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ABSTRACT

Aims. We aim to study the possibility of a hadron-quark phase transition in the interior of neutron stars, taking into account different
schematic evolutionary stages at finite temperature. We also discuss the strange quark matter stability in the quark matter phase.
Furthermore, we aim to analyze the astrophysical properties of hot and cold hybrid stars, considering the constraint on maximum
mass given by the pulsars J1614-2230 and J0348+0432.
Methods. We have developed a computational code to construct semi-analytical hybrid equations of state at fixed entropy per baryon
and to obtain different families of hybrid stars. An analytical approximation of the field correlator method is developed for the quark
matter equation of state. For the hadronic equation of state we use a table based on the relativistic mean field theory, without hyperons.
The phase transition was obtained imposing the Maxwell conditions, by assuming a high surface tension at the interface hadron-quark.
We solved the relativistic structure equations of hydrostatic equilibrium and mass conservation for hybrid star configurations.
Results. For the different equations of state obtained, we calculated the stability window for the strange quark matter, lepton abun-
dances, temperature profiles and contours profiles for the maximum mass star depending on the parameters of the field correlator
method. We also computed the mass-radius and gravitational mass-baryonic mass relationships for different hybrid star families.
Conclusions. We have analyzed different stages of hot hybrid stars as a first approximation of the cooling evolution of neutron stars
with quark matter cores. We obtain cold hybrid stars with maximum masses ≥2 M� for different combinations of the field correlator
method parameters. In addition, our study based on the gravitational mass – baryonic mass plane shows a late phase transition between
hadronic and quark matter during the proto-hybrid star evolution, in contrast with previous studies of proto-neutron stars.
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1. Introduction

A proto-neutron star (proto-NS) is the remaining old degener-
ated core of an intermediate mass star (between 10 and 25 so-
lar masses at the zero age main sequence) after a supernova
type-II or type-Ib/Ic explosion (Woosley et al. 2002). Its evolu-
tion could be described roughly by three characteristic isentropic
stages: first, the new born neutron star (NS) has an entropy per
baryon s ∼ 1 (in units of Boltzmann constant), with an abun-
dance of trapped neutrinos, Yν , 0, whose fraction is set by
requiring the total fraction of leptons Yl ' 0.4. This stage is
dominated by neutrino diffusion, but as the neutrino mean free
path is much smaller than the star radius, they remain trapped.
The first ∼15 seconds, the proto-NS radiates its lepton excess
(deleptonization) and the neutrino flux produces an increase in
the temperature. The star reaches the maximum heating in this
second stage, and its inner matter has entropy per baryon s ' 2.
Next, the neutrino mean free path begins to increase, becom-
ing much larger than the radius of the star. The fraction Yν , 0
evolves to a state in which Yν = 0, because the matter becomes
transparent to neutrinos. Once the electron chemical potential
reaches the muon mass value, muons start to appear. The arising
of muons reduces the number of electrons and affects the proton
fraction of the stellar matter. The deleptonization process con-
tinues, and after a few minutes the third stage takes place. The

entropy per baryon decreases to s = 0 and the proto-NS cools
down remaining transparent to neutrinos with Yν = 0. The re-
sulting object after these three stages is a cold and stable NS
(Burrows & Lattimer 1986; Steiner et al. 2000).

In the chaotic rearrangement period of deleptonization and
cooling described above, a phase transition to an exotic state
of matter, like hyperons, Bose condensates or quark mat-
ter, could appear (Benvenuto & Lugones 1999; Benvenuto et al.
1989; Benvenuto & Horvath 1989; Prakash et al. 2001) inside
the proto-NS. In the case of quark matter, studies of the quan-
tum chromodynamics (QCD) phase diagram predicts that the
crossover shown by Lattice calculations at vanishing chemi-
cal potential, will become a first-order phase transition at inter-
mediate temperatures and high baryon chemical potentials (see
Yin et al. 2012 and references therein). It may be plausible that
this scenario of matter under extreme conditions occurs in the
interior of NS, as we get closer to the innermost core of the star,
from the outer to the inner core, where the matter is compressed
to densities several times the nuclear matter saturation density
(n0 ∼ 0.16 fm−3).

Most of the mass of a NS is contained in the inner and outer
cores and its equation of state (EoS) has not yet been well de-
termined. The discovery of the massive PSR J1614-2230 and
PSR J0348+0432 (∼2 M�) NS, whose masses have been very
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accurately determined (Demorest et al. 2010; Antoniadis et al.
2013; Fonseca et al. 2016), has placed limits on a wide variety
of EoS. Many EoS had to be ruled out, and the internal composi-
tion of NS had to be reconsidered, because a viable EoS should,
at least, reproduce the mass value of these observed NS.

At the end of the process of the NS formation, the degener-
ate neutron pressure partially counteracts the gravity force. The
repulsive nuclear force beats the neutron degeneracy pressure re-
sulting in less compact and more rigid structures supported by a
stiffer EoS. For this reason NS masses are larger than ∼0.7 M�,
the maximum star mass derived by Tolman-Oppenheimer and
Volkoff equations (Tolman 1939; Oppenheimer & Volkoff 1939)
if a non-interacting degenerated neutron gas is considered as
forming NS. Thus, strong interactions are crucial in obtain-
ing NS configurations that are compatible with measured NS
masses.

Some alternative models for the EoS include strange mat-
ter in form of hyperons (see, for example Bednarek et al. 2012;
Yamamoto et al. 2014; Katayama & Saito 2015). Although hy-
perons soften the EoS, massive NS with hyperons would be
possible, considering certain relationships between the coupling
constants and interactions between the particles involved in the
hadronic matter composing their interiors (Oertel et al. 2016).
Another possibility is that NS could contain pure quark mat-
ter. However, to obtain stars as heavy as two solar masses,
it should be feasible to adjust some of the parameters which
mediates the interaction between quarks (Orsaria et al. 2014;
Weber et al. 2014) and/or that quark matter is a color supercon-
ductor (Bonanno & Sedrakian 2012; Zdunik & Haensel 2013).
Whatever the matter composing the interior of a NS may be
(quarks or hadrons or a mixing of both phases), the EoS describ-
ing the matter should be stiff enough to obtain massive NS.

Regarding quark matter inside compact objects, for many
years the models most used to describe it have been the MIT
bag model (Chodos et al. 1974) and the Nambu Jona-Lasinio
(NJL) model (Nambu & Jona-Lasinio 1961a,b). Some modifica-
tions to these models have been implemented to obtain a more
suitable description of quark matter at high densities in the con-
text of hybrid stars (HS), NS with a quark matter core sur-
rounded by a shell of hadronic matter (see Chatterjee & Vidaña
2016 and references therein). Recently, for the description of
quark matter phase inside cold NS, the field correlator method
(FCM) has been used (Plumari et al. 2013; Logoteta & Bombaci
2013; Burgio & Zappalà 2016). The FCM is a non-perturbative
approximation of QCD which includes, from the first princi-
ples, the confinement dynamics in terms of field correlators. The
model is parametrized through the gluonic condensate, G2, and
the quark-antiquark static potential for long distances, V1, taking
into account the confinement. These two parameters control the
EoS of the deconfined quark phase.

In the framework of the isentropic stages described at the be-
ginning, we have studied the occurrence of a first order phase
transition from hadronic to quark matter in proto-NS, assuming
the surface tension at the interface hadron-quark is such that a
sharp phase transition is the favorable scenario for the decon-
finement (Alford et al. 2015; Ranea-Sandoval et al. 2016). The
hybrid EoS that models the proto-NS is obtained using the sim-
plest method for constructing a first order phase transition by
considering an isobaric transition with one conserved charge,
for example, the baryonic chemical potential. This is known as
Maxwell construction.

To obtain the phase transition and the astrophysical quanti-
ties for the study of HS, a computational code called NeStOR
(Neutron-Star-Object Research) has been developed. This code

contains a set of routines and scripts to calculate several EoS
at finite temperature and constant entropy. The combination of
different programming languages provided in the code estab-
lishes the essential conditions for an unique determination of the
matter equilibrium composition in the proto-HS, that is, the re-
quirements of beta equilibrium, charge neutrality and the con-
servation of baryonic and leptonic number. The program also
computes particle abundances and the stellar structure of a spher-
ically symmetric compact object by integrating the relativistic
equations of hydrostatic equilibrium for different model param-
eters. Through this code it is also possible to compare the val-
ues of the maximum baryonic mass of each family of stars for
the three stages considered. Supposing that the baryonic mass
remains constant during the process of thermal evolution, the
gravitational mass of the star, which corresponds to the total stel-
lar energy, changes during the evolution of the proto-NS. Then,
a study of the evolution in a gravitational mass – baryonic mass
plane must be taken into account, giving the possibility of know-
ing in which stage takes place the phase transition from hadronic
matter to quark matter. The description of proto-NS evolution
along constant baryonic mass sequences have been already dis-
cussed in Bombaci (1996).

Thereby, using the NeStOR code, it is possible to analyze
the thermal evolution of proto-HS through snapshot sequences
at constant entropy, also considering their characteristic compo-
sition at each stage. A semi-analytical calculation of the FCM at
finite temperature is used to describe the quark matter phase at
the inner cores. For the hadronic phase, we employ a table con-
taining an EoS created for astrophysical simulations of proto-NS
(Shen et al. 2010a,b, 2011).

The paper is organized as follows. In Sect. 2, we give the
thermodynamic expressions for the quark matter as functions of
temperature and chemical potential, and we discuss the choice
of the parameters of the FCM as well as the stability of strange
quark matter. The thermodynamic conditions for the construc-
tion of the hybrid EoS and the phase transition hadron-quark are
presented in Sect. 3, together with the description of the hadronic
and leptonic EoS. In Sect. 4 we explain briefly the calculations
at constant entropy, giving the snapshot sequences of thermal
evolution. In Sect. 5 we show the results about the structure of
hot and cold HS and we analyze the gravitational mass-baryonic
mass plane for some representative combinations of the FCM pa-
rameters. A summary of the work and conclusions are provided
in Sect. 6. Details of the calculations and treatment of quark mat-
ter are given in Appendix A.

2. Quark matter EoS within the field correlator
method

2.1. Correlators and the phase diagram

The microscopic EoS describing the matter in the inner core of
the hot and cold HS (HHS and CHS henceforth) is based on the
FCM approach (Dosch 1987; Dosch & Simonov 1988; Simonov
1988). In the FCM approach, it is assumed, as a first approx-
imation, that single quark and gluon lines (single line approx-
imation) interact in non-perturbative way, using strength field
correlators, with vacuum fields (gluon condensates and quark
condensates, Simonov & Trusov 2007a).

The confined and deconfined phases are governed by four
Gaussian field correlators: the color-electric, DE(x), DE

1 (x), and
color-magnetic, DH(x), DH

1 (x), field correlators. The fields DE

and DH are of pure non-perturbative origin, whereas DE
1 and DH

1
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Fig. 1. Schematic phase diagram in the T − µ plane. The lower curve
defines the phase transition between confined and deconfined matter for
V1 = 0.01 GeV and G2 = 0.006 GeV4, while the upper one defines
the phase transition curve for V1 = 0.10 GeV and G2 = 0.016 GeV4.
The shaded area indicates the region of the FCM parameters considered
in this work, 0.01 GeV ≤ V1 ≤ 0.10 GeV and 0.006 GeV4 ≤ G2 ≤

0.016 GeV4.

contain all perturbative diagrams, but also non-perturbative con-
tributions. The non-perturbative information is given through the
string tension, quarks and gluons are connected by straight-line
Nambu-Goto strings (Nefediev et al. 2009), which is a character-
istic integral of Gaussian correlators (Di Giacomo et al. 2002).
Thus, in the lowest non-perturbative approximation the partition
function factorizes into a product of one-gluon and one-quark
(antiquark) contributions, and then the corresponding thermody-
namic potential can be calculated.

Through the thermodynamic potential, thermodynamic prop-
erties of the quark matter can be stated in terms of a T − µ phase
diagram, as shown in Fig. 1, where the confined phase (hadrons)
is separated from the deconfined quark-gluon plasma phase. For
temperatures T > Tc, being Tc the critical temperature, the corre-
lator DE(x), and the electric string tension associated, vanishes,
while the deconfining electric part, DE

1 (x), and magnetic corre-
lators DH(x), DH

1 (x), are the responsible for the dynamics of the
deconfined phase.

The phase diagram shown in Fig. 1, obtained through the
semi-analytical treatment detailed in Sect. 2.2, is in agreement
with the results of Simonov & Trusov (2007b,a).

2.2. Thermodynamic quantities of the quark matter

The FCM is parametrized through the gluon-condensate G2,
generated by DE(0), DE

1 (0), DH(0) and DH
1 (0), and the large

distance static quark-antiquark, qq̄, potential V1, generated by
DE

1 (x), (Simonov & Trusov 2007a). Even though the single line
approximation turn off the quark-gluon interaction, a strong in-
teraction of quarks and gluons with the non-perturbative vacuum
field exist (Nefediev et al. 2009). In this way, using single-
gluon and single-quark contributions, the quark and gluon pres-
sures, Pq and Pg, respectively, are given by (Simonov & Trusov
2007b,a; Nefediev et al. 2009)

Pq =
T 4

π2 φν

(
µq − V1/2

T

)
, (1)

where

φν(a) =

∫ ∞

0
du

u4

√
u2 + ν2

1

exp
[√

u2 + ν2 − a
]

+ 1
, (2)

with ν = mq/T , µq the quark chemical potential, mq the bare
quark mass, T the temperature, and

Pg =
8T 4

3π2

∫ ∞

0
dχχ3 1

exp (χ + 9V1
8T ) − 1

· (3)

Considering u, d and s quarks, the total quark-gluon plasma pres-
sure, Pqg, is given by

Pqg =
∑

q=u,d,s

(Pq + Pq̄) + Pg + Pvac, (4)

where, Pq̄ is the anti-quarks contribution and Pvac is the vacuum
pressure given by (Simonov & Trusov 2007b,a; Nefediev et al.
2009)

Pvac = −
(11 − 2/3Nf)

32
G2

2
, (5)

where Nf = 3 is the number of flavors.
Since Eq. (1) coincides with the pressure for a free Fermi-

Dirac quark gas in the limit V1 = 0, we built a double
power series expansion in terms of m2

q/(u
2T 2 + m2

q)2 and (µq −

V1/2)/T to calculate Eq. (1) semi-analytically. The calculation
was made by adapting the approximation developed in the work
of Masperi & Orsaria (2004), for a strange free quark gas at finite
temperature. Details of the calculation are given in Appendix A.

On the other hand, Eq. (3) can be solved analytically:

Pg = 16
T 4

π2 Li4
(
e−

9
8

V1
T

)
, (6)

where Lis[z] is the Jonquière’s function.
The energy density εqg reads

εqg = −Pqg +
∑

q=u,d,s

µqnqg + TS qg, (7)

where nqg =
∂Pqg

∂µq
, is the quark number density and S qg =

∂Pqg

∂T , is
the entropy density.

The large distance qq̄ potential, V1, is given by

V1 =

∫ 1/T

0
dτ(1 − τT )

∫ ∞

0
dχχDE

1

(√
χ2 + τ2

)
. (8)

It can be shown (Kuz’menko et al. 2004) that since at large sep-
arations the string acts on quark with the force σ̄, which is the
string tension related with ΛQCD, then DE

1 in Eq. (8) can be nor-
malized according to DE

1 (ξ) ∼ σ̄
πλ2 exp(−|ξ|/λ) being λ ∼ 0.2 fm

the correlation length of QCD vacuum in accordance with lattice
results, and σ̄ ' 0.18 GeV2.

Even though the phenomenological value of V1 and G2 are
constrained by lattice calculations at zero baryonic density and
finite temperature, the behavior of quark gluon-plasma at low
temperatures and large chemical potential, as occurs in the core
of NS, could be very different (Burgio & Zappalà 2016). On
the other hand, the sum rules of the QCD have determined a
numerical value for G2, but it has a large uncertainty: G2 =
(0.012 ± 0.006) GeV4 (Shifman et al. 1979a,b).

As the static potential V1 depends on the temperature, we
have analyzed its variation in a range corresponding to the tem-
peratures obtained for proto-HS. Solving Eq. (8), V1 can be
rewritten as

V1 =
σ̄λ

π

[
(3λT + 1) e−

1
λT − 3λT + 2

]
, (9)
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in agreement with the result obtained by Bombaci & Logoteta
(2013) in Eq. (9), if one considers V1(0) = 2σ̄λ

π
and ~c = 1. At

this point, is is worth noting that if we take V1(Tc) = 0.5 GeV,
which is a value independent of the number of quark flavors
(see Simonov & Trusov 2007b,a) we obtain a critical tempera-
ture Tc ∼ 270 MeV, the critical temperature of a hot pure gluon
plasma without quarks (see Simonov 1999; Stoecker et al. 2016
for details). However, for Tc ∼ 150 MeV, corresponding to the
chiral transition, the approximately value of V1(0) should be
V1(0) ∼ 0.65 GeV according to Eq. (9). Additionally, the poten-
tial V1 and the gluon condensate G2 are related for the deconfine-
ment transition at zero chemical potential at the critical temper-
ature, Tc, and can be calculated through (Bombaci & Logoteta
2013)

Tc =
a0

2
G1/4

2

1 +

√
1 +

V1(Tc)

2a0G1/4
2

 , (10)

where, a0 ∼ 0.44 for three flavors.
On the other hand (except at Tc), G2 is essentially indepen-

dent on the temperature (Burgio & Zappalà 2016). It is impor-
tant to note at this point, the analysis about the dependence of
G2 and V1 on the temperature is at vanishing chemical potential.
There are no simulations of lattice QCD at high chemical po-
tential, and at finite chemical potential standard lattice methods
can not be used because the sign problem of QCD at non-zero
baryon density (Fodor & Katz 2002). Additionally, for the range
of temperatures obtained in this work in the framework of proto-
NS, 0 MeV < T < 60 MeV, we found that the variation of V1
is only 0.2% and it does not have any impact on the results. A
detailed study of V1 related to the lattice QCD and the measured
NS masses has been carried out by Bombaci & Logoteta (2013)
and Plumari et al. (2013).

Thereby, attempting to impose any restrictions to V1 and/or
G2 in a regime of low temperatures and high densities we will
treat them as free parameters, independent of the temperature
and/or the baryonic chemical potential. We have chosen three
representative sets of parameters in the V1−G2 plane: Set 1 =
(V1 = 0.02 GeV, G2 = 0.016 GeV4), Set 2 = (V1 = 0.03 GeV,
G2 = 0.010 GeV4) and Set 3 = (V1 = 0.10 GeV, G2 =
0.007 GeV4). The choice of these sets also ensure a minimum
maximum mass value of ∼2 M� in the M-R diagram for cold
NS.

2.3. Stability of quark matter

Since Bodmer (1971) and Witten (1984) opened up the field with
the hypothesis of strange quark matter, many authors have stud-
ied and discussed the possibility that the inner core of compact
objects is composed of such form of matter (Glendenning 1996;
Schmitt 2010 and references therein).

The strange quark matter hypothesis suggests that strange
quark matter would be the true ground state of strong interac-
tions, that is, its energy per baryon should be less than that of
the isotope 56Fe (∼930 MeV), the most bound nucleus. This hy-
pothesis can be explained easily through the MIT Bag model
if one consider non-interacting massless quarks. But this is an
oversimplified treatment of the issue, because the effect of a fi-
nite strange quark mass, as well as a non-zero strong coupling
constant, constraints the value of the Bag constant in the model
to get stable quark matter (Weber 2005). In addition, studies of
dense quark matter within more realistic models, like the NJL
model, do not support the idea of absolutely stable strange quark

matter (Buballa 2005). The main reason is the dynamical mass
of the strange quark.

If massless u, d and s quarks at zero temperature and pres-
sure are considered in the MIT Bag model, strange quark matter
would be more stable than non-strange quark matter because the
conversion of about one third of u and d quarks into s quarks
via weak interactions, decreases the energy of the system, due
that baryon number is shared among three Fermi seas instead
of two. But if the matter is described considering dynamical
quark masses, like in the NJL model, the strange quark mass
remains still large at densities where chiral symmetry is almost
restored in the non-strange sector, and then non-strange quark
matter tends to be energetically more favored than strange quark
matter. The conversion of a d quark into a s quark costs too much
energy.

It has been suggested that there would be other phases
of strange quark matter, color superconducting phases like
the color-flavor locked (CFL), more favorable to the sta-
bility condition due the emergence of diquark condensates
(Lugones & Horvath 2002). However, although the formation of
diquark condensates reduces the energy per baryon, it is still
larger than that of 56Fe if dynamical quark masses are consid-
ered (Buballa 2005).

Recent studies about the strange quark matter hypothesis in
the framework of the FCM (Pereira 2013), show that for some
choices of the parameters G2 and V1, the energy per baryon can
be lower than the energy per nucleon of the 56Fe. According to
Pereira (2013), the stability window strongly depends on the val-
ues of the FCM parameters: as V1 increases, from V1 = 0 GeV
to V1 = 0.5 GeV, G2 must decrease in order to keep the energy
per baryon of the quark matter less than 930 MeV.

We have also analyzed the stability of pure quark matter
under our semi-analytical approach. Taking the quark masses
mu = 2.3 MeV, md = 4.8 MeV and ms = 95 MeV, we have
calculated the energy per baryon at zero temperature and pres-
sure. The results are shown in Fig. 2. We obtain a narrow sta-
bility window which is very sensitive to the FCM parameters, in
agreement with the results of Pereira (2013).

From Fig. 2 it is evident that the values of G2 associated
with the stability of strange quark matter are out of the range
of values estimated through the QCD sum rules, G2 = (0.012 ±
0.006) GeV4. However, we found that it is possible to obtain a
strange star (SS) with M ≥ 2 M� by combining V1 and G2 values
inside the stability region. For example, taking V1 = 0.1 GeV
and G2 = 0.002 GeV4, we obtain a set of cold stable SS with
Mmax = 2.01 M�.

In this work we consider a metastable quark matter phase,
taking G2 = (0.012± 0.006) GeV4 according with the QCD sum
rules, but out of values determining the stability window.

3. General conditions for the hybrid EoS and phase
transition

Lattice gauge simulations at finite temperature in QCD quark
matter (Yasutake et al. 2013) suggest a range of the surface ten-
sion ∼10−100 MeV fm−2 between the interface hadron-quark. If
the surface tension is bigger than a critical value, which is es-
timated to be ∼40 MeV fm−2 then a sharp phase transition, be-
tween hadronic and quark phases, is favored via Maxwell con-
struction (Endo et al. 2006; Yasutake et al. 2014).

Due the uncertainty in the value of the surface tension we
assume an abrupt phase transition between hadronic and quark
matter. Thus, in order to assemble the hybrid EoS, we work
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Fig. 2. Stability window in the G2−V1 plane. The colored area under
the ε/nb = 930 MeV curve indicates the stability region of the strange
quark matter (mu = 2.3 MeV, md = 4.8 MeV, ms = 95 MeV) at zero
temperature and pressure. The solid line indicates where the energy per
baryon of the quark matter matches with the energy per nucleon in the
56Fe most bound nucleus. Considering the QCD sum rules, the esti-
mated value of G2 = (0.012± 0.006) GeV4 is out of the stability region.

under the Maxwell construction, in which the crossing of both
hadronic and quark EoS curves in the µ−P plane defines (or not)
the phase transition.

Baryonic and electric charges are conserved locally. For the
inner core of the HS, such conditions are given by

3nB − nu − nd − ns = 0 , (11)
2nu − nd − ns − 3(ne + nµ) = 0,

where nu, nd and ns are the quark number densities, ne and nµ are
electron and muon densities, respectively, and nB is the baryonic
number density.

Beta-equilibrium condition determines the following rela-
tionships between the chemical potentials of the particles in-
volved:

µu = 1/3µb − 2/3µe + 2/3µν, (12)
µd = µs = 1/3µb + 1/3µe − 1/3µν,

where µi=u,d,s are the quark chemical potentials and the sub-
scripts b, e and ν indicates baryon, electron and neutrino chemi-
cal potentials, respectively.

The outer core EoS is composed by nucleonic degrees of
freedom (neutrons and protons), electrons, muons and neutrinos
in beta-equilibrium with local charge conservation (Shen et al.
2011).

By setting equal pressure and baryonic chemical potential
during the phase transition in the NeStOR code, we establish the
conditions to determine the thermodynamic properties of HHS
and CHS cores.

The EoS for the different stages of thermal evolution for
the Set 2 are shown in Fig. 3. As the star cools, the EoS be-
comes stiff. The baryonic densities at the transition points are
nB ∼ 0.53 fm−3 for s ' 1, nB ∼ 0.34 fm−3 for s ' 2, and
nB ∼ 0.33 fm−3 for s = 0. In the case of s ' 1 although neutrinos
soften the EoS, their contribution shifts the transition to higher
densities. The transition pressure are Pt = 253.79 MeV fm−3, for
s ' 1 and Pt = 86.87 MeV fm−3 and Pt = 70.41 MeV fm−3 for
s ' 2 and s = 0 respectively. The behavior of the EoS for Set 3
is similar to that of Set 1.

For the outer core of the HS we have used the hadronic EoS
constructed by Shen et al. (2010a). This EoS is built using the
relativistic mean field (RMF) model with a density dependent
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Fig. 3. Hybrid EoS for a particular pair of the FCM parameters, V1 =
0.03 GeV and G2 = 0.010 GeV4 (Set 2), for the three stages of constant
entropy per baryon.

coupling that is a slightly modified form of the original NL3 in-
teraction (see Shen et al. 2010a, for details). The outer core is
composed of neutrons, protons and electrons and we have in-
cluded neutrinos in the NeStOR code. The complete EoS for
astrophysical simulations in proto-NS is detailed in Shen et al.
(2011).

For nuclear matter at sub-nuclear densities we have con-
sidered the work of Shen et al. (2010b), where a Virial expan-
sion for a non-ideal gas composed of neutrons, protons, al-
pha particles, and nuclei is used to build the low density EoS
at finite temperature. The minimum energy densities obtained
through the NeStOR code were ε ∼ 2 × 1010 g/cm3 for s ∼ 1,
ε ∼ 4 × 107 g/cm3 for s ∼ 2 and ε ∼ 2 × 107 g/cm3

for s = 0. For lower density values, we have considered
the Baym–Pethick–Sutherland (BPS) crustal model (Baym et al.
1971).

The leptonic contribution is provided by electrons, electron-
neutrinos and muons. For electrons and muons we have consid-
ered the same expressions used for quark matter, under s = 0
and s ' 2 scenarios, making the correspondent correction in the
degeneracy factor and setting V1 = 0, which mimics exactly a
Fermi-Dirac gas at finite temperature. Under s ' 1 scenario, we
had some numerical instabilities due the inclusion of electron-
neutrinos. To avoid this, we use a massless finite-temperature
Sommerfeld expansion for the electrons (Lugones et al. 2009),

Pe =
µ4

e + 7π4T 4

15 + 2π2µ2
eT 2

12π2 , (13)

which simplifies the numerical calculation without loss of gen-
erality. For the electron-neutrinos we have used the same expan-
sion taking into account the appropriate correction in the degen-
eracy factor.

Figure 4 shows the lepton densities for the different fixed
entropy stages considered, taking the Set 2 as an example. In
Fig. 4a, it can be seen that the lepton density reaches values rel-
atively high (∼40% nB) before the zone of the phase transition
due there is also a high proton fraction in the hadronic phase. The
contribution of neutrinos to the pressure shifts the phase transi-
tion to quark matter at higher densities, because the inclusion of
more degrees of freedom in the system soften the EoS and there-
fore is more difficult to reach the pressure of quark matter at high
densities. We should remark that the high abundance of neutrinos
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Fig. 4. Lepton densities nl as a function of baryonic density, nB, con-
sidering the Set 2 for the three fixed entropies: a) s ' 1, with lepton
abundances YLe = 0.4 and YLµ = 0, b) s ' 2, and c) s = 0. Hatched
areas indicate the phase transition zone. In panels b) and c) Yν = 0, and
muons are present.

and their contribution to the pressure is the result of the condi-
tion, YLe = 0.4. At this stage we obtain that neutrinos density,
nν, goes from zero to ∼0.02 fm−3, almost the same maximum
density reached by the muons in the following stage. Electrons
and neutrinos are also present in the quark phase. In Fig. 4b, the
leptonic fraction decreases in the left side of the phase transition
zone, and after the peak in the hadronic region the proton fraction
drop off and matter gets neutron rich. There is very little amount
of electrons in the quark phase. The entropy zero stage at the
left side of Fig. 4c shows a decrease in the density of electrons
and muons for the hadronic phase. For the quark phase, muons
do not contribute and the density of electrons is negligible. For
Set 1 and Set 3 the analysis of the lepton densities is similar.

4. Snapshots of thermal evolution for proto-HS

Until the proto-NS reaches the thermal equilibrium, it under-
goes a process of thermal evolution. The evolutionary sce-
nario is based on a dynamical calculation with schematic EoS
(see Prakash et al. 1997 and references therein). The different
stages of such process are studied by considering three se-
quential snapshots of constant entropy per baryon. According
the thermodynamic properties, each stage can be characterized
as follows (Burrows & Lattimer 1986; Steiner et al. 2000; Shao
2011). First, when the NS is born, neutrinos created in beta
reactions are trapped because their mean free paths are small
compared with the star radius and there is leptonic abundance
conservation in the star matter. No muons are present because
trapped neutrinos inhibit their existence. Therefore, this stage is
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Fig. 5. Snapshots of the temperature as a function of baryonic density
in units of the saturation nuclear density for the Set 2.

characterized by the conditions

YLe ≡
ne + nνe

nB
= 0.4; YLµ ≡

nµ + nνµ
nB

= 0, (14)

and entropy per baryon, s ≈ 1.
After ∼10–20 s, neutrino diffusion deleptonized the star mat-

ter and the presence of muons becomes relevant. Thus, regarding
the lepton abundances,

Yνe ≡
nνe

nB
= 0; Yνµ ≡

nνµ
nB

= 0. (15)

Neutrino diffusion yield most of its energy to the proto-NS, heat-
ing it. At this stage, the entropy per baryon reaches s ≈ 2.

Finally, after a few minutes, the star cools down and it can
be characterized by an entropy per baryon, s = 0. At this stage,
there is also absence of neutrinos, with

Yνe ≡
nνe

nB
= 0; Yνµ ≡

nνµ
nB

= 0. (16)

We show the evolution of the temperature as a function of the
baryonic density in Fig. 5, Set 2, for entropies s , 0. When
s ' 1 the maximum temperature reached is T = 31.66 MeV,
whereas if s ' 2 the maximum temperature corresponds to
T = 57.19 MeV. The evolution of the temperatures for Set 3
is similar to that of Set 1.

Thereby, we can characterize three different stages of the
NS thermal evolution, in a simplified way, through an isentropic
state. This approach allow us to study the structure and compo-
sition of NS modeled as HS during their thermal evolution on
their first minutes of existence.

5. Structure of HS

Once the hybrid EoS is obtained, we have the necessary input
to solve the Tolmann-Oppenheimer-Volkoff (TOV) equations,
which are the relativistic structure equations of hydrostatic equi-
librium and mass conservation for a spherically symmetric con-
figuration given by

dP
dr

= −
Gm(r)ε(r)

r2

[1 + P(r)/ε(r)][1 + 4πr3P(r)/m(r)]
1 − 2Gm(r)/r

, (17)

dm
dr

= 4πr2 ε(r) , (18)
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Fig. 6. Maximum mass of each family of stars as a function of V1 and
G2 at s = 0. Inside each contour area, the maximum mass increases
monotonically as the values V1 and G2 increase.

where r is the radius, P(r) and ε(r) are the pressure and energy
density at a radius r, m(r) is the mass bounded by the radius r
and G is the universal gravitational constant.

Equations (17) and (18) are integrated solving the HS struc-
ture, giving for each set of parameters a family of stars with dif-
ferent initial conditions for the central energy density. Thus, the
EoS determines the mass-radius relationship for each group of
stars.

To solve Eqs. (17) and (18), and following the works
of Logoteta & Bombaci (2013), Burgio & Zappalà (2016),
Plumari et al. (2013), we have chosen several combinations of
V1 (0.01 GeV < V1 < 0.10 GeV) and G2 = (0.012±0.006) GeV4.
By combining these range of values for the FCM parame-
ters as inputs in the NeStOR code, we obtain several data
and tables as outputs of the program. The main microscopic-
thermodynamic results are the hybrid EoS, particle abundances-
density and temperature-density relationships. The macroscopic-
astrophysics results are the mass-radius, the mass-central energy
density and the gravitational mass-baryonic mass relationships.
In the V1−G2 plane, we also construct contours of the maximum
mass as is shown in Fig. 6.

For the stage corresponding to zero entropy, a V1−G2 plane
was constructed to determine the families of HS in which it is
possible to obtain a minimum maximum mass star of 2 M�. In
Fig. 6, we show the variation of the maximum mass as a func-
tion of the FCM parameters V1 and G2. We obtain contours from
Mmax ≈ 1.5 M� to Mmax ≈ 2.7 M� depending on the combination
of the parameters. In Fig. 7, we show in detail the Mmax = 2.0 M�
contour.

Table 1 shows the masses and radii computed for different
combinations of the FCM parameters. We have used the upper
and lower bounds for both maximum masses and radii obtained,
corresponding to the four corners of Fig. 6. We also have chosen
these parameter values to determine the shaded area delimited
by the solid curves in the phase diagram of Fig. 1.

As was mentioned before, we have considered different com-
binations of the parameters in the plane V1−G2 in order to fulfill
the Mmax & 2 M� condition. Besides this requirement, we have
chosen three particular sets of parameters (Set 1, Set 2 and Set 3)
so as to cover an extensive and representative region of different
combinations in the V1−G2 plane. The mass-radius relationship
for these sets and for s ' 1, s ' 2 and s = 0 are shown in
Figs. 8–10. It can be seen there are stable branches for the stellar
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0.008
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0.012

 MMax = 2 M

 G
2 [G
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4
]

V1 [GeV]

 

Fig. 7. Contour line for Mmax = 2 M� as a function of V1 and G2 at s = 0.
Shaded region below the curve indicates stars with masses <2 M�.

Table 1. Maximum mass, Mmax, and radius, RMmax , for the extreme val-
ues of the FCM parameters, V1 and G2, at different fixed entropy per
baryon.

s (kB) V1(GeV) G2(GeV4) Mmax(M�) RMmax (km)

1

0.01
0.006 2.40 14.3

0.016 2.68 13.6

0.10
0.006 2.69 13.5

0.016 2.72 13.2

2

0.01
0.006 1.44 10.0

0.016 2.63 15.5

0.10
0.006 2.49 15.8

0.016 2.80 15.0

0

0.01
0.006 1.42 9.3

0.016 2.43 15.1

0.10
0.006 2.20 15.2

0.016 2.70 14.7

structure up to a maximum value, Mmax, from which unstable
configurations are obtained as radii become smaller. Also, for
each mass-radius relationship, there is a particular mass value,
Mhyb, which indicates the phase transition between hadronic and
quark matter and the appearance of HS. Table 2 shows the values
of Mhyb and Mmax obtained for the three sets.

We have computed the three stages of constant entropy for
proto-HS through a simplified evolutionary process, from an ini-
tial state in which s ' 1 to a final state with s = 0. However,
to make a suitable analysis of the proto-HS evolution, it is more
appropriate to study the evolutionary process in the gravitational
mass – baryonic mass plane, along a constant baryonic mass
path.
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Table 2. Maximum mass, Mmax, and mass associated to the appearance
of the quark matter core in the M-R relationship, Mhyb, for the three
sets of the FCM parameters, V1 and G2, at different fixed entropy per
baryon.

s (kB) Mmax(M�) Mhyb(M�)

Set 1

1 2.68 2.67

2 2.64 2.54

0 2.49 2.38

Set 2

1 2.64 2.60

2 2.40 2.29

0 2.14 1.92

Set 3

1 2.69 2.67

2 2.59 2.49

0 2.35 2.23

Notes. Set 1 = (V1 = 0.02 GeV, G2 = 0.016 GeV4), Set 2 = (V1 =
0.03 GeV, G2 = 0.010 GeV4) and Set 3 = (V1 = 0.10 GeV, G2 =
0.007 GeV4).
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Fig. 8. M-R relationship for Set 1 (V1 = 0.02 GeV, G2 = 0.016 GeV4).
In each constant-entropy curve, the rounded dot indicates the appear-
ance of the quark matter core.

Until now, we have used the term “mass”, M, to refer the NS
gravitational mass, given by

M = MG =

∫ R

0
4πr2 ε(r) dr . (19)

From here on we will use MG for the gravitational mass to dis-
tinguish it from the baryonic mass, MB, given by

MB = mN

∫ R

0

4πr2 nB(r)
[1 − 2Gm(r)/r]1/2 dr , (20)

where mN is the nucleon mass and nB(r) is the baryonic number
density.

The study of the evolutionary process of proto-NS in a
MG−MB plane was developed before by Bombaci (1996). He
has pointed out that the concept of NS maximum mass intro-
duced by Tolmann, Oppenheimer and Volkoff (Tolman 1939;
Oppenheimer & Volkoff 1939), MTOV, defined as the maximum
gravitational mass of a NS before becoming unstable and col-
lapsing into a black hole, is partially inadequate when the first
few seconds of NS evolution process are considered. He pro-
posed that the study of gravitational mass - baryonic mass plane
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Fig. 9. M-R relationship for Set 2 (V1 = 0.03 GeV, G2 = 0.010 GeV4).
In each constant-entropy curve, the rounded dot indicates the appear-
ance of the quark matter core.
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Fig. 10. M-R relationship for Set 3 (V1 = 0.10 GeV, G2 = 0.007 GeV4).
In each constant-entropy curve, the rounded dot indicates the appear-
ance of the quark matter core.

is the best way to analyze the stability of proto-NS and the max-
imum mass concept. In order to apply this study to proto-HS,
we consider that the baryonic mass remains constant during the
three stages of the evolution process because most of the matter
accretion occurs in previous stages of the proto-NS (Chevalier
1989).

The results of the MG−MB plane for the three sets of param-
eters considered in this work are shown in Fig. 11 (Set 1), Fig. 12
(Set 2), and Fig. 13 (Set 3). Each plane contains the three isen-
tropic stages, s ' 1, s ' 2 and s = 0, taken into account for the
evolution of the proto-HS. It can be seen that MG increases with
MB up to a maximum value, after which the solutions become
unstable. These unstable branches have been removed in all the
plots to make the figures more readable.

Following the study of Bombaci (1996), we analyze qualita-
tively the evolution of proto-HS through Fig. 14 considering the
baryonic mass remains constant during the thermal evolution of
the HS. We use this figure in order to clarify the evolution of HS
from the s ' 1 to the s = 0 stages because it is representative of
the behavior of MG−MB curves shown in the Figs. 11, 12 and 13.
The dots labeled by a, b, c represent the maximum mass config-
uration corresponding to the isentropic curves s ' 1, s ' 2 and
s = 0, respectively. Also, it is convenient to define M(i)

B,G as the
baryonic/gravitational mass associated to i = a, b, c, d, and f in
the Fig. 14.

We will also define four baryonic mass ranges: (0−M( f )
B ),

(M( f )
B −M(d)

B ), (M(d)
B −M(a)

B ) and (M(a)
B − ∞). The evolutionary
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Fig. 11. MG−MB plane for Set 1 (V1 = 0.02 GeV, G2 = 0.016 GeV4). In
each constant-entropy curve, the rounded dot indicates the appearance
of the quark matter core.
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Fig. 12. MG−MB plane for Set 2 (V1 = 0.03 GeV, G2 = 0.010 GeV4). In
each constant-entropy curve, the rounded dot indicates the appearance
of the quark matter core.

process of the proto-HS can be followed starting from the s ' 1
curve, downwards along a constant baryonic mass vertical line.
If 0 < MB ≤ M( f )

B , as the vertical line crosses the s ' 2 and
s = 0 curves, the proto-NS will remain stable, the neutrinos
will escape and it will end as a cold NS in the s = 0 curve. If
M( f )

B < MB ≤ M(d)
B the proto-NS will reach a stable configura-

tion in the s ' 2 curve and the neutrinos will escape, but then
it will collapse to a black hole, meaning that no cold stable con-
figurations are possible for these values of baryonic mass. For
M(d)

B < MB ≤ M(a)
B , the proto-NS newly formed will collapse

shortly afterwards to a black hole. Finally, for M(a)
B < MB < ∞,

the proto-NS will never form and the supernovae remnant will
collapse to a black hole.

The possibility of a phase transition in the proto-NS is in-
dicated by rounded dots in the MG−MB plane, suggesting the
appearance of a quark matter core. Configurations with smaller
baryonic masses than the associated to the rounded dot in each
curve (M(q, s=i)

B , i = 1, 2, 0) are purely hadronic, while configura-
tions with greater baryonic masses are NS with a quark matter
core. From Figs. 11, 12 and 13, it can be seen that quark matter
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Fig. 13. MG−MB plane for Set 3 (V1 = 0.10 GeV, G2 = 0.007 GeV4). In
each constant-entropy curve, the rounded dot indicates the appearance
of the quark matter core.
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Fig. 14. Enlarged MG−MB plane for V1 = 0.03 GeV and G2 =
0.010 GeV4 close to the maximum mass configurations. In each
constant-entropy curve, the rounded dot indicates the appearance of the
quark matter core. The squared points a, b and c indicate the maximum
mass configuration for s ' 1, s ' 2 and s = 0, respectively. The squared
dot d indicates the initial configuration that evolves, through a constant
baryonic mass vertical line, to the maximum mass configuration of the
curve s ' 2. Only for proto-HS with baryonic masses 0 < MB ≤ M( f )

B ,
a constant baryonic mass vertical line can be drawn across the dots f,
e and c and the three isentropic curves. Thus, such stars will remain
stable, surviving the evolutionary process towards a cold HS.

could be formed during the constant baryonic mass evolution.
Thus, a proto-NS having a baryonic mass M(q, s=0)

B < MB < M( f )
B

ending as a stable cold NS, would begin as purely hadronic and
become an HS with a quark matter core after the whole cooling
process.

According to our results, the sequence of snapshots suggests
that a quark matter core may be formed during the cooling pro-
cess between the stages with entropies per baryon s ' 2 and s =
0. This is in contrast with the predictions of earlier studies where
the deconfinement of quark matter occurs some seconds after
the core bounce (Benvenuto et al. 1989; Benvenuto & Horvath
1989) or the transition from nuclear to quark matter takes place
during the stage with s ' 1 (Benvenuto & Lugones 1999).
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The first order phase transition between hadronic and quark
matter in the proto-NS is triggered by the nucleation of a crit-
ical size drop of the new stable quark phase in the metastable
hadronic phase. It has been suggested in a detailed study of the
effects of quark matter nucleation on the evolution of proto-
NS by Bombaci et al. (2011) and Bombaci et al. (2016) that if
the nucleation time is greater than the cooling time for a proto-
hadronic star, then quark matter nucleation is not likely to occur
in a newly formed star.

The calculation of the nucleation time depends on the prop-
erties at the interface between the hadronic and quark matter
phases and it is out of the scope of this study. But based on the
results of Bombaci et al. (2011) and Bombaci et al. (2016) , we
assume that the nucleation time of quark matter is less than the
cooling time of the proto-NS during its evolution when the en-
tropy per baryon decreases from s ' 2 to s = 0. In this way,
is feasible the proto-NS evolves into a cold hybrid configuration
with a quark matter core.

Our results show that it is always possible to obtain hydro-
static stable configurations for the different parameter combina-
tions used. Also, for some particular combinations, the two solar
masses for the gravitational maximum mass star are reached. It
is worth noting that an increase in the value of V1 or G2 gener-
ates an increase in the value of such maximum mass. For CHS,
s = 0, stable configurations may suggest that PSR J1614-2230
and PSR J0348+0432 stars could be HS.

Although there is not still an accurate enough determination
of NS radii, we have considered the constraint imposed by two
recent studies on NS: a lower limit of R > 10.7 km for NS with
masses M = 1.4 M� established by Chen & Piekarewicz (2015),
and an upper limit of R < 16.8 km, inferred from the NS RX
J1856-375 Boshkayev et al. (2016). The radii obtained for the
CHS are within the range set by such limits.

6. Summary and conclusions

In this work we have studied, in a very simplified way, the ther-
mal evolution of proto-NS modeled as HS, considering a suc-
cessive sequence of constant entropy per baryon snapshots. The
evolution started in a hot stage, with and entropy per baryon of
s ' 1 and where trapped neutrinos have been subjected to the
condition YLe = 0.4. In the following stage, after ∼15 s, neutri-
nos diffuse and warm the star being s ' 2 and Yνe = 0. Finally,
after a few minutes, the star cools down and the last stage is
reached, where s = 0.

We used a tabulated EoS to describe the hadronic phase of
the proto-HS and the FCM for the description of quark matter.
To analyze how the results for proto-HS evolution depend on
the FCM parameters, we have taken into account three different
combinations of V1 and G2.

The use of the NeStOR code to construct the hybrid EoS,
allowed us to study the HS structure via the integration of the
TOV equations as well as the gravitational mass - baryonic mass
plane, MG−MB. The hybrid EoS was constructed at finite tem-
perature, taking into account the characteristic composition for
each evolutionary stage. For the hadronic phase, we used an EoS
constructed for astrophysical simulation of proto-NS. We have
obtained, for each constant entropy stage, a family of stable HS,
with a characteristic mass-radius relationship. Considering the
constraints from astrophysical observations of NS, we have stud-
ied the variation of the maximum mass star with the different
combination of FCM parameters, for each family.

Also in the framework of the FCM semi-analytical quark
matter EoS, we analyzed the stability of strange quark matter

within the strange quark matter hypothesis. The results obtained
from our semi-analytical quark EoS are in agreement with previ-
ous works using the FCM, both the simplified phase diagram of
the QCD as the stability of the strange quark matter. Under the
simplified model of thermal evolution considered in this work,
the temperature profiles obtained for the HHS are in agreement
with the dynamical calculations with schematic EoS of the ther-
mal evolution of NS.

Regarding the concept of maximum mass for proto-NS, we
have also analyzed the MG−MB plane. The cooling evolution
was studied considering the baryonic mass conservation during
the whole process (Bombaci 1996). We have schematically ana-
lyzed the baryonic mass ranges, separating the newly born NS,
which will evolve to stable CHS from those that will collapse
afterwards to a black hole.

The study of the gravitational mass-baryonic mass plane for
proto-HS, has revealed in which of the three stages of con-
stant entropy considered, a phase transition from hadronic mat-
ter to quark matter could occur in the context of the micro-
scopic models used in this work. Our results suggest that an
early (s ' 1) phase transition between quark matter and hadronic
matter is not produced for the baryonic mass ranges in which
the proto-HS end as stable CHS, but the formation of stable
CHS is possible due a late phase transition, after the stage
s ' 2. This contrasts with previous studies (Benvenuto et al.
1989; Benvenuto & Horvath 1989; Benvenuto & Lugones 1999)
where pure hadronic stars are converted to quark stars within the
first seconds after their birth.

It is worth pointing out that our model is a simplified treat-
ment of the thermal evolution. The calculation of the quark mat-
ter nucleation rate and the nucleation time, due to thermal nu-
cleation mechanisms in the framework of the EoS considered,
would provide a better understanding of the finite size effects of
the phase transition between hadronic and quark matter. These
further calculations are beyond the scope of this work.

We have obtained stable CHS that easily reach the two solar
masses for the maximum mass star for several combination of
the FCM parameters. According our results, the pulsars J1614-
2230 and J0348+0432 would contain quark matter in their inner
cores. However, we note that we have neither considered hyper-
ons in the hadronic phase nor the color superconductivity in the
quark-gluon plasma phase. The inclusion of either of these two
contributions will modify the EoS of each phase and therefore
the critical point where the transition occurs. The effects of such
contributions should be studied in a future work.

Future observations of neutrinos in supernovae, as well as the
observation of X-ray and γ-ray emissions of young pulsars will
enable the astrophysicist community to carry out simulations on
real thermal evolution that will contribute to the understanding
of the underlying physics of NS.
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Appendix A: Multi expansion

For the quark pressure within the FCM, we made two series ex-
pansions to calculate the Fermi integrals. This approach will al-
low us to work at finite temperature, T , and chemical potential,
µ, regime.

The pressure expression for a single quark within the FCM
(Simonov & Trusov 2007b,a; Nefediev et al. 2009) is given by

Pq =
T 4

π2

∫ ∞

0
du

u4√
u2 + ( mq

T )2

1

exp
[√

u2 + ( mq

T )2 −
µq−V1/2

T

]
+ 1
·

(A.1)

By defining u = p/T and ε = (p2 + mq)1/2 + V1
2 , we obtain

Pq =
1
π2

∫ ∞

mq

dε
[(
ε −

V1

2

)2

− m2
q

]3/2 1
e(ε−µ)/T + 1

· (A.2)

After a change of variables,

ε̃ = ε −
V1

2
, (A.3)

µ̃ = µ −
V1

2
, (A.4)

we get

Pq =
1
π2

∫ ∞

mq

dε
[
ε̃2 − m2

q

]3/2 1
e(ε̃−µ̃)/T + 1

, (A.5)

which can be expand in power series of m2
q/ε̃

2 up to second or-
der. This expansion is based on the work of Masperi & Orsaria
(2004) and allow us to obtain an analytic approximation given
by

Pq '
T 4

π2 exp x
∫ ∞

exp(a)

dη
η
(
η + exp x

) (
ln3 η −

3
2

a2 ln η +
3
8

a4

ln η

)
,

(A.6)

where a = m/T and x = µ̃/T .
To integrate Eq. (A.6) we have to distinguish two cases. First,

if x < a (µ̃ < mq → µ − V1/2 < mq), we expand the expression

in terms of exp(x)/η up to fourth order obtaining

Pq '
T 4

π2

[
exp (x − a)

(
6 + 6a +

3
2

a2 −
a3

2

)
−

exp [2 (x − a)]
2

(
3
4

+
3
2

a +
3
4

a2 −
a3

2

)
+

exp [3 (x − a)]
3

(
2
9

+
2
3

a +
a2

2
−

a3

2

)
−

3
8

a4 [
exp(x)Ei (−a) − exp (2x) Ei(−2a)

+ exp (3x) Ei (−3a)
]]
. (A.7)

Second, if x > a (µ̃ > mq → µ − V1/2 > mq), we divide the
integral into two parts,∫ ∞

exp(a)
[...] dη =

∫ exp(x)

exp(a)
[...] dη +

∫ ∞

exp(x)
[...] dη . (A.8)

The result of the second integral in the right hand side of
Eq. (A.8) is identical to the previous expansion, Eq. (A.7), in
terms of exp(x)/η. For the first integral, we make a Laurent ex-
pansion in terms of η/ exp(x). The final result of both expansions
gives

Pq '
T 4

π2

[ x4

4
+

x3

3
+

29
6

x2 +
2
9

x +
1223
108

+
a4

2

−
3
2

a2
(

x2

2
+

x
3

+
29
18

)
+ exp [− (x − a)]

(
−6 + 6a −

3
2

a2 −
a3

2

)
+

exp [−2 (x − a)]
2

(
3
4
−

3
2

a +
3
4

a2 +
a3

2

)
+

3
8

a4 [
− exp(x) Ei (−x) + exp(2x) Ei(−2x)

− exp (3x) Ei (−3x) − exp (−x) Ei (x)
+ exp (−2x) Ei (2x) + exp (−x) Ei (a)

− exp (−2x) Ei (2a) + ln x − ln a
] ]
. (A.9)
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