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ABSTRACT: The Skenderis-van Rees prescription, which allows the calculation of time-
ordered correlation functions of local operators in CFT’s using holographic methods is
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on generalizing the Hartle-Hawking construction for wave functionals of excited states in
AdS quantum gravity.
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1 Introduction

The Skenderis and van Rees (SvR) prescription [1, 2] allows the calculation in real time
of n-point correlation functions of local CFT operator O using the gauge/gravity corre-
spondence. It can be understood as an extension of the GKPW prescription which in the
supergravity approximation can be summarized as [3, 4]

(e faHO‘z’E) = ¢~Splon] (1.1)

The integration over OH in the lhs, giving the generating functional for O correlation
functions, suggests the well known statement that the Euclidean CFT lives in the boundary
of the bulk H (hyperbolic or Euclidean AdS) space shown in figure 1a. S%[¢g] on the r.h.s.
is the on-shell action for the bulk field ®, dual to O, having ¢g as boundary condition on
the conformal boundary OH. The bulk field boundary condition ¢ acts as the source for
the dual CFT operator O.

A generalization of (1.1) to real time situations requires the specification of both the
initial and final states in addition to the boundary condition ¢, on the timelike boundary
(see figure 1b) [5, 6]. In their original work SvR gave a prescription for building out the
CFT vacuum state, both as initial and final states, in terms of boundary conditions for the
bulk fields on a manifold constructed out by gluing Lorentzian and Euclidean sections (see
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Figure 1. (a) Euclidean AdS (hyperbolic space) and the insertion of a source at its conformal
boundary. (b) Lorentzian AdS with a source at its boundary. We also depict the initial and final
wave functions.

s
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Figure 2. (a) In-Out contour in complex t-plane appropriate for scattering problems showing a
temporal evolution AT =T, —T_. (b) SvR geometry dual to In-Out QFT contour obtained by
gluing together Lorentzian My, and Euclidean M1 AdS sections. We explicitly depict the gluing
surfaces ¥*. On the bottom we show the glued geometry and a generic smooth configuration on
the spacetime.



figure 2b). From a QFT perspective one could envisage, at zero temperature, computing
either scattering amplitudes or expectation values. The appropriate formalism for these
problems goes under the name of Schwinger-Keldysh and involve contours in the complex t-
plane known as In-Out or In-In respectively [7-9]. For scattering problems, the appropriate
contour is shown in figure 2(a), the prescription given by SvR yields

o]e”" Joray, O%r 10) = ¢5210ridn—dnt] =52 (005 =50 005+ ] (1.2)

The Lh.s. gives the generating function of time ordered correlation functions of O in a
Lorentzian CF'T that lives in the timelike conformal boundary 0,M, of the bulk spacetime.
In the rhs, S9[¢1; ¢s—, dxi+] is the Lorentzian on-shell action for a bulk field @, which takes
boundary values ¢y on the spacelike boundaries ¥* = 9, M, and ¢, over 9, M. The
exponents S9[0; ¢5+] are the bulk field on shell actions on the Euclidean sections M for
boundary values ¢+ = 0 on 9, My and ¢s+ on LF .

It is worth noticing that (1.2) implicitly assumes the bulk fields, and its conjugated
momenta, to be continuous through the X% gluing surfaces. These conditions follows
from a complete quantum treatment: continuity of the fields is implicit in every path
integral treatment, which also requires the integration of the r.h.s. of (1.2) over all possible
configurations ¢y+. In a semi-classical approximation, the leading contribution arising
from minimizing the (complex) on shell action with respect to the boundary conditions
¢s+ leads to continuity of momenta.

In their original proposal, Skenderis and van-Rees have stressed that their prescription
was in line with the Hartle-Hawking construction [10], which as we will review below, is
implicitly assumed and plays a crucial role in prescribing the initial/final wave functionals
for the ground state of the gravity side. Thus, one of the motivations for the present work
is to learn from the AdS/CFT setup how this construction is generalized to compute wave
functions of excited states in (quantum) gravity.

The authors suggested in [1] that in order to describe non-vacuum states, one should
consider turning on boundary conditions over 9, M, but they didn’t explore this idea any
further. In this paper, we pursue a two-fold purpose: on the one hand we verify explicitly
this claim, and on a second hand we characterize the properties of the (AdS/)CFT states
constructed by this prescription. Non trivial boundary conditions ¢4+ # 0 will be turned
on in the conformal boundaries 9, M. As a result we will confirm the SvR claim and, in
addition, the computation will show that the resulting excitations correspond to coherent
states. For previous work regarding excited states in Lorentzian signature see [11-21].

This article is organized as follows. In section 2 the SvR proposal is revised, while
in section 3 the SvR claim is generalized for excited states and, arguing consistency with
other well known prescriptions existing in the literature [14], it is argued that the initial
and final states can be considered coherent in a AdS Fock space representation. In section 4
non vanishing boundary conditions are imposed in the Euclidean regions of the spacetime
shown in figure 2, and the main calculations carried out. Finally, in section 4.6 we check
that our final results are consistent with our claim on coherent states. Concluding remarks
are collected in section 5, where we stress what this result learns us on generalizing the HH
construction of quantum gravity states in arbitrary spacetime asymptotics.



2 Review of the SvR construction

For a free field ® on a (asymptotically) AdS Euclidean spacetime Mg, the GKPW pre-
scription [3, 4] beyond the semi-classical gravity approximation reads

(e Jormp 008y = 10)e™ Jors O%B)0) — 2[4 = / [D®]g e =1, (2.1)

where [D®],,, denotes that the functional integral should be computed over configurations
which satisfy ® = ¢ on the conformal boundary of Mg. Thus, the natural generalization
of this formula to Lorentzian AdS spacetime involves vacuum wave functionals ¥ as

(0] Tle™orrt 981 0) = 3™ (Woldgi] )" Zlbrs by s dut] Yol ] (2.2)

¢E:t

The partition function in (2.1) turns into the Feynman’s path integral for the transition
amplitude from an initial condition ¢y to a final condition ¢x+ at (spacelike) surfaces
¥~ and X7 respectively of the Lorentzian AdS cylinder M, shown in figure 2b,. In the
Lorentzian setup ¢ denotes the (asymptotic) boundary condition for ® at the timelike
boundary

b5t .

Zoridn- oni]= [ DBy, S0, (23)

$s—
The problem with this formula is that a priori, one does not have a precise prescription for
the values of ¢x+, nor the form of the initial/final states described by the wave functionals
UO0[py+] on the XF surfaces. Thus, the crucial steps of the SvR construction are: firstly
to identify the CFT vacuum |0) with the wave functional of the fundamental state in the
bulk theory

0) & Wlps-] = (¢x- | 97),

where it is implicitly assumed that ¢+ on the spacelike surfaces ¥ constitutes a (config-
uration) basis for the Hilbert space of the second-quantized bulk scalar field, so that the
identity can be expressed as'

D e ) gue | =1. (2.4)

¢Ei

The r.h.s. of (2.2) can therefore be rewritten as

D (ost]) Zldri s, ui] WOlos-] = (VO |UT-, Ty, | 1),

¢2:l:

where U is the real-time evolution operator of the bulk theory. Secondly, they use the
Hartle-Hawking (HH) prescription for vacuum wave functionals [10]

b5
U0y ] = /0 [D®]y e 5?1, (2.5)

More precisely, |fs+) are eigenstates of the field operator ®.
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Figure 3. In standard global coordinates, the point 7 = 400 is mapped to the origin of the
conformal boundary of M.

This functional integral is computed summing over the field configurations on a half of
Euclidean AdS: M_ (see figure 2b and figure 3).

Skenderis and Van Rees have defined this Euclidean path integral with timelike bound-
aries, like AdS, considering decaying field configurations at the asymptotic (radial) con-
formal boundary, and so the vacuum state is prepared at the asymptotic boundary by im-
posing vanishing boundary conditions. This is denoted by the [D®]y, where the subindex
0 instructs to sum over field configurations with vanishing boundary conditions on S_ =
OpM_ — {17 = —oc}, and the 0 in the lower limit of the (path) integral denotes the value
of the field configuration at (Euclidean) infinite past ®(7 = —o0) (see figure 3). Moreover,
SvR have also claimed that excited wave functionals would be obtained by imposing non-
vanishing boundary conditions on the asymptotic Euclidean boundary [1]. Their suggestion
for an excited wave functional can be expressed as

Py—
elo = [ De), S (2.6)

Here the non-trivial smooth function ¢_ stands for the value of ® at S_, and in what
follows the value of ® at the poles 7 = +oo is set to zero, motivated by the fact that in
ordinary QFT this value only affects the normalization of the wave function.

Finally, plugging expression (2.3) and (2.5) into (2.2), results in
, o 0 Sst , b5
(O[T e orrs ©4)j0) = 37 ( / [D@}oew@) ( / [DCP]melSL[q)]) ([ wappe=)
bt P+ b 0
(2.7)

Notice that the integration is taken over three intervals with different signatures, and
therefore, the full action turns out to be a complex-valued functional of the fields, and the



r.h.s. of (2.7) can be written as single path integral over field configurations on an AdS
manifold with both Lorentzian and Euclidean pieces as shown in figure 2 b.
Performing a saddle-point approximation for each interval, one obtains

(O\T[efi Jorry, Od’L”m — Z e S2[0:05 - 1+iSY [OL1d5— 05t 15T (0651 ] (2.8)
¢Z:l:

The SvR prescription (1.2) is recovered upon performing a second saddle point approx-
imation which consists in finding the term with maximal contribution to the ¢s+ sum.
Minimizing the complex action w.r.t. the field values on the gluing surfaces, results in
§(—S% +1iSY)
6¢Ei

For a free scalar field, this equation sets the continuity of the normal derivative of the

=74 +in =0. (2.9)

field through the gluing surfaces ¥ [2], which completes the SvR prescription. The SvR
proposal (2.6) for excited states is precisely the statement that we are going to investigate
in the forthcoming sections.

3 Excited T%+ states

We now turn to show that the (bulk) wave functionals with a smooth boundary condition
¢_ defined in (2.6) are in fact excited CFT states precisely given by

S (31)
provided that ¢_ =0 at 7 = —o0.

For completely arbitrary initial /final states, the prescription (2.2) reads

(@I Tle Jorme OO0y = S (Uploe))* Zlors o dne] Wilds ] (3.2)

¢E:t

Now, let us split the Lorentzian AdS cilinder in figure 2, whose global time coordinate
belongs to the interval [T_, T'y] C R in two pieces My = M/, UM joined by the space-like
hypersurface ¥ at T (T < T < T4 ). The non trivial boundary condition on its conformal
(radial) boundary ¢, also splits accordingly: {¢,¢}. Let us also consider |¥¢-) = |0),
and keep the final state |U) arbitrary. The corresponding geometry is shown in figure 4,
where no geometric dual is associated to the final state |¥ ).

According to the prescription (2.7), expression (3.2) now takes the form

<\I/f|T[eiifarM/L Oy, —ifo, x4 O(;EHO> _ s
¢E+ . ¢i = ¢27
= + * , ’LSL[@] ~ ’LS[@] _Si[(b]
%%i (U yps+]) </¢E (D], e ) </Z D2]; ¢ ) (/0 (D] e > ,

where ¢5, denotes the value of the field on 3.
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Figure 4. The manifold shown can be interpreted as taking figure 2 and splitting it the Lorentzian

.

piece, and also removing M since in principle, the final state ¥y is not necessarily expressed as
any (Euclidean) path integral.

Now, the key step is to consider a Wick rotation ¢ — —¢7 only in the piece M. One
can then interpret the whole M UM_ as describing the initial state; in fact, this manifold
is completely diffeomorphic to M_ (a half of Euclidean AdS, H). Then, expression (3.3)
becomes

_ , L oa b5t . o5 _sl®
(W TfePor 07 T lona 9% i) = 3T (W [ge])” </¢ 7 [Daly, ! ]) (/ D! ]).

s+:%5

Finally, taking the limit |7y — T| — 0, the real time region M squeezes out, and the
surfaces 3 and X coincide, such that ¢y+ = ¢g. Thus, the previous equation becomes

(W sl 1 O30y = 3 (W[ ])” ( /

¢E+

¢E+

[D®]; 517 ) : (3.4)

Since this holds for any state |¥¢) at the Hilbert space, and recalling (2.4), the initial state
can be identified with the ket

0=y = e Jorm 090y = ¢ Joreron) 99 gy = s Oy (3.5)

where we have redefined S_ = 9,(MUM_) — {1 = —oc}, and define ¢_ as 0 over
(—o0,T-), and b as [T_, T). Notice that T_ can be chosen arbitrarily close to —oco.
Result (3.5) explicitly shows the relation between the form of the excited state and the
boundary conditions ¢_ on d,M_. In fact, expanding the above exponential in a Taylor
series about the origin of 0, M _, a combination of primary operators and their descendants
arise that act on the vacuum and create CF'T excited states.

On the other hand, the projection of the state in the bulk configuration basis is given
by the expression within the parenthesis on the r.h.s. of the equation (3.4), which agrees
with the proposal (2.6). This remarkably generalizes the HH method to asymptotically AdS
spacetimes, since it allows to define and evaluate (at least perturbatively on the gravity



side) the wave functional for a family of excited states of the theory characterized by the
(radial) boundary data. In fact, we are going to argue below that these excitations shall
correspond to coherent states. In a forthcoming paper, this aspect and its consequences in
quantum gravity will be explored more in depth.

3.1 Quantum coherence from other prescriptions

One of our claims in the present work is that, the states (3.5) prescribed by the SvR frame-
work, correspond to coherent ones as represented in the gravity/AdS Hilbert space. The
following sections will be devoted to compute time ordered correlation functions between
excited states following SvR, and check this statement holographically. Nevertheless if one
takes into account other prescriptions for AdS/CFT existing in the literature, and claims
consistency with the SvR formalism, this hypothesis can be easily argued. So in particular,
let us briefly recall the recipe [14, 15], referred to as BDHM. Essentially, if r € [0, co0) stands
for the global radial coordinate, one canonically quantizes the bulk scalar fields and then
identifies the dual CFT operator with the product r® ® near the asymptotic boundary,
with A =d/2+ /d?/4 + m?2, m the field ® mass and d the CFT dimension.

Consider a classical real scalar field ® on M, in global coordinates (¢, ,$2), where §2
stands for the angular coordinates in AdS4y; with boundary condition ¢ = 0 on 0, M.
It is well known that the general solutions are

o(t,r, ) = Y (aifilt.,r Q) + arfi(t.r,Q))

k

where fi(t,r,Q) stands for the positive frequency normalizable modes, fixed such that
satisfy the orthonormality relations

(fx frr) = Onar

where k£ schematically denotes all the numbers that label a particular positive-frequency
solution and ( , ) is the Klein-Gordon product on AdS44q. Thus, the coefficients aj,
and ay, can be promoted to operators by canonical quantization as [11]

b(t,r, ) =3 (dzf[;(t, r, Q) + g fu(t, ) Q)) .

k
Therefore, the BDHM prescription identifies the dual CFT operators as [14, 22]

Ot,Q) = lim r2&(t,7,Q) = > afFy (t,9Q) + ax Fi(1, Q) , (3.6)

r—00 A
which defines a basis of functions on the conformal boundary
Fio(t,9) = lim 2 fio(t, 7, Q) = Np e “rY(Q) . (3.7)

Here Y (Q) stand for the spherical harmonics on S?~!, and Nj, are numeric factors.

2For instance, for AdS241 in global coordinates one finds

DAt IPA ] 1 i i _[T[A + n + |[T[A + 7]
F”l(t’”)_\/n!(rm]yr[m1|+1]\/ﬂ6 o= an_\/n!(F[A])QF[n+|l|+1]' (3:8)
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Figure 5. The configuration considered in figure 2b becomes an Euclidean AdS space when the

Lorentzian cilinder M length is set to zero.

Finally, if we demand consistency of (3.5) with (3.6), we conclude that the SvR
state (3.5) is coherent and can be written as

T9-) oc X Mk 3k[0) (3.9)
where
= / drdQ) F} (—it, Q) ¢ (7,Q), (3.10)
OrM_
which requires the analytical extension of the functions (3.7) to
Fp(—it, Q) = Npe“ 7 Yi(2).

This is what will be checked in the following sections through explicit holographic SvR com-
putations of one- and two-points correlation functions. In fact, since coherent states (3.9)
are eigenstates of the annihilation operators

dk|‘1’¢i> — )‘ljc:|ql¢i> ,

we are able to compute the eigenvalues )\f and then construct the state (3.9) explicitly.
Precisely, by virtue of (3.6) and (3.9), we can notice the following useful relation

(W01, 2|9 )
(W= wo-)

=D (DT Fr(t, Q) + X, F(t,Q) (3.11)
k
which will allow us to identify the eigenvalues computed holographically and to test this
construction.
Let us end this section by stressing that expression (3.6) results from the fact that we
are considering a free theory on the bulk, which according to the AdS/CFT dictionary,
implicitly assumes the large N limit (see ref. [14] for a more detailed discussion).

3.2 The inner product between asymptotic states in the SvR prescription,
and first holographic check of coherence

Noticeably, the SvR prescription allows to compute the inner product between arbitrary
initial/final states. In fact, if one squeezes the Lorentzian manifold My, by taking the limit



|Ty —T_| — 01in (3.2), one obtain a remarkable holographic formula for the inner product
of (in/out) CFT-states

(W) = 37 (W (gs) ) 0O (ox] = Zulo-. 6], (3.12)
(35

where ¢y is the value of ® on a hypersurface surface 3 embedded into Euclidean AdS, that
intersects the boundary at the equator that divides the S sphere into two hemispheres
0, M, and ¢4 denotes the respective boundary values, as shown in figure 5. In the saddle
point approximation (3.12) reads

(W04 [P = o= S%64+.0-1 — o Jopaa_ VIrlo nHVLR(02) = fo pq, VIrldr nHVLR(0x)

Then, using the well known result [3, 4], we find and holographic expression for the inner

product

(W04 |00 = e 5Bl0+0-] = o= [sa do [sa dy d(x) Glay) dy) (3.13)
_ 6_{f5* Js_ 0-@)Glay) - W)+ /s, [s, dedyd+(z) Glxy) do+(W)+2 [s_ [s, dedyd—(z)Gzy) ¢+(y)}

I

where G is the boundary-to-boundary Green function defined in [4], ¢ is defined on the
(open) intervals S_ = (—00,0) x S%! and S, = (0,00) x S%! by the smooth functions
{¢_(x), ¢4(x)} respectively, and the points z,y are parameterized by coordinates (7,2) €
IR x S%1. Then, one can use this formula in particular to compute the norm of states (3.1),
which in principle are not normalized. However we shall first define the corresponding
(conjugate) dual (¥?-|. Since the two hemispheres Sy are diffeomorphic, one can extend
the definition of functions (and operators) into each other through the dualization map?®

OL(1, Q) = pi(—T7,9Q). (3.14)

This is the standard conjugation prescription in Euclidean CFT theories [24], where, in the
setup known as radial quantization, the “radius” r = ™" maps to 7~ = €7 (and 7+ —7).
The norm of an arbitrary state, say |¥9-), is therefore given by

(WO 0P = 00 |2 = emSBOn -, (3.15)

where, using (3.14)

S9[6* , b_] / dT/ ar' ¢_( /dT/ dr' ¢_(—7) G(r,7) p_(—7")
+2/ dT/ ar' ¢_( ) p_(—7)

3Therefore, expressions as (3.12) should be interpreted as

(v99) = v (9).

~10 -



-2 /Ooo o /000 dr' ¢ (7) G(r,7") ¢ (1) +2 [ Ooo dr /O T a6 (1) Glr ) 6o (—).

The integrals on the angular variables Q, € are implicit to simplify the notation. To find
this result we have also used the properties of the boundary-to-boundary Green function
G(-7,—-7) = G(1,7') and G(7,7") = G(7', 7).

So therefore, the inner product between two normalized excited states defined within
the SvR formulae reads

<‘I’ff+“l’ff> — ||\IJ¢>+||1H\IJ¢>— ”6—5%[@@7] — o (5%[04.0-1-55%[0+.0%4 -5 5% (6% .0-]) . (3.16)

where the exponent
1 1
Splé+,6-) = 5SEle+, 03] — S SBle™, 0] =
0 > 1 1
:2 d d / - G / AN G / A B G / (= /
| r<¢ (NG T 64() = 564(7) G, 7") 64 (~7') = 56— (7) Glr.7") 6 ( T>>,

can be regrouped as
0 00
[ [T -0 = 0u(1) G ) (o-(-) - 64(7) =
—00 0

0 0 N
— [ ar [ar (o) - 617) Glnr) (6 = () ()

This expression can be written as ((¢p— — ¢%), (¢— — ¢%)) = [¢p— — ¢%|? if we define the
inner product . .
o= [ ar [Car e G o), (319)
—00 o0
on the space of functions C = {¢+,¢1,¢2, ...} defined on one of the hemispheres —oo <
7 < 0 that parameterize the CFT states. Note that this product is given by a non-
degenerate metric on this space of functions, whose matrix elements are given by the
(boundary-to-boundary) two points function. Let us observe that in the second line
of (3.17) we have written the integral in a symmetric way, on the interval (oo, 0) x S9! in
place of S;, which properly expresses the integration as ordered from the (north) pole to
the boundary of S; (equator).
This result constitutes the first holographic check of our claim on the coherence of the
in/out states in the SvR proposal, since the product of two (normalized) states can indeed
be written in terms of the norm, induced by a scalar product on the space of states as

(WO W o) = emlo- =04 (3.19)

Reinserting the 1/Gy ~ N? factor in front of the sugra scalar action (3.13), one finds that
the Gaussian width in (3.19) is controlled by N. It is immediate to see that the r.h.s.
of (3.19) becomes localized in C as N — oo, as expected for (semi-)classical states.
Although in this paper we work with real scalar fields, let us finally comment that
for complex ones ¢ = ¢f + i¢!, the action decouples into two independent terms and the

- 11 -



derivation above follows straightforwardly for each component field, such that regroups as
a sum of two terms as (3.17) for each component,

(6 = (8, (@F = (@8)) + (L — (61)), (¢L — (¢1)")) (3.20)

with the inner product (, ) rule as given in (3.18) and the rule (3.14) assumed separately
for both ¢f/1. Thus, the final result can be written as

(W[ ) = o~ (188 = ¢I[2 +|oL — ¢14]2) (3.21)

Therefore, for the space of complex fields defined on S_ the product (3.18) can naturally
be generalized to

0 0
(61, 62) = / dr / a7’ 61(7) G, ™) (85(7)" (3.22)

—00 o0

where ()* stands for the standard complex conjugation operation.

4 Expectation values of local operators

In this section we generalize the SvR computation [1] to the case of excited states ob-
tained by turning on boundary conditions in the Euclidean sections as discussed before
(see figure 2). Our aim is to characterize the excited state.

We will work with the simplest model, a real massive scalar field ® in AdSgy1, and
for the ease of computations we will consider the semiclassical approximation and d = 2.
This setup allows to compute correlation functions of dual local scalar operator O with
conformal dimension A = d/2+ y/d?/4 + m?, with m being the mass, in terms of classical
bulk solutions.

At the formal level the scalar field action

S[®] = —;/Cdt/drdgo\/E(aM@a“<b+m2@) : (4.1)

is defined over the contour C' on the complex t-plane shown in figure 2a [1] (see [23]
for related work). Without loss of generality we can take Ty = £7. Calling ®_(7) =
O(—T —it), with 7 € (—00, 0] the field on the left vertical piece, 1 (t) = ®(t), t € [-T,T]
the field on the horizontal piece and @ (1) = ®(T —it), 7 € [0,00) the field on the right
vertical piece, equation (4.1) becomes

S=14S_+S5r+1i5y,
where

/ dgdt! lg] (8,;1&8“4& + m2<I>?t)
My

1
2
— _;/ dz/|g] @+ (O —m?) &y
M4

- 12 —



1 1
+ = / dxy/ |r| @nt0, P4 + / da:d\ Vs | @40t 0, P4, (4.2)
2 arMi 2 »+ =

and
1
St = —/ dxt! lg] ((%QDL@“(I)L + mzq)%)
2 My,
1 1
=+- dmd+1\/\g| 03 (D—m2) <I>L—/ d:L‘d\/|%~’ Qrnl0,Pr
2 Im 2 M

L L
1 1
- / dz?y /|| ®rnid, @ — / dz?\ /|| ®Lnio, @ . (4.3)
2 >+ 2 »-

In these expressions an integration by parts led to boundary terms involving outer normal
vectors to the bulk n#. These terms are of two distinct types: conformal boundaries denoted
either by r or 0, (boundaries at infinity) and X-type spacelike boundaries as shown in
figure 2b.? Finally, v, and 75, are the induced metric determinants over the corresponding
surfaces, and 0¢ = (1/]g]) 7' 9,(1/]glg" 0,¢) is the standard scalar Laplacian.

The task is to find a smooth classical solution to (4.1) with ¢4, ¢, # 0. In order to find
such configuration, as explained in section 2, we will solve the appropriate field equation
on each section and impose continuity of ® and its conjugated momentum at t = +7.
Explicitly, we shall demand

(I),(T’, 07 ‘10) = (I)L (T’, —T, 90) y QL(T’ Ta 90) = (I)+(’I“, Oa ()0) ) (44)
0-®_(r,7,0) = =10y P (rt, ) ,  —i10Pr(rt,p) . 0- P4 (r,7,0)

7=0 t=— t= 7=0 ’
As it is standard [3], the problem must be regularized by imposing the boundary conditions
¢+, ¢r at a finite radial cut-off R, at the end the limit R — oo is taken.

4.1 Solution over My,

For the Lorentzian region we write the AdS metric in global coordinates as (setting the
AdS radius R =1)
dr?

1472

Plugging the ansatz ®(r,t,p) o< e @ Hile f(w 1, r) with | € Z, into the Klein Gordon
(KG) equation following from (4.3) gives

ds* = —(1+7r?)dt* + + r2dp?.

1 9 w? 12 9 B
<T8T<r(1+7")5r)+1+712—r2—m f(w,l,r)—O.

The regular solution to this equation is

Vw2 + |+ A Vw2 +l|-A+2
f(w,l,r)=(1+7”2)m/2r”zF1( co S Aty ;1+|Z|;—r2>,

4A possible boundary contribution arising from ¥ hypersurfaces at 7 — 00 in (4.2) is absent since, as
discussed in section 2, the boundary conditions turn off at these points.

~13 -



where 9 F) (a, b; ¢; ) is Gauss hypergeometric function. A general solution to the KG equa-
tion can be obtained as

(r,t,p) = Z/dwc e WtHile £y 1 7). (4.5)

lEZ

The regularized boundary condition to be imposed is

CI)L(Ra t, 90) - RA72¢L (t7 90) (46)

From (4.5) and (4.6) one obtains

A—2
Col = R /dt dep / zwt’lego’ qu( )
472 fw,l,R)

Inserting this expression in (4.5) one finds

O (r,t, ) =

N / w,l,r
= Z/dwdt d(ﬁl —iw(t—t")+il(o—¢ )¢L(t,a@/) f( ) ) (47)

2. Fwrl )
Notice that this expression is ill defined since f(w,l, R) = 0 for w = Fwf, such that
wh = wy + €e(R), (4.8)

where wy; = 2n + |I] + A, (n =0,1,2,...), and €(R) ~ o(1/R**~2). Modes (4.8) become
the standard Dirichlet AdS normalizable modes in the R — oo limit. Following [1] we
give meaning to (4.7) by choosing the Feynman path on the complex w-plane as shown
in figure 6a. As a consequence the general solution to the KG equation satisfying (4.6) is
given by

RA2 w,l,r
Qp(r,t, @) = Z/ dwdt'd' e =) Tile=) g (¢, )M
A i

- Z (L:l enit 4 Ly €+iw’}3t> él(pgnl(?") ) (4.9)

neN
leZ

where the Lfl coefficients will be determined once we impose boundary conditions (4.4) at
Y *-hypersurfaces (see (4.20)), and

gnl( ) f(iwnlvla ) (4'10)

4.2 Solutions over M4

The Fuclidean sections solutions follow straightforwardly from the Lorentzian ones. For
concreteness, consider the action (4.2) and metric on M. Writing the metric as

d 2
ds? = (14 r?)dr? + HLr? +1r?dp*, T €[0,00) (4.11)
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5" M,

(a) (b)

Figure 6. (a) Feynman path F in the complex w-plane chosen to define (4.9). ¥* indicate the
appropriate contour one should choose near each hypersurface to compute the integral by residues.
(b) w-plane location of zeroes of f(—iw,l, R) appearing in (4.15). M represent the appropriate
integration path for residues computation.

and separating variables as
O (r, 7, ) ox M B, 1) (4.12)

one readily finds that
hw,l,r) = f(—iw,l, ). (4.13)

Writing the general to solution to the KG equation as

Borir) = 3 [ dodur T (i 1),

leZ
and imposing
4 (R, 7,0) = R226.(1,9), (4.14)
one finds
RA2 L Nl ! f(=iw,1,7)
— iw(T—1")+il(p—¢’) oo ST 0T
‘I>+(1", T, 90) - 472 Z/deT dg@ € L ¢+(7— y P )f(—zw,l,R) : (415)

IEZ

In the Euclidean case the w-integral is well defined and the poles of the integrand lie on
the imaginary axis as shown in figure 6b.

As pointed out in [1], considering the imaginary frequencies w = Fiw’ in (4.12) yields,
using (4.10) and (4.13),

Rr+ile

O (r,7,p) x et gni(7) .
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wR

T

Since T € [0,00) for My one immediately notices that a linear combination of the e~
modes could be added to (4.15).5 Therefore, the solution to the KG equation over M
satisfying (4 14) is

w(rT—T1 7 —’ 717 T+ 7
B> [dwdrageso ey, ot g LEBL T 57 g meliosiniviog, ).
ez f W ’R neN

4

(4.16)
The solution over M _ can be found in a similar fashion and reads

w(T—T1 K2 7l7 — w T—1 T
D_(r,7,p) 4 5 Z/dwdT dy' (T Fille=D g (' ") /( zwl ; ZE L€ (T —iT) ¥ g (1) -
lez f(=iw, 1, neN

lEZ

(4.17)
The E$ coefficients will be determined by the set of equations (4.4) (see (4.20)). The
existence of normalizable modes in Euclidean signature is a consequence of M4 being a
half of the hyperbolic space, containing either 7 = 0o or 7 = —o0, but not both. In the
following we will consider non-trivial Euclidean boundary conditions vanishing smoothly
as 7 — oo and near ©*F as required by the SvR prescription [2]. The e~twmT phases
n (4.16)—(4.17) are convenient for the contour C.

4.3 Matching the solutions

In order to perform the matching (4.4) the asymptotic behavior of (4.9), (4.16) and (4.17)
around % is needed. These expressions can be easily computed by residues since the
sources vanish smoothly near the space-like boundaries [1, 2]. Closing the w-integrals
appropriately as shown in figure 6 one finds

i (r,7,0) ~ D (B e ) 4 RA2Res gy et THD) ) eog(r), 7~ 0

nl

O_(r,1,p) ~ Z (E;l ewﬁl(’r—iT) + RA2 Resffl ¢_;n(_l)e—w§l(7'—iT)>eilapgnl(r)’ T~ 0

nl

DLlrtp) ~ > ((L:, + iR Resfo ) e + Ll> gu(r), T

nl

Du(rt0) ~ (L*l + (L +iRA 2 Rest ¢Lm<_z>)e“"5’*> M gu(r), =T

nl

where in the first two lines
1 [ ) ) 1 /O© L
<Z5+;nl = ﬂ/‘ de(pefwfl(r+zT)+zl<p ¢+(T, @)> R %/ drdy e*‘“f’l(T*lT)J”W b (7.7 4,0), (4418)
0 —oo

and for the Lorentzian piece

1 T Rl
PLint = 5 / . dtdp e™ T ¢ (¢, 0) .

The residues Resfl are defined encircling the points w = —wjfl in a counterclockwise sense
1 dw

Rest = — - 4.19

©nl = o - a fWw L R) (4.19)

5The converse happens for M_.
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From the orthogonality of €% and g,,;(r), equations (4.4) yield
A—
Ly, = RO Resy) pn(—1) »
Ej{l = RA_2R€S§Z (quz,nl + ¢—;n(—l)) ;

E, = R®?Resy (Z‘(bL;n(fl) + ¢+;n(71)) : (4.20)

These equations generalize the expressions found in [1] and reduce to them upon setting
¢+ (7,) = 0. It is worth noticing that Euclidean boundary conditions turn on normalizable
modes in the Lorentzian section. We will show below that the R2~2 factors in (4.20) ensures
a smooth R — oo limit.

4.4 On shell action

In the present section the R — oo limit is performed. The on shell evaluation of (4.1)
results in a boundary term that takes the form

s°= L1 yim {/ dtdw/mmmaaﬂ»} (4.21)
2 R—oo ap M =R
0 T oo
— Y im {/d(p(l +r?)RA? (fz/ dr ¢_ rdd_ +/ dt ¢ 10, D, — z/ dr ¢4 r8T<I>+)} ;
2 R—oo oo -T 0 r=R

where ®(R,t,p) = R®"2¢(t,¢) has been used. The three terms in (4.21) have identical
radial behavior. Taking the Lorentzian piece for concreteness, we now show that an ex-
pansion in R > 1 picks contributions from both ¢ and Lffl terms in (4.9). The leading
behavior of the radial derivative in (4.21) is

7O f(w, 1, 1)
flw,l, R)

The contribution from the first term in (4.22) is the standard one. From the r > 1
expansion of f

(14+7%) RA72 (r0,®r) ~ R® <RA2¢L + LY T@rgnl(r)> . R>1.(4.22)

flw,l,r) ~ A(w,)r2 "2 4+ B(w, D)r—2, (4.23)
where
Al = (A —1DI(JI] 4+ 1) |
A +A-w)T (A +A+w)
Blo 1) = (1 —A)T(JI|+1)

DEW-2-w+) TGl -A+w+2)’

one finds, to leading order in R,

zTarf(W, lv ’I”)
f(wa l7 R)

B(w,1
(w;1)

~—

RA-

~S[l,R] —2(A —1)R™2
r=R

(1+0(R™?)). (4.24)

N

The first term S[l, R] being a regular series in [ is disregarded since, giving contact terms
in configuration space, it can be subtracted by adequate counter-terms.
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The gp;(r) expansion for r ~ R > 1 is

Gri (1) ~ A(wR ) PA2 4 B(wR ) r*A,

nl» nl»

with w!? given by (4.8) so that g,,;(R) = 0. Thus, to leading order in R one has A(wf, 1) ~
—B(wE, 1)R~?A*2 which inserted above gives

nl’
ot~ =p0 > ()= (7))

With this expression at hand, on can readily see that to leading order in R, the second
term in (4.22) is
Ly r0rgu(r)| _ ~=2(A = DR Bu Resubn—n(1+o(R ™)), (4.25)

where the R dependence found in (4.20) was taken into account and using (4.19)

1 1
By = lim B(wh1), Resy = lim R®2Res? j{ dw——7
R—o0 R—o0 W=—Wn] A(

" o w,l)

Inserting (4.24) and (4.25) into (4.22) results schematically in a finite piece given by

. _ B(w,l)
2 A-2 _ _ ?
Rhm (14+7r°) R 10, P, 2(A-1) < @1) ¢r + Bni Resy qbi) .

Carrying out similar calculations for the remaining pieces, the on-shell action becomes

0= (A- wor(w,)ér(w Blw,)
ST =(A 1)(213/5:61 pr(w, 1)oL( ’Z)A(w,z) (4.26)

+2) /dtdw oL(t, ») (¢+;nz et L by e_m"l“’““") BriResn
nl

* * B —1 7l .
— z; / dw (o4 (w, )Y (w, 1) + d—(w, )P~ (w,1)) 7145_;:7 l; — 4mi ; G+in1®—sn(—1) BriResn ) ,
where
1 > wT+ily 1 0 iwT+ily
bl = o [T drde ), b= 5o [ drdpe 6 (7.0),
m™Jo T J_—o

1 (T o
or(w,l) = / dtdgoeﬂ‘”tﬂl“’ or(T, ),

(1T AT 4 I+ 4]
BuResw = o ST —n—ATA =1~ 2 A~ Y

T[A +n + [[T[A +n]
n!/(T[A])2C[n + 1] + 1]

. (4.27)

Notice that (4.27) is positive for all nl, which can be readily seen from the r.h.s.

4.5 Inner product and n-point correlation functions between excited states

In the present section we devote to analyze the outcomes of (4.26). We will evaluate the
inner product between excited states and the 1,2-pt correlation functions.
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Inner product: as a consistency check, we will calculate the inner product from (4.26),
the result will match with [3, 4]. The inner product between excited states can be computed
by collapsing the Lorentzian piece, taking AT — 0, in the absence of Lorentzian sources.
This amounts to consider just the third line in (4.26).5 Explicitly one finds

In(Wo+ | W) = limOiSO

A—1) <Z/dw G+ (w, D (w, 1) + p—(w, 1P~ (w, 1)) H +4WZ¢>+ i ®—n(—1)Bn lResnl>

nl

=(Aa- 1)Z/dw (CHERTACN) +¢—(W,l)¢i(w,l)+2¢+(w,l)¢i(w,l))M

(—iw,l
= %/dT dpdr' dy' (¢+(T, @)+ (7, @))P(r, ™, o, 90,)(¢+(7",Lp/) + gzs,(rﬁgo’)) : (4.28)

where in the second line we have turned a sum over residues into an integral over w and in
the third line we have defined

P(r. 7 ¢,¢) Z/dwe’w(T it BT, 1)

27‘(‘2 = A(—iw, 1)
— (ﬁAillﬂ? <COSh(T — 7)) —cos(p — gp’)>_A , (4.29)

which is the Euclidean 2-pt function on the cylinder, recovering GKPW [4]. Expres-
sion (4.28) is the explicit form of (3.13) with P = —G when Euclidean AdS is parametrized
as (4.11).

1-pt correlation function: the second line in (4.26) is the relevant one for computing
the 1-pt function. The first derivative of (4.26) with respect to the Lorentzian source in
the ¢ — 0 limits yields

U O(t, ) |09~ 589
. ‘f’( qﬁ)—’ - (4.30)
(Wor|we-) 5oL (t, )
¢r=0
=-2(A—1)Y  ByResy (¢+;nl glomt=ilo { g o efiwnltJrilcp) .
nl

This non-zero result arises from considering non-zero boundary conditions ¢+ in the Eu-
clidean sections.

One could also notice that if we consider identical initial and final states in (4.30)
(¢4 = ¢*) in the T'— 0 limit, being @ Hermitean, the result (4.30) should be real. This
condition yields

(¢+;nl)* = ¢7;n(7l) )
or equivalently, from (4.18), one finds

¢+(1,0) = d-(—T,9),

which remarkably agrees with the Euclidean dual conjugate prescription given in (3.14).

Notice that the T dependence in (4.18) disappears in this limit.
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Connected 2-pt function: only the first line in (4.26) is relevant for the second deriva-
tive with respect to ¢r. This gives the time ordered 2-point connected correlator, yielding

(W |TIO(L )0, V)| _ 625" (4.31)
(U [Wo-) . 0oLteoot @] '
A —1 i (At INA T (o7 Al B(w l)
_ iw(t—t")+il(p—¢) ’
o2 é/fd” c A(w,1)

A1) , -A
= (2A_173(cos((t—t’)(1 —i€)) — cos(p — gp’)) .
which is independent of the boundary conditions ¢. This, perhaps unexpected result, will
be explained in the next section.

4.6 Checking the coherent character of the initial/final states

In section 3.1 we have shown that assuming (3.6) and considering states of the form (3.1),
the 1-pt function (3.11) is linear in ¢4. Moreover, an explicit expression for )\f can be
written down using (3.8) and (3.10).

On the other hand, using only the SvR prescription we computed the 1-pt func-
tion (4.30) that, compared to expression (3.11), gives

A5 = —V21y/2(A = 1) By Resp ¢y - (4.32)
It is now straightforward to check from (3.8) and (4.27) that

Banesnl

N =\ 7~

such that (4.30) remarkably coincide with the expression (3.11) up to a normalization factor
which just rescales the operator.

In a similar fashion one could consider (3.1) and (3.6) and compute the inner prod-
uct (4.28) and the 2-pt function (4.31) finding that they also match with our results. The
independence of (4.31) on ¢+ can be better understood from the definition of the connected
2-point function

(T|T[O, )OO, W) | _ (I+|T[O(t, 0)O(t', )] T9-)

(W6 [ ) ) (0o (o)
_ (IO, 9)|W0-) (IO, )9
(o+[T9-) (o[- )

One can see that the ¢4 dependence cancels out between the first and second terms in the
r.h.s.

Every result so far is consistent with the claim that the excited states (3.1), built by
turning on Fuclidean boundary conditions ¢ in the SvR prescription satisfy

i [997) = (= V2r V208 = 1) BuResu 6 (1)) 99, (4.33)
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(Wt |af, = (o] ( — V2r/2(A —1)ByResn ¢+ml) : (4.34)

which define [¥%+) as coherent states. Therefore, the states (3.1) can be explicitly written
in the bulk Hilbert (-Fock) space Hagqs as

|\Ij¢>i> — e2ont 27(A=1)BriResnidyin()btin(-1) = 2ont VAT(A=1) BniResy, D310, |0), (4.35)

in agreement with our expectations.

5 Concluding remarks

Through explicit holographic computations we have probed the Skenderis and van Rees
proposal for excited states. We computed the time ordered 1- and 2-point functions in
arbitrary states and have also found a noticeable expression to calculate the inner product
between them, which can be easily computed in the semi-classical approximation. The
results support the hypothesis that the states built out by turning on Euclidean boundary
conditions are coherent states. This could have also been argued by demanding consistency
with other holographic recipes [14, 15, 22].

This scenario gives a more precise insight on the nature of the CFT-states that shall
be associated to semiclassical gravity configurations in the large N-limit, i.e, states where
the spacetime geometry and the bulk fields behave classically. Our results are also in line
with previous observations done in the AdS/CFT literature [13, 19, 20].

We have also learned that asymptotic boundary conditions play a crucial role when
defining excited states in the Euclidean path integral description of the wave functionals.
The outcome of our computations is that the HH construction [10] can be generalized to
excited states in (quantum) gravity through the formula (2.6), which properly generalized
to include the gravitational degrees of freedom reads

h (s o) S_[® S
S 7[¢E*;h27] = / [Dq)]¢_ ['D(g’_/\/l_)]h_ e 5-[®.9]-Senld]
(O,h())

The measure [D(g, M_)];,_ stands for the d + 1-dimensional spaces M_ that fit into the
boundaries %~ U 8™, endowed with Riemannian metrics g. They induce d-dimensional

metrics hy,—, h— on the respective boundaries, as usual in Euclidean Quantum Gravity [10].
While hy,- can be arbitrary fixed, h_ shall be defined as a suitable deformation of the
conformal structure induced by FEuclidean AdS on the asymptotic boundary hg, provided
the deformation vanishes in the limit 7 — —oo.

In spacetimes with no asymptotic boundary, more investigation is required but this
observation suggest that this generalization could come up by inserting suitable extra
boundaries in the Euclidean manifolds where one sums over. This idea will be explored in
depth in a future work.
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