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Abstract. This work presents the kinematic and dynamic modeling of a human-
wheelchair system, and dynamic control to solve the path following problem.
First it is proposed a dynamic modeling of the human-wheelchair system where
it is considered that its mass center is not located at the center the wheels’ axle
of the wheelchair. Then, the design of the control algorithm is presented. This
controller design is based on two cascaded subsystems: a kinematic controller
with command saturation, and a dynamic controller that compensates the
dynamics of the robot. Stability and robustness are proved by using Lyapunov’s
method. Experimental results show a good performance of the proposed
controller as proved by the theoretical design.

Keywords: Human-wheelchair system, dynamic control and dynamic
modeling.

1 Introduction

In recent years, robotics research has experienced a significant change. The research
interests are moving from the development of robots for structured industrial
environments to the development of autonomous mobile robots operating in
unstructured and natural environments. These autonomous robots are applicable in a
number of challenging tasks such as cleaning of hazardous material, surveillance,
rescue and reconnaissance in unstructured environments which humans are kept away
from. Since it is foreseen that this new class of mobile robots will have extensive
applications in activities where human capabilities are needed, they have attracted the
attention of robotics researchers [1-3].

Therefore, the necessity of technological development in the field of medical and
welfare equipment is cried out. By responding to this issue, different types of
technologies have been developing by Engineering for the assistance of human [4-7].
Electrical wheelchair is an important means of transport for handicapped and aged
people, who do not have the capability of walking, normally can move around using a
commercially available wheelchair. However there are many people suffering from
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severe loss of motor function due to variety of accidents or diseases such as a Spinal
Cord Injury (SCI) or Amyotrophic Lateral Sclerosis (ALS), in this cases is necessary
to provide a new way to command such an electrical vehicle.

Human Machine Interface (HMI) based on electro-biological signal are present in
[1,4,8,9]. Such interfaces allow commanding wheelchair robot governed by a
computer. The literature shows that an autonomous wheelchair can be successfully
driven by persons using only electrical signals generated by eye-blinks, voice, and
others [1,2,10,11]. Then, a trajectory will be automatically generated and a trajectory
tracking control will guide the wheelchair to the desired target. As indicated, the
fundamental problems of motion control of wheelchair robots can be roughly
classified in three groups [12]: 1) point stabilization: the goal is to stabilize the
wheelchair at a given target point, with a desired orientation; 2) trajectory tracking:
the wheelchair is required to track a time parameterized reference; and 3) path
following: the wheelchair is required to converge to a path and follow it, without any
time specifications; this work is focused to resolve the path following problem.

The path following problem has been well studied and many solutions have been

2
proposed and applied in a wide range of applications. Let 71 e R be a desired

geometric path parameterized by the curvilinear abscissa ¥ € R In the literature is
common to find different control algorithms for path following where is conseder ()

as an additional control input. In [13-16], the rate of progression (¥) of a virtual
vehicle has been controlled explicitly. Another method for path following of
wheelchair robot is the image-based control. The main objective of this method is to
detect and follow the desired path through vision sensors [3]. Furthermore, it is
important to consider the wheelchair’s dynamics in addition to its kinematics because
wheelchairs carry relatively heavy loads. As an example, the trajectory tracking task
can be severely affected by the change imposed to the wheelchair dynamics when it is
carrying a person, as shown in [17]. Hence, some path following control architectures
already proposed in the literature have considered the dynamics of the wheelchair
robots [11,19].

In such context, this work proposes a new method to solve the path following
problem for a wheelchair robot to assist persons with severe motor diseases.
Additionally, it is proposed a dynamic modeling of the human-wheelchair system
which, which has reference velocities as input signals to the wheelchair, as it is common
in commercial robots, and it also has adequate structure for control law designing [11].
The proposed control scheme is divided into two subsystems, each one being a
controller itself: 1) the firts on is a kinematic controller with saturation of velocity
commands, which is based on the wheelchair robot’s kinematic. The path following
problem is addressed in this subsystem. It is worth noting that the proposed controller
does not consider s(¢) as an additional control input as it is frequent in literature; and 2)
an dynamic compensation controller that considered the human-wheelchair system
dynamic model, which are directly related to physical parameters of the system. In
addition, both stability and robustness properties to parametric uncertainties in the
dynamic model are proven through Lyapunov’s method. To validate the proposed
control algorithm, experimental results are included and discussed.

The paper is organized as follows: Section 2 shown the complete dynamic
modeling of the human-wheelchair system, while Section 3 describes the path
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following’s formulation problem and it also presents the controllers design.
Furthermore, the analysis of the system’s stability is developed. Next, experimental
results are presented and discussed in Section 4, and finally the conclusions are given
in Section 5.

2 Human-Wheelchair System Modeling

The wheelchair robot used in this work presents similar characteristics to that of a
unicycle-like mobile robot, because it has two driven wheels which are controlled
independently by two D.C. motors and four caster wheel to maintain balance. The
unicycle-type mobile robots have a caster wheel to maintain stability, but in this work
the wheelchair has four caster wheels around the central axis conferring greater
stability to the human-wheelchair system. The dynamic modeling of the human-
wheelchair system is developed in this section, considering a horizontal work plane
where the wheelchair moves. The wheelchair type unicycle-like mobile robot presents
the advantages of high mobility, high traction with pneumatic tires, and a simple
wheel configuration.

2.1 Kinematic Model

It is assumed that the mobile platform moves on a planar horizontal surface. Let
R(X,Y,Z) be any fixed frame with Z vertical, as the Fig.1 shows.

Fig. 1. Schematic of the wheelchair
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This work is based on Unicycle-like wheelchair. A unicycle wheelchair is a driving
robot that can rotate freely around its axis. The term unicycle is often used in robotics
to mean a generalized cart or car moving in a two-dimensional world; these are also
often called unicycle-like or unicycle-type vehicles. On the other hand, the non-
holonomic velocity constraint of the wheelchair determines that it can only move
perpendicular to the wheels axis,

xsen(y) — ycos() + ap = 0 (1)

Therefore, the configuration instantaneous kinematic model of the holonomic
mobile platform is defined as,

X = ucosyp — awseny

y = useny + awcosy )

Y=w

Equation (2) can be written in compact form as
h=J@W)v 3)

Y=w

where h = [* y]7 € R? represents the vector of axis velocity; J(1)) € R?**? is a
singular matrix; and the control (of manoeuvrability) of the wheelchair is defined
v=[u w]T €R? in which u and w which represent the linear and angular
velocities of the wheelchair, respectively.

2.2 Dynamic Model

Fig.1 illustrates the wheelchair considering in this work; the position of the human-
wheelchair system, is given by point G, representing the center of mass; h =[x ¥]T
represents the point that is required to track a path in R ; ¥ is the orientation of the

wheelchair. On the other hand, #' and u are the longitudinal and lateral velocities
of the center of mass; wis the angular velocity; a, c, e, d, and h are distances; F,4,
and F.4, are the longitudinal and lateral tire forces of the right wheel; Fy;,- and F;,
are the longitudinal and lateral tire forces of the left wheel; F,. F, . Fgy, Fgy Fey,
Fey, Fpy and Fp,- are the longitudinal and lateral tire forces exerted on C, D, E and F
by the castor wheels; Fy,,- and Fy,, are the longitudinal and lateral force exerted on E
by the human; and 7, 7, is the moment exerted by the human.

The force and moment equations for the mobile robot are:
YE,=m@Uu—tuw)=F, g0 +F 0 +Fp o +F 0 +Fy 0 +F 0+ Fpyr 4

YF,=m(g—uw)=F.q+Fpy +Fpy +Fop +Fyp +Fopr +Frp (5)
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. d
IM, = 1,0 = (Fray = Fpi) = a(Frgyr + Friyr) = (R + @)F = (c +
d
Cl)(der + Fcy’) + (e — a)(ny, + Fey’) +;(chr + for — Fdx’ — Fex') + 1, (6)

where m = my, + m, is the human-wheelchair system mass in which m, is the
human mass and m,. is the wheelchair mass; and I, is the robot moment of inertia
about the vertical axis located in G. According to [20], velocities u,w and u,
including the slip speeds, are given by:

u =7 (g + ;) (7)
w =7 (04— w) ®)
=" (g~ @) ©)

where 7 is the right and left wheel radius; w; and w; are the angular velocities of the
right and left wheels, respectively.
The motor models attained by neglecting the voltage on the inductances are:

_ kava—kpwq) 7= kq(vi—kpw;) (10)

T
¢ Ra ’ ' Ra

where v, and v; are the input voltages applied to the right and left motors; k, is the
torque constant multiplied by the gear ratio; k; is equal to the voltage constant
multiplied by the gear ratio; R, is the electric resistance constant; T4 and t; are the
right and left motor torques multiplied by the gear ratio. The dynamic equations of the
motor-wheels are:

lowg + Bowg = T4 — Fry Ry (11)

Loy + Bow; = 7; — F,, /R, (12)

where I, and B, are the moment of inertia and the viscous friction coefficient of the
combined motor rotor, gearbox, and wheel, and R, is the nominal radius of the tire.

In general, most market-available robots have low level PID velocity controllers to
track input reference velocities and do not allow the motor voltage to be driven
directly. Therefore, it is useful to express the mobile robot model in a suitable way by
considering rotational and translational reference velocities as input signals. For this
purpose, the velocity controllers are included into the model. To simplify the model, a
PD velocity controller has been considered which is described by the following
equations:

Vi = kpr(Uyep — ) — tkpy (13)
Vo = kpg (wref - (U) — wkpg (14)
where kpr, kpr, kpr and kpp are gain positive constants of the PD controllers.

From (4 — 14) the following dynamic model of the human-wheelchair system is
obtained:
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¢1 01ru Ca Gz TU] _ [Uresr
0 g‘z] [w] + [csw Se Hw] - [wref (13)
also, the dynamic equation (15) can be represented as follows,
M(';)V + C(C, V)V = Vref (16)

where M(g) € R?*? represents the system’s inertia, C(g) € R?*? represents the
components of the centripetal forces, v € R? is the vector of system’s velocity;
Vief € R? is the vector of velocity control signals for the wheelchair; and ¢ =
[¢1 62 - ¢elT € R® is the vector of sistem’s dynamic parameters. Hence the
properties for the dynamic model with reference velocities as control signals as:

Property 1. Matrix M(g) is positive definite, additionally it is known that
[IM(¢)|| < ky, where, ky, i a positive constant;

Property 2. Furthermore, the following inequalities are also satisfied ||C(g, v)v|| <
kcllv]l, where, k. denote a positive constants.

Property 4. The dynamic model of the mobile manipulator can be represented by
M(g)V + C(g, v)v = ®(v)g, where, @(v) € R** and ¢ = [¢; ¢, ... ¢]T € R'is the
vector of [ unknown parameters of the human-wheelchair system, i.e., mass of the
human, mass of the wheelchair, physical parameters of the wheelchair, motors,
velocity, and others.

In order to show the performance of the proposed model dynamic, the identification
and validation is shown. The experimental test was implemented on a wheelchair,
which admits linear and angular velocities as input reference signals. The
identification of the mobile robot was performed by using least squares estimation
[21] applied to a filtered regression model [22]. Fig. 2, shown the validation the
proposed dynamic model, where it can be seen the good performance of the obtained
dynamic model.
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Fig. 2. Validation of the proposed dynamic model
Hence, the full mathematical model of the unicycle-like human-wheelchair system

is represented by: (3) the kinematic model and (16) the dynamic model, taking the
reference velocities of the robot as input signals.
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3 Formulation Problem and Controllers Design

The solution of the path following problem for mobile robots derived in [12] admits
an intuitive explanation. A path following controller should aim to reduce to zero
both: i) the distance from the vehicle to a point on the path, and ii) the angle between
the vehicle velocity vector and the tangent to the path at this point.

3.1 Formulation Problem

As represented in Fig. 3, the path to be followed is denoted as 2 . The actual desired
location P, =[P, P,I" is defined as the closest point on Z to the mobile robot,
with a desired orientation ¥/, . In Fig. 3, p represents the distance between the robot
position h and P,, and ¥ is the error orientation between ¥, and . Given a path

Z in the operational space of the mobile robot and the desired velocity module v
for the robot, the path following problem for mobile robot consists in finding a

feedback control law v, (7)=(s,0,0,¥), such that lim p(r) =0 and

Fig. 3. Schematic of the wheelchair

limy7 () =0. The error vector of position and orientation between the robot and the

point P, can be represented as, h= P,-h and ¥ =y,—-y. Therefore, if
limh () =0 then limp(r)=0 and limy(1)=0.

Hence, the desired position and desired velocity of the mobile robot on the path 77,
are defined as h,(s,h)=P,(s,h) and v,,(s,h)=v (s,h). Where v, is the desired
velocity of the robot at location P, . Note that the component of v, has to be tangent

to the trajectory due to kinematics compatibility.

Also, The proposed control scheme to solve the path following problem is shown in
Fig. 4, the design of the controller is based mainly on two cascaded subsystems: 1)
Kinematic Controller with saturation of velocity commands, where the control errors
p(t) and (r) may be calculated at every measurement time and used to drive the

mobile robot in a direction which decreases the errors. Therefore, the control aim is to
ensure that limp(7)=0 and limy(z)=0; and 2) Dynamic Compensation Controller,
t—o0 100
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which main objective is to compensate the dynamics of the human-wheelchair
system, thus reducing the velocity tracking error. The velocity control error is defined

as V= v, - v Hence, the control aim is to ensure that lim v (7) =0.

1—o0
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Fig. 4. Dynamic compensation controller: block diagram

3.2  Kinematic and Dynamic Controllers

The proposed kinematic controller is based on the kinematic model of the unicycle-
like mobile robot (3), i.e., h= f (h) v . Hence following control law is proposed,

ky 5
u, cosy sen 1 [ rcosy, Litanh (E h")
wc] - —lsenlp lcost,[) [semlld] ky ¢ a7
a a lytanh (; hy)
this equation can be written in compact form as,
v, =J" (v, +Ltanh(L'K h)) (18)

where h=[h~x ﬁy represents the position error of the wheelchair defined as

]T
ﬁx =P,—x and ﬁy =P,-y; v, =[vcosy, wvsiny,]" is the desired velocity
vector on the path; L and K are definite positive diagonal matrices that weigh the
control error. In order to include an analytical saturation of velocities in the mobile
robot, the tanh(.) function, which limits the error h, is proposed. The expression
tanh (L'K h) denote a component by component operation.

Worth noting that the reference desired velocity (t) of the wheelchair during the
tracking path need not be constant, with is common in the literature [1,3,13-16],

(&) = fk, p(8), w(2), ....)

the wheelchair’s desired velocity can be expressed as: constant function, position
error function, angular velocities function of the wheelchair; and the others
consideration.
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Now, the behaviour of the control position error of the robot is now analyzed
assuming -by now- perfect velocity tracking i.e., v(t) = v.(t). By substituting (18) in

(3), it is obtained, (vhd —li) +Ltanh(L’1K ﬁ) =0. Now defining difference signal Y

between h, and v,,, ie., Y =h,—v,, and remembering that h= h, —h, it’s can be
written as
h+Ltanh(L'K h) =Y (19)
For the stability analysis the following Lyapunov candidate function is considered
V(ﬁ) = %ﬁTfn >0 Its time derivative on the trajectories of the system is,
1% (fl) =h"Y-h"L tanh(L‘lK ﬁ) . Then, a sufficient condition for V (ﬁ) to be
negative definite is,

h'Y (20)

B'L tanh (LK h)| >

Remark 1. v, is collinear to h,, then Y is also a collinear vector to v,, and h, .

Remark 2. For large values of h , it can be considered that: L tanh (L'IK ﬁ) =L.V
will be negative definite only if ||L|| >||Y’||; establishing a design condition which
makes path following errors h to decrease

Remark 3. As aforementioned, the desired path velocity can be written as v, =
h,—Y. So, for small values of h, Ltanh(L'lK ﬁ)zKﬁ. Thus, the closed loop
equation of the system can now written as h+Kh=T. Applying Laplace
representation, one get

~ 1

B(s)= - (5) @1

Hence, the direction of the vector of control errors fl(s) tends to the direction of
the error velocity vector Y(s). Therefore, since for finite values fl(s) , this location
error is normal to v,, (criterion of minimum distance between the robot and the
path), and thus to Y (see Remark I). Then h has to be zero. It can now be concluded
that p(t) =0 and ¥ (1) >0 for 1 —  asymptotically.

On the other hand, If there is not considering perfect velocity tracking in kinematic
controller design, ie., v(t) # v.(t), the velocity error is defined as, v(t) = v (t) —
v(t). This velocity error motivates to design of an dynamic compensation controller;
the objective of this controller is to compensate the dynamic of the human-wheelchair

system, thus reducing the velocity tracking error, hence the following control law
dynamic model based (16) is proposed,
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[uref [ [ ] L, tanh l_ C4 g3w] [ ] 22)
Wref 0 G2 (IJC l tanh 5w w
Equation (22) can be written in compact form as

Vet = M(6)a(¥) + C(g, V)V (23)

where i =u,—u, @ =w,—w are the linear and angular velocity errors,
respectively; k, > 0, k, >0, [, > 0and [, > 0 are positive gain constants.

Next, a Lyapunov candidate function and its time derivative on the system
trajectories are introduced in order to consider the corresponding stability analysis

V@) = %VT\'?; the time derivative of the Lyapunov candidate function is,
V(@) =¥V (24)

After introducing the control laws (16) and (23) in (24), the time derivative V(¥)
is now

VE) =-¥T@ <0 (25)
tanh( )
@ =ta ailg l]tanh( 3| <

Hence, it can now be concluded that ¥(t) - 0, i.e,, i > 0 and @ —» 0 with t > o
asymptotically.

4 Experimental Results

In order to show the performance of the proposed controller and dynamic model
several experiments were executed. Some of the results are presented in this section.
Fig. 5 presents the wheelchair robot used in this work, which has two independently
driven wheels by two D.C. motors (in the center part), and four caster wheel to better
balance (two in the rear part and two in the front part). Encoders installed on each one
of the motor shafts allow knowing the relative position and orientation of the
wheelchair.

Information provided by the encoders is used by the PID controllers responsible for
getting an independent velocity control of the left and the right wheel.

The experiment corresponds to the control structure shown on Fig. 4. It was
implemented on the wheelchair presented on Fig. 5, using the control laws in (18) and
(23). Note that for the path following problem, the desired velocity of the wheelchair
will depend on the task, the control error, the angular velocity, etc. For this
experiment, it is consider that the reference velocity module depends on the control
errors. Then, reference velocity in this experiment is expressed as

Vel =0, /(1+kp)

hd|_
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Fig. 5. Autonomous wheelchair

where, k is a positive constant that weigh the control error module. Also, the desired
location is defined as the closest point on the path to the wheelchair.

Figures 6-8 show the results of the experiment. Fig. 6 shows the movement on the
X-Y space. It can be seen that the proposed controller works correctly.
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Fig. 6. Movement of the mobile robot based on the experimental data

) S, |

0.8 - === A e e B

Eos ————————————————————————————————————————————————————————— B
a

L ettt el ettt —

[ e et e |

0 Time [s] 10 15

Fig. 7. Distance between the wheelchair and the closest point on the path
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Figure 7 shows that p(¢) remains close to zero, while the Fig. 8 shows the relation

between the evolution linear velocity commands and the wheelchair’s desired
velocity.

u [m/s)

Fig. 8. Linear velocity commands and wheelchair’s desired velocity

5 Conclusion

In this work a compensation dynamic controller for solving the path following
problem of the human-wheelchair system was proposed. In addition we proposed a
dynamic model for the unicycle-like wheelchair, which has reference velocities as
control signals to the robot. The design of the whole controller was based on two
cascaded subsystems: a kinematic controller which complies with the task objective
(path following), and a dynamic controller that compensates the dynamics of the
human-wheelchair system. Finally, the stability and robustness are proved by
considering the Lyapunov’s method, and the performance of the proposed controller
is shown through real experiments.

Appendix

The following shows the dynamic parameters of the robotic wheelchair model.

i—;(215+ert)+2rkDT ’;—Z(ledz+2rRt(Iz+a2m))+2rdeR

$1= 2rkpT 62 = 2rdkpr
R
kak a

Raamry) ﬁ( a b+Be) %, (@MmR¢)
g:kai . c=ka Ra +1: g.:a—
3 2kpr ’ 4 rkpr ’ 5 dkpr

kak

T CRgr+Be)d

G = 212 + 1.

2rkpr
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