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Abstract
The main purpose of this work is to estimate how multiple ergodic averages appart 

from a given quantity. This problem can be studied by describing a large deviation process 
for empirical measures as obtained by using the contraction principle. The case of single 
ergodic averages for empirical measures was already studied by Pfister and Sullivan [Nonli-
narity, 10 (2005) 237-261]. To have a more complete picture on empirical measures and V– sta-
tistics, we estimate the size of the sets G x L x KK r= : ( ) ⊂{ },  where Lr(x) is the limit-point set 
of the sequence of empirical measures and K is a compact subset of M(Xr) with M(X) the set 
of measures on X. In pasrticular, we obtain a variational formula for the topological entropy 
of Gk. The result of this work about the dimension of the sets Gk can be compared with the 
one recently circulated by Fan, Schemeling and Wu [arXiv:1206.3214v1 (2012)].

Subject Classification 2010 :  37C45, 37B40

Keywords : Large deviations, multiple ergodic average

1.  Introduction

Let (X, f  ) be a topological dynamical system,  with X a compact 
metric space and f a continuous map. Let Xr = X × ... × X be the product of  
r –  copies of X with r ≥ 1. A dimension theory in Xr has been formulated 
by Fan and collaborators [4], [5], [6]. The main problems studied in those 
articles were related with the description of multifractal spectra for 
multiple ergodic averages like
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where F : Xr → R is a continuous map. These kind of avarages are called 
V-statistics. The problems about the description of multifractal spectra of 
V-statistics were motivated by the study of the convergence of multiple 
ergodic averages. In particular ergodic limits of the form 

	 n i

n
i ir

n
f x f x

→∞

−

∑ ( ) ( )( )lim
1 ,..., ,

=0

1

Φ

were studied among others by Furstenberg[7], Bergelson[1] and 
Bourgain[2]. The multiple ergodic averages are of interest because they 
can be taken as an interplay between Dynamical Systems and Number 
Theory.

Fan, Schemeling and Wu[4] have recently obtained a variational 
expression for the size of the multifractal sets 

	
E x V n x

n
Φ Φα α( ) ( ){ }→∞

= : , = .lim

In [9] we study the irregular, or historic set of the multifractal spectra 
of V-statistics, i.e. the set of points x for which 

n
V n x

→∞
( )lim Φ ,  does not exist. It 

was proved that the historic set for V-statistics has full topological entropy 
for any r ≥ 1.

In connection with the multiple ergodic averages (1), empirical 
measures on Xr can be introduced: 

	 n r r
i ir n f

i
x f

ir x
x

n,
1 1,...,

1 ,...,
= 1 ,( )

≤ ≤ ( ) ( )





∑ δ 	 (2)

with r ≥ 1 and where d is the Dirac point mass measure.
Besides Dimension Theory of Dynamical Systems and Multifractal 

Analysis, other discipline in which appears problems involving scaled 
limits is Large Deviations Theory. The main issue in this area is to 
estimate the average of sequences like {nn (A)}, where nn are measures in a 
topological space X and A is an open or closed subset of X. To describe a 
large deviation process it must be found a function 

	 I : 0,X → ∞[ )



MULTIPLE ERGODIC AVERAGES� 1605

such that 

	 n
nn
F I x x F F

→∞
≤ − ∈ ⊂{ }lim sup log sup1 ( ) ( ) : ,ν X closed

and 

	 n
nn
U I x x U U

→∞
≥ − ∈ ⊂{ }lim in f log inf1 ( ) ( ) : ,ν X open .

	

 We shall analyze a process of large deviations for the case X = M (Xr) 
and the sequences 

	
ν νn n rx x A= : ,, ( ) ∈{ }( )

with n ∈ M(X)  and A an open or closed set. By the contraction principle 
for large deviations can be estimated the rate of convergence of the  
V – statistics, i.e. the convergence of the measure of sets x V n x A: , ,Φ ( ) ∈{ }  
with A an open or closed interval. The case r = 1, i.e. large deviations for 
the classical ergodic averages S x

n
f xn

i

n
i( ) = 1

=0

ϕ ϕ( ) ( )( )∑  was studied in the 

relavant articles by Kifer[8] and Young [11].
We will also estimate the size of sets                  

	 G x L x KK r= : ( ) ,⊂{ }

where K is a compact subset of M(Xr) and Lr(x) denotes the set of limit 
points of the sequence

 
n r x, .( ){ }  We obtain a variational formula for the 

the topological entropy of GK, which can be compared with the result 
of [4]. The condition required for the dynamics will be the specification 
property. For r = 1, a variational expression was achieved by Pfister and 
Sullivan, but under a weaker condition than specification, the almost 
property product.

2.  Preliminary definitions

Let us begin by recalling the Bowen definition of topological 
entropy of sets: Let f : X → X with X a compact metric space, the 
dynamical metric, or Bowen metric, is defined, for each for n ≥ 1 as 
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d x y d f x f y i nn
i i, = , : = 0,1,..., 1( ) ( ) ( )( ) −{ }max .  We denote by Bn,e(x) the 

ball of centre x and radius e in the metric dn. Let Z X⊂  and let  n Z, ,ε( )  
be the collection of finite or countable coverings of the set Z by balls Bn,e(x) 
with m ≥ n. Let 

	
M Z s n sm

n Z Bm x

, , , = ,
, ,

,

ε
ε

ε

( ) −( )
∈ ( ) ( )∈

∑
B C B
inf exp

and set 

	
M Z s M Z s n

n
, , = , , , .ε ε( ) ( )

→∞
lim

This limits does exist since M Z s n, , ,ε( )  is a non-decresing function 
of n. There is an unique number s  such that M Z s, ,ε( )  jumps from +∞ to 
0. Let 

	 H Z s s M Z s s M Z s( , ) = = : , , = = : , , = 0ε ε εsup inf( ) +∞{ } ( ){ }

and 

	
h Z H Ztop ( )

→
= ( , ).

0ε
εlim

This limit exists [3]. The number htop(Z) is the topological entropy of Z.

Definition: A set E X⊂  is (n, e) – separated if for any x y E x y, ,∈ ≠  holds 
d f x f y i ni i( ) ( )( ) −, > , = 0,1,..., 1.ε  The (n, e) – separated sets are finite 
when X is compact.

Definition: A dynamical system (X, f) has the specification property if the 
following condition holds: for e > 0, there is an integer M(e) such that for 
any finite disjoint collection of integer intervals I a b I a bk k k1 1 1= , ,..., = , ,[ ] [ ]  
of length ≥ ( )M ε  and for any points x x x Xk1 2, ,..., ∈ ,  there is a point z X∈  

which e-shadows the sequence x x xk1 2, ,..., ,{ }  i.e. d f z f x
a j n n

j

+




≤( ), ( ) ,ε  

for any n b aj j= 0,.., −  and j k= 0,1,..., .
By M(X) we denote the space of measures in X, Minn(X, f) will denote 

the space of f–invariant measures on X and ME X f( , )  the set of f–invariant 
ergodic measures. The space M(X) can be endowed with the following 
metric 
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µ ν
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ϕ
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,

=1
( )

−∞

∞

∑ ∫ ∫

where {ϕn} is a dense set in C(X). We denote by BR(m) the ball of center m 
and radius R in the above metric. The topology induced by this metric is 
the weak * – topology, and if X is compact then M(X) is compact in the 
weak topology. The weak convergence is the convergence in the metric 
which induces the weak topology.

Recall that by Lr(x) is denoted the set of weak * – limit points of the 

sequence of empirical measures n r r
i ir n f

i
x f

ir x
x

n,
1 1,...,

1 ,...,
= 1 ,( )

≤ ≤ ( ) ( )





∑ δ since X 

is compact, L xr ( ) ≠ ∅,  for any r ≥ 1. If m is a measure on X then a point  
x ∈ X is m-generic if L x1( ) = ,µ{ }  by Gm is denoted the set of m-generic 
points.

The following result is due to Bowen

Lemma[3] Let t ≥ 0 and let hm(f) be the measure-theoretic entropy of µ If 

	 B t x L x h f t( ) = : ( )1there is a such thatµ µ∈ ( ) ≤{ }
then 

	 h B t ttop ( ) .( ) ≤

 Therefore since G B h fµ µ⊂ ( )( )  holds 

	
h G h ftop µ µ( ) ≤ ( )

If µ is ergodic then, by the ergodic theorem, µ(Gµ) = 1 and by theorem 
1 of [3] results 

	
h G h ftop µ µ( ) ( )= .

For dynamical systems with the specification property the equality 
holds for any invariant measure, this equality was proved in[6].
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3.  A variational formula for the topological entropy of the sets GK.

The result to be proved is: 

Theorem 1: Let (X, f) be a topological dynamical system with specification, and 
let K X r⊂ ( )M  compact. Then 

	
h G h f Ktop K

r( ) ( ) ∈{ }⊗= : .sup µ µ

Here µ⊗r  means µ µ µ× × × −... r times.

Proof: We shall firstly see that for any x GK∈  there is a µ ∈L x1( )  such 
that µ⊗ ∈r K.  Let Φ : X r → R  continuous, in [4] was proved that for any  
e > 0 there is a map Φ : X r → R  of the form 

	 Φ = ... ,1

j
j j

r∑ ( ) ( )⊗ ⊗ϕ ϕ 	 (3)

with ϕ j
i C X( ) ∈ ( ),  such that Φ Φ−

∞
 < .ε  Since L xr ( ) ,≠ ∅  for any r, in 

particular there exists a measure m such that for some sequence (nk)

	
w x

k
nk r

∗

→∞
− ( )lim , = .µ

We have

∫ ∑∏( ) ( )( )( )Φ d r x n
S xnk

j i

r

nk j
i , = 1

=1
ϕ  where S x f xn

k

n
iϕ ϕ( )( ) ( )

−

∑= ( ).
=0

1

 Since 

nk r x, ( ){ }  weakly converges to m, holds 

	
k j i

r

nk j
i

j i

r

X j
i

X r
r

n
S x d d

→∞

( ) ( ) ⊗∑∏ ∑∏∫ ∫( )( )lim
=1 =1

:

1 = = .ϕ ϕ µ µΦ 	 (4)

Besides 

	 ∫ ∫( ) − ( )Φ Φd r x d r xnk nk
 , , < , ε

then

	 k
nk X r

rd r x d
→∞

⊗∫ ∫( )lim Φ Φ , = .
:

µ
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Since x GK∈  is µ⊗ ∈r K.

In this way is proved that for any x GK∈  there is a µ ∈L xr ( )  with 
µ⊗ ∈r K.  This leads to

	 G B h f KK
r⊂ ( ) ∈{ }( )⊗sup µ µ: . 	 (5)

 Therefore by the Bowen lemma 

	
h G h f Ktop K

r( ) ≤ ( ) ∈{ }⊗sup µ µ: .

 To prove the opposite inequality, let x ∈ Gm and µ ∈M( )X ,  with 
µ⊗ ∈r K.  Analogously than before

	
n n r

rd x d→∞
⊗∫ ∫( )lim Φ Φ� � , = ,µ  thus for e > 0 

	 n
n r

n
n r

rd x d x d
→∞ →∞

⊗∫ ∫ ∫( ) ≤ ( ) + +lim limΦ Φ Φ , , = . ε µ ε

Since e is arbitrary we have 

	
w x K

n
n r

r∗

→∞

⊗− ( ) ∈lim , = .µ

Therefore x GK∈  and so G GKµ ⊂ .  Thus, by a property of the 
topological entropy and since the system has specification property 

	
h G h G h f Ktop K top

r( ) ≥ ( ) ( ) ∈⊗
µ µ µ= .for

Finally

	 h G h f Ktop K
r( ) ≥ ( ) ∈{ }⊗sup µ µ: . 	 

The main result by Fan, Schemeling and Wu in [4] is the variational 
formula 

	
h E h f dtop

r( ) = : = ,Φ Φα µ αµ( ) ( ){ }∫ ⊗sup
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where E x
n

f x f x
n r

i ir n

i ir
Φ Φα α( ) ( ) ( )( )




 →∞ ≤ ≤
∑= : 1 ,..., =

1 1,...,

1lim





.  To compare 

this result with the theorem 1, notice that the sequence n r x, ( ){ }  
has all limit points in the set Φ Φα ν ν α( ) { }∫= : =d  if and only if 

n r
i ir n

i ir

n
f x f x

→∞ ≤ ≤
∑ ( ) ( )( )lim

1 ,..., = .
1 1,...,

1Φ α  Let G x L xr 
Φ Φα α( ) ⊂ ( ){ }= : ( ) ,  so 

that by the theorem 1 we have 

	
h G h ftop

r( ) = : , 
Φ Φα µ µ α( )

⊗( ) ∈ ( ){ }sup

leading to the result of [4].

4.  Large deviations

A general level – 2 large deviation process is described in the following 
way: let X be a Hausdorff topological vector space a let I : 0,X → +∞[ ]  be a 
lower semi-continuous map, a sequence νn n{ } ≥1

 of measures in X satisfies 
a level – 2 large deviation process with rate function I if holds

	 n
nn
F I x x F F

→∞
≤ − ∈ ⊂{ }lim sup log sup1 ( ) ( ) : ,ν X closed

and 

	 n
nn
U I x x U U

→∞
≥ − ∈ ⊂{ }lim inf log inf1 ( ) ( ) : ,ν X open .

The contraction principle says: let νn n{ } ≥1
 be a sequence of measures 

in X satisfying a level – 2 large deviation process with rate function I, 
let Y be a topological space and τ :X Y→  a continuous map, then 
τ ν∗ ≥
( ){ }n n 1

 satisfies a large deviation principle in Y with rate function. 
G y I x x x y( ) ∈ ( ){ }:= ( ) : , = .inf X τ  Here τ ν∗ ( )  denotes the pushforward 
of the measure n. A large deviation process obtained by the contraction 
principle is called a level– 1 large deviation process.

In our case consider X M Y E= , = = : ,X A x x Ar
n n r( ) ( ) ( ) ∈{ }( )R,ν ν .  

Thus, our problem in large deviations will be to estimate the rate of 
convergence of the the empirical measures n r x, ( )  by analyzing the the 
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convergence of the measure of sets and x x A An r: ,, ( ) ∈{ }  open or closed 
subset of M X r( ).

Let Ψ : X r → R  be a continuous function and let Ψ :M X r( )→ R  
the map defined by Ψ Ψ ρ ρ( ) ∫= .d  We apply the contraction principle for 
τ = Ψ , therefore the sequence Ψ νn n

( ){ }
≥1

 will satisfiy a large deviation 

principle in R. If J ⊂ R  then Ψ Ψ Ψ
 ν ν νn nJ J x V n x J( ) ( ) ( ) ∈{ }( )−

( ) = ( ) = : , ,
1  

and so large deviations for V–statistics can be estimated.

Definition: A function Φν : X r → +R ,  assigned to a measure ν ∈ ( )M X ,  
is a lower energy function if it is upper-semi continuous and if for r ≥1  

	
ε

ε νν
0

, ,
1 0.lim lim inf inf log

n x X r n n rn
B x d x

→∞ ∈
( )( ) + ( )




≥∫Φ  	 (6)

A map Φν : ,X r → +R  is an upper energy function if it is upper-semi 
continuous and if for r ≥1  

	
ε

ε νν
0

, ,
1 0.lim lim sup sup log

n x X
r n n rn

B x d x
→∞ ∈

( )( ) + ( )




≤∫Φ  	 (7)

The following lemma is a direct extension of the proposition 2.1 in 
[10]. Nevertheless we display the proof in detail for completeness.

Lemma 1: Let m be an ergodic measure and h h f< ,µ ( )  there exists ε > 0,  such 
that for any neighborhood F of m, there is a number N = NF such that for any  
n ≥ N, r ≥ 1 there is a nr ,ε( ) −  

separated set Γn r n Fr n r
rX x x F, , ,:= :⊂ ( ) ∈{ }  

and with card n hn r
rΓ , ( ).( ) ≥ exp

Proof: Let 0 < < ,h h fµ ( )  let  = , ,...,1 2A A Ak{ }  be a partition of X such 
that

	 h f h hµ , >( ) ′ > ″  with h h h h f< < <″ ′ ( )µ  

and let	 φ
nr

nrX k: 1,...,→{ }

be the map which assigns to any point x ∈ X its name of length nr, i.e. 
φ
nr nr
x w w w w( ) ( )= = , ,...,1 2  accordingly f x A i ni

wi

r( ) ∈ , = 1,2,..., .  Let 
Y X
nr nr
= ,φ ( )  and let φ : 1,...,X k→{ }Z  be the map defined like fn but 

assigning the name of bi-infinite length. For µ ∈ ( )M X ,  let us denote ∝  
the push-forward of m by f, i.e. for any w Y

nr
∈
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µ µ φ µ� ∩w w f A
i

nr
i

wi
( ) ( ) ( )









−
−

−= ( ) = .1

=0

1

 If h h f′ ( )< µ  then there is a 

N N=  ,  such that for any n N≥  holds 

	

− ( ) ( ) ′
∈
∑
w Y

nr

rw w n hµ µ log > .

For any d > 0 there is a compact B Aj j
δ ⊂  such that 

µ δδ δB B
j

k

j:= > 1 / 2.
=1








−  Let F be a weak * – neighborhood of m, and so 

Fr is neighborhood of µ⊗r ,  let 

	
X X x V n x
n Fr
B

n Fr I
B, ,

= : , > 1 ,
δ

δ
δ∩ ( ) −{ }

where IA is the characteristic function of A and VIA  
is the multiergodic 

average like in (1) for the map IA Let 

	

µ

µ

µ
δ

δ

δ
�

∩
n

i

nr
i

wi n Fr
B

n Fr
B

w

f A X

X
,

=0

1

,

,

= .( )
( )∩









( )

−
−

We have H m m A m A n k
i

k

i i
r, :=

=1

( ) − ( ) ( ) ≤∑ log log ,  for any m X∈ ( )M ,  

then there is a N NF= ,δ  such that for n NF≥ ,δ  is 

	
log logw Y w w w n hn n

w Yn

r∈ ( ){ }( ) ≥ − ( ) ( ) ′′
∈
∑: > 0 > .,µ µ µδ

  

Now define E Xn r, ⊂  in this way, let w Y
nr

∈  with µ δ


n w, > 0,( )  now 
pick a x Xn n Fr

B
, ,δ

δ
∈  with φ δn nx w, = ,( )  so each xn, d has name w. Then consider 

a subset Γn r,  of En,r in such a way that satisfy
x x dH x x nn r nr n n

r≠ ′∈ ⇒ ( ) ( )( )Γ , , > 3 .φ φ δ  Here d
nr
H  is the Hamming 

distance defined by d w w card j w w
nr
H

j j, = : .( ) ≠{ }
Since each Bj

δ  is compact there is a εδ > 0  such that if x B x Bj j∈ ′∈ ′δ δ,  
( j j≠ ′)  then x x ENF r≠ ′∈

, ,δ
 If x x ENF r≠ ′∈

, ,δ
 then

card i n f x B f x B nr i i r∈ −{ } ( ) ∉ ( ) ∉{ } ≤0,1,..., 1 : 2 .δ δ δor  Therefore if 
x x n r≠ ′∈ Γ ,  then 
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card

i n f x B f x B

d f x f x

r i i

i i

∈ −{ } ( ) ∉ ( ) ∉
( ) ( )( )

0,1,..., 1 :

, >

δ δ

ε

or

and δδ

δ











≥ nr .

Thus Γn r,  is nr ,εδ( ) − separated and 

	 card n h

H n k
n r

r

r nr
Γ ,

( )

( 3 ) 1 3 ,( ) ≥ ′′

( ) −( )
exp

exp δ δ 	 (8)

  with H t t t t t( ) = (1 ) (1 ).− − − −log log
Let δ  such that H k h h3 3 1 <δ δ( ) + −( ) ′′−log ,  so we have that if 

h h f< µ ( )  then exists a δ > 0  such that for any neighborhood F of m there 
is a natural N = NF, d such that for any N ≥ NF, d there is a set Γn r,  which is 
NF
r

, ,δ δε( ) − separated and with card n hn r
rΓ , ( ).( ) ≥ exp 		             



Let M M0 ( ),⊂ X r  non empty, and let M0
  be the smallest closed, 

convex set containing M0 .  By S n, 0εM( )  is denoted the nr ,ε( ) − separated, 
subset of Xn, 0M

 of maximal cardinality. In similar way than in [10] can be 
proved that if µ µ→ ( )h f  is upper-semi continuous 

	
S h f rε µµ, : ,0 0M M( ) ≤ ( ) ∈{ }⊗sup

where S
n

S n
n

rε ε, := 1 , , .0 0M M( ) ( )
→∞

lim sup log

Next we present our large deviations result, we follow [10]

Theorem 2: 
1.	� Let U X r⊂ ( )M  open, ν ∈ ( )M X  for any lower energy function 

Φν : X r → +R  holds 

	

n
r n r

X r
r

E

n
x x U

h f d X
→∞

⊗

( ) ∈{ }( )
≥ ( ) − ∈∫

lim inf log

inf

1 :

: ( ,

,ν

µ µµ ν

E

MΦ ff Ur) .and µ⊗ ∈{ }

2.	� Let F X r⊂ ( )M  closed, convex, ν ∈ ( )M X ,  for any upper energy 
function Φν : X r → +R  holds 



1614� A. MESÓN AND F. VERICAT

	

n
r n r

X r
r

inv

n
x x F

h f d
→∞

⊗

( ) ∈{ }( )
≤ ( ) − ∈∫

limsup log

sup

1 :

: (

,ν

µ µµ ν

E

MΦ XX f Fr, ) .and µ⊗ ∈{ }

Proof: 
1. 	 U U m X dm dr

X r X r
r

ν δ ν ν µ δ, : :
= : < ,∩ ∈ ( ) −{ }∫ ∫ ⊗M Φ Φ

	�
so that Un, d is open. Let F be a weak * – neighborhood of m, with 
F Ur ⊂ ν δ, .  The neighborhoods of a measure m in the topology 
considered are of the form 

	 F F k k
α αµ µ ϕ ϕ ε ε( ) ( )( ) ( )= ; ,..., ,..., =1 ; 1 ;

	
= : < , =1,2,..., , <1.ρ ϕ ρ ϕ µ ε ϕ∈ ( ) −{ }∫ ∫M X d d i ki i i iwith

 
	�

If h h f< µ ( )  then, by the lemma1, there is a natural N  and ε > 0  
such that for n N≥  there is nr ,ε( ) − separated set Γn r

n F
rX,

, 1/2
⊂

( )
 

with card n hn r
rΓ , ( ).( ) ≥ exp  Let δ > 0  such that

	� d x y x yi i i, < < .( ) ⇒ ( ) − ( )δ ϕ ϕ ε  Let ε ε δ∗ ( )= / 2, ,min  so that occurs 
that for any n N≥ ∗, 0 < <ε ε  if Γn r,  is nr ,ε( ) − separated then Γn r,  is 
nr , 2ε( ) − separated. Then holds

	� x y n r≠ ∈Γ ,  then B x B yn n, , = ,ε ε( )∩ ( ) ∅  and card n hn r
rΓ , ( ).( ) ≥ exp  

We also have that 
x n r

n n Fr
B x X

∈
( ) ⊂

Γ ,

, ,
.

 ε

	 Let n N F Ur≥ ⊂∗, , ,0 < <ε ε  so that

	
log inf logν ν εx x U card

n
B xn r n r

x n r
r n: 1

, ,
,

, ( ) ∈{ }( ) ≥ ( ) × ( )( )


∈
Γ

Γ 



.

	 Therefore

	

1 : 1

1

, ,

,

n
x x U

n
card

n

r n r r n r

x n r
r

log log log

inf log

ν  ( ) ∈{ }( ) ≥ ( ) +

∈

Γ

Γ
νν µ δε ν νB x d x dn n r X r

r
, , :

.( )( ) + ( ) − −





∫ ∫ ⊗Φ Φ
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	 Because Fn is an energy function we have 

	 n
r n r X r

r

n
x x U h d

→∞

⊗( ) ∈{ }( ) ≥ − −∫limsup log1 : ., :
ν µ δν Φ

	 Since d is arbitrary small the result follows.

2.	� The map Fn is upper-semi continuous and so bounded. Let d 
> 0 and let us consider the partition 0 = < < ... <0 1a a an  with 
a x a a i jj i i= : < , = 1,..., .1sup Φν δ( ) −{ }−  

Let 

	
F F d a aj

r r
j j= : : , .1µ µ µν

⊗ ⊗
−∈ ∈ { }∫Φ

	 We have 

	 n
r n F

j k n
r n Fjn

X
n

X
→∞ →∞

( ) ( )lim sup log max lim sup log1 = 1
,

=1,...,
,ν ν

	� For e > 0 there is a natural N such that for any n ≥ N and for any  
x ∈ X  1 < ., ,n

B x d xr n n rlog ν δε ν( )( ) + ( )∫Φ 

	� If E is a nr ,ε( ) − separated, subset of Xn, F with maximal cardinality 
then E B x

x Xn F

n⊂ ( )
∈ ,

, ,
 ε

 thus for n ≥ N 

	
n

r n Fj
n

r j
x Xn Fj

n
X

n
S n F

→∞ →∞ ∈
( ) ≤ ( ) +lim sup log lim sup log su

1 1 , ,,
,

ν ε pp ν εB xn, ,( )( )

	 therefore 

	 n
r n Fj

n
r j r Fj

n
X

n
S n F

→∞ →∞ ⊗ ∈
( ) ≤ ( ) −lim sup log lim sup log i

1 1 , ,,
:

ν ε
µ µ
nnf

:
.

X r
rd∫ ⊗ +Φν µ δ

Since each Fj is contained in F we have 

	
n

r n Fj

inv X f r Fj

jn
X h f a

→∞ ⊗ ∈
−( ) ≤ ( ) −{ }+lim sup log sup

1
,

( , ):
1ν δ

µ µ
µ

M

..
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For any measure µ ∈Minv X f( , )  with µ⊗ ∈r jF  holds 

	 : 1 2 .
X r

r
jd a∫ ⊗
−≤ +Φν µ δ

Finally

	 n
r n F X r

r
invn

X h f d X f
→∞

⊗ ⊗( ) ≤ ( ) − ∈∫lim sup log sup1 : ( , ),ν µ µ µµ νΦ M and rr F∈{ }



 Let Ψ : X r → R  and let GΨ : R R→  be defined by 
G t h f d X f d t

X r
r

inv
r

Ψ Φ Ψ( ) ( ) − ∈{ }∫ ∫⊗ ⊗= : ( , ) = .inf µ ν µ µ µM and  By applying 

the contraction principle to τ = Ψ  with Ψ :M X r( )→ R  the map defined 
by Ψ Ψ ρ ρ( ) ∫= d ,  we obtain

Proposition 1: Let Ψ : X r → R  be a continuous map and V n xΨ ,( )  the  
V–statistic for Y. If ν ∈ ( )M X ,  and J is an open real interval, then the 
following large deviation description holds

	 n
r t Jn

x V n x J G t
→∞ ∈

( ) ∈{ }( ) ≥ ( ){ }lim inf log inf
1 : , .ν Ψ Ψ

If K is a closed real interval then 

	
n

r
t Kn

x V n x K G t
→∞ ∈

( ) ∈{ }( ) ≤ ( ){ }lim sup log sup
1 : , .ν Ψ Ψ 	 
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