y € L then
we have:

Lo d(k(x.y)) =2(d(x)—d(xry)=d(xAy') =2(d(y)—d(x Ay)—d(x'\y)).

2. If d(k(x,y)) =n, thennis evenand d(x) = d(y) = n/2.

ProOF. 1) Since L is modular, (x A p) V(x AY') = x A (y V (x A y')) and
(xX'Ay)V(x'AY)=x"A(pV(x"AY")). Therefore,

(kA p) v e A A" AP V(" AY)) = 0.
We first note that:
dk(x.p)=n—dxny)—dxny)—dx'Ny)=d(x"Ay).  (4)
In fact, by Proposition 2.1, d(k(x.y)) =n —d(k(x.y)) =n —d(((x A y) V (x A
VNV APV AY))) =n—d((xAp)V(xAY)) =d((x" Ay)V (X' AY')) =
dixANy)—d(xAy')—d(x"ANy)—d(x' Ay'). Moreover:
A (s A ) = () +d ()~ d( V) = (- () + (n - d(p)) — (n -
d(x Ay)=n—d(x) ~ d(y) +d(x 7).
i d(x' Ay) = d(x)+d(y) —d(x'Vy) = (n—d(x) +d(3) ~ (n—d(x ny)) =
—d(x) +d(y) +d(x Ay'),

i d(xAy)=d(x)—d(y)+d(x"Ay).

By Eq. 4 and items i, iii, we obtain d (k(x. y)) =2(d(y) —d(x Ay) —d(x' A y)).

2) By Eq. 4. if d(k(x.y)) = nthend(x Ay) = d(xAYy') =d(x' Ny) =
d(x’ ANy') =0.Hence. n =d(k(x.y)) =2d(x) =2d(y). H
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PROPOSITION 3.5. Let L be a directly irreducible atomic MOL of dimension n. If
x € L — {0}, then there exists an element y € L satisfying the following conditions:

L. d(k(x.y)) =2d(y).

d(x). ifd(x) < Int(n/2),
d(x'), ifd(x)> Int(n/2).
where Int(n/2) is the integer part of (n/2).

PROOF. Suppose that m = d(x) < Int(n/2). Let {ey.....e, } be a base of x.
By Proposition 2.1-4 we can consider a base {e,1.....e,} of x’. It is clear that
{e1, s €ms€mil, ..., €2 } 1s @ base. By Proposition 3.3, every pair of atoms e;, e,
is strongly perspective for i € {l...m}. Thus, there exists ai, ..., a,, € Q(L) such
that 0 < a; < ¢; Vepy and a; Ve, = a; V ey = €V epri. We now prove
that a; # a; for i # j in {l....m}. In fact: if a; = a; for some i # j, then
a; < (e; Vemyi) A (e V ems ;). which is a contradiction since, by Proposition 2.1-3,
{ei.ej.emyi.emy;} is a base. Now we prove that {ej.....ey.ai.....a,} is a base.
Suppose that (e; V- Ve, VaV---Va,_1)ANa; # 0forsomei € {I,....m}. Then
a; <eV---Ve,VaV---Va;_i since a; is an atom. Therefore we have that ¢;,,, =
(aiVer)Neim < ((exVa)V---Viei_1Vai_1)Vei V- Vew) Aeim = ((e1Veni1)V

~V(ei—1Vemyi—1)VeiV- - Ve )Aeiym. Thus, e < e1V-- Ve Ve Ve Ve i—i
which is a contradiction since {ej. ..., €, €1, ..., €i1m | 1S @ base. In a similar way we
can provethat {e, 1, .... €am. a1. ..., @,y } isabase. Let y = a; V- - -Va,,. Consequently,
by Proposition 2.1-3. we have that x A y = 0 and x’ A y = 0. By Proposition 3.4 we
obtain d (k(x.y)) =2(d(x) —d(x Ay) —d(x Ay")) = 2d(x) = 2d(p).

Suppose that d(x) > Int(n/2). Clearly. d (x") < Int(n/2). Similarly to the pre-
vious case, we can show that d (k(x. y)) = 2d(y). Since k(x'. y) = k(x.y). we can
conclude that d (k(x, y)) = 2d (x') = 2d (y). -

COROLLARY 3.6. Let L be a directly irreducible atomic MOL of dimension n > 0.
Then, n is odd iff d (k(x.y)) # n forany x,y € L.

PrOOF. =) It directly follows from Proposition 3.4.

<) Assume that n is even. Then, by Proposition 2.2, there exists an element x € L
such that d (x) = n/2. By Proposition 3.5, there exists an element y € L such that
d(y) =n/2. Hence. d(k(x,y)) = 2d(y) = n. -

COROLLARY 3.7. Let L be a directly irreducible atomic MOL of dimension n > 0.
If'n is odd then the following conditions are satisfied:

1. there exists x,y € L such that d (k(x,y)) =n — 1,

2. there exists x,y,z € L such thatd(k(x.y |z)) =n—1.

PrOOF. 1) Let x € L such thatd(x) = (n —1)/2. By Proposition 3.5, there exists
y € Lsuchthatd(k(x,y)) =n—1.
2) We consider two cases:

2.d(y) =

Case i: n = 3 +4i (i € {0.1,2..}). Let x € L such that d(x) = 1 + i.
Since 1 + i § Int((3 + 4i)/2), by Proposition 3.5, there exists y € L satisfying
d(k(x,y)) =2d(y). where d(y) = d(x) =1+ i.Thus, d(k(x,y)) = 2+ 2i. Since

2 +2i > Int((3 +4i)/2). there exists an element z € L such that d(k(x,y | z)) =
d(k(k(x.y).z)) =2d(z)whered(z) = d((k(x.y))) = 3+4i—d(k(x.y)) = 142i.
Therefore, d (k(x,y | z)) =2(1 +2i) = 3+4i)—1=n—1.
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Caseii:n =5+4i (i € {0,1.2...}). Let x € L such thatd(x) = (n — 1)/4. Since
(n —1)/4 < Int(n/2), by Proposition 3.5, there exists an element y € L such that
d(k(x,y)) =2d(y). whered(y) =d(x) = (n—1)/4. Thusd (k(x.y)) = (n—1)/2.
Since (n — 1)/2 < Int(n/2), by Proposition 3.5, there exists an element z € L
satisfying d (k(x,y | z)) = d(k(k(x.y).z)) = 2d(z), where d(z) = d(k(x.y)) =
(n —1)/2. Therefore, d (k(x.y | z)) =n — 1. -

COROLLARY 3.8. Let L be a directly irreducible atomic MOL of dimension n > 0.
Let x.z € L suchthat d(x) =n — 1 and 0 < z < x. Then, there exists an element
¥ € L such that:

0<zAk(x,y).

ProoOF. Let {ej,....e,—1} be a base of x. By Proposition 2.1, x’ = ¢, where ¢,
is an atom. Let z = ¢V, ... V ¢, with k < n — 1. By Proposition 3.3, there exists
anatom y € L — {e;.x"} such that y < ¢ Vx'and e, Vy = ¢ VX' =y VX
We claim that x A y = 0. In fact, if x A y # 0 then y < x since y is an atom.
Thus x’ < e, V y < x, which is a contradiction. Then we have that z A k(x,y) =
ZAXVYIANVYIANX VYIAKX' VYY) =2A X VY)A(xAY) =2zA X' VY)AL =
zA (X' Veg) > e >0. -

84. Interval quantum logics. Let L bea MOL and let a € L. Let us consider the
interval [0,a] = {x € L : 0 < x < a} and the unary operation on [0, ¢] defined as
—2Xx = x’ A a. One can easily see that the structure

L, =([0,a].A.V.7.0.a)

isa MOL. In particular, if L is atomic then L, is atomic too and the dimension of
the elements of L, is preserved.

Whenever n < m, C" is a Hilbert subspace of C™. It allows us to interpret L(C")
as an interval of L(C™). In fact, by considering the top element 1¢» = C” in L(C"),
we have that

L(C") =10.C"] = L¢». (5)

It suggests that the problem posed by J.M. Dunn, T.J. Hagge et al. in [4] can be
generalized by studying proper inclusions of subvarieties of modular ortholattices
generated by intervals. More precicely, let L be a MOL, x € L and let us consider

QL(Ly) = Vmor(Ly)
i.e. the subvariety of MOL generated by L,. Then,
Give conditions under which QL(L,) C QL(Ly) whenever a < b in L.

In this section we establish some conditions that guarantee the proper inclusion of
the mentioned varieties. As consequence of this, there will follow a positive solution
to the question posed in [4].

ProprOSITION 4.1. Let L be a MOL and let a,b € L such that a < b. Let v, :
Term — L, be a valuation. Then, there exists a valuation vy, : Term — L, such that
Ua(t) =a Ub(l).

ProOOF. We define v, : Term — L, as follows: v,(0) = 0, v,(1) = b, and

vp(x) = v,(x) for each variable x. By induction on the complexity of terms, we
prove that v, (t) = a A v, (t). Suppose that Comp(t) = n > 0. If ¢ has the form u’
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then v, (1) = v, (u') = —yv.(u) = —4v,(u). By induction hypothesis, —,vp(u) =
a N —pvp(u) =a Avp(u') = a ANvy(t). Thus v, (u') = a Awvy(t). If ¢ has the form
up A uy then v, () = ve(uy Aus) = v, (1) Avg(uz). Again, by induction hypothesis
va(ur) ANvg(un) = (a Avp(up)) A (a Avp(un)) = a Avy(up Aus) = a Awvp(t). Thus
va(t) = a Nup(t). 4

THEOREM 4.2. Let L be a MOL and let a,b € L such that a < b. Then, we have
that:

QL(Lq) € QL(Ly).

Proor. By Eq.3. we study equations of the form # = 1. By using induction on
the complexity of terms, we prove thatif L, = ¢ = 1 then L, =t = 1. Suppose
that L, = ¢ = 1. Let v, be a L,-valuation. By Proposition 4.1 there exists an
Ly-valuation vy, such that v,(-) = @ Av(-). Thus v, (¢t) = a Avp(t) = a AN 1E» =
a/Nb=a=1% Hence L, =t = 1. Consequently QL(L,) C QL(Ly). 4

Basically, Theorem 4.2 is an expected result. In the rest of the section we study
the proper inclusion QL(L,) C QL(L;) when L is an atomic complete MOL.

Let s € Term. Let us define the map 7, : Term — Term in the following way:

XAS, if ¢ 1s the variable x,
7,(2) = < (t5(u)) As. ift=u.
() Ats(up), if £ = up A us.

Let Lbea MOL andletv : Term — L be a valuation. Given a term s, we denote
by vy the valuation v : Term — L,y such that, for any variable x:

ve(x) = v(x) Av(s).

ProposITION 4.3. Let L be a MOL. Let v : Term — L be a valuation and
s € Term. Then, vy(t) = v(zy(1)) for any t € Term.

PrOOF. Since v, is a valuation in L, ). it is clear that v (r') = —,vs(t) =
(vs(2)) Av(s). We prove the proposition by induction on the complexity of term ¢.
If # is a variable then the proof is trivial. If ¢ has the form u’ then v, (1) = v,(u’) =
(vs()) Av(s) = (v(tg(u))) Av(s) = v((zs(u)) As) = v(ty(¢)). Finally, if ¢ has the
form u A uy then vs(1) = vy (1 A ua) = v (1) Awy(u2) = v(zs () A v(s(u2)) =
o(ts () A 15 (12)) = v(z4(2)). B

ProposITION 4.4. Let L be an atomic MOL and a,b be two elements of L such

thata < b, d(a) = nandd(b) = n+ 1. Let s € Term and v : Term — Ly, be a
valuation such that v(s) # 11, . If L, =ty = ta, then v(z,(t1)) = v(z4(12)).
PrOOF. By Proposition 4.3, v(z,(—)) is the valuation vy : Term — L, ). Since

v(s) # 1, we have that d (v(s)) < n + 1. Taking into account that L, C Lj, each
t € Term is interpreted as an element of L,. Since L, = t; = t, we have that

v (1) = v(r2) ie., v(zs(11)) = v(zs(12)). 5

DrerINITION 4.5. Let (x;)ien. (3i)ien. (zi)ieny be three disjoint sequences of
variables such that x; # x;. y; # y; and z; # z; if i # j. Let us define the sequence
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of terms (o );en as follows:
k(xi,yi), lfl:1
o — Tk(x,uy,')(aifl)f if i > 1andiis odd,
o Th(xr |z (@i 1) if 7 is even and i/2 is odd,

Th(wrpn (@io1) Ak(xi. yi | zi). if i is even and i/2 is even
where each term «; is called the i-dimensional discriminator .

The reason for this name will appear more clear in Proposition 4.7 and Proposition
4.8.

LEMMA 4.6. Let L be a MOL and v : Term — L be a valuation. Then we have:

V(T ) (@io1)) < vk (xi. 3i)).
PrOOF. By Proposition 4.3. v(ty(y, ) (ai—1)) = v(k(x;.yi)) Avleio1) < vk
(xi, i) "
ProposSITION 4.7. Let L be an atomic MOL. If a € L and 0 < d(a) = n, then:

QL(Lu) ': a, = 0.

Proor. Let a € L such that 0 < d(a) = n. We prove that o, = 0 in L, for each
positive natural number n < d (1) < oo. The proof is by induction on 7.

Suppose n = 1. Then «a is an atom and therefore L, is the Boolean algebra of two
elements {0, a}. Hence o = k(x1, y1). Thus, we can conclude that L, = a; = 0.
Suppose that the Theorem holds for n < i. We want to show that the Theorem
holds for n = i, also. Three cases are possible:

1. i is odd. In this case the i-dimensional discriminator is given by «; =
Ti(x,.y) (@i—1). By Proposition 2.2. there exists b < a such that d(b) =i — 1.
By inductive hypothesis L, = a;—; = 0. By Corollary 3.6, for each valuation
v : Term — L, we have that d (v(k(x;, y;))) < i.ie v(k(x;, ;) # 11, = a.
Thus. by Proposition 4.4 it follows that v(a;) = v(ty(y, ,,)(@i—1)) = 0.

2. i is even and i/2 is even. In this case, the i-dimensional discriminator
is given by a; = 7y, ) (@io1) A k(xi.yi | z). Let v : Term — L
be a valuation. If v(k(x;,y;)) = 11, = a then v((k(x;.y; | z)) =
Hence, our claim. Otherwise, suppose that v(k(x;,y;)) < 1z, = a. Then
v(ei) = v(Te(y, ) (i1) Ak (xiyi | 2i)) = 0((th(y ) (@i1) Avlk(x, pi |
Zi)) = Vk(x.y )(aifl) A v(k(x;.yi | z)). Since v(k (Xz yi)) < ls = a then

Vg (. yl>(a, 1) is a valuation of «;_; in L, for some ¢ < «a. By inductive
hypothesis vy, ,,) (1) = 0: therefore v(e;) = 0.

3. iisevenand i/2is odd. In this case, the i-dimensional discriminator is given
by i = Tp(x, )(a, 1). Let v : Term — L, be a valuation. If v(k(x;. y;))
= 1, then ve(k(x,,y, | z;)) = 0. Therefore, by Lemma 4.6, v(o;) =
U(Tk(x,-,y,-|z,-)(ai—1>) = Vg(xyy)z (@im1) < v(k(x;, i | zi)) = 0. Assume that
v(k(x;, yi)) < 1p,. We first note that v(k(x;, y; | z;)) # 11,. In fact: suppose,
by contradiction, that v(k(x;.y; | z)) = 1,,. By Proposition 3.4,
d(v(k(x;,y;)) = d(v(z;)) = i/2 is even, which contradicts the hypothesis that
i/2 is odd. By Lemma 4.6 and Proposition 4.3, we have that Ve, 1o (o_1) =
U(Tk(x,uy,'|z,»)(ai71)) < U(k(xieyi | 7)) < 1z, = a. Therefore Urk(xi_J,.i‘:i)(aifl) is
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a valuation of «a;_; in L, for some ¢ < a. Then, by inductive hypothesis,
we have that vy, ,(ai-1) = 0, resulting v(a;) = vy (1) =
v(Tk(x,yy,»\z,ﬂ)(ai—l)) < v(k(xi,yi | Zi)) < 1L¢, = a. Since ka(«\'i-}'i\-‘i)(ai_l> 1S a
valuation of a;—; in L. for some ¢ < a, by inductive hypothesis, vy, ),
(ej—1) = 0and v(o;) = 0. 4

ProPosITION 4.8.  Let L be a directly irreducible atomic complete MOL. Then, for
eacha € L suchthat0 < d(a) =n+1<d(1) < oo, we have that:

QE(La) b& a, = 0.

PrOOF. We prove the proposition by induction on #z. Suppose that » = 1. Then,
oy = k(x1.y1) and d(a) = 2. By Proposition 3.3, there exist three distinct atoms
er.ex.e3 € Q(L) such that ¢; Ve; = a if i # j. It is not very hard to see that
k(ey.ey) = a. If we consider a valuation v : Term — L, satisfying v(x;) = e; and
v(y1) = ey then, v(k(x.y1)) #0.

Suppose that the proposition holds for n < i. We want to show that the
proposition holds for n = i, also. Three cases are possible:

1.

i is odd. In this case the i-dimensional discriminator is given as «; =
T (xr1) (a;_1). By Proposition 2.2, there are two elements a. b such that b < a
and d(b) = i < d(a) = i + 1. By induction, L, [~ a;_; = 0. We show that
L, # a;—1 = 0. Suppose that L, = «;—1 = 0. Let v, : Term — L, be a
valuation satisfying v, (c;;_1) # 0. By Proposition 4.1 there exists a valuation
v: Term — L, such thatv,(t) = b Av(t) so that vy (ai—1) = b Av(e—1) = 0,
which is a contradiction.

Thus. there exists a valuation v : Term — L, that satisfies v(a;_;) # 0.
Note that i + 1 is even. Then, by Corollary 3.6, there are a;,b; € L, such
that k(a;.b;) = 1;,. Since x;, y; are not variables of o;_1, we can assume
that v(x;) = a; and v(y;) = b;. Then v(k(x;,y;)) = 11,. Consequently, by
Proposition 4.3. v(a;) = v(tx(y, ) (@i-1)) = Vg(x, ) (@io1) = v(ai_1) #0.

i is even and i/2 is even. In this case. the i-dimensional discriminator is
given by oy = T4y, ) (@i—1) Ak (xi. i | z;). We first show that there exists a
valuation v : Term — L, such that

U(Qc(x,;y,ﬂ) (aifl )) 7& 0.

Indeed: since i 4+ 1 is odd then, by Corollary 3.7, there are a;,b; € L, such
that k(a;.b;) = b where b < a and d(b) = i < d(a) = i + 1. By induction
hypothesis and by using the same argument as in the previous item, we obtain
L, £ a1 = 0 and then L, £ a;—1 = 0. Consequently, there exists a
valuation v’ : Term — L, such that v’ (a;_;) # 0.
Let us consider a valuation v : Term — L, such that:

e for all j such that 1 < j < i — 1, v(x;) = v'(x;); v(y;) = v'(y)):

ol(z)) = vi(z)).
o v(x;) =a;;v(y;) = b;.

For any j such that 1 < j < i —1, vy, (x;) = v(k(xi, i) Avlx;) =
b Av(x;) = b Avi(x;) = v'(x;). since v’ is a valuation in L, (b = 1z,).
Similarly, we can prove that vy, ,,)(v;) = v'(y;) and vy(y, ) (2)) = v'(z)).

Consequently v(zy(y, ,,)(@i—1)) = v'(a;—1) # 0.
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By Lemma 4.6. we have that v (zyy, ,,) (1)) < v(k(x;.y;)) = k(a;.b;) where
d(k(a;.b;)) = d(b) = i < i+1.Thus, by Corollary 3.8, there exists an element
¢ € L, such that v(ty(y, ) (ai—1)) A k(ai.b;i | ¢) # 0. Taking v(z;) = c¢. we
have that
v(ey) = U((Tk(x,;y,ﬂ)(aifl)) A (k(xi pi | zi)) #0
3. iisevenand i/2is odd. In this case, the i-dimensional discriminator is given

by @ = Ty(y, y,|z)(@i—1). Note that i + 1 is odd. Then. by Corollary 3.7, there
are three elements a;, b;, ¢; € L, such that k(a;,b; | ¢;) = b where, b < a and
d(b) =i < d(a) = i + 1. By induction hypothesis L, % a;_; = 0. Thus,
there exists a valuation v’ : Term — Lj, such that v’ (a;_;) # 0. Now let us
define a valuation v : Term — L, satisfying the following conditions:

e v(x;) = v(x;). v(y;) = v'(y;) and v(z;) = v'(z;) for all j such that

1<j<i—1

o v(x;) =a;;v(yi) = biiv(z) = c;.
For any j such that 1 < j <i— 1. v(y, 1) (X;) = v(x;) Av(k(xi. i | zi) =
v (x;) A b = v'(x;). Similarly vy, - () = v'(y;) and vy, 12 (2) =
v'(z;). Accordingly. vi(y, (- (@io1) = (a, 1). Therefore, we have that
v(w) = V(Th(x, g1z (@ 1)) = Vg gz (i) = ' (@i1) # 0. o

THEOREM 4.9. Let L be an atomic complete MOL such that L # MO\. Then the
following statements are equivalent:

1. L is a directly irreducible MOL,
2. for each a < b € L where b is a finite element, QL(L,) C QL(Ly).

PrOOF. 1 = 2) Let us assume that L is a directly irreducible MOL. Suppose
thatd(a) =n < n+1 < d(b). By Proposition 4.7, we have QL(L,) = a,, = 0. By
Proposition 2.2, there exists ¢ € Ly, such that d(c) = n + 1. Then. by Proposition
4.8, QL(L,) W~ a, = 0. Since QL(L,) € QL(Ly), QL(Ly) = a, = 0. Hence,
QL(L,) C QL(Ly).

2 = 1) Suppose that L is not directly irreducible MOL. Then, by Proposition
3.1, there exists u1, u» € Q(L) such that

[0, u Vv uz] = {0, uy, Uy, U VvV uz}.

Let s = u; V up. We will see that Ly = ([0.5],V, A, —,0,s) is the four elements
boolean algebra i.e. Ly = MO;. For this, we have to prove that —u; = u/ As = u;
where i, j € {1,2} and i # j. Clearly 0 < —zuy, —up < s.
Suppose that —;u; = s orequivalently u/As = s. Then, s <u/andu; <s < ul.
Consequently u; = u; A u/ = 0 which is a contradiction because u; € Q(L).

Suppose that —;u; = 0. Therefore u/ As = 0and u; Vs’ = 1. By Eq. 1 we have
s=1As=(w;Vs)ANw;Vs)=u; V(s'A(uiVs)) =u; V(s'As) = u; which
is a contradiction because u; < s.
Consequently the only possibility is ~yu; = u; for i, j € {1.2} and i # j. Hence,
Ly = MO,. Since L,, = MOy, by Eq 2, QL(Ly) = QL(L,,). -
THEOREM 4.10. Let L be an atomic complete directly irreducible MOL. Then
d(L)=niff. LEa, =0and L £ a,.1 = 0.
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PrOOF. Suppose that L = «, = 0 and L £ a,1 = 0. By Proposition 4.8 and
Theorem 4.2, it is clear that d(L) < n + 1. By the same argument, if d(L) < n
then L (£ a,, = 0 which is a contradiction. Thus, d (L) = n. The other direction is
trivial. 4

For each n € N, L(C") is an atomic complete directly irreducible MOL. Then, by
Theorem 4.10, the equation «, = 0 together with o, 1 # 0 in L(C"), characterize
the usual dimension of C". Thus, we can establish the following corollary providing
a positive answer to the question posed by J.M. Dunn, T.J. Hagge et al. in [4].

COROLLARY 4.11. QL(C") C QL(T™) whenever n < m. 4
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