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Wepresent a comparison between experimental and theoretical results for the diffraction efficiencies of the second-
harmonic light produced in the orders of silver diffraction gratings. The gratings considered are sinusoidal, have
depths of a few nanometers, and can produce significant surface plasmon polariton excitation at fundamental and
second-harmonic frequencies. The calculations are based on a general expression for the nonlinear polarization of
the surface of a homogeneous and isotropicmedium, and the diffraction problems at the fundamental andharmonic
frequencies are solved using a Rayleigh method. The silver gratings were fabricated using holographic lithography
and evaporative metal deposition techniques. The samples were illuminated with picosecond pulses of wavelength
1064 nm, and photon-counting techniques were used to study the diffracted orders at 532 nm, with absolute
normalization provided by a quartz reference. The diffracted orders exhibit anomalies and other features, many
of which are related to plasmon polariton excitation at both fundamental and second-harmonic frequencies.
Employing previously measured values for the nonlinear susceptibilities of a flat silver surface, remarkably good
comparisons of theory and experiment are obtained for the second-harmonic order efficiencies. © 2016 Optical

Society of America

OCIS codes: (240.4350) Nonlinear optics at surfaces; (240.6680) Surface plasmons; (050.2770) Gratings.

https://doi.org/10.1364/JOSAB.34.000027

1. INTRODUCTION

The resonant interaction of light with free surface charges produ-
ces optical effects that have been known and used in applications
for quite some time.One of the first andbetter-known theoretical
studies on the subject is that of Maxwell Garnett [1], who
provided an explanation for the colors of metal films and colloids.
The field, known now as plasmonics [2–6], has experienced
several periods of revival over the years and constitutes now
one of the most active fields of research in optics. This renewed
interest in the field is partly due to the possibilities offered by the
use of these collective excitations for enhancing surface fields and
for confining light into spaces with subwavelength dimensions.
The field enhancements associated with the excitation of either

surface plasmon polaritons (SPPs) or localized surface polaritons
facilitates the observation of weak nonlinear effects that depend
strongly on local surface fields. Plasmonics also provides some of
the building blocks for the design of optical metamaterials.

Second-harmonic generation (SHG) from flat metallic surfa-
ces has been studied since the 1960s [7–11]. The signals are weak
and sensitive to the state of the surface because, for materials with
inversion symmetry, the electric dipole contribution to the sec-
ond-order nonlinear susceptibility vanishes. Since those times, ef-
forts have been made to better understand the observed effects
and to model the relevant nonlinearities [12–22]. The simple
models that have been developed for this purpose are helpful
for the visualization of the physical mechanisms responsible
for SHG, but they are insufficient to accurately estimate the
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material-dependent nonlinear surface susceptibilities. In this re-
spect, the recentmeasurements of the SHG from a flat evaporated
silver surface for various combinations of the incident and second-
harmonic polarization, which permits the determination of the
three independent elements of the nonlinear surface susceptibility
tensor, constitute an encouraging new development [23].

Due to the excitation of SPPs, the second-harmonic (SH)
signals obtained from structured surfaces can be significantly
higher than those obtained from flat ones. Metallic diffraction
gratings [24–30], as well as periodic arrays of nanoparticles [31]
and nanoapertures [32,33] that support plasmonic resonances,
have been the subject of several studies (see the recent reviews
in Refs. [34,35]). Similarly, the introduction of random rough-
ness can increase the SH signals through both multiple scatter-
ing effects and the excitation of SPPs [36–42]. A noteworthy
feature in the angular distribution of the SH light scattered by
randomly rough surfaces is the presence of a dip in the back-
scattering direction, which is due to the destructive interference
between multiply scattered waves [38–42].

Also motivated by the possibility of enhancing the SH effi-
ciency, there have been studies of the nonlinear efficiency of
samples containing periodic arrays of nonsymmetrical particles
[43]. It has been found that with samples containing periodic
arrays of L-shaped nanoparticles, the SH efficiency depends
strongly on the polarization of the incident field [44] and that
the second-order susceptibility tensor contains components
that are forbidden in symmetric systems [45]. More recently,
SHG from particles that support magnetic resonances, like
split-ring resonators (SRRs), have also attracted some attention.
The first studies of SHG with resonant SRRs suggested that the
excitation of magnetic resonances was favorable for the effect
[46,47]. However, later studies employing complementary
SRRs, in which the roles of the electrical and magnetic reso-
nances are interchanged, did not confirm that suggestion [48].

It can be said that, in general, as more stable and powerful laser
sources have become available at a variety of wavelengths, the
quality and accuracy of the experimental results have improved
over time. There have also been significant advances in the fab-
rication and characterization of samples at the nanoscale, and
numerical work has benefited from the availability of more power-
ful computers and by the development of sophisticated computa-
tional techniques for electromagnetic calculations. Nevertheless, a
common feature in all the work reported with nonplanar surfaces
and particles is the lack of detailed and quantitative comparisons
between theory and experiment. This situation attests, on one
hand, to the experimental difficulties associated with the charac-
terization of the sample and the normalization of the data (usually,
SH intensity data are presented in arbitrary units) and, on the
other hand, to the lack of simple models for quantitative calcu-
lations of the nonlinear response of the surface.

In this paper, we present direct comparisons of theoretical
and experimental results for the efficiencies of the second-
harmonic diffracted orders produced by well-characterized
silver gratings. The gratings have shallow sinusoidal profiles
and the effects of surface plasmon polariton excitation are
strong, both at the fundamental and second-harmonic frequen-
cies. The calculations are carried out using the experimentally
determined nonlinear susceptibilities for flat silver surfaces

reported in Ref. [23]. The agreement between the experimental
and theoretical results demonstrates that these flat-surface sus-
ceptibilities can be used for calculations involving nonplanar
surfaces and the excitation of SPPs. The presentation of quan-
titative comparisons between theory and experiment, together
with the significance of this conclusion, represent the distin-
guishing features of this work. Further, the theory is here com-
pared with data that are properly normalized and extend over a
dynamic range of approximately five orders of magnitude,
which is quite novel in such work.

The paper is organized as follows. In Section 2, we present our
theoretical formulation, which is based on a completely general
expression for the nonlinear polarization of a homogeneous and
isotropic medium. The generated second-harmonic field contains
contributions from the bulk of the metal, due to the gradients of
the fundamental field in the medium, and from the surface, due
to the abrupt change in the material properties at the interface.
The diffracted linear and nonlinear fields are calculated with a
Rayleigh method [49,50]. In Section 3, we describe the experi-
mental work, carried out with two sinusoidal silver diffraction
gratings fabricated by holographic methods. The gratings were
illuminated with 100 ps pulses of 1064 nm wavelength light,
and the diffracted orders at the second-harmonic wavelength
of 532 nm were detected with photon-counting techniques;
the normalization was provided by comparison with the sec-
ond-harmonic signals obtained from a quartz reference sample.
Theoretical and experimental results are presented together in
Section 4. The theoretical results were obtained with the values
of the three nonlinear flat-surface susceptibilities determined ex-
perimentally in Ref. [23]. Finally, conclusions drawn from the
observed features and the direct comparisons between theoretical
and experimental results are presented in Section 5.

2. THEORY

When an electromagnetic field impinges upon a periodic sur-
face, the reflected field at the original frequency ω consists of a
series of diffraction orders. Of particular relevance to the work
presented here is the fact that, due to the nonlinearities of the
material, the diffracted field may also contain diffraction orders
at 2ω. In this section, we describe the theoretical approach em-
ployed to solve this nonlinear diffraction problem. When pos-
sible, we shall omit details that can be found in previous
publications on the subject [51,52] that dealt only with the case
of p-polarized illumination.

The diffracted fields at the fundamental and harmonic
frequencies are found by writing the propagation equations in
each medium and imposing the boundary conditions at the in-
terface between them. Since the second-harmonic radiation is
generated at the surface, the sources of the second-harmonic field
may be represented by discontinuities in the tangential compo-
nents of the fields at the interface between the two media. The
strength of these discontinuities depends on the constants that
define the nonlinear properties of the nonlinear medium and on
the solution of the problem at the fundamental frequency.

A. Nonlinear Sources

We consider a periodically corrugated boundary separating a
linear medium (I) and a nonlinear material (II). Both media
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are assumed isotropic, homogeneous, and nonmagnetic. The
permittivities of the media are denoted by εI�Ω� for medium
I and εII�Ω� for medium II, where Ω stands for the fundamen-
tal (ω) or second-harmonic (2ω) frequencies. As shown in
Fig. 1, we consider a coordinate system �x1; x2; x3�, in which
the grooves of the grating are along the x2 axis and the x3 axis is
perpendicular to the mean surface of the grating, pointing to-
ward the linear medium. A local system of coordinates �x; y; z�
aligned with the normal to the surface at each point is also em-
ployed in the theory. The grating profile is described through
the vector-valued function rs�t� � f �t�x̂1 � g�t�x̂3, where the
functions f �t� and g�t� are single-valued functions of the
parameter t, ϕ�t� � f�f 0�t��2 � �g 0�t��2g1∕2 is a function that
will appear in the diffraction calculations, and the primes de-
note derivatives with respect to t.

To calculate the field at the second-harmonic frequency, we
assume a nonlinear polarization of the form [10]

PNL�rj2ω� � α�E�rjω� · ∇�E�rjω� � βE�rjω��∇ · E�rjω��
� γ∇�E�rjω� · E�rjω��; (1)

where E�rjω� represents the electric field at the fundamental
frequency, and α, β, and γ are frequency-dependent parameters
that characterize the bulk nonlinear response of the medium.

We assume that the grating is illuminated by a purely s- or
p-polarized plane wave of frequency ω, whose time dependence
of the type exp�−iωt� is considered but suppressed from the
notation. A property of the problem that we exploit in the cal-
culations is that, due to the invariance of the system along x2,
the s and p fields at the frequency ω are uncoupled and can be
treated separately. Also, in what follows, we shall denote the
components of the electric (s polarization) or magnetic (p
polarization) fields along x2 by ψ

�R�
s;p �rjΩ�, where R represents

region I or II, and Ω stands for ω or 2ω.
It is known that for the excitation conditions considered (in-

cident field purely s- or p-polarized), the fields satisfy homo-
geneous Helmholtz equations at the two frequencies and there
is no s-polarized second-harmonic radiation {see Eqs. (18),
(19b), (22a), and (22b) of Ref. [51]}. Therefore, the second-
harmonic diffracted field is generated by surface sources and is
always p-polarized.

The nonlinear boundary conditions satisfied by the (p-
polarized) harmonic field can be written in the general form [51]

ψ �I�
p �tj2ω� − ψ �II�

p �tj2ω� � Ap�tjω�; (2a)

1

εI�2ω�
ϒ�I�

p �tj2ω� − 1

εII�2ω�
ϒ�II�

p �tj2ω� � Bp�tjω�; (2b)

where ψ �I;II�
p �tj2ω� and ϒ�I;II�

p �tj2ω� are the x2 components of,
respectively, the magnetic field and its normal derivative, both
evaluated at the surface. The nonlinear sources Ap�tjω� and
Bp�tjω� that appear on the right-hand side of Eq. (2) are respon-
sible for the generation of the second-harmonic field and can be
determined from the solutions of the electromagnetic problem at
frequency ω and the nonlinear properties of the material.

Starting from the expressions found in Ref. [51], and after
some algebra, one can find the following expressions for these
nonlinear sources:

Ap�tjω� � 8πi
c
ω

χ∥∥⊥
εI�ω�

1

ϕ2�t�ϒ
�I�
p �tjω� dψ

�I�
p �tjω�
d t

; (3a)

Bp�tjω� � 8πi
c
ω

"
χ⊥⊥⊥

d
d t

�
1

ϕ�t�
dψ �I�

p �tjω�
d t

�2

� χ⊥∥∥
ε2I �ω�

d
d t

 
ϒ�I�

p �tjω�
ϕ�t�

!
2

� χb
d �ψ �I�

p �tjω��2
d t

#

−8πi
ω

c
η⊥∥∥

d �ψ �I�
s �tjω��2
d t

; (3b)

where, as usual, c represents the speed of light in vacuum. The
second-order susceptibilities that appear in these equations are
related to the bulk nonlinear constants that appear in Eq. (1)
and to the elements of the second-order surface susceptibility
tensor χsijk defined in Refs. [51,52], as follows:

χ∥∥⊥ � χsttz ; (4a)

χ⊥⊥⊥ � χszzz �
α∕2� γ

εII�2ω�ε2II�ω�
; (4b)

χ⊥∥∥ � χsztt �
α∕2� γ

εII�2ω�
; (4c)

η⊥∥∥ � χsztt �
γ

εII�2ω�
; (4d)

χb �
α

2εII�ω�εII�2ω�

�
ω

c

�
2

; (4e)

where terms containing α and/or γ are bulk contributions.
These expressions demonstrate that, to solve the second-
harmonic diffraction problem, it is not necessary to know
the bulk and surface susceptibilities individually but only cer-
tain combinations of them.

B. Rayleigh Expansions

In the present paper, the electromagnetic fields at ω and 2ω are
calculated using a standard Rayleigh method [53–56]. In par-
ticular, it is assumed that the fields can be represented by
Rayleigh expansions in the region between the grooves
(Rayleigh hypothesis).

d

h
rs

3x

x1

z x

medium II

θ medium I

2x y

Fig. 1. Illustration of the grating profile and the coordinate systems
considered.
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Therefore, we write the second-harmonic fields in media I
and II as

ψ �I�
p �rj2ω� �

X∞
n�−∞

Un exp�i�α2ωn x1 � β2ωn x3��; (5a)

ψ �II�
p �rj2ω� �

X∞
n�−∞

V n exp�i�α2ωn x1 � γ2ωn x3��; (5b)

where

�α2ωn �2 � �β2ωn �2 � εI�2ω�
�
2ω

c

�
2

; (6a)

�α2ωn �2 � �γ2ωn �2 � εII�2ω�
�
2ω

c

�
2

; (6b)

α2ωn � 2ω

c
sin θ� n

2π

d
; (6c)

θ is the angle of incidence, d is the period of the grating, and n
is an integer. To solve the electromagnetic problem at 2ω, we
truncate Eqs. (5a) and (5b) from −M toM and then substitute
these equations into the left-hand side of Eqs. (2a) and (2b),
thus obtaining a system of 2�2M � 1� equations that can be
used to determine the 2�2M � 1� unknown amplitudes Un
and V n (see Ref. [52]). In matrix form, the system of equations
can be written as�

uκm
vκm

�
�
�
A>
nm A<

nm
B>
nm B<

nm

��
Un
V n

�
; (7)

where κ stands for s or p polarization. Equation (7) is a gen-
eralization of Eq. (30) of Ref. [52] that includes the case of
incidence with s-polarized light. Expressions for the nonlinear
source coefficients uκm and vκm as well as of the matrix elements
A>
nm, A<

nm, B>
nm, and B<

nm are given in Appendix A. Once the
unknown amplitudes Un and V n are calculated, the power
of each diffracted order follows directly.

C. Efficiency of the Second-Harmonic Radiation

To determine the second-harmonic diffraction efficiency,
we start by considering a uniform beam of power Pi and trans-
verse area Ai that is incident on the grating. The power P2ω

n of
the nth reflected order at 2ω is proportional to the square of
Pi and inversely proportional to Ai so that P2ω

n ∝ P2
i ∕Ai. It is

convenient to normalize the reflected power at 2ω in such a
way that the results are independent of Pi and Ai. We thus
define the efficiency of the nth second-harmonic diffracted
order as

Rn�2ω� �
P2ω
n Ai

�Pi�2
: (8)

This quantity can also be expressed in terms of the moduli of
the time-averaged Poynting vectors of the incident and nth-
order diffraction fields as follows:

Rn�2ω� �
S2ωn cos θn
�Si�2 cos θ

: (9)

The time-averaged Poynting vector associated with the nth
second-harmonic order is given by the expression

hS2ωn i � c2

16πω
Re�iHn × �∇ ×Hn���; (10)

where Re�·� denotes the real part, the angle brackets denote
a time average, and

Hn�x1; x3j2ω� � Un exp�i�α2ωn x1 � β2ωn x3��x̂2: (11)

Thus, we see that the nonlinear efficiencies can be easily calcu-
lated from Eq. (9) and the amplitudes Un of the second-
harmonic diffraction orders.

3. EXPERIMENTAL TECHNIQUES

The sinusoidal gratings were made using holographic fabrication
techniques. To prepare each surface, a 50 × 50 mm glass plate
was coated with a 1.5 μm layer of Shipley S1400-27 photoresist.
Each plate was given two exposures, the first being a metered
exposure of uniform light from an ultraviolet lamp. This expo-
sure served as a bias so that the total exposure would lie in the
linear response region of the photoresist. Then, the plate was
exposed to a high-contrast sinusoidal intensity distribution aris-
ing at the intersection of two light beams. The source was a
HeCd laser of wavelength 442 nm. The plate was developed
in a manner known to produce a linear relation between expo-
sure and resulting surface height (30 s in Shipley 352 developer).

The resulting surface was a shallow sinusoidal dielectric gra-
ting, whose grating depth was determined from the relative
power of its first diffracted order as described elsewhere
[57]. This approach employs lowest-order perturbation theory,
which appears as an appropriate and accurate method under the
experimental conditions (small grating depth, weak first dif-
fracted order). Then, an optically thick layer (400 nm) of silver
was evaporated onto the sample at a rate of approximately
1 nm s−1 and at a chamber pressure well under 10−6 Torr.
Thereafter, while not in use, the gratings were kept in an inert
gas atmosphere. Consequently, no surface deterioration, sulfi-
dation, or change in optical response was notable during the
course of the experiments.

In the experiments studying second-harmonic generation,
pulses from a mode-locked Coherent Antares Nd:YAG laser
were sent to a Spectra Physics 3800RA injection-seeded regen-
erative amplifier. The output pulses obtained were of wave-
length 1064 nm, full width at half-maximum 100 ps, pulse
energy 1 mJ, peak power 10 MW, and repetition rate
1 kHz. The slightly convergent incident beam had transverse
width w � 2.0 mm at the sample. The sample was mounted
on a motorized rotation stage to set the angle of incidence. To
measure the second-harmonic diffracted order powers, a detec-
tor arm was mounted on a concentric motorized rotation stage
that was positioned at the desired diffraction angle. On this
arm, 60 cm from the sample, the diffracted light passed through
a CuSO4 water-solution cell, a limiting diaphragm, an infrared-
absorbing Schott BG39 filter, and a 532 nm interference filter.
The diaphragm was large enough to collect all power contained
in the diffracted order being detected. Finally, the transmitted
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light was focused by a field lens onto a photon-counting
photomultiplier.

A Stanford Research SR400 counter was gated to accept pho-
toelectric counts only within a 5 ns window coincident with each
laser pulse; the dark counts were thus insignificant. The dead time
was 5 ns, which implies that more than one photodetection per
laser pulse would be treated as a single count. Rates were thus
kept low to avoid detector saturation. The count rate was verified
to be linearly proportional to detected second-harmonic power
for rates up to 150 s−1 and, when signals approached this level,
the isolated second-harmonic light was attenuated with calibrated
filters placed just before the detector. In all figures, count rates
that appear to exceed 150 s−1 were actually taken at lower rates
with such an attenuation filter and have been corrected for this
filter in the data shown. Firing full laser power directly into the
detector produced a signal of less than 1 s−1. No metal surface
damage or surface plasma was observed during the experiments,
which is a consequence of the low 1 mJ pulse energy. As a pre-
caution, the laser power was reduced by approximately one order
of magnitude for the few data points taken within one degree of
the resonant absorption anomaly at the fundamental frequency;
the data were later scaled by the appropriate factor to maintain
calibration. In a final step, all data were normalized through com-
parison with additional measurements of Maker fringes [58] in
second-harmonic generation from a window of crystalline quartz
for which the nonlinear constants are well established.

4. NUMERICAL AND EXPERIMENTAL RESULTS

In this section, we present experimental data obtained for
sinusoidal silver gratings whose fabrication was discussed in
Section 3 and compare them with theoretical results obtained
by the method described in Section 2. The two gratings studied
(gratings A and B) were characterized by their periods d and
total groove depth h. For grating A, the parameters are d �
1.4769 μm and h � 46.4 nm while, for grating B, we find
d � 0.8471 μm and h � 29.8 nm. In calculations, it is nec-
essary to assume values for εII�ω� and εII�2ω�; we employ the
values estimated in Ref. [23] as εII�ω� � −67.03� 2.44i
and εII�2ω� � −9.926� 0.537i.

As for the nonlinear susceptibilities of the metal, these were
measured in Ref. [23] using flat substrates that were silver
coated at the same time as gratings A and B. There, the pro-
cedure for determining the nonlinear constants consisted of fit-
ting theoretical calculations to the measured second-harmonic
reflectivity for different polarization conditions [23]. As dis-
cussed earlier, to solve the nonlinear diffraction problem, it
is not necessary to know all the bulk and surface susceptibilities
individually but only certain combinations of them. In our cal-
culations, as in the free electron model, we assume that α � 0.
Then, Eq. (4) becomes

χ∥∥⊥ � χsttz ; (12a)

χ⊥⊥⊥ � χszzz �
γ

εII�2ω�ε2II�ω�
; (12b)

χ⊥∥∥ � η⊥∥∥ � χsztt �
γ

εII�2ω�
; (12c)

χb � 0: (12d)

The particular conventions for the χs vary in the literature. In
this paper, we have not counted redundant terms in the calcu-
lations of the nonlinear polarizations [59]. In order to find the
relationships between the susceptibilities defined in Eqs. (12a)–
(12c) and those of Ref. [23], we first obtain the theoretical ex-
pression for the second-harmonic efficiency of a flat interface (see
Appendix B). Then, by comparing Eqs. (B4) and (B5) with
Eqs. (1), (3), and (16) of Ref. [23], we find that

χ∥∥⊥ � χ 0
∥∥⊥; χ⊥⊥⊥ � χ 0

⊥⊥⊥
2

; χ⊥∥∥ �
χ 0
⊥∥∥

2
; (13)

where primes denote the susceptibilities measured in Ref. [23].
Then, for our calculation χ∥∥⊥ � −6.00 × 10−15 cm2∕
statvolt, χ⊥⊥⊥ � 1.52 × 10−17 cm2∕statvolt, and χ⊥∥∥ � 6.10×
10−15 cm2∕statvolt.

Before presenting the results, it is worth describing qualita-
tively the physical situations studied. When grating A is illu-
minated at normal incidence, there are 	1st diffracted
orders at ω that appear at	46° diffraction angle. The 2ω light
contains four diffracted orders (	1 and 	2) that appear at
	21° and 	46° at normal incidence. As the angle of incidence
is changed, the orders move toward grazing and, for θ � 17°
and p polarization, the �1 order at ω couples to surface plas-
mon polaritons. The coupling condition for the�1 order at 2ω
occurs for θ � 44° and, for the �2 order at 2ω, at θ � 19°.

With grating B at normal incidence, there are no propagat-
ing nonzero diffracted orders at ω while, at 2ω, there are 	1
orders that appear at	39° diffraction angle. For p polarization,
the −1 order at ω couples to surface plasmon polaritons when
θ � 14°; the surface plasmon polariton excitation condition at
2ω for p polarization and the �1 order occurs for θ � 25°.

In the figures that follow, we show comparisons between the
theoretical curves and the experimental data. For all numerical
calculations, we have retained 17 terms in the series expansions,
which ensures the convergence of the results to four significant
digits. For grating A under s-polarized illumination, theoretical
results and experimental data for the zero-order R0�2ω� are
shown in Figs. 2(a) and 2(b). It is seen that the overall agree-
ment between the theoretical and experimental results is quite
good. The main feature present is an s-shaped or Fano-like fea-
ture in both the calculations and the experimental data at 44°,
which is the angle that the �1 order at 2ω couples to plasmon
polaritons. For grating B, analogous results for R0�2ω� are
shown in Figs. 2(c) and 2(d), which present even better theo-
retical/experimental agreement. Here, a similar feature appears
at 25°, which again coincides with plasmon polariton excitation
in the �1 order at 2ω.

In Fig. 2, the quantitative agreement between the theoretical
and experimental results is, by itself, a significant result that is
worth pointing out.We recall that there are no fitting parameters
in the theory and that the experimental data were normalized in a
manner consistent with the theory. It is also notable that, even
with rates under 100 detected photons s−1 throughout Fig. 2, the
experimental curves are clear and do not have excessive noise
or background. Indeed, Fig. 2 presents the lowest overall signal
levels of all data to be shown here. We also add that, when
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illuminating the surface with a laser at 2ω, deep resonant absorp-
tion anomalies appear in the zero orders of both gratings A and
B. These have the usual form of a simple dip and appear at the
same angles as the Fano-like features of Fig. 2. We do not present
these linear-optics results here but simply emphasize that the fea-
tures seen in Fig. 2 are quite different from the linear case.
Another notable difference is that the anomalies in linear optics
require p incident polarization, while the features of Fig. 2 are
seen for s incident polarization (even though, of course, the s
incident field at ω produces the diffracted order at 2ω in pure
p polarization).

We now move on to results obtained with p-polarized illu-
mination. In Fig. 3, we show such theoretical and experimental
results for Rn�2ω� for grating A as a function θ for n � −1, 0,
and�1. Generally, the results for R−1�2ω� [Figs. 3(a) and 3(b)]
resemble those for R0�2ω� [Figs. 3(c) and 3(d)], although the
latter are approximately 1.5 orders of magnitude higher. In the
case of R�1�2ω�, the curves take on a somewhat different
shape, and fall to zero as this order reaches grazing at θ � 40°.

All curves throughout Fig. 3 present their highest levels in
the narrow peaks at θ � 17°, which rise above the full scale of
the plots. As mentioned earlier, this angle corresponds to the
strong plasmon polariton excitation arising through the �1st
diffracted order at ω; thus, this condition fully dominates the
curves for Rn�2ω�. However, there are other features seen in the
results; for example, the feature at θ � 44° in Figs. 3(a)–3(d)

coincides with the �1-order excitation at 2ω of a plasmon po-
lariton as had been noted earlier in Figs. 2(a) and 2(b), although
the features seen in Figs. 3(a)–3(d) take on a somewhat differ-
ent shape. It is perhaps of interest that this 2ω plasmon polar-
iton excitation arises from the �1 order plotted in Figs. 2(e)
and 2(f ), which reaches grazing at 40° and, for slightly larger θ,
produces the excitation seen indirectly in the other orders.

Other features seen in Fig. 3 include subtle minimums at
19° in both theoretical and experimental results for R0�2ω�
[Figs. 3(c) and 3(d)] and R�1�2ω� [Figs. 3(e) and 3(f )]; as
noted earlier, this angle is associated with plasmon polariton
coupling in the �2 order at 2ω. The feature produced is quite
subtle in R0�2ω�, but it is much deeper in R�1�2ω�, where it
falls slightly to the left of that in R0�2ω� in both the theoretical
and experimental results. Finally, there is a small peak at 26° in
the theoretical result for R−1�2ω� [Fig. 3(a)], which is the angle
at which the grating couples to an ω plasmon polariton in the
−2 order. This peak is not apparent in the corresponding ex-
perimental result [Fig. 3(b)], but its height may be comparable
to the experimental noise levels.

It must be stressed that, throughout Fig. 3, the general
agreement between theoretical and experimental results is re-
markably good. Once again, this is true both in the absolute
vertical scale of results as well as in the shape of the features
seen in the curves. Still, there are some differences, for example,
in the height of the strong peaks at 17°, which we have found
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computationally to be quite sensitive to small changes in
the metal’s constants and in the surface profile function.
Further, there are modest scale differences seen upon close
examination of Fig. 3. Nevertheless, in many respects, the gen-
eral level of theoretical and experimental agreement throughout
Fig. 3 is quite notable.

We now consider Fig. 4, which shows, for the other grating
(grating B) in p polarization, theoretical and experimental results
for Rn�2ω� with n � −1, 0, and �1. For grating B, the strong
plasmon polariton coupling at ω occurs in the −1 order at
θ � 14°, and corresponding high off-scale peaks are seen there
in Fig. 4. The heights of these peaks are more consistent in the
theoretical/experimental comparisons in Figs. 4(a) and 4(b) and
4(c) and 4(d) than had been the case in Fig. 3. An obvious dis-
agreement is the theoretical result for R�1�2ω� [Fig. 4(e)] which,
unlike the experiment, shows a feature with no peak at all at 14°.
We have found that, by changing the metal dielectric constants,
or by adding a weak second harmonic to the surface profile, a peak
in Fig. 4(e) can be made to rise up to the experimental levels.
However, we consider this to be a minor issue since these peaks
in other cases of Fig. 4 can be well over three orders of magnitude
higher and already present good theoretical/experimental
comparisons.

The other features apparent in Fig. 4 include that seen at 25°
in R0�2ω�, which arises from plasmon polariton excitation in the
�1 order at 2ω; as in Fig. 3, this arises for θ slightly greater than
that for which the �1 order reaches grazing [22°, see Figs. 4(e)
and 4(f)]. There is also a low peak at 12° in R0�2ω� coinciding
with plasmon polariton excitation in the −2 order at 2ω; this
peak nearly aligns with far more distinct peaks in R−1�2ω�.
Throughout all of these features, the theoretical/experimental
comparison is reasonable, with some differences in scale in some
cases but outstanding comparisons in others.

To summarize the results that have been presented here, for p
incident polarization as in Figs. 3 and 4, all orders at 2ω are
purely p-polarized and reach their highest levels when a 	1 dif-
fracted order at ω produces plasmon polariton excitation. For
positive θ, if the�1 order at ω produces the coupling, the high-
est levels of all appear in R�1�2ω�, while if it is the −1 order atω,
they are found in R−1�2ω�. In addition, other distinct features
are seen in Rn�2ω� that are related to plasmon polariton exci-
tation at either ω or 2ω. On the other hand, in the case of s
incident polarization as in Fig. 2, there is never any plasmon
polariton excitation at ω. Consequently, the cases studied for
R0�2ω� are at quite low levels, are purely p-polarized, and only
contain features arising from plasmon polariton excitation at 2ω.
The theoretical and experimental results are not only in quali-
tative agreement on all of these points but, in many cases, the
results are remarkably close in terms of quantitative agreement.

5. SUMMARY AND CONCLUSIONS

We have presented a quantitative comparison between exper-
imental and theoretical results of the second-harmonic effi-
ciency generated by sinusoidal silver diffraction gratings.
Experiments with characterized sinusoidal silver gratings were
carried out, in which the second-harmonic power was properly
normalized through comparison with a quartz reference
sample. These experiments have produced reliable data down

to levels corresponding to only a few tens of detected photons
per second, with negligible background. The nonlinear grating
order efficiency was accurately measured at unprecedented low
levels, without the surface damage common in other experi-
mental approaches.

Starting from a general expression for the nonlinear polari-
zation, we have developed a Rayleigh method to calculate the
surface-generated second-harmonic signal in terms of the non-
linear susceptibilities. The Rayleigh method is well-suited to
the shallow gratings studied, and the treatment of the nonli-
nearities is fairly general and does not introduce restrictive
approximations. Employing previously measured values of
the nonlinear susceptibilities of a flat silver surface, we have
obtained good agreement between the experimental and theo-
retical results over a wide range of levels, not only in the shape
of the nonlinear efficiencies but also in their absolute values.
The degree of agreement is quite notable and demonstrates that
the experimentally determined nonlinear constants for flat sur-
faces can be used to study plasmonic effects quantitatively with
rigorous calculations.

APPENDIX A: ELEMENTS OF THE MATRIX
EQUATION

In what follows, we assume that medium I is vacuum
[εI�ω� � εI�2ω� � 1]. The matrix elements are given by

A>
mn �

Z
1

0

exp�i�α2ωn − α2ωm �f �t�� exp�iβ2ωn g�t��dt; (A1)

A<
mn � −

Z
1

0

exp�i�α2ωn − α2ωm �f �t�� exp�iγ2ωn g�t��dt; (A2)

B>
mn �

Z
1

0

h>n �t� exp�i�α2ωn − α2ωm �f �t�� exp�iβ2ωn g�t��dt;

(A3)

B<
mn � −

1

εII�2ω�
Z

1

0

h<n �t� exp�i�α2ωn − α2ωm �f �t��

× exp�iγ2ωn g�t��dt; (A4)

where

h>n �t� � i�−g 0�t�α2ωn � β2ωn f 0�t��; (A5)

h<n �t� � i�−g 0�t�α2ωn � γ2ωn f 0�t��: (A6)

The nonlinear sources can be written as follows:

usm � 0; (A7)

vsm � 16πiω
c

η⊥∥∥

�
iψ2

0s

Z
1

0

CE1�mjt�dt

� iψ0s

X
n
Rs
n

Z
1

0

�C� F n�E2�n; mjt�dt

� i
X
n;l

Rs
nRs

l

Z
1

0

F l E3�n; m; l jt�dt
�
; (A8)
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upm � 8πic
ω

χ∥∥⊥

�
−ψ2

0p

Z
1

0

1

ϕ2 BCE1�mjt�dt

� ψ0p

X
n

Rp
n

Z
1

0

1

ϕ2 �EnC − F nB�E2�n; mjt�dt

�
X
n;l

Rp
nR

p
l

Z
1

0

1

ϕ2 EnF l E3�n; m; l jt�dt
�
; (A9)

vpm � −16πic
ω

�
ψ2
0p

Z
1

0

�
χ⊥⊥⊥

�
ϕ 0

ϕ3 C
2 −

1

ϕ2 CG
�

� χ⊥∥∥

�
ϕ 0

ϕ3 B
2 −

1

ϕ2 BH
�
� iχbC

�
E1�mjt�dt

� ψ0p

X
n
Rp
n

Z
1

0

�
χ⊥⊥⊥

�
ϕ 0

ϕ3 2CF n −
1

ϕ2 �CJ n � GF n�
�

− χ⊥∥∥

�
ϕ 0

ϕ3 2BEn −
1

ϕ2 �BIn �HEn�
�
� iχb�F n � C�

�
× E2�n; mjt�dt

�
X
n;l

Rp
nR

p
l

Z
1

0

�
χ⊥⊥⊥

�
ϕ 0

ϕ3 F nF l −
1

ϕ2 F nJ l

�

� χ⊥∥∥

�
ϕ 0

ϕ3 EnE l −
1

ϕ2 EnI l

�
� iχbF l

�

× E3�n; m; l jt�dt
�
; (A10)

where ϕ � ϕ�t�, ϕ 0 � dϕ�t�∕d t, ψ0κ is the amplitude of the
incident field for s or p polarization, Rκ

n is the Rayleigh ampli-
tude of the nth reflected order at ω for s or p polarization, and

E1�mjt� � expf−i��2π∕d �mf �t� � 2βω0 g�t��g; (A11)

E2�n; mjt� � expfi��2π∕d ��n − m�f �t� � �βωn − βω0 �g�t��g;
(A12)

E3�n; m; l jt� � expfi��2π∕d ��n� l − m�f �t�
� �βωn � βωl �g�t��g: (A13)

Also, the functions denoted by calligraphic letters are functions
of the parameter t and are given by

B � αω0 g
0�t� � βω0 f

0�t�; C � αω0 f
0�t� − βω0 g 0�t�;

G � �C�0 � i�C�2; H � �B�0 � iBC;

Ej � −αωj g 0�t� � βωj f 0�t�; F j�t� � αωj f 0�t� � βωj g 0�t�;
I j � �Ej�0 � iEjF j ; J j � �F j�0 � i�F j�2:

In these expressions, the primes denote differentiation with re-
spect to the parameter t, and αωj and βωj are defined as in
Eqs. (6a) and (6c) but for the frequency ω.

APPENDIX B: EFFICIENCY FOR A FLAT
INTERFACE

Let us consider the reflected second-harmonic efficiency for a
flat interface. In this case, only the specular order propagates
(n � 0). Therefore Eq. (9) can be written as

R0�2ω� �
S2ω0
�Si�2

: (B1)

The modulus of the time-averaged Poynting vector for the zer-
oth order is given by

S2ω0 � c
8π

jU 0j2; (B2)

whereU 0 is the complex amplitude of the unique term (n � 0)
that remains from Eq. (5a). By using the nonlinear boundary
conditions in Eq. (2), we obtain

U 0 �
�−γ2ω0 Ap�ω�∕εII�2ω� � iBp�ω�� exp�−iα2ω0 x1�

β2ω0 � γ2ω0 ∕εII�2ω�
: (B3)

We note that for flat interfaces, the nonlinear sources Ap�ω�
and Bp�ω� [see Eq. (3)] can be written in analytical form.
After some algebra, we find that the second-harmonic efficiency
is given by

R0�2ω��
32π3ω2

c3
tg2θ

����t2p�ω�tp�2ω�nII�2ω�
(
sin2θ

εII�ω�
× �ε2II�ω�2χ⊥⊥⊥−2χ⊥∥∥��2χ⊥∥∥

−2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εII�ω�−sin2θ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εII�2ω�−sin2θ

p
εII�2ω�

χ∥∥⊥

)�����
2

; (B4)

for p-polarized illumination, and

R0�2ω� �
32π3ω2

c3
tg2θjt2s �ω�tp�2ω�nII�2ω�2χ⊥∥∥j2; (B5)

for s-polarized illumination. The Fresnel transmission coeffi-
cients tp�Ω� and t s�ω� that appear in Eqs. (B4) and (B5)
are given by the following expressions:

tp�Ω� �
2nII�Ω� cos θ

εII�Ω� cos θ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εII�Ω� − sin2 θ

p ; (B6)

t s�ω� �
2 cos θ

cos θ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εII�ω� − sin2 θ

p ; (B7)

where Ω stands for the fundamental (ω) or second-harmonic
(2ω) frequencies. By comparing Eqs. (B4) and (B5) with
Eqs. (1), (3), and (16) of Ref. [23], we find the relationships
given in Eq. (13).
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