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In this paper, we numerically demonstrate a refraction index sensor based on phase resonance excitation in a
subwavelength-slit structure with a double period. The sensor consists of a metal layer with subwavelength slots
arranged in a bi-periodic form, separated from a high refraction index medium. Between the metallic structure and
the incident medium, a dielectric waveguide is formed whose refraction index is going to be determined. Variations
in the refraction index of the waveguide are detected as shifts in the peaks of transmitted intensity originated by
resonant modes supported by the compound metallic structure. At normal incidence, the spectral position of these
resonant peaks exhibits a linear or a quadratic dependence with the refraction index, which permits us to obtain the
unknown refraction index value with a high precision for a wide range of wavelengths. Since the operating
principle of the sensor is due to the morphological resonances of the slits’ structure, this device can be scaled

to operate in different wavelength ranges while keeping similar characteristics. ~ © 2016 Optical Society of America
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1. INTRODUCTION

In recent papers, we investigated in detail the optical response
of a system formed by a slotted metallic layer near a dielectric
interface [1,2]. We have shown that this structure allows
the coupling of the incident wave with the resonant modes
of the structure, thus producing enhanced transmission. On
the other hand, it is well known that double-period slit struc-
tures support phase resonances, which are characterized by a
huge intensification of the electromagnetic field within the slits,
and simultaneously produce remarkable variations in the spec-
tral transmitted response [3—6]. The narrow gaps or minima
that appear within the transmission bands are due to the com-
plex behavior of the electromagnetic fields within the slits. For
particular parameters of the structure, highly enhanced trans-
mission peaks with very narrow bandwidths can be obtained for
propagation as well as for evanescent illumination [2]. These
features make this system a promising candidate for a refraction
index sensor with very particular properties.

1559-128X/16/288131-07 Journal © 2016 Optical Society of America

In the last 20 years, broad research has been done in the field
of refraction index sensors and biosensors for detecting DNA,
different types of cancer cells and biomolecules or viruses, and
molecules. Due to their high sensitivity, devices based on plas-
monic excitations have mostly been explored. A very complete
and detailed listing of different plasmonic sensors and their com-
parative characteristics and applications is given in [7]. Plasmonic
sensors use the interaction of the evanescent field of a surface
plasmon with different structures such as metallic planar films,
diffraction gratings, metastructures, nanoparticles, etc. This in-
teraction produces a shift of the plasmon resonance frequency,
which is typically detected as an angular shift of a minimum in
specular reflectivity. The sensitivity of a surface plasmon sensor is
limited fundamentally by the short decay length of the surface
plasmons of ~20 pum, which leads to a broad spectral or angular
width of the optical signal. Recently, other alternatives have
also been explored for the design of refraction index sensors
based on a different resonance mechanism [8,9].
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Morphological resonances such as phase resonances in sys-
tems with double-period slits have been proposed for a large
variety of applications such as high finesse optical filters, light
trapping and guiding structures [10,11], corrugated surface an-
tennas [12], channel-selecting devices, actively controlled nano-
optic devices, and even enhanced SPP sensors [13]. In addition,
metallo-dielectric structures similar to those investigated in the
present work have been proposed for a variety of applications
that range from sensors [14] and quantum well infrared photo-
detectors to guided mode resonant filters, tailorable thermal
emitters, and asymmetric transmission systems [15,16]. In par-
ticular, phase resonances seem to be highly sensitive to small
refraction index variations and do not depend on the generation
of surface waves on specific metals as plasmonic resonances do.
These features make dual-period slit systems excellent candi-
dates for use as refraction index sensors. Moreover, the phase
resonance phenomenon is scalable with the wavelength in a
wide range of the electromagnetic spectrum, and thus exploring
the idea of a sensor based on such a mechanism looks to be an
attractive and worthwhile endeavor.

The organization of this paper is as follows. In Section 2,
we introduce the structure considered and summarize the
modal method employed to solve the diffraction problem.
In Section 3, we introduce examples that illustrate the general
features of the transmitted response of dual-period metallo-
dielectric structures in order to highlight their singular proper-
ties that offer unique characteristics for sensing applications.
Examples of sensor designs are shown in Section 4, where we
analyze the evolution of different resonant peaks as a function
of the refraction index and evaluate the performance of the sen-
sor. Finally, remarks and conclusions are given in Section 5.

2. CONFIGURATION OF THE PROBLEM AND
METHOD

Figure 1 shows a scheme of the sensor, which comprises a dual-
period metallic grating near a dielectric interface. The dual-
period structure is formed by metallic wires separated by slits.
Each period d comprises / subwavelength wires of width  and
J + 1 subwavelength slits of width ¢ (in the scheme of Fig. 1,
we considered / = 2); the height / of the wires is also indi-
cated. The system is illuminated from the medium of refraction
index n; by a p-polarized plane wave of wavelength 4 in a vac-
uum forming an angle 0, with the y axis. The array is separated
a distance ¢ from the interface between region 1 and region 2
(refraction index n,). Thus, the gap of thickness ¢ between the
array and the interface forms a waveguide whose refraction
index n, is going to be determined. Region 3 is the slits’ zone
(refraction index nj3), and the transmission medium is region 4
with refraction index n4. All the media are non-magnetic
(4; = 1), meaning that n; = _ /€;, where € denotes the dielec-
tric permittivity and j = 1, ..., 4 denotes the region.

To solve the diffraction problem, we apply the modal
method, which has been extended to deal with compound gra-
tings [3] and also with structures near a dielectric interface [17].
Taking advantage of the invariance of the problem along the z
direction, the full vectorial problem can be separated into two
scalar problems corresponding to the basic polarization modes:
s (electric field perpendicular to the plane of incidence) and p
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Fig. 1. Scheme of the diffraction problem under study. A
p-polarized plane wave of wavelength 1, in vacuum impinges with an
angle 0, on the planar interface between regions 1 (n;) and 2 (n,). The
dual-period structure has period 4, thickness 4, and / subwavelength
wires within each period (in this scheme, / = 2), and is separated a
distance ¢ from the interface between regions 1 and 2. The slits’ width
¢ and the wires’ width # are also indicated.

(electric field parallel to the plane of incidence). In this paper,
we consider a p-polarized incident wave. Basically, we apply the
modal method developed for highly conducting dual-period
wire gratings [3] and extend it to allow an additional dielectric
interface.

The method consists of dividing the spatial domain into
regions and expanding the fields in each region into their
own eigenfunctions. In this case, the four regions are separated
by the horizontal interfaces at y = y,,, = #/2 + ¢ (between
regions 1 and 2), y = //2 (between regions 2 and 3), and
y = -h/2 (between regions 3 and 4). In region 1, we have
the incident plane wave and the reflected field, and in region
4, we have the transmitted field. Then, the tangential magnetic
field in these regions is expressed as

Hzl (X,_}/) = eXP[i(aox - ﬂOl(}’ _.yint))]
+ ) R, expli(ax + B (- y)b (1)

Hoi(xy) = T, expli(ax - fuly + h/2)) (@)

where
2
a, = kyn; sin 6, + njﬂ-, @)
ij — k%n]z_aij ]: 1,...,4 (4)

where 6, is the angle of incidence, by = 27/, n is an integer
that denotes the diffraction order, and R, and 7', are the
unknown reflected and transmitted Rayleigh amplitudes,
respectively.

In region 2, the electromagnetic field is represented by
upward and downward plane waves
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Ho(xy) =Y A, expliax - Ba(y - h/2))]
+ Y B, explila,x + fo(y-5/2))  (5)

Within the slits (region 3), the fields are expanded in terms
of the eigenfunctions of a planar waveguide that take into
account the boundary conditions on the lateral walls of each
slit. Since the proposed sensor is based on phase resonance ex-
citation, the metal is required to be highly conducting, which is
obtained at long wavelengths. Therefore, to find the eigenfunc-
tions of the slits’ region, we apply the surface impedance boun-
dary condition (SIBC) [18] in order to account for the metal
without computing the electromagnetic fields within it. Thus,
the field in region 3 is

Ho(y) =Y Unlx-x)V,,0),

x]»Sxij—i-c;

j=L..,/+1 6)

where

U,n(x = x;) = cos[u,(x - x;)] + ul sinfu,,(x - x)),  (7)

Vi) = a,; cos(v,,) + b, sin(v,,9), 8)

v, = k% -, (9)

where 1 = i/(\/€neatko), X; denotes the x coordinate of the
left edge of the jth slit, and #,, form the set of solutions of
the equation

2
tan u,,c = zﬁumz) (10)
Uy — N

which results from the application of the SIBC on the lateral
walls of each slit, assuming a vacuum filling, i.c., n3 = 1.

The field expansions given in Egs. (1), (2), (5), and (6) are
matched at the horizontal interfaces y = £4/2 and y =y, by
imposing the boundary conditions. This imposition produces a
system of equations that, after being projected into convenient
bases, leads to a matrix equation for the unknown reflected and
transmitted amplitudes of the form

0.0 T T
06 08 10 12 14 16

1.8 20
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ey 3e2) (&) = ()
M21 M22 R [2

The explicit expressions of the matrix elements and the
independent vector components are given in Appendix A.

Once the reflected and transmitted amplitudes are found,
the far field intensity can be computed. The efficiency of
the nth transmitted diffraction order ¢, is defined as

(11)

e = |T,p 0, (12)
€4 Por
for 5,4 € R. Then, the total transmitted efficiency T is
(13)

T= Zen.

For practical reasons, we will consider a sensor operating at
normal incidence; that is, the incident wave impinges normally
onto the planar interface at y = 0. Since the source and the
detector are aligned, this configuration provides a high degree
of symmetry and reduces the technological difficulties that
might arise if a specific incidence angle is required, as it occurs
in other sensors based on angle-dependent phenomena.

3. GENERAL FEATURES OF THE TRANSMITTED
RESPONSE

It is well known that a regular metallic array of 1D subwave-
length slits exhibits enhanced transmission for particular
resonant wavelengths and that the two physical mechanisms
underlying this phenomenon are surface plasmon excitations
and coupling to waveguide modes of the slits [19,20]. Recently,
it has been shown that if the slits are distributed so as to form a
dual-period structure, phase resonances can also take place,
which can significantly modify its electromagnetic response
[3,6]. In this section, we illustrate the basic characteristics of
the transmitted response of a dual-period slit structure near
a dielectric interface as an introduction to the refraction index
Sensor.

In Fig. 2, we show curves of total transmitted efficiency T as
a function of 1/d for a structure with / = 0 (regularly periodic
structure) and / = 2 (three slits per period), ¢/d = a/d =
0.08, h/d = 1.3,¢/d = 0.2, and n, = 1.2 illuminated under
normal incidence. The value of €,,.,; has been chosen so as to

08 (b)
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Fig. 2. Total transmitted efficiency as a function of 1/d at normal incidence for two values of n;: (a) n; = 1.5, (b) n; = 3.46. The rest of the
parameters are: / = 2, ¢/d = af/d = 0.08, h/d = 1.3, ¢/d =0.2, n = 1.2, and n3 = n4 = 1.
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simulate a perfect conductor: €. = -108. Two values of n;
are considered: n; = 1.5 [glass, Fig. 2(a)] and n; = 3.46
[silicon, Fig. 2(b)]. Transmission peaks can be clearly identified
in the / = 0 curves at 4/d ~ 1.5, 0.9, 0.7, and 0.56. These
peaks are associated with Fabry—Perot (FP) resonances, which
in the ideal case of infinitely thin slits, occur at wavelengths
AP = 2h/m, with m as an integer, regardless of the angle of
incidence. The peaks in Fig. 2 are slightly shifted to shorter
wavelengths with respect to the ideally predicted values. This
effect is well known and explained in terms of an effective re-
fraction index produced by the finite width of the slits [21,22].

When the slits’ distribution is modified so as to form a dual-
period structure, the electromagnetic response of the whole
structure is significantly modified. The remarkable changes of
the transmitted response are produced by the excitation of
phase resonances, which have been studied in the last few years
for different geometries and illumination conditions [3—6]. In
this case, a narrow gap opens up within each FP peak, which
splits the resonance into two narrower and more intense peaks.
The physical origin of this gap can be explained in terms of
phase resonances. In a perfectly periodic grating with a single
slit per period, the pseudoperiodic condition implies that the
fields in all slits are essentially equal. However, when slits
are added to the unit cell, making a compound grating, new
degrees of freedom open up since the distribution of field
phases in the different slits within a unit cell can have different
configurations according to the resonant modes of the system
[3]. Under normal incidence, these modes must be symmetrical,
and thus the number of possible phase configurations is finite
and depends on the number of slits. For three slits in the period,
there are only two possible configurations: (i) all the slits have
equal phase, or (ii) the external slits have equal phase, different
from the central one. In particular, when the phases in adjacent
slits within a period are all opposite to each other, 7 resonances
can be excited. Phase resonances are usually generated within a
FP mode resonance. For one slit in the period (/ = 0), different
phases in adjacent slits cannot occur, and therefore no phase res-
onance is present. For / = 2, the 7 mode can be excited, which
is why a dip splits each FP resonance into two peaks.

In Fig. 2(a), it can be observed that the peak at 1/d =~ 1.5
for / = 0 is split into two peaks found at 1/d ~ 1.4 and 1.5;
also, the peak at A/d ~ 0.9 is divided into two: a broader peak
at 1/d =~ 0.85 and a higher quality one at 1/d =~ 0.93. The
same effect is observed in Fig. 2(b) for n; = 3.46.

The examples of Fig. 2 illustrate how the different resonant
mechanisms present in dual-period structures can eventually be
combined to produce an optimized response for a desired appli-
cation. However, it is important to note that high conductivity of
the metal is required to achieve such resonant behavior, which
implies operation wavelengths at the far infrared or longer. In the
next section, we show how phase resonances can be exploited for
the design of a novel refraction index sensor.

4. DUAL-PERIOD STRUCTURE AS A
REFRACTION INDEX SENSOR

As mentioned above, the proposed system can be used as a re-
fraction index sensor, which permits detection of differences
between the refraction index of a sample and that of a reference
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material. The substance with unknown refraction index (n,)
might be liquid or solid. According to Fig. 1, the structure
admits the inclusion of a medium with refraction index nj
within the slits and another with ny in the transmission region.
From the experimental point of view, this means that the slits
might be filled by a solid dielectric material that confines the
unknown medium (n,) within the waveguide region. Even
though in the examples we consider n; = n; = 1, the intro-
duction of a dielectric medium in regions 3 and 4 would
not qualitatively affect the performance of the device.

In order to evaluate the sensitivity of the proposed sensor to
small changes of the refraction index of the material within the
waveguide (n,), we focus in two different spectral regions and
analyze the evolution of the resonant transmission peaks as n, is
varied. Taking advantage of the peak splitting produced by
phase resonance excitation, the proposed sensor comprises a
metallic layer with three slits per period, which produces higher
quality resonant peaks than usual single-slit-per-period struc-
tures. We evaluate the performance of the sensor for the
two incidence media considered in Fig. 2, i.e., optical glass
(n; = 1.5), and n; = 3.46, which approaches the refraction
index of silicon at the near infrared range. In both cases, we
focus on the resonant peaks found at 1/d = 0.93 (FP mode
m = 3) and at 1/d = 1.4 (FP mode m = 2).

In Fig. 3, we show total transmitted efficiency curves as a
function of the normalized wavelength for different values of
the waveguide thickness e. Figure 3(a) corresponds to n; =
1.5 and n, = 1.2, and Fig. 3(b) corresponds to n; = 3.46
and n, = 1.5. For clarity, the curves corresponding to different
values of e/d are shown vertically displaced in one unit. The
normalized wavelength range considered in both parts of Fig. 3
covers the FP resonances already observed in Fig. 2. It can be
noticed that the resonant peaks stay nearly at the same wave-
lengths as the waveguide thickness is varied. This gives evidence
that the resonant mechanism is not related to waveguide res-
onances of the slab of refraction index n,. On the other hand,
we have verified that the spectral position of the resonances is
highly dependent on the thickness of the periodic metallic struc-
ture (), and this confirms that these resonances are related to
mode excitations within the subwavelength slits. Consequently,
the waveguide thickness e is not a critical parameter for the sensor
design, and it could be chosen according to specific practical
purposes related to the material whose refraction index is going
to be determined. The possibility of freely choosing the wave-
guide thickness is one of the advantages of the proposed sensor.

In order to evaluate the performance of the proposed struc-
ture as a refraction index sensor, we analyze the spectral location
of the resonant peak A,.,/d as a function of the relative refrac-
tion index of the waveguide n, = n,/n4. It is convenient to
introduce the normalized sensitivity 5, which permits a quanti-
tative assessment of the variation of the normalized spectral
position of the resonant peak with n,,,. Then, s is a dimension-
less quantity defined as

_ d(Ae/d)
s = T

In Figs. 4 and 5, we show contour plots of total transmitted
efficiency as a function of 1/d and ny, for a structure with

J =2, ¢/d=a/d =0.08, h/d =13, n3 =n4 =1, and

(14)

nwg
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Fig. 3. Total transmitted efficiency as a function of 1/d for different values of ¢/4:0.2, 0.5, 0.8, and 1.1: (a) n; = 1.5 and n, = 1.2,
(b) n; = 3.46 and n, = 1.5. The rest of the parameters are: /| = 2, ¢/d = a/d = 0.08, n; = ns = 1, and 0, = 0°. For clarity, the curves

in each panel are vertically displaced.

0y = 0°. In Fig. 4, ¢/d = 0.5 and n; = 1.5, and in Fig. 5,
e/d = 0.8 and n; = 3.46. In both figures, we analyze three
bands that correspond to the 7 = 2 and m = 3 FP resonances.
The circles correspond to the data points taken into account for
the fitting curves (solid lines).

For the m = 3 FP resonance (4,,/d = 0.93), the depend-
ence of the resonant wavelength on the refraction index of the
waveguide is almost linear, as evidenced by the fitting curve,
which corresponds to a linear approximation. This linear
behavior implies a constant normalized sensitivity within the
refraction index range explored, which takes the values s =
0.074 in Fig. 4 and s = 0.088 in Fig. 5. The fact that the nor-
malized sensitivity does not depend on a specific wavelength
range but rather on the wavelength-to-period ratio constitutes
one of the main advantages of the proposed sensor: the size and
dimensions of the system can be tailored to meet the require-
ments of each particular application. Then, the spectral shift
between the resonant peaks corresponding to refraction index
values that differ in An is Al,., = sAnd. For instance, if
An =0.013 (1% of 1.3) and 4 = 1250 nm, Al =
1.2 nm for the configuration of Fig. 4 and A4, = 1.43 nm

x/d

1.05 1.20 1.35 1.50

wg

Fig. 4. Contour plot of the total transmitted efficiency as a function
of A/d and n,, for J =2, c¢/d=a/d=0.08, hld=13
e/d =0.5,n =15, n;=n4 =1, and §, = 0°.

for the configuration of Fig. 5. The standard sensitivity S,
which for this sensor is given by S =sd, is § = 92.5 nm/
refractive index unit (RIU) for the case of Fig. 4 and § =
110 nm/RIU for the case of Fig. 5.

In the vicinity of the m = 2 FP resonance of the slits, the
phase resonance generates a transmission gap of minimum
transmittance and splits the FP resonant peak into two [2],
as already observed in Fig. 2. The spectral locations of these
two resonant peaks follow different behaviors as the refraction
index is varied. In both cases (Figs. 4 and 5), the higher energy
band peak (shorter wavelengths) can be approximated by a lin-
ear function, whereas the lower energy band peak (longer wave-
lengths) follows a quadratic law. Note that the range of n,, is
different in each figure. According to Eq. (14), a sensor based
on the shift of the higher energy band peak would exhibit a
constant normalized sensitivity s = 0.104 for n; = 1.5
(Fig. 4) and s = 0.136 for n; = 3.46 (Fig. 5). These sensitivity
values are higher than those of the 7 = 3 FP resonance and
allow for a higher accuracy in the determination of the un-
known refraction index. For the same example mentioned

above, in this case Al = 1.69 nm and § = 130 nm/RIU

ad

10 15 20 25 30

wg

Fig. 5. Contour plot of the total transmitted efficiency as a function
of A/d and n,, for J =2, c¢/d=a/d=0.08, h/d=123,
e/d = 0.8, n = 3.46, n3 = ng = 1, and 6, = 0°.
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for the configuration of Fig. 4, and A, = 2.21 nm and
S =170 nm/RIU for the configuration of Fig. 5.

The picture is different at the lower energy band peak of the
m = 2 FP resonance, at which the dependence of the resonant
wavelength with ny, is approximately given by

ﬂres/d = 52n3vg + jlnwg + 50- (1 5)

Therefore, the spectral shift corresponding to a refraction
index difference An is given by

Alies = (2570, + 51)And. (16)

Taking into account that 5, = 0.203 and s; = -0.243
for the fitting curve of Fig. 4, for An = 0.013, n,, = 1.3,
and 4 = 1250 nm, the results are A4, = 4.63 nm and
S = 353.5 nm/RIU. For the configuration of Fig. 5 with s, =
0.44 and s; = -0.75, and with the same An, n,, and 4, the
results are A, = 6.4 nm and § = 492.5 nm/RIU. These
sensitivity values are significantly higher than those obtained
for the m = 3 FP resonance and are comparable to the values
reported in [7] for other sensors. Furthermore, unlike other
sensors, the sensitivity of the proposed sensor depends on
the period of the slits’ structure, i.e., it increases for increasing
d (which implies a proportional increment of the operating
wavelength as well). Also, the Q factors of these resonance
peaks are very high and reach the value of 60, which also enable
a high sensing performance [23]. The existence of two different
regimes (linear and quadratic) makes the sensor more versatile.
Even though from the practical point of view, a linear relation-
ship between the unknown index and the peak wavelength is
usually more convenient, the quadratic dependence, on the
other hand, rapidly increases the sensitivity at long wavelengths.

It is important to note that the proposed sensor presents a
wider range of applications in comparison with those based on
surface plasmon resonances. In addition, the scalability is ad-
vantageous from the point of view of the sensor manufacturer
because it permits fabrication of the device at the easiest scale
that is suitable for the particular sensing purpose. However,
taking into account that phase resonances arise at dual-period
systems of slits ruled on a highly conducting metal, the spectral
range of application of this sensor starts at the near infrared
and extends to longer wavelengths, at which the electromag-
netic response of noble metals is similar to that of a perfect
conductor.

5. CONCLUSIONS

A sensor based on phase resonance excitation has been pro-
posed. The design essentially consists of a dual-period metallic
structure with subwavelength slits in the vicinity of a dielectric
interface. The phase resonances excited in the system produce
narrow enhanced transmission peaks that are used to sense the
refraction index of the material filling the waveguide formed
between the interface and the slits’ array. The main advantage
that this novel resonant mechanism brings is the scalability of
the sensor: the operation wavelength must be chosen in accor-
dance with the period of the metallic structure, and this period
can be selected in order to simplify the manufacture of the
device. We have shown that the sensitivity of this sensor is suf-
ficiently high for a variety of applications. One of them is the
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detection of contaminants in certain substances, as for instance,
water. By detecting the spectral position of the peak of a sample
of water and comparing it with the reference (clean) signature,
the peak shift permits detection of non-desired components
within the sample such as heavy metals or organic matter.

Although we investigated the case of a dual-period structure
comprising three slits per period, it is to be expected that the
sensor sensitivity would still improve if more slits are added
within each period because it has already been shown that the
addition of slits increases the number of resonances, which also
become spectrally narrower. Prior to fabrication of a sensor
based on phase resonance excitation, the limitations introduced
by noise in the detected signal should be carefully analyzed. As
experimentally demonstrated for similar structures [6], it is
expected that a few cells would be enough to reproduce the
obtained results. To achieve better performance for molecular
sensing, the geometrical parameters of the proposed sensor
could be adapted to combine phase resonances and the infrared
vibrational modes of molecules. In conclusion, phase resonance
excitation is a promising mechanism to be exploited for sensing
purposes.

APPENDIX A: EXPLICIT EXPRESSIONS OF THE
MATRIX ELEMENTS AND THE INDEPENDENT
VECTOR OF EQ. (11)

€ 1
Mllln :6ln +ﬂ_j4(e_cl_n+81n>’ (A1)
3
My, =-S5 ki, (A2)
€3 P14 "
Moy, = _izicl.h (A3)
esfp "
1
M221n = _51111(; + ;—;K;{ <€_C]_n + Bln)l (A4)
2 3
€4 1
Iy = gﬁﬁcfo, (A5)
€ 1
Iy =6/ —ﬁf(f (acm + Bzo)) (A6)
2 :
and
i i(a,-a;)x; Um -
Ct = 5;” v-a) ,,ZW:F—mAlmAjm(Dlm +Dy,), (A7)

J X; d
Blnzin{Z / T piaax e 4 / ei(an—a,)xdx}, (A8)
=1 Xj+c Xpp1tc

= [ U (A9)
0

JF =ttt & pee, (A10)
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1 ) )
KF = > {y;ePre £ yfePuey, (A11)
F, = / “U2 (x)dx, (A12)

JO
D,,, = cot(v,,h/2), (A13)
D,, = tan(v,h/2), (A14)
T Yy (A15)
7 €1 Pn
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