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ABSTRACT. We introduce a generalization of tropical polyhedra able to express both strict and
non-strict inequalities. Such inequalities are handled by means of a semiring of germs (encoding
infinitesimal perturbations). We develop a tropical analogue of Fourier-Motzkin elimination from
which we derive geometrical properties of these polyhedra. In particular, we show that they coincide
with the tropically convex union of (non-necessarily closed) cells that are convex both classically
and tropically. We also prove that the redundant inequalities produced when performing successive
elimination steps can be dynamically deleted by reduction to mean payoff game problems. As a
complement, we provide a coarser (polynomial time) deletion procedure which is enough to arrive
at a simply exponential bound for the total execution time. These algorithms are illustrated by an
application to real-time systems (reachability analysis of timed automata).

1. INTRODUCTION

Tropical convexity. Tropical or maz-plus algebra refers to the set Ryax := RU {—o00} equipped
with @ y := max(z,y) as addition and z ® y := x + y as multiplication (the latter will be also
denoted by concatenation xy). In this setting, an inequality constraint on variables x1,...,x, is
said to be (tropically) affine if it is of the form:

(1) WL ® - DanTy Kby Dby @ - B by, ,
or equivalently, with usual notation,
(2) max(ag, a1 + &1, ..., a0, + ) < max(by, by +x1,..., b, +xy)

where a;, b; € Rpax for ¢ = 0,1,...,n. By analogy with the terminology of usual convex geometry,
a tropical (convex) polyhedron is defined as a set composed of all the vectors @ € R}, satisfying
finitely many such inequalities. An example is depicted on the left-hand side of Figure

Tropical polyhedra and, more generally, tropically convex sets, have been introduced and studied
in various contexts, including optimization [Zim77], control theory [CGQ99], idempotent functional
analysis [LMSO01], or combinatorics [DS04]. Several basic results of convex analysis and geometry
have been shown to have tropical analogues. These include Hahn-Banach [Zim77, [LMS01l, [CGQS05),
DS04], Minkowski [GKOT, BSS07, [Jos05], and Carathéodory/Helly-type [BHO04, [GS08, [GM10] the-
orems. Some algorithmic aspects have also been studied (e.g. [BH84, [Jos09, [AGG13]). We refer

the reader to [AGGI13] for further references.
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FIGURE 1. Left: a tropical polyhedron (including the black border). Right: a (non-
closed) zone defined by the inequalities 1 < @1 < 7,1 < @2 <5, =2 < @1 — x2 < 3.

Motivation. The present work is motivated by a specific application of tropical algebra to the
verification of real-time systems. Indeed, a remarkable property of tropical polyhedra is their ability
to concisely encode possibly non-convex sets expressed as disjunctions of closed zones. A closed
zone, also known in the literature as polytrope, is a set of vectors & € R"™ defined by inequalities
of the form x; > m;, =; < M;, and x; < k;; + x;, for certain constants m;, M;, k;; € R. More
generally, zones are obtained by replacing some of the previous inequalities by strict ones. See the
right-hand side of Figure [I| for an illustration.

Zones are extensively used in the area of verification of real-time systems, where these systems
are modelled by formalisms such as e.g. timed automata [AD94] or timed Petri nets [Bow96]. More
precisely, zones are used by model checking tools as symbolic states, typically representing infinitely
many states of the system. They can be represented using difference-bound matrices (DBM), which
are essentially adjacency matrices of weighted graphs. This allows for efficient algorithms for the
manipulation of zones during the verification process.

An inherent drawback of zones is that they are convex sets, and consequently they are not closed
under set union. This means that during the analysis process, symbolic states cannot generally be
combined, which potentially leads to state-space explosion. Due to this, tropical polyhedra have
been proposed in [LMM™12] as a replacement for zones. However, an important drawback in this
approach is that the analysis of timed automata often requires to express strict constraints, for
instance in the analysis of communication protocols [DRLS10), Kot09], while tropical polyhedra
are by definition topologically closed. An example illustrating these drawbacks will be given in
Section [Bl

Contributions. In this paper we first introduce (Section [2)) a class of non-necessarily closed trop-
ically convex sets. This class is called tropical polyhedra with mized constraints. It can express not
only inequalities of the form in which the relation < has been replaced by <, but also finer
constraints exploiting the disjunctive character of tropical inequalities. For instance, the inequality

] < max(l + mg,()_ + 333)

is going to represent the disjunction of the inequalities &1 < 14 @2 and x; < x3. These mized
inequalities are defined using coefficients in a semiring of affine germs, which represent infinitesimal
perturbations of reals.

In the second place, we present a tropical counterpart of Fourier-Motzkin elimination (Section.
It provides a constructive method to show that the projection in R?! of a tropical polyhedron with
mixed constraints P C RZ, . is a polyhedron with mixed constraints (Theorem [11]). It computes a
representation by mixed inequalities of the projection by combining the defining inequalities of P.
Actually, this approach handles more generally systems of inequalities with coefficients in a totally

2



ordered idempotent semiring, modulo some assumptions. Note that such an analogue of Fourier-
Motzkin algorithm has not been considered previously in the tropical setting, even in the case of
standard (closed) tropical polyhedra. Fourier-Motzkin elimination also appears as a useful tool to
show the polyhedral character of some non-closed tropically convex sets. As an application, we in-
deed prove that tropical polyhedra with mixed constraints are precisely the tropically convex union
of finitely many zones, and the intersection of finitely many tropical hemispaces (i.e. tropically con-
vex sets whose complements are also tropically convex, which were studied in e.g. [BHOS, [KNS13]),
see Theorem [13] and Corollary

Superfluous inequalities may be produced by Fourier-Motzkin algorithm, so that the size of
the constraint systems can grow in a double exponential way during consecutive applications of
the method. In order to eliminate such redundant inequalities, in Section [4] we extend to mixed
inequalities a result of [AGG12] and its subsequent refinement in [AGK11b], building on techniques
of these two papers. The result of [AGGI12] shows that deciding the feasibility of a system of
tropical linear inequalities is (Karp) polynomial-time equivalent to solving mean payoff games.
The result of [AGK11b| shows that deciding logical implications over tropical linear inequalities is
also equivalent to solving mean payoff games. Theorem [25| generalizes these two results to mixed
inequalities. We note that the present approach (through germs) also yields an alternative, simpler
derivation of the result of [AGK11b|. Indeed, deciding whether a given inequality of the form
is logically implied by a system of other inequalities of the same kind amounts to checking if the
intersection of a tropical polyhedron with the complement of a closed half-space is empty or not.
Such an intersection is obviously a tropical polyhedron with mixed constraints.

Experimentally efficient algorithms have been developed to solve mean payoff games, but no
polynomial time algorithm is known. Hence we also provide a weak criterion which allows to
eliminate some of the superfluous inequalities in polynomial time (Section . We prove that, in
the case of non-strict inequalities, this weak elimination is sufficient to obtain a single-exponential
bound for Fourier-Motzkin elimination (Section .

Finally, Section [f] illustrates the application of tropical polyhedra with mixed constraints to
the verification (reachability analysis) of timed automata. We show that the operations necessary
for forward exploration of timed automata can be defined on tropical polyhedra with mixed con-
straints, using Fourier-Motzkin elimination and the algorithms developed to eliminate redundant
inequalities.

Related work. The algorithms developed so far for tropical polyhedra usually benefit from the
fact that these can be represented either externally, using inequalities (as in ), or internally, as
sets generated by finitely many points and rays (see [GK11] for details). In contrast, non-closed
tropically convex sets may not be finitely generated. Generating representations of (non-necessarily
closed) tropical convex cones have been studied in [BSS07], and in [KNSI3| in the particular case
of tropical hemispaces. A certain class of possibly infinite generating representations was treated
in [GK04], however, the associated algorithms rely on the expensive Presburger arithmetic. Defining
non-closed polyhedra using infinitesimal perturbations of generators also presents some difficulties,
see Remark [6] below. Moreover, we should warn the reader that some geometric aspects of tropical
polyhedra, in particular the notion of faces, are still not yet understood [DY07]. Thus it does
not seem easy to manipulate non-closed polyhedra from closed ones by excluding some “facets” or
“edges”.

The present tropical Fourier-Motzkin algorithm may be thought of as a dual of the tropical double
description method [AGGI3], in which one successively eliminates inequalities rather than variables.
In both algorithms, redundant intermediate data (inequalities or generators) are produced, and the
key to the efficiency of the algorithm lies in the dynamic elimination of such data. Redundant
generators can be eliminated in almost linear time using a combinatorial hypergraph algorithm,
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however the hypergraph criterion appears to have no natural dual analogue which can detect
redundant inequalities.

As mentioned above, the equivalence between mean payoff games and the emptiness problem for
tropical polyhedra with mixed constraints generalizes a result of [AGGI12]. Moreover, it generalizes
an earlier result [MSS04] concerning finite solutions of a class of non-strict disjunctive constraints
appearing in scheduling. The non-strict inequality satisfiability problem has also been studied under
the name of “max-atom problem” in [BNRCO§|, with motivations from SMT solving. Note here a
fundamental difference between strict and non-strict constraints: in the latter case, for inequalities
with integer coefficients, it is shown in [AGGI12] that emptiness over the integers is equivalent to
emptiness over the reals. The same is not true for strict inequalities (consider for example the open
hypercube ]0, 1[™ which is non-empty, but contains no integer points), so that the present result for
mixed inequalities cannot be deduced from earlier ones.

The infinitesimal perturbation of reals used in mixed inequalities is based on a semiring of affine
germs, which was used in |[GG98, [DG06] to provide policy iteration based methods to solve mean
payoff games. It also appeared in the context of tropical linear programming, see [GKS12, § 3.7].
The idea here is that germs allow one to determine algebraically the value of a perturbed game.
Related perturbation or parametric game ideas were used in [AGKI11bl |[GS13].

2. TROPICAL POLYHEDRA WITH MIXED CONSTRAINTS

In the semiring (Ryax, @, ®), addition and multiplication admit neutral elements, namely —oo
and 0. Addition does not generally admit inverses. In contrast, any non-zero (in the tropical sense)
element z admits a multiplicative inverse, which is given by —z and will be denoted z='. The
semiring operations are extended to vectors and matrices in the usual way, i.e. (A®B);; := A;;®B;j
and (A® B);j 1= ®r(Air ® Byj). We will work in the semimodule R} ., for n € N. Its elements can
be seen as points or vectors and are denoted x, y, etc. The order < on Ry, is extended to vectors
entry-wise. We equip Rpax with the topology induced by the metric (z,y) — |expz —expy],
and R7 .. with the product topology. In the sequel, we also use the completed max-plus semiring
Rmax := RpaxU{+00}, with the conventions z < +oc for all z € Ryax, z®(+00) = 400 if  # —o0,
and (—o0) ® (+00) = —oo. Finally, given a positive integer n, we denote by [n] the set {1,...,n}.

The notion of convexity can be transposed to tropical algebra. A subset C of R}, is said to be
(tropically) convex if it contains the tropical segment

{)\w@qu\,MERmax, A@MZO}

joining any two points  and y of C. This is analogous to the usual definition of convexity, except
that in the tropical setting the non-negativity constraint on A and y is implicit (any scalar € Rpax
satisfies x > —00).

We now introduce the algebraic structure which will allow us to handle possibly strict tropical
inequalities. We use a disjoint copy R~ of R composed of elements denoted a~ for a € R, and we

set G := Rpax UR™. The modulus |z| of an element x € G is defined by:
z if 2 € Rpax ;
|z := :
a ifr=a" eR™.
The set G is totally ordered by the order relation <g defined by:
v <y |z| < |yl ifxe@maxandyeR*;
|x| < |y| otherwise.

We use the notation © <g y when z <g y and = # y. As an illustration, the Hasse diagram of <g
over the elements with modulus in Z U {£o0} is given in Figure
4
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FiGURE 2. Hasse diagram of the order <g over the elements of G with modulus in
Z U {£o0}.

The element o~ can be interpreted as an infinitesimal perturbation of « of the form « — ¢ with
€ > 0. Formally, given z € G and € > 0, the valuation of z at €, denoted by x(g), is the element of

Rax defined as follows:
T if £ € Ruax ;
x(e) :== )
|z| —e fzeR™.
The valuation is extended to vectors and matrices entry-wise.

The set G has a semiring structure when equipped with the sum of two elements =,y € G defined
as the greatest element among them, and the multiplication given by:

TRy ifrx,y e R;

(lzgf@ly])~ ifzeR oryeR™, and z,y # +00 ;
—00 ifr=—-oc0cory=—-—0;

400 if x,y # —o0, and x = 400 or y = +00 .

By abuse of notation, the multiplication in G will be simply denoted by concatenation and the sum
by @, as in the case of Ryax. Observe that in G the neutral elements are still —oo and 0, and that
only the elements x € R are invertible with respect to multiplication. Also note that the modulus
map is a semiring morphism.

We begin with a technical lemma on the arithmetic operations in the semiring G.

Lemma 1. The following properties hold:
(i) for any x,y € G,  <g y if, and only if, x(¢) < y(e) for e > 0 sufficiently small;
(i1) for any x,y € G and € > 0 sufficiently small, (x ® y)(e) = z(e) B y(e);
(iii) for any v € Ryax, y € G, and € > 0, (zy)(c) = zy(e);
(i) for any x,y,z € G, x <g y implies vz <g yz, and the converse holds if z € R;
(v) for any x,y € Ryax, < y 15 equivalent to x <g 07y when x € R, and to 0 <g (+00)y when
T = —00.

Proof. The only non-trivial case is when z € R and y € R™, so assume we are in this case. Then,
x <g y amounts to z < |y|. This is equivalent to z(¢) = x < |y| — e = y(e) for € > 0 sufficiently
small.
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(i) Straightforward from Property .

(iil) This property readily follows from the definition of the multiplication.

(iv) If z = 400, the first property is straightforward, so assume |z| € R. Let z <g y (the
implication is trivial when x = y). If || < |y|, we have |zz] < |yz| because z # fo00. Moreover,
if |z| = |y| =: «, then a # +oo (as z and y are distinct), and thus necessarily z = o~ and y = «
(because = <g y). Hence zz € R™ and |zz| = |yz|. In both cases, we conclude that xz <g yz.

Conversely, assume that z € R. Using the first part of the proof, xz <g yz implies x <g y by
multiplying both sides of the inequality zz <g yz by 2%

In the first place, we suppose that x € R. If x <y, then y € R and 0"y = y~. Thus, z <y
implies ¢ <g ¥y, i.e. * <g 07y. Conversely, if the latter inequality holds, then y is distinct from
—o00. Thus, 0"y =y, and  <g y~ ensures that z < y.

Assume now that x = —oo. Note that (4+00)y is equal to +o0 if y # —o0, and to —oo otherwise.
Thus, we have 0 <g (+00)y if, and only if, y > —c0 = z. d

A mized tropical affine inequality is defined as a constraint of the form
(3) a a1 O S ann <G bo @ b1x1 B - D bpxyy

where the coefficients a; on the left-hand side belong Ry,.x, while the coefficients b; on the right-
hand side are in G. When the set of « in R satisfying a mixed inequality is a non-empty proper

max
subset of R} .., it is called mized half-space.

nax Satisfies if, and only if, there exists € > 0 such that
(4) ag B a1xy @ D apxy, < bo(e) Dbi(e)r1 @ Dby(e)my, .
Proof. 1If is satisfied, then by Property (f) of Lemma [1| we have
ap® a1z B Bapky, < (b B bz B - B byy)(e)

for e > 0 sufficiently small, since the left-hand side of (3)) belongs to R} ... Besides, by Properties ({i)
and of Lemma (1], it follows that

(bo D b1y B -+ B bpy)(e) = bo(e) D bi(e)x1 & - - B by (),
for € > 0 sufficiently small, which shows that holds.
Conversely, suppose that is satisfied for some £ > 0. Then
agp ® a1y ® - D apey, < bo(e) Db1(e)x1 @ - D by(e)

for any & < e (the map &’ +— bo(¢) ®b1(e')x1 D - - - B by (¢)x,, is non-increasing). It follows that
holds, by Properties , and of Lemma and the fact that the left-hand side of belongs
to Rypax. O

Lemma 2. A vector x € R?

A tropical polyhedron with mized constraints is defined as a set composed of the vectors € R}, .

which satisfy finitely many mixed tropical affine inequalities. To contrast with, we use the term
closed tropical polyhedron when the defining mixed inequalities only involve coefficients in Ry,
i.e. they are of the form . The following proposition establishes that polyhedra with mixed
constraints are (possibly non-closed) tropically convex sets.

Proposition 3. Any tropical polyhedron with mized constraints is a tropically convex set.

Proof. Let x,y be two solutions of , and A, i € Ryax be such that A @ p = 0. By Lemma
there exist €,¢’ > 0 such that:

0(e) Dbi(e)x1 @ -+ D by(e)xy

0(6/) S b (6/)311 ©---D bn(€/)yn .
6

ao@a1$l@"’@anmn<b
ap® a1y B - B anyn < b



| /

FIGURE 3. Tropical polyhedra with mixed constraints (the ends of the black seg-
ments marked by points are included in the polyhedra).

These inequalities are still valid if we replace ¢ and €’ by min(e,¢’). Hence, we can assume, without
loss of generality, that ¢ = ¢’. Then, z = \x @ py satisfies

ap®a1z1 P Danzy < bo(e) Bbi(e)z1 D - B by(e)zy ,

which proves that z is a solution of by Lemma Thus, any mixed half-space is tropically
convex. We conclude that every tropical polyhedron with mixed constraints is tropically convex,
as the intersection of finitely many tropically convex sets. O

Ezample 4. The vectors € R? satisfying the strict inequality 7 < max(—1 + x2,0), depicted
on the left-hand side of Figure [3] are obtained as the real solutions of the mixed affine inequality
x1 <g (—1)"x2 ® 0. Similarly, the solutions of &1 <g (—1) @2 ® 0 correspond to the previous
set in which the half-line {(0,) | A < 1} is added (middle of Figure [3).

The set depicted on the right-hand side of Figure [3| is the tropical polyhedron with mixed
constraints defined by the following mixed inequalities:

(—2)xy <g 0~ B0 —2 <G T2
(5) -3 <g x1 1 <g 3 X2
0<g 11 B0 xo (—2).’121 <g 0™ &8 (—1)322

Observe that the inequalities in have the property that no variable (or constant term) ever
appears on both the left- and right-hand sides. The following lemma ensures that this situation
is not restrictive, and that in any inequality of the form , we can always assume a; = —00 or
b; = —oo for all i € {0,...,n}.

Lemma 5. Let a,b € Ryax and ¢,d € G. The set of solutions in Ryax of the mized tropical
affine inequality ax ® b <g cx & d is given by {x € Ryax | b <g cx ®d} if a <g ¢, and by
{x € Rpax | az ® b <g d} otherwise.

Proof. In the first place, suppose that a <g ¢. Then, ax <g cx for all x € Ryax by Property
of Lemmal [I] It follows that ax <g cx @ d is always satisfied.

Suppose now that a >g c. If z € R, we have ax ® b >g ax >g cx by Property of Lemma
As a consequence, any x € Ryax such that ax & b <g cx ® d also satisfies ax ® b <g d. This
completes the proof. O

Remark 6. Following the analogy with closed tropical polyhedra, we could also consider subsets
of G™ generated by finitely many points and rays (given by vectors with entries in G), having in

mind to encode non-closed subsets of R} thanks to infinitesimal perturbation of generators. More
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FIGURE 4. Left: a tropical polyhedron with mixed constraints, together with an
open mixed half-space (in blue) defining it. Right: the closed polyhedron defined
by the corresponding non-strict inequalities.

precisely, we could consider that a subset C of G encodes the subset C of R} .« given by the points
y € R, such that for all & > 0 there exist &’ € |0,¢[ and @ € C verifying y = x(¢’). However,
this approach presents several difficulties. For example, consider the segment S of G? joining the

points v = (07,1) and w = (17, 1), i.e.
S={wopweG* | \pecG, \du=0}.

Then, it can be checked that S = {(o,1) € R | a € [0,1[}. Now, observe that if we consider
the segment S’ joining v = (17,0) and w’ = (0,1), we have &’ = S. Noticing that v’ € S and
v € S’, we see that different polyhedra of G" can encode the same subset of R Consequently,

max*
it seems far from trivial to determine the equality of two subsets of R}! . when they are encoded
as polyhedra of G™.

Remark 7. As a complement of Remark |6, we point out that the closure of a polyhedron with mixed
constraints is apparently harder to compute than in the case of usual convex polyhedra. Indeed,
in the latter case, the closure can be simply obtained by substituting < by < in the defining
inequalities. In contrast, in the current setting, replacing the coefficients b; of the form ;" by 3;
on the right-hand side of mixed inequalities provides a closed tropical polyhedron which may be
larger than the closure. For example, consider the polyhedron with mixed constraints defined by
the inequalities:
0<g x1 r1 ®x2 <g 1 0<g (-1) 1 ®©0 x2,

which is depicted on the left-hand side of Figure The mixed half-space defined by the last
inequality is represented in blue. The closure of the polyhedron the usual unit square. However,
the closed polyhedron defined by the inequalities:

0<z 1@z <1 0K (~1)z1 D2,
contains additionally the half-line {(1,\) | A < 0} (right-hand side of Figure {4).

3. TrRoPICAL FOURIER-MOTZKIN ELIMINATION

In this section, we first present a tropical Fourier-Motzkin elimination method, which allows to
eliminate a variable in a finite system of mixed inequalities. Then we apply this method to establish
relationships between tropical polyhedra with mixed constraints, zones and tropical hemispaces.

3.1. The algorithm. We first illustrate the algorithm on an example.

Ezample 8. Consider the system given in , and assume we want to eliminate the variable x.
From the last (rightmost) two inequalities of , we know that:

(6) x1 <G 3 T2 T <g 2 @ lxy
8



In each inequality involving the variable ; on the right-hand side (i.e. the leftmost three inequali-
ties of ), we propose to replace x; by the two upper bounds provided by @ This produces the
following six inequalities:

(—2)xy <g 0 B3 x2 —3<g3 x 0<g4 o
(—2)%2 <g 2 Pl xo —3<g2 ®lxs 0<g 3 P2xs

(7)

Besides, in each inequality not involving x; on the right-hand side, we remove the term in 1 from
the left-hand side, if any. From the rightmost inequalities of , we obtain the following three
inequalities:

(8) —2<g @2 — o0 g 3 x2 —00<g 0 & (-2 .

We claim that the inequalities in and precisely describe the projection on the a9 axis of the
polyhedron with mixed constraints defined by . Note that the collection of inequalities obtained
in this way is redundant: one inequality, —2 <g «2, suffices.

We now formalize the approach sketched in Example Under some assumptions (which are
specified in Theorem below), it applies more generally to systems of constraints over a totally
ordered idempotent semiring.

Recall that a semiring (S, @, ®,0,1) is said to be totally ordered if there exists a total order <g
on S such that:

(i) 0<saforall a €S,

(ii) for all a,b,c €S, a <gbimpliessa B c<sbDc,a®c<sb®e,and cR®a <sc® b.
The semiring S is said to be idempotent if a ®a = a for all a € S. The next lemma shows that such
a semiring is naturally ordered, meaning that a & b is equal to the maximal element among a and b.

Lemma 9. Let (S,®,®,0,1,<s) be a totally ordered idempotent semiring. Then, for all a,b € S,
a®b=aifa>sb, and a® b="> otherwise.

Proof. In the first place, observe that b >gs 0 implies a & b >s a. Analogously, we have a & b >g b.
Now suppose that a >g b. Then,a =a® bsincea=a®a >gadb. ]

Now we explain how to eliminate x,, in a linear system of inequalities over S in the variables
x1,...,x,. For the sake of simplicity, we extend the operations of S to matrices and vectors in the
usual way and represent the multiplication ® by concatenation.

Theorem 10 (Fourier-Motzkin elimination for systems over totally ordered idempotent semirings).
Let (S,®,®,0,1,<s) be a totally ordered idempotent semiring and P C S™ be the solution set of the
system Ax ® ¢ <s Bx & d, where A, B € SP*" and ¢,d € SP satisfy the following conditions:

(i) Ain is (left- Jinvertible with respect to @ if Ay, # 0 (we denote its inverse by Ai_nl),ﬂ

(ii) for any o € S there exists € S such that a <s Binf if Bin # 0,
(iii) either A;; =0 or B;j =0 for i € [p] and j € [n].
Let Q@ C S™! be the set defined by the following inequalities in the variables x1,. .., &, 1:

(9) (Bj2ndijz;) & i <s (BjznBijz;) © di
for all i € [p] such that B;, =0, and
(10) (8j£nAijm;) @ ¢; <s (Bjzn(Bij ® BinAp, Bij)x;) ® d; & Bi Ay ldy,

for all i,k € [p] such that B, # 0 and Ay, # 0.
Then x € Q if, and only if, there exists A € S such that (x,\) € P.

Here and below, M;,, denotes the (i,n)-entry of matrix M, and should not be confused with any abbreviation.
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Proof. Assume that (z,\) € P for some A € S. Then for all 7 € [p] such that By, = 0, we have:
(Dj£ndijzj) @ c; <s (Bjzndijx;) ® Ain\ ® ¢; <s (®jznBijx;) ®d; |

which proves that x satisfies the inequalities of the form @ Now consider i,k € [p] such that
Bin # 0 and Ag, # 0. Then, A;, = B, = 0 by Condition , and Apg, is left-invertible by
Condition . Since AgpA <s (BjznBrjx;) © di, we know that

A <s Ay (@0 Brjacy) Ay dy.
Replacing A by the latter upper bound in the inequality
(@jzndijx;) O ¢ = (DjznAijx;) © AinA © ¢ <s (DjznBijz;) © BinA © d;

precisely yields inequality , using distributivity of ® and commutativity of &. Thus, we conclude
that = € Q.
Conversely, let € Q. In the first place, assume that A;, = 0 for all i € [p]. Define

A= @iGIﬁi b
where I := {i € [p] | Bin, # 0} and §; € S is such that (®j1,4ix;) ® ¢; <s Binf; for i € I (b;
exists thanks to Condition (ii)). Then, if B;, # 0, we have
(©j£nAijz;) © Ain\ © ¢ = (BjznAijT;) © ¢; <s BinA <s (DjznBijxj) © B\ © d; .

The same inequality is trivially satisfied if Bj, = 0 due to (9)). It follows that (x,\) € P.
Now assume that Ay, # 0 for some k € [p]. Define
(11) A:= min (A;ﬁ(@j?ganjacj) @A;ﬁdk) ,

ke[p]
Akn#o

where the operator min is understood as providing the minimum of its operands with respect to
the order <s. As a consequence, for all ¢ such that A;;, # 0, we have A;p A <s (P4, Bijx;) ® d;.
The fact that B;;, = 0 (by Condition (iil)) and the conjunction with (9) yield:

(@j£nAijx;) © A\ ® ¢; <s (BjznBijzj) ® di = (DjrnBijxj) ® BinA @ d; .

Note that the latter inequality also holds for all ¢ € [p] such that A;, and Bj, are both equal to 0.
Now suppose that i € [p] satisfies B, # 0 and k € [p] attains the minimum in (L1)). Since x

satisfies , i.e.
(®j#nAijj) ® €; <s (BjpnBijij) © di ® BinAp, (BjnBrjxj © di)
it follows that
(®jrnAijj) ® Aip A ® ¢; = (®jznAijzj) @ ¢ <s (BjznBijrj) ® BnA ®d;
because By, # 0 implies A;;, = 0 by Condition (iii). This shows that (a, \) belongs to P. d

The case of tropical polyhedra with mixed constraints is obtained by setting S = G. Note that
the conditions of Theorem [10] are satisfied when S = G, due in particular to Lemma [5| and the fact
that any non-zero coefficient on the left-hand side of a mixed inequality is invertible (as an element
of R). However, a tropical polyhedron with mixed constraints consists of the solutions belonging
to R} .., while Theorem applies to the solutions in G™. The following result shows that the

projection algorithm is still valid when restricted to R}, ..

Theorem 11 (Fourier-Motzkin elimination for systems of mixed inequalities). Assume P and Q
are defined as in Theorem with S = G. Then, for all z € R*.L x € Q if, and only if, there
exists X € Ryax such that (x,\) € P.
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Proof. Observe that to prove the theorem, it is enough to show that if y := (&, \) € P for some
x € R and A € G, then there exists \' € Ryay such that (z,\) € P.

If A € Ryax, there is nothing to prove, so assume A € R~ U {+oo}. We will show that for a
certain choice of X € R verifying N <g A, the vector y’ := (2, ') € R . belongs to P. Note that

for any such choice of X', the vector ¢y’ satisfies the inequalities in Az @ ¢ <g Bz ® d indexed by
i € [p] such that Bj, = £oo. Indeed, in this case, we have

(12) (@ Aiy)) @ ¢; <g (B Aiy;) ® ¢; < (®;Bijy;) ® d; = (8;Bijy}) & d; .

Thus, we next focus on the inequalities indexed by elements of the set I := {i € [p] | By € RUR™ }.
In consequence, A;, = —oo for all i+ € I. It is convenient to split the rest of the proof into two
cases.

In the first place, assume A = +o0o. Define ) := de € R, where € > 0 and

5— Dicr|Bin| N (®jundijx; B e;) HI1#0,
0 otherwise.
Obviously, N <g \. Besides, for all i € I we have
(®jndije;) & AnN @ ¢; <g (®jznBijx;j) ® BinN & d; ,
since @jznAijx; ® ¢; < |Bin|\ and A, = —oc.
Now assume X\ € R™. Let I’ be the set of indices i € I such that By, A > @£, Bijz; ®d;. Then,
(D5 AiY5) & ¢ = (Bjzndijx;) ® ¢; <g BinA
forall i € I'. For i € I', let v; = @4, Ajjz; B ¢;. Since v; belongs to Ryax (Aij, «; and ¢; belong
to Rmax) and By A belongs to R™, we necessarily have v; < |B;jp,A|. Define X := k|\| € R, where
o — maxiep(yi — ’Bm)\|)/2 if {’l el ‘ V; € ]R} 75 0 ,
—1 otherwise.
As k < 0, we have X <g A. Moreover, if i € I’, then v; < k| B A| and so
(@A) © ¢i <g (©AijY;) ® ¢ = (DjznAiT;) ® c; =
= v; <g KBinA <¢ KBin|\| = BinN <¢ (9;Biy;) ® d; .
Finally, note that for ¢ € I\ I’ the relations in are still valid because in that case we have
DjxnBijz; © d;i 2 BinA 2¢ B;,N. This completes the proof. ]

3.2. Characterization of tropical polyhedra with mixed constraints in terms of zones
and tropical hemispaces. In this subsection we discuss some consequences of tropical Fourier-
Motzkin elimination. In the first place, we establish that the tropical convex hull of the union
of two tropical polyhedra with mixed constraints is a tropical polyhedron with mixed constraints.
Recall that the tropical conver hull tconv(G) of a set G C R}},, is defined as the set of the vectors
of the form
Nzl @ e\, 2™
where m is a positive integer, €' € G, \; € Ryax (i € [m]), and DicmNi = 0.

Proposition 12. Let P, P’ C RZ... be polyhedra with mized constraints, respectively defined by the

systems Ax ®c <g Bx®d and A/x ®c <g B'z ®d', and let Q be the polyhedron defined by the

inequalities which are obtained eliminating yYi,...,Yn, Y}, .-, Yn, A and p in the following system:
z=ydy Adp=0

(13) Ay & Ae <g By \d YLD D yp <g (+00)A
Aly' @ pc <g B'y' © pd’ Y& Dy, <c (+00)pu

11



Then, we have tconv(P UP’) = Q.

Proof. In the first place, note that P C Q. Indeed, given € P, let A =0, u = —o0, y = x and
y, = —oc for i € [n]. Then, is clearly satisfied, and so from Theoremwe deduce that © € O.
Similarly, P’ C Q. Since Q is tropically convex, we deduce that tconv(P UP’) C Q.

Conversely, let * € Q, and consider y,y’, \, u as in . If both A, p are distinct from —oo,
then \ly € P, p= 'y’ € P/, and = = A(A\"'y) @ pu(p~'y’), which ensures that = € tconv(P U P’).
Otherwise, if for instance p = —oo, then we necessarily have A = 0, and so y € P. Moreover,
from ¥} & -+ ® y,, <g (+o00)u we deduce that y, = —oo for all ¢ € [n], and in consequence
@ = y. This completes the proof, because again we have x = y € P C tconv(P U P’), and so
Q C teconv(P UP’) O

In order to characterize tropical polyhedra with mixed constraints in terms of zones, we first need
to extend the definition of zones to Ryax: a zone (of R7,.) is a set of vectors € R}, defined by
inequalities of the form

(14) m; 1 x; x; < M; x; < kijacj
where < € {<, <} and m;, M;, kij € Rpypax.

Theorem 13. A subset P of R} . s a tropical polyhedron with mized constraints if, and only if,

it is a tropically conver union of finitely many zones.

Proof. Observe that when < is equal to < in , these inequalities are equivalent to the ones
obtained replacing <1 by <g. Moreover, we have
m; <g 07 x; iftm; € R

m; < &j; <~
‘ ‘ {0 <g (—FOO)QZZ if m; = —o0

T, < M, <+— x, <g0 M; ifM;eR
T; < kijil}j < (ml <G (O_)kij:l}j and 0 <g (+OO)ZL']') if ki]’ eR

In consequence, any zone is a tropical polyhedron with mixed constraints. Then, by Proposition
so is the tropical convex hull of the union of finitely many zones. The “if” part of the theorem
follows from the fact that if the union of finitely many zones is tropically convex, then it coincides
with its tropical convex hull.

Suppose now that Q is a polyhedron defined by mixed inequalities of the form , in which
only one of the coefficients b; is distinct from —oo. If this coefficient is by, as we can assume that
by # 400, it follows that can be rewritten as a system of inequalities of the form x; <g 6M;,
with 8 € {0,07} and M; € R. If the considered coefficient is b; for j € [n], then (3]) can be rewritten
as a system of inequalities of the form m; <g fz; and x; <g Bki;x;, with 8 € {0,07, 400} and
mj, kij € R. Since

; < kzijmj if ﬁ =0
x; <g Bkijr; <= { x; < kijjz;or (x; < —ooand x¢; < —o0) if =07
<
~

<
< —o0) if =40

—o0 < xj or (x; < —oo and x;
mjgzcj lfﬁ:()
and m; <g fzr; &= (m;<z; fF=0"
—oo < xj if B = +o0

<M, ifB=0
xi <g BM; = {" ’ ?5 _
x; < M; 1f6:0

it follows that Q is a finite union of zones.
12



The “only if” part of the theorem follows from the fact that any polyhedron with mixed con-
straints can be written as a finite union of polyhedra of the form considered in the previous para-
graph (it suffices to choose, in each inequality, one term in the right-hand side to be the maximizing
one). O

Theorem [13| raises the problem, of independent interest, of determining whether a given union of
finitely many zones is tropically convex. To our knowledge, this problem has not been studied so far,
even in the case of closed zones. A naive solution consists in computing the tropical convex hull of
the union of zones (using Proposition, and checking whether it intersects the complement of the
union of zones (the latter can be expanded into a union of zones, and the intersection test requires
the techniques developed in Section (4| see Theorem . This approach would be particularly
expensive. Yet, it is similar to the technique implemented in the UPPAAL DBM library [Dav12]
to test if a union of zones is a zone. Whether there exists a more efficient method is left for future
work.

Now we study the relationship between tropical polyhedra with mixed constraints and tropical
hemispaces. Recall that a tropical hemispace is a tropically convex set whose complement is also
tropically convex. Tropical hemispaces and mixed half-spaces share the property that their closure
is a closed half-space (in the case of hemispaces, this is proved in [BHOS8]). In fact, Proposition
and Example [15| below show that mixed half-spaces are a proper subclass of hemispaces.

Proposition 14. Mized half-spaces are tropical hemispaces.

Proof. We already proved in Proposition [3| that mixed half-spaces are tropically convex.

The complement of the mixed half-space defined by consists of the vectors € R}, .. such
that
(15) ag D ar1x1 D D apxy, >g by B bix1 D Dbz, .
Let ,y € R}, be in this complement, and A, it € Rpax be such that A @ p = 0. Without loss of

generality, assume that A = 0. If u = —o0, then A\ & py = x trivially satisfies . Otherwise,
i.e. if u € R and p < 0, then by Property of Lemma we have p(ag ® a1y1 @ -+ ® apyn) >¢
w(bo @ b1y @ -+ D bryy). It readily follows that ag @ a1 (Ax1 @ py1) ® -+ B an(Axy, O pyn) >c
bo @ bi(A\x1 @ pyr) ® - - ® by (A, ® pyy). This shows that the complement of a mixed half-space
is tropically convex. O

Example 15. Consider the tropical hemispace H defined as the set of vectors € R% _ such that

max
(x3 < xp and x4 < 1) or (x3 < a2 and x4 < x9) .

We claim that H is not a mixed half-space. Its closure is the tropical half-space defined by the
inequality
(16) x3 D xy <0z @ O0xy .
Any mixed half-space whose closure is given by is defined by a mixed inequality obtained
from by replacing some of the coefficients 0 on the right-hand side by 0~. However, it can be
easily verified that none of these mixed half-spaces is equal to H.

Similarly, it can be checked that the complement of H, which is given by the set of vectors
x € R such that

1 <xz3dxy and (xo < x3or Ty < x4) ,

is not a mixed half-space either.

To prove the following proposition, we shall use the characterization of tropical hemispaces in
terms of (P, R)-decompositions established in [KNS13].

Proposition 16. Tropical hemispaces are tropical polyhedra with mixed constraints.
13



n

n ax 18 defined as

Proof. In the first place, let us recall that the tropical conic hull of a subset G of R
tcone(G) = {ulwl DD pmx™ | meN, ' eG, e Rmax} -

maxo their tropical Minkowski sum G @ G” is defined as
{zox' |z € G, 2’ € G'}. In this proof, we denote by u’ € Rf,,, for i € [n], the vector defined by
u’ :=0if j =7 and w} := —oo otherwise.

Let H1,Hs be two complementary hemispaces. Suppose that the vector all of whose entries are
equal to —oo belongs to Hy. Then, by [KNS13| Theorem 4.22] there exist a partition I, .J of [n]
and interval sets Aj;, A7, C Ruax for i € TU{0} and j € J such that

Hy = teconv({\/ | j € J, A e A(l)j}) ® tcone({u' @\’ |iel, jeJ \e A}j})
Ha = teonv({Au/ | j € J, A # +oo, A€ Af;}) @ teone({Au’ @ w/ |i €1, jeJ, Ae—A5})

where each couple of intervals A%j,

142y — ([_0076]7]131"’_00})) B eRU {_OO}
(17) (Af;, AZ;) {([_ooﬂ[, (o +o0]), o€ RU {+oo}

Moreover, given two subsets G and G’ of RY

A?j has one of the following forms:

Thus, note that € H; if, and only if, there exist A\;; and p;; in Ryax for ¢ € IU {0} and j € J
such that

T = Djejhbij foriel
xj = Dicru{o}Nijhij forj € J
Djespoj =0
Aij € Ajj foric TU{0}and j e J

Equivalently, © € #H; if, and only if, there exist y;; and v;; in Ryax for i € I U {0} and j € J such
that

T; = Djeilij foriel
Tj = Dic1u{o}Vij forjeJ
(1) @®jespoj =0
Bij if Azlj = [—o0, f] with g € RU {—o0}
Vij <G § O fij if Aj; = [-o0,al with a € R forie TU{0} and j € J
(+oo)psj if A}j = [—00,a] with a = 00

By Theorem [T1], we conclude that H; is a tropical polyhedron with mixed constraints, since it is
defined by the system of mixed inequalities obtained by eliminating j;; and v;; for i € I U {0} and

jeJin (D).

Similarly, the same result can be obtained for Hs using a symmetric argument. O
The following result is a straightforward consequence of Propositions [14] and

Corollary 17. Tropical polyhedra with mized constraints are precisely the intersections of finitely
many tropical hemispaces.

Remark 18. We have previously defined a closed tropical polyhedron as the solution set of in-

equalities of the form , i.e. mixed inequalities with coefficients in Ry,.x. We point out that

this definition is consistent with the fact that such polyhedra are precisely the tropical polyhedra

with mixed constraints which are closed. Indeed, by Theorem [13|a tropical polyhedron with mixed

constraints P can be written as a finite union of zones. If P is closed, then it is equal to the union

of the closure of these zones (i.e. closed zones, which can be generated by finitely many points
14



and rays by the tropical Minkowski-Weyl Theorem, see [GK11l, Theorem 2]). Since P is tropically
convex, it is even equal to the tropical convex hull of this union. It follows that it is generated by
finitely many points and rays. By the tropical Minkowski-Weyl Theorem, we deduce that it is the
solution set of finitely many inequalities of the form .

4. ELIMINATING REDUNDANT MIXED INEQUALITIES

Like in the classical setting, Fourier-Motzkin elimination generates a system of O(p?) inequalities
from an input with p constraints. Consequently, the number of inequalities may grow in O(ka) after
k successive applications. To avoid the explosion of the size of the constraint system, superfluous
inequalities must be eliminated. With this aim, we present a decision procedure for implications of
the form:

(19) Ar@c<gBrxrdd = ex®g<g frdh forall xecR]

max ?

where A € Riw, B € GP*", ¢ € Rbuy, d € GP, g € Riax, h € G, and e and f are n-dimensional
row vectors with entries in Ry, and G respectively. We assume that e and g are not identically
null (in the tropical sense) and that h # +o0, because otherwise deciding implication is trivial.

4.1. Equivalence with mean payoff games. We first show that deciding an implication of the
form is equivalent to an emptiness problem for tropical polyhedra with mixed constraints.

Proposition 19. Let Q be the tropical polyhedron with mized constraints defined by the system
Ax ® c <g Bx & d and the following inequalities:

fixi <c (07e)z ®07g if fi € Ruyax

(20) |filti<cex® g if fi € R™
T; <G —0 if fi =400
for alli € [n],
(21) h<g (0"e)x®0 g if h € Ryax
|h| <gexdg if h € R™
and

0 <¢ Pe;£—oo(+00)T; if g = —00.
Then, implication holds if, and only if, Q is empty.

Proof. Implication is false if, and only if, there exists € R}, such that Ax ® ¢ <g Bx & d
and ex ® g >¢g fxr @ h. Observe that ex & g >¢ fx @ h holds if, and only if, ex & g >g h and
ex @ g >¢ fix; for all i € [n|. This implies ex @& g > —o0, i.e. 0 <g (+00)(ex @ g). The latter
inequality is trivially satisfied if g # —oo. When g = —o0, it is equivalent to 0 <g e, ~£—oo0(+00)x;.
Finally, assuming ex @ g > —oo, note that ex @ g >¢ fix; is equivalent to (20)), and ex ® g >g h
is equivalent to . This completes the proof. ]

In light of Proposition it is enough to develop a decision procedure to determine whether
a tropical polyhedron with mixed constraints is empty. Our approach relies on parametric mean
payoff games, following the lines of [AGGI12] [AGK11D].

Let R be a tropical polyhedron with mixed constraints defined by the system

(22) Mxep<gNrdq,

where M e RIXM N € G™", p e R, and g € G". It is convenient to consider two different cases,

depending on whether +o0o coefficients appear or not in .
15



FIGURE 5. The digraph associated with a parametric mean payoff game (column
and row nodes are respectively represented by circles and squares).

4.1.1. Polyhedra defined by systems with no +o0o coefficients. In the first place, we restrict to the
following case:

Assumption A. No coefficient is equal to +00 on the right-hand side of mixed inequalities.

In other words, in this subsection we assume N € (G \ {+00})"*™ and q € (G \ {+00})".

In this case, with each € > 0 we associate a closed tropical polyhedron R., given by the system
Mx @& p <g N(¢)x @ q(e), and a mean payoff game involving two players, “Max” and “Min”,
playing on a weighted bipartite digraph G. composed of two kinds of nodes: row nodes i € [r],
and column nodes j € [n+ 1]. This digraph contains an arc from row node i to column node j
with weight Nj;(e) when N;; # —oo, and an arc from j to ¢ with weight —M;; when M;; # —oo.
Similarly, it contains an arc from row node i to column node n + 1 with weight g;(¢) if q; # —o0,
and an arc from column node n + 1 to row node ¢ with weight —p; when p; # —oo.

Ezxample 20. Figure [5| provides an illustration of the digraph G. corresponding to the tropical
polyhedron with mixed constraints defined by the system:

1: —3<G:1}1 3: _2<(G1’2
2: 0<g 11 0 2o 4 . (—2):121 <g 07 & (—1).’E2

The principle of the game is the following. Players Min and Max alternatively move a pawn over
the nodes of G.. When it is placed on a column node, Player Min selects an outgoing arc, moves
the pawn to the corresponding row node, and pays to Player Max the weight of the selected arc.
Once the pawn is on a row node, Player Max similarly selects an outgoing arc, moves the pawn
along it, and receives from Player Min a payment equal to the weight of the selected arc.

In the sequel, we suppose that Players Max and Min always have at least one possible action in
each node:

Assumption B. FEach node of G- has at least one outgoing arc.

This technical property can be assumed without loss of generality, up to adding trivial inequalities
or removing non-relevant unknowns in the system. We refer to the discussion of Assumptions 2.1
and 2.2 in [AGGI12] for further details.

We consider infinite runs of the game, in which case the payoff is defined as the mean of the
payments of Player Min to Player Max. Player Min wants to minimize this mean of payments
while Player Max wants to maximize it. We denote by v(e) the value of the game associated with
G- when it starts at column node n + 1. It is shown in [AGGI2, Theorem 3.5] that the tropical
polyhedron R. is non-empty if, and only if, v(g) > 0, i.e. column node n 4 1 is a winning initial
node (for Player Max). Then, the following result immediately follows from Lemma
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Proposition 21. The tropical polyhedron with mized constraints R is non-empty if, and only if,
there exists € > 0 such that v(e) > 0.

Let M (resp. N) be the matrix of size 7 x (n + 1) obtained by concatenating matrix M and
column vector p (resp. N and q). The dynamic programming operator g. associated with the game
over G. is the function from R™*1 to itself defined by

max

(23) (gete))y o= min (=30 + max (N(9) +x))
M;j#—00 Nip#—o0

for j € [n+ 1]. This function satisfies the following properties:
(i) it is order preserving, i.e. < y implies g.(x) < g-(y) for all x,y € R%H1

max’

(ii) it is additively homogeneous, i.e. g-(Ax) = Ag:(x) for all A € Ryax and € R
(iii) it preserves R™"*!1 thanks to Assumption [B| above.

n+1

max’

Such a function can be shown to be non-expansive for the sup-norm. Since it is also piecewise
affine, a theorem due to Kohlberg [Koh80] implies the following vector x(g:), referred to as the
cycle-time vector of g., exists and has finite entries:
= i OV
X(9¢) = lim g2 (0)/
Kohlberg’s theorem also implies the j-th entry of x(g.), which we denote by x;(gc), corresponds

to the value of the game when it starts at column node j. We refer to [AGG12] for further details.
Following the notation above, we consequently have

v(€) = Xn+1(9e)

for e > 0.

The cycle-time vector x(g-) can be expressed in terms of the cycle-time vectors of dynamic
programming operators associated with certain one-player games. More precisely, a (positional)
strategy for Player Min is a function o : [n 4+ 1] — [r] associating with each column node j a row
node o(j) such that Mg(j)j # —o0. Such a strategy defines a one-player game (played by Player
Max) over the digraph GZ obtained from G. by deleting the arcs connecting column nodes j with
row nodes i such that ¢ # o(j). Its dynamic programming operator g7 is given by:

(92(x)); = —Mqy(j); + Johax, (Na(j)k(€)+wk) :

N, (jyp#—00

for j € [n+ 1]. Observe that this operator is linear in the tropical semiring Ry,.x. If we denote by
X the (finite) set of strategies for Player Min, then as another consequence of Kohlberg’s theorem,
it can be shown that

(24) x(g:) = min x(92) -

A dual result based on strategies for Player Max can also be established.

Given o € X, the (n + 1)-th entry of the vector x(g?) can be similarly interpreted as the value
of the one-player game associated with the digraph GZ when it starts at column node n + 1. As
the function g7 is linear in the tropical semiring, it is known [CTGG99|] that x,+1(g?) is equal to
the maximal weight-to-length ratio of the elementary circuits of GZ reachable from column node
n + 1. A circuit in this digraph is referred to as a sequence of column nodes jo,...,Ji—1,J1 = jo,
where [ > 1, and so [ is considered to be its length. Note that the reachability relation in GZ does
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not depend on €. Let C, be the set of the elementary circuits of GJ reachable from column node
n+1. By , we readily obtain

1 ~ -
25) v(€) = Xn+1(ge) = min max —( — M5, + Nogioi, 5))
( ( e TEX (fo,mdi—1,J1)ECy | Oészg;l a(js)d o(js)3 +1(

for € > 0. We deduce that:
Lemma 22. The function € — v(e) is non-increasing and piecewise affine.

Proof. The fact that € — v(e) is piecewise affine straightforwardly follows from (25).

We next prove by induction on h that the function € — (g”(z)); is non-increasing for any x € R"
and j € [n]. In the first place, observe that e appears only negatively in the coefficients J\Nfl-k(g)
of (23), so the function € — (ge(x)); is non-increasing. Now consider h € N and ¢ < €. By
induction, we know that g”(x) < g(z) for any € R™. Since the function & — g.(x) is order
preserving, we have g.(g"(z)) < gi*!(x). Besides, g.(¢"(z)) > g.(¢"(z))) = g?/“(w). It follows
that (¢! (z)); < (g0 (z)); for all j € [n].

We conclude that € — v(e) is non-increasing as the limit of non-increasing functions. O

If we assume that the numerical parts of the non-zero entries of M, N, p and g are integers (this
assumption is obviously satisfied in the application to timed automata in Section , the criterion
of Proposition [21] can be determined by evaluating v(e) at € = 0 and at a small positive value.

Proposition 23. The tropical polyhedron with mized constraints R is non-empty if, and only if,
v(0) > 1/(n+1) orv(l/(n+1)%) > 0.

Proof. Each linear piece of the function € — v(e) corresponds to an affine map given by the weight-
to-length ratio of an elementary circuit of GZ for some strategy o for Player Min. In consequence,

this affine map is of the form /\7/“5, where:

(i) 1 is the length of the circuit (I < n+ 1),
(ii) A is the sum of 2! integers given by the modulus, or their opposite, of some entries of the

matrices M and N and of the vectors p and q,

(ili) & is the number of occurrences of —¢ in the weight N;;(e) or g;(e) of some arcs of the circuit
(so k <1).

Therefore, any non-differentiability point € of the map e +— v(e) satisfies (A — k€)/l = (N — k') /U,

where I/, N, and k' have the same properties as [, A, and k above respectively. It follows that any

positive non-differentiability point (if any) is of the form:

Nl— N

Kl—1Uk

Assume, without loss of generality, that k/l < k’/lI’. Since £ > 0, the numerator X'l — X’ is a

positive integer. This implies that & > ¢*, where e* = 1/(n + 1).

Consequently, the function ¢ — v(e) is affine on the interval [0, €*]. Since it is non-increasing by
Lemma we have v(g) < 0 for all £ > 0 if, and only if, v(0) < 0 (by continuity) and v(g*) < 0.
The application of Proposition [21{ shows that R is non-empty if, and only if, v(0) > 0 or v(e*) > 0.
Since v(0) is equal to the weight-to-length ratio of an elementary circuit of GJ, for some o € X,
it can be written as \”/I”, where \” and I” have the same properties as A and [ above. It follows
that v(0) is positive if, and only if, it is greater than or equal to 1/(n + 1). This completes the
proof. O

£ =

Let G{, be the digraph obtained from Gy by subtracting 1/(n + 1) from the weight of each arc
connecting a row node with a column node. Then, v(0) —(1/(n+1)) is the value of the mean payoff
game associated with Q(’) when it starts from column node n + 1. It follows that the condition of
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Proposition [23| holds if, and only if, column node n + 1 is winning (for Player Max) in one of the
two games associated with G|, and G, /(n+1)2- Let G* be the digraph obtained as the disjoint union
of G; and G, /(n+1)2, adding a special row node 0 and two arcs, with zero weight, connecting it with
column nodes n + 1 of G} and G, /(n+1)2- The criterion of Proposition 23| can be restated as follows:

Proposition 24. The tropical polyhedron with mized constraints R is non-empty if, and only if,
row node 0 is a winning initial node (for Player Max) in the mean payoff game associated with G*.

As an immediate consequence, we obtain the following complexity result, in which the equivalence
(ii) < (iii) extends Theorem 3.2 of [AGG12], whereas the equivalence (i) <> (iii) extends Theorem 18
of [AGK11b] (only non-strict constraints are considered there).

Theorem 25. Under Assumption the following problems are (Karp) polynomial-time equivalent:
(i) deciding whether a mized tropical affine inequality is implied by a system of such inequalities;
(ii) deciding whether a tropical polyhedron with mized constraints is empty;

(iii) determining whether a given initial node in a mean payoff game is winning.

Problem is known to be in NP N coNP, see [ZP96]. We deduce from Theorem [25] that
Problems (fif) and both belong to the same complexity class (NP and coNP are closed under Karp
reductions). Whether Problem can be solved in polynomial time has been an open question
since the first combinatorial algorithm [GKKSS|. Value iteration leads to a pseudo-polynomial
algorithm [ZP96]. Several algorithms rely on the idea of strategy iteration [How60], applying various
strategy improvement rules, see in particular [BV07, [CTGG99, [DGO6, [JPZ06]. A remarkable
example has recently been constructed [Fri09] in which some common rules lead to an exponential
number of iterations. However, many algorithms, including the one of [CTGG99, DGOG], are
known to have experimentally a small average case number of iterations (growing sublinearly with
the dimension), see the benchmarks in [Cha09].

The support of a tropically convex set C C R} . is defined as the set supp(C) of indices j € [n]
such that there exists & € C verifying x; # —oo. Note that supp(C) is the greatest subset J C [n]
such that J = {j € [n] | ¢; # —oo} for a certain « € C.

Mean payoff games can be used to compute the support of the tropical polyhedron with mixed
constraints R. Indeed, j belongs to the support of R if, and only if, j € supp(R.) for some € > 0.
By [AGGI2, Theorem 3.2], the fact that j € supp(R.) is equivalent to x;(g:) > 0 and xpn+1(g:) = 0,
i.e. to the fact that column nodes j and n + 1 are both winning initial nodes for Player Max in the
game associated with G.. Using the same arguments as above, it can be shown that there exists
e > 0 such that x;(g:) > 0 if, and only if, x;(g0) = 1/(n + 1) or x;(91/(nt1)2) = 0.

In consequence, the support of R can be computed by determining the winning initial nodes
in the games associated with G| and G1/(n+1)2- We point out that some policy iteration based
algorithms, such as the one of [CTGG99, [DGOG], directly provide the cycle-time vector x(g) of the
dynamic programming operator g of a mean payoff game (and so all the winning initial nodes).

Remark 26. Positional strategies for Player Max are defined symmetrically to the ones for Player
Min, i.e. as functions 7 from row nodes to column nodes, such that for each row node ¢ there is
an arc in G. connecting it with column node 7(7). Such a strategy 7 induces a one-player game
(now played by Player Min) whose associated digraph G is obtained by removing from G. the arcs
connecting row nodes ¢ with columns nodes j such that j # 7(z).

Positional strategies can be used as certificates to ensure that a mean payoff game is winning for
one of the players, and these certificates can be checked in polynomial time. For instance, given a
column node j € [n + 1], a strategy o for Player Min satisfying x;(gZ) < 0 ensures that x;(g:) <0
by (24). In other words, column node j is a winning initial node for Player Min in the game
associated with G.. Since as explained above x;(g?) is given by the maximal weight-to-length ratio
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of the circuits reachable from column node j in GZ, it can be checked that x;(g?) is less than or

equal to 0 in polynomial time using Karp’s algorithm.

4.1.2. Polyhedra defined by systems with +o0o coefficients. We now deal with the case in which
Assumption [A] is not satisfied. Suppose that the tropical polyhedron with mixed constraints R is
defined by (22), where now N € G"™*". Observe that we can still assume that g € (G \ {+o00})",
because any inequality in which g; is equal to +oo is trivial.

Given I C [r], we denote by Ry the polyhedron defined by the inequalities

Mpx1 ® - & Mypx, & p; <g (@Nij¢+ooNij:IZj) @D q; forte 1.

The algorithm in Figure[6] determines whether R is empty by evaluating the emptiness of polyhedra
of the form R;. To prove the correctness of this algorithm, we shall use the following lemma.

Lemma 27. At each iteration of the loop at Line[f], we have R C Ry .

Proof. We prove the lemma by induction on the number of iterations of the loop. Before the first
iteration, we have J = [n] and so T UI' = {i € [r] | N;j # 4oo forall j € [n]}. Thus, the
polyhedron Ry, is defined by a subsystem of Mx ® p <g Nx @ q, and the inclusion R C Ryp
is immediate.

Now suppose that at iteration k& we have R C Ry, i and let € R. If the loop is iterated

again, then the sets J, I and I’ are respectively given by

Je1 = supp(Rr,ur; )
I =Ix U I]/€
Iy ={i & Ir11 | Nij # +oo forall j € Jpi1}

In consequence, we have supp(R) C Jy41, and so x; = —oo for j € [n] \ Jy41. Then, we deduce
that x satisfies the inequality

Mijixy © - © MinTn © pi <6 (Djesy, NijTj) © € <G (DN +00NijT5) © i

for any i € Il/c—i—l' Thus, we have « € RI:'CH' Since £ € R C leu% = Ri,,,, we readily obtain
T € RIkHUI;’cH’ which completes the proof. 0

Proposition 28. The algorithm of Figure[f is correct, and the number of iterations of the loop at
Line 4| is bounded by min(n, ).

Proof. Suppose that the algorithm returns true. Then R; = (), and by Lemma [27| we have R = 0.

Now assume that false is returned. Let € Ry be such that {j € [n] | ¢; # —oco} = supp(R) =
J. We claim that € R. Indeed, since I’ = () (which is the condition to reach Line [13| and return
false), we know that for all ¢ ¢ I there exists j € J such that N;; = +o00. As x; # —oo for j € J,
this means that the i-th inequality of the system Max @ p <g Nx @ q is satisfied (the right-hand
side is equal to +00). As « also satisfies the inequalities of the system indexed by ¢ € I, the claim
is proved.

Finally, observe that at each iteration of the loop, the set I is strictly increased at Line
Similarly, if at Line [10| the set I’ is not empty, then necessarily the set J has been strictly decreased
at Line [J] We deduce that the number of iterations is indeed bounded by min(n, ). U

The idea behind the algorithm of Figure [6] can be used to build certificates.

Proposition 29. The problem of determining whether a polyhedron with mized constraints is empty
belongs to NP N coNP.
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Input: polyhedron with mixed constraints R defined by the system Mx & p <g Nx P q
Output: true if R is empty, false otherwise
J = [n]
=10
I''={ie|r]| Nj # +oo forall j € J}
while I’ # () do
I=10Ur
if Ry is empty then
return true
else
J = supp(Rp)
I/::{i¢1| Nij;é—i-ooforalljeJ}
end if
: end while
: return false

e i

FIGURE 6. Determining whether a polyhedron with mixed constraints is empty in
the general case.

Proof. A certificate that R # 0 can be provided by two sets J C [n] and I C [r] such that
{i ¢ I| Nj; # 4oo forall j € J} = 0, together with positional strategies ensuring that Ry # ()
and supp(R;) = J (see Remark [26{ and the discussion on supports which precedes it). The first
property of the sets I and J can be checked in polynomial time, the same as the properties R # ()
and supp(R;) = J thanks to the positional strategies for the players. As shown in the proof of
Proposition this ensures that R is not empty. In consequence, the problem is in coNP.

To certify that R = (), we use a decreasing sequence J; = [n], Ja, ..., Ji of subsets of [n] and an
increasing sequence Iy, ..., I} of subsets of [r] such that

Iy ={ie[r]| Nij # oo forall j € J;},

for all [ € [k], together with positional strategies ensuring that Ry, # 0 and J;41 = supp(Ry,) for
le [k — 1], and that R[k = (). Since Il—l—l =Lu {Z € I; ‘ Nij 7'5 +oo for aﬂj € Jl—i—l} for [ € [k — 1],
it can be shown by induction on [ € [k] that R C Ry, using the same technique as in the proof
of Lemma Thus, these certificates allow to prove that R = (), and they can be checked in
polynomial time. This completes the proof. (]

4.2. Polynomial-time weak redundancy elimination. Since no polynomial-time algorithm is
known to evaluate the criteria given in Section [4.1] we also develop a sufficient criterion for which
a potentially faster algorithm exists. It consists in checking whether ex ® g <g fx ® h is a linear
combination of the inequalities in Ax & ¢ <g Bx ® d. Note that in general, this condition is not
necessary for to hold (the tropical analogue of Farkas’ lemma given in [AGKI11b|] shows that
taking tropical linear combinations does not suffice to deduce all valid inequalities).

Now we see the constraint ex @ g <g fx @® h as the (2n + 2)-dimensional row vector v :=
(e, g, f,h). Similarly, we introduce the matrix R € GP*(2n+2) whose rows are given by the vectors
(A;, ci, B;,d;), for i € [p], where A; and B; denote the i-th rows of A and B respectively. We
are reduced to the problem of determining whether there exists a p-dimensional row vector w
(with entries in G) such that v = wR. Without loss of generality, we assume that no row of R is
identically zero. We propose a method based on residuation theory (see e.g. [GP97]). Given z € G,
the self-map z — zx on G can be shown to be residuated, meaning that for each y € G there exists
a maximal element of the set {z € G | zx <g y}, denoted by y/z. Indeed, the later element is given
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Y y/z = (ly| = |z))~ ifzeR, yeR™,
ly| — |x| otherwise,

where it is used the conventions a — (—00) = +00 for a € Ryax, @ — (+00) = —00 for a € Ryax,
and (+00) — (+00) = +o0.

Proposition 30. Define the p-dimensional row vector w* by

w; := min (v;/R;;
fi= min v/ Ry)
fori € [p]. Then, the inequality ex ® g <g fx ®h is a linear combination of the inequalities in the
system Ax ® ¢ <g Bx ® d if, and only if, v = w*R.

The principle of Proposition [30]is that w™* can be shown to be the greatest solution of wR <g v.
Thus, there exists a solution to v = wR if, and only if, the equality is satisfied for w = w*. It
follows that the criterion of Proposition [30| can be checked efficiently, in time O(n x p).

4.3. Complexity of successive Fourier-Motzkin eliminations. As discussed in the beginning
of Section {4}, propagating redundant inequalities may produce O(ka) constraints after k calls to
Fourier-Motzkin elimination method (recall that p refers to the number of constraints defining
the initial polyhedron). We claim that, in the case of closed tropical polyhedra, the number
of constraints remains simply exponential at every Fourier-Motzkin elimination when the weak
redundancy criterion is used. To see this, let Py = P, Py, ..., P be the closed tropical polyhedra
arising during a sequence of k calls to Fourier-Motzkin elimination followed by the weak inequality
redundancy elimination of Proposition

Proposition 31. There exists a constant K (independent from k, n, and p) such that for alll € [k],
the number of inequalities describing Py obtained using the weak inequality redundancy elimination
1s bounded by

(26) K(n—1+ 1)plv2le-0/2)

Proof. By the tropical analogue of McMullen’s upper bound theorem [AGKI1a], we know that the
number ¢ of extreme generators (points and rays) of P is bounded by U(p+n+1,n), where U(p, n)
is the number of facets of (classical) cyclic polytopes with p extreme points in dimension n. In
particular, ¢ is bounded by pl"/2] when n and p are sufficiently large (see Appendix .

It is straightforward to see that the extreme generators of every polyhedron P; (I € [k]) arise
as the projection of some of the extreme generators of P. In consequence, the number of extreme
generators of each P; is bounded by q.

Dually, the set of inequalities satisfied by all the points of a tropical polyhedron Q forms a
tropical polyhedral cone called the polar cone of Q, see [AGKI11Dh]. As proved in [AGK11a], if Q is
generated by ¢ points and rays in dimension n — [, the number of (non-trivial) extreme rays of its
polar is bounded by (n—1+1)(U(¢+n—1+1,n—1)—n+1+42). In particular, this also bounds the
size of any description of Q by linearly independent inequalities. It can be shown that there exists
a constant K’ > 0 such that the latter quantity is bounded by K’(n — 1+ 1)gl"=9/2] for all values
of ¢ and n — [ (see Appendix . It follows that the representation by inequalities obtained after
the application of the weak redundancy criterion is bounded by a quantity of the form . ([l

As a consequence, after the (I+1)-th call to Fourier-Moztkin elimination, the number of inequal-
ities (defining P;11) is bounded by the square of , and the weak redundancy criterion can be
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applied in time O((n — l)3p”(”_l)/ 2). Tt follows that the complexity of k successive calls to tropical
Fourier-Motzkin elimination using the weak redundancy criterion can be bounded by

O(kngp”2/2) .

Therefore, the time complexity is only exponential in the worst case.

Since the criterion provided by Theorem may eliminate further inequalities, the number of
inequalities describing P; obtained using this criterion instead of the weak one is also bounded
by . However, this has to be balanced with the potentially greater cost of the associated
algorithm for solving mean payoff games.

5. TROPICAL FORWARD EXPLORATION FOR TIMED AUTOMATA

Timed automata is one of the formalisms used for modelling and verification of real-time systems.
As an application of the methods developed in this paper, we show how the forward exploration
algorithm for timed automata [AD94] can be implemented using tropical polyhedra with mixed
constraints as symbolic states. This algorithm is used to solve the reachability problem, to which
most verification problems for timed automata can be reduced, see [HNSY94| [ACD93].

We first recall some notions concerning timed automata, and illustrate with an example the
drawbacks (mentioned in the introduction) of using zones or closed tropical polyhedra as symbolic
states. Note that zones are also used as symbolic states in the verification of other real-time models
such as e.g. timed Petri nets [Bow96l [LRST09], hence the corresponding algorithms can potentially
benefit from our results too.

We consider a timed automaton over the set of clocks C' = {@x1,...,x,}. It is represented by a
directed graph whose nodes correspond to locations (g, 1, ...). We denote by [y the initial location

and by L the set of locations. An edge from location [ to I’ is denoted by [ o7, I', where ¢
represents a clock constraint and r a set of reset operations. More precisely, ¢ is a (possibly empty)
conjunction of atomic clock constraints of the form x; < £k and x; < k + x;, where z;,z; € C,
k€ Z,and < € {<,<,=,>,>}. Besides, r is defined as a partial function from C to N, meaning
that x; is mapped to k when the clock x; is reset to the value k. The set of edges is denoted by
E. Each location [ can be additionally labeled by a clock constraint 6(l). Then, the states of the
automaton are of the form (l,v), where [ € L and v : C' — R>¢ is such that (v(xy),...,v(xy))
satisfies the constraint 6(l). The evolution of the system (i.e. the semantics of the automaton) is
expressed as a transition relation on these states, denoted by ~~. Transitions can be of two kinds:

Delays: where clock values increase synchronously at a given location. More precisely, (I,v) ~-
(1,v") if there exists t > 0 such that v'(x;) := v(x;)+t for all i € [n], and (v(x1)+t, ..., v(xy,)+t)
satisfies 6(1) for all ¢’ € [0, ¢].

Switches: which are governed by the edges [ 2% 1. In this case, we have (l,v) ~ (I',v') if
(v(x1),...,v(x,)) satisfies the constraints ¢, and v'(x;) := r(x;) if r is defined on x;, v'(x;) :=
v(x;) otherwise.

The basic problem in the verification of timed automata is (untimed) reachability: is a final
location [; of the automaton reachable? More precisely, the reachability problem consists in de-
termining whether there exist clock values vy : C' — R>g and a finite path (lo,vo) ~=* (I, vf) of
transitions in the automata, where vg is the function which maps every x; to 0.

Example 32. Consider the timed-automaton fragment depicted in Figure [7] which involves two
clocks 1 and @9. Its edges are labeled by the reset operations (for instance, & := 0) and/or the
constraints on clocks (for instance, 2 > 1). As mentioned above, the initial location is [y, and the
two clocks are initialized to 0.
The diagrams on the right-hand side of Figure [7] depict the symbolic states of this automaton,
i.e. the sets of states (clock values) which can arise at each location. For instance, at location [y we
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Ficure 7. Left: Timed automaton. Right: Symbolic states accumulated during
forward exploration, shown after delays (black borders are included in the depicted
gray regions).

recover the initial state 1 = 2 = 0, and all the other states x; = x5 =t > 0 arise as time goes
by while staying at the same location. Similarly, the states at location [; are obtained from the
ones at location lg by resetting clock x1, i.e. setting &1 = 0, while 2 > 0 is not affected. Then,
as time goes by, we get all the states satisfying 0 < 1 < 2. Note that the final location [ is not
reachable in this example.

The symbolic states at locations [y, {1 and l» can be represented exactly by zones, but the one at
location [3 cannot. Hence, the symbolic state at I3 has to be split, potentially doubling the number
of symbolic states to be visited after. If several such timed-automaton fragments are concatenated,
it is easy to see that this splitting of symbolic states may lead to a situation where an exponential
number of zones have to be used to determine that the final location is not reachable. Alternatively,
the symbolic state at location I3 could be over-approximated by a single zone |_, but in this case
we cannot certify anymore that the final location Iy is not reachable. On the other hand, the use
of closed tropical polyhedra to over-approximate the union of the sets of states arising from [y and
l5 provides the closure |—|_ of this union, which contains the point (1,1). Then, the final location
I becomes reachable, while it should not if strict constraints were correctly handled.

The reachability problem can be solved using a symbolic forward exploration algorithm, first
given in [HNSY94], which is still used in state-of-the-art tools. This algorithm, shown in Figure
is usually implemented using zones (or DBMs). The algorithm explores sets of reachable states,
representing them as symbolic states using zones, and performing symbolic delay and switch opera-
tions on them. We do not discuss this algorithm further, but we point out that any class of symbolic
states can be used, provided that it supports the operations is_empty, is_included, intersect,
reset, and delay used in the above algorithm. We now detail the definition of these operations,
and show how to implement them over tropical polyhedra with mixed constraints.

The operation is_empty(P) determines whether the polyhedron P is empty. It is implemented
using the methods described in Section i.e. through a reduction to mean payoff games. The
operation is_included(P;, P2) checks if P; C P2. This can be performed using the procedure for
deciding implications of Section by determining whether the system of inequalities defining P
implies each defining inequality of the polyhedron P,. The operation intersect,(P) computes the
intersection of P with the constraints in ¢. It is simply defined by appending the inequalities in v
to the system defining P, where any strict constraint in ¢ is encoded as an inequality over G using
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Input: timed automaton (L,ly,C,6,E), Iy € L
Output: true if Jvy : C — Rxg : (vo,lo) ~* (If,vy), false otherwise

1: Waiting := {(lo, intersecty,)(delay({vo})))}; Passed := ()
2: while Waiting # () do

3:  Choose and remove (I, V) from Waiting

4:  if [ =1y then

5: return true

6: end if

7. if (not is_included(V, V")) for all (I,V’) € Passed then
8 Passed := Passed U {(I,V)}

9.  foralll 257 do

10: V' .= intersecty()(delay(reset,(intersecty(V))
11: if not is_empty(V’) then

12: Waiting := Waiting U {(I', V')}

13: end if

14: end for

15:  end if

16: end while
17: return false

FiGURE 8. The symbolic forward reachability algorithm for timed automata.

elements of the form A\™. The operation resety,.—;(P) consists in computing the polyhedron

It can be obtained by eliminating @; in the system of constraints defining P using Fourier-Motzkin
elimination, and then intersecting the resulting polyhedron with the constraint x; = k (encoded
as two inequalities x; <g k and k <g x;). Finally, the operation delay(P) consists in converting
the polyhedron P into the set {\x | & € P, A > 0} (recall that Az corresponds to the vector with
entries A + ;). Assuming that P is given by the system Ax ® ¢ <g Bx @ d, we first let Q be
the polyhedron defined by Ax & Ac <g Bx ® Ad and 0 <g A, and then apply Fourier-Motzkin
elimination on A to get delay(P). To prove this algorithm is correct, observe that:

delay(P) ={ Az € R}, | 0 <g A\, Az c <g Bx $ d}
={xcR?, |0<g )\ AN '2)®ec<g BO 'z) @ d}
={z R} .. |10<g A, Az B Ac <g Bz & \d} .

To combat state space explosion, symbolic states are also equipped with an over-approximating
union operator. In this way, symbolic states which are reached through different paths may be
recombined, leading to a significant reduction in the number of symbolic states the forward ex-
ploration algorithm has to consider. Given two polyhedra with mixed constraints P, P’ C R”, .,
the over-approximation union operator over_approx(P,P’) is defined as the tropical convex hull
of PUP’. Note that given systems of mixed inequalities describing P and P’, a system describing
over_approx(P,P’) can be computed by means of Proposition As this involves 2n + 2 calls to
tropical Fourier-Motzkin elimination, it is crucial to implement some redundancy elimination.

Observe that the error introduced using the operation over_approx over polyhedra with mixed
constraints is smaller than using zone-based over-approximation. Indeed, zones are tropically con-
vex, and thus any zone containing P U P’ also contains the tropical convex hull of P UP’. In the
example of Figure |7 the over-approximating union by polyhedra with mixed constraints of the
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two sets of states arising at I3 is exact, and given by the polyhedron defined by 1,22 >g 0 and
1 <g 071 © 0~ a2, or equivalently, 1 < max(x1,x2).

We have implemented a prototype of the forward exploration algorithm based on tropical poly-
hedra with mixed constraints. The algorithms of Section [3|and the operations described above have
been implemented within the OCaml library TPLib [AIl12], whose purpose is to provide algorithms
for tropical polyhedra. It relies on the library MPGLib [ASII], which implements the algorithm
in [DGOG] for solving mean payoff games by policy iteration. Our prototype successfully checks
that location [y is not reachable in the timed automaton of Figure [7| In future works, we plan to
apply our method on more representative examples taken from real case studies, and to compare
it in terms of performance/precision with state-of-the-art tools such as UppAAL [BDLT06].
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APPENDIX A. ADDITIONAL DETAILS FOR THE PROOF OF PROPOSITION [3]]

We first recall that:

U(p, n) _ {(ﬂ%{z@gt (pEzL?z/fEl) for n even,
2(p [n/2] ) for n odd.

Thus, if n is even,

_ (p+1+[n/2] p+[n/2]
vt = (70 + (L10),
and if n is odd,
Up+n+1,n)= 2(p—|— in—;;f/%) :
In both cases, it can be easily checked that
Up+n+1,n)< 2(p—|— in—;QLJ?%/QJ) :

We claim that for p and n sufficiently large,

(27) Up+n+1,n)<pv/a

Let m := |n/2|. By Stirling approximation formulas, we know that for all positive integer h,
V2rh(h/e)* < h! < evh(h/e)

As a result,

p+1+m gi p+1+m(1+p+1>m(1+ m >p+1
m 2r\l (p+1)m p+1

047 )

D+
when p > 1 and m > 2. We next show that ( i)m( + ﬂ) " is bounded by p™ by considering
their logarithm:

1 1 1
o (Hzi)HpH)ln( +i) <mn (Hzi)m:mm(w
m +1 m

as soon as e(p +m + 1) pm. The latter condition is satisfied if p > 6 and m > 6. This shows
that (| . ) holds when p > 6 and n > 12.
Using the same arguments, we obtain that:
Ulg+n—1+1,n—1) < gm0/

as soon as ¢ > 6 and n —1 > 12. In any case, we can find a constant K’ > 0 such that for all values
of g and n — [,

> <mlnp
m

Ulg+n—1+1,n-1) < K'qln=0/2]
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Assuming that ¢ < U(p+n + 1,n), it follows that for a certain constant K" > 0,
(n—I4+1)U+n—I+1,n—10)—n+1+2) < K'(n—1+1)pn/2ln=0/2]

if p > 6 and n > 12. This allows to show that there exists K > 0 such that for all p, n, and
len—1],

n—1+1D)U(g+n-1+1,n—-10)—n+1+2) < K(n—1+1)p/2ln=021
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