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a  b  s  t  r  a  c  t

A  quaternionic  representation  of the genetic  code,  previously  reported  by  the  authors  (BioSystems  141
(10–19),  2016),  is updated  in order  to incorporate  chirality  of  nucleotide  bases  and  amino  acids. The
original  representation  associates  with  each  nucleotide  base  a prime  integer  quaternion  of  norm  7 and
involves  a function  that  assigns  to  each  codon,  represented  by three  of  these  quaternions,  another  inte-
ger  quaternion  (amino  acid  type  quaternion).  The  assignation  is such  that the essentials  of  the  standard
genetic  code  (particularly  its degeneration)  are  preserved.  To  show  the  advantages  of  such  a quater-
nionic  representation  we  have  designed  an  algorithm  to go  from  the  primary  to the  tertiary  structure
of  the  protein.  The  algorithm  uses,  besides  of the  type  quaternions,  a second  kind  of  quaternions  with
real  components  that we  additionally  associate  with  the  amino  acids  according  to  their order  along  the
proteins  (order  quaternions).  In this  context,  we  incorporate  chirality  in  our  representation  by  observing
that  the  set  of eight  integer  quaternions  of  norm  7 can  be  partitioned  into  a pair  of subsets  of  cardinality
four  each  with  their  elements  mutually  conjugate  and by  putting  them  into  correspondence  one  to  one
with  the  two  sets  of enantiomers  (D and L) of  the  four nucleotide  bases  adenine,  cytosine,  guanine  and
uracil,  respectively.  We  then  propose  two  diagrams  in  order  to  describe  the hypothetical  evolution  of
the genetic  codes  corresponding  to both  of the  chiral  systems  of affinities:  D-nucleotide  bases/L-amino
acids  and  L-nucleotide  bases/D-amino  acids  at reading  frames  5′ →  3′ and  3′ →  5′,  respectively.  Guided  by

these  diagrams  we define  functions  that in each  case  assign  to  the  triplets  of  D-  (L-)  bases  a  L- (D-) amino
acid  type  integer  quaternion.  Specifically,  the  integer  quaternion  associated  with  a  given  D-amino  acid
is  the  conjugate  of that  one  corresponding  to the enantiomer  L. The  chiral  type quaternions  obtained  for
the  amino  acids  are  used,  together  with  a common  set of order  quaternions,  to  describe  the  folding  of  the
two  classes,  L  and  D, of homochiral  proteins.

© 2016  Elsevier  Ireland  Ltd.  All  rights  reserved.
. Introduction

Homochirality of nucleic acids and proteins is one of the
ttributes that characterize life on the Earth (Zucchi et al., 1999;
ályi et al., 2004). At present time all the living organisms in our
lanet have nucleic acids (DNA, RNA, etc.) with nucleotide bases

hat just take, between their two possible chiral forms, the one
sually labelled as D (for dextro or right-handed). Also, their pro-
eins are chains of amino acids all of which are enantiomers of

∗ Corresponding author at: Instituto de Física de Líquidos y Sistemas Biológicos,
9  Nro. 789, 1900 La Plata, Argentina.

E-mail addresses: manuel@iflysib.unlp.edu.ar (C. Manuel Carlevaro),
irastorza@iflysib.unlp.edu.ar (R.M. Irastorza), vericat@iflysib.unlp.edu.ar
F. Vericat).

ttp://dx.doi.org/10.1016/j.biosystems.2016.06.003
303-2647/© 2016 Elsevier Ireland Ltd. All rights reserved.
(exclusively) the class L (for levo, or left-handed) except for the
amino acid glycine that is not a chiral molecule.

To understand why the combination D for nucleotide bases and
L for amino acids (and not any other) occurs in living systems is
one of the greatest quests of Biology. The attempts to answer this
question involves either biotic or abiotic arguments. In general the
hypotheses of the first type assume that homochirality is deter-
mined by biological necessity and that it is the result of diverse
selection mechanisms. Among the abiotic hypotheses are those that
propose a “frozen accident” as the responsible of the homogeneous
chirality and those that assume the existence of some asymmetric
force that selects just one of the chiral forms (Bonner, 1997; Jorissen

and Cerf, 2002; Goodman and Gershwin, 2006).

The problem with these theories is that, in general, they can
not be experimentally checked. This difficulty is (at least partially)
overcome by some hypotheses that claim that homochirality and

dx.doi.org/10.1016/j.biosystems.2016.06.003
http://www.sciencedirect.com/science/journal/03032647
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Box 1: Hamilton quaternions
Definition
q = (q0, q1, q2, q3) qi ∈ R  (i = 0, 1, 2, 3).
If  qi ∈ N(i = 0, 1, 2, 3) then q is said an integer quaternion.
Algebra
Let p = (p0, p1, p2, p3) and q = (q0, q1, q2, q3) then:
a)  sum
p + q = (p0 + q0, p1 + q1, p2 + q2, p3 + q3)
b) scalar product
p · q = p0q0 + p1q1 + p2q2 + p3q3

c) quaternionic product
pq = (c0, c1, c2, c3) where
c0 = p0q0 − p1q1 − p2q2 − p3q3

c1 = p0q0 + p1q0 + p2q3 − p3q2

c2 = p0q2 − p1q3 + p2q0 + p3q1

c3 = p0q3 + p1q2 − p2q1 + p3q0

The quaternionic product is not conmutative say, in general,
pq /= qp
d) conjugation
q̃ = (q0, −q1, −q2, −q3) (q̃ is said the conjugate of q)
e) norm
N(q) = q · q̃ = q2

0 + q2
1 + q2

2 + q2
3

If N(q) = 1 then we say that q is an unitary quaternion.
f)  inverse
q−1 = q̃/N(q) verifies qq−1 = q−1q = (1, 0, 0, 0)

Box 2: Quaternions and 3D rotations
A 3D vector �v = (v1, v2, v3) can be thought as a quaternion v =
(0, �v) = (0,  v1, v2, v3).
The rotation of the vector �v by an angle � around the axis ê  to
give a new vector �v′ can be performed according to v′ = qvq−1

where the unitary quaternion q = (q0, q1, q2, q3) is such that

Here we generalize, by including chirality, the diagram proposed
00 C. Manuel Carlevaro et al. 

he universal genetic code arose closely related. More precisely,
hat the genetic code, its translation direction and homochirality
merged through a common natural process of selection (Root-
ernstein, 2007). This approach has the advantage that it can

ncorporate the idea of an ancestral direct affinity between amino
cids and nucleotide triplets. Further these triplets will acquire
ew functions, within a more modern translation machinery, in the

orm of codons and anticodons. The goal is that this early affinity
etween amino acids and triplets of nucleotide bases can at present
e studied in standard laboratories by synthesizing small RNA-
ligonucleotides (Yarus et al., 2005). Thus has been demonstrated
Yarus, 1988, 2000; Majerfeld et al., 2005; Majerfeld and Yarus,
005; Legiewicz and Yarus, 2005; Hobish et al., 1995; Saxinger
t al., 1971; Walker, 1977; Root-Bernstein, 2010) the preference
f L-amino acids for D-bases triplets. Moreover, the non-biological
ffinity of D-amino acids for L-codons is also observed (Yarus,
988; Root-Bernstein, 2010; Profy and Usher, 1984). Besides, the
ypothesis of coevolution of homochirality with the genetic code
akes a number of additional predictions such as the possibility

hat each codon can encode, according with the reading direction
5′ → 3′ or 3′ → 5′), at least two different amino acids and thus the
ventual existence of more than a single code becomes possible
Root-Bernstein, 2010).

We must mention, however, that, despite the possibility of exist-
nce of ancestral L-ribonucleic sites for D-amino acids, there is
lso experimental evidence of the impossibility of incorporating D-
mino acids in protein structures in present biosynthetic pathways.
pecifically it has been reported chiral discrimination during the
minoacylation in the active site of the aminoacyl tRNA synthetase
nd also during the peptide bond formation in the ribosomal pep-
idyl transferase center (Banik and Nandi, 2013; Englander et al.,
015).

The aim of this article is to show how a mathematical repre-
entation of the genetic code recently reported by us (Carlevaro
t al., 2016) can naturally incorporate chirality in such a way that
he resulting description be consistent with many of the previous
bservations.

Our original representation is guided by a diagram that we  have
roposed to sketch the evolution of the genetic code (see Fig. 2 in
ext section). The diagram is based on pioneering ideas by Crick
Crick et al., 1961; Crick, 1968) and include the physical concept
f broken symmetry (Hornos and Hornos, 1993; Maddox, 1994;
tewart, 1994) in a very simple form that resembles the energy
evels of an atom. The representation uses Hamilton quaternions
Hamilton, 1843, 1866) as main tool (see Box 1). These mathemati-
al objects are a sort of generalization of the complex numbers and
bey an algebra in many aspects similar to theirs but with the very
mportant (for our purposes) property that the product is, in gen-
ral, non commutative. In addition, the quaternions are ideal for
epresenting rotations (see Box 2) with important advantages over
he classical matrix representation (Altmann, 2005).

In our quaternionic representation we assign to each amino acid
n a given protein two quaternions: (i) an integer one according to

hich one of the 20 standard amino acids it is (type quaternion) and
ii) a real one that determines its order inside the protein primary
tructure (order quaternion). The type quaternions are obtained
s a quaternionic function of the codons where each of the three
ucleotides bases is associated to an integer quaternion. The form of
his function is inspired by the code evolution diagram. On the other
and, the order quaternions play a fundamental role in relation
ith the folding of the protein (Creighton, 1992; Ben-Naim, 2013).

The integer quaternions that we choose to associate with the

ucleotides bases belong to a maximum cardinality subset of the
et

7 (Z) =
{

(a0, a1, a2, a3) : a0, a1, a2, a3 ∈ Z; a2
0 + a2

1 + a2
2 + a2

3 = 7, a0
�q
|�q| = ê and |�q|

q0
= tan(�/2) with |�q| =

√
q2

1 + q2
2 + q2

3.

with the property that it does not contain pairs of conjugate quater-
nions. The set H7 (Z) has 7 + 1 =8 elements (Davidoff et al., 2003) and
so the chosen subset has 4 quaternions as it should be. This suggests
to partition the set H7 (Z) in  the form H7 (Z) =  H7;D (Z)

⋃
H7;L (Z)

(where the four quaternions of H7;D (Z) and the four quaternions
of H7;L (Z) are mutually conjugate) and to associate the elements of
H7;D (Z) and H7;L (Z) with the four D-nucleotide bases and the four
L-nucleotide bases of D-RNA and L-RNA molecules, respectively.
This way, chirality can be included in our formalism.

In next section two diagrams for the evolution of the genetic
code are presented assuming that the two possible combinations
(D, L) and (L, D) for the chirality of bases triplets and amino acid were
present from beginnings. The diagrams at certain step freeze dis-
playing two different genetic codes. The code corresponding to the
combination (D, L) is the present day living systems standard code.
Guided by these diagrams, in Section 3, we  consider the quater-
nionic representation of the codes. We  assign type quaternions to L-
and D-amino acids in such a way  that, for a given D-amino acid, the
associated integer quaternion is the conjugate of the corresponding
to the enantiomer L. Section 4 is devoted to show the advantages
of the quaternionic representation by considering the folding of L-
and D-proteins. Some remarks are finally made in Section 5.

2. Chiral diagrams for the evolution of the genetic code
> 0 and even
}

in Ref. Carlevaro et al. (2016) to describe the genetic code evolution.
First we  take into account that Miller–Urey like experiments on the
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Fig. 1. Diagram for the beginnings of the genetic code evolution. The one letter convention for amino acids is used. The two chiral combinations (D-bases/L-amino acids and
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-bases/D-amino acids) are identified with adequate subindices (see text). Note the
s  also shown. Rectangles with four bases imply fourfold degeneration with respec
y  16 triplets.

ynthesis of organic molecules in a primordial environment (Miller
t al., 1953; Parker et al., 2011) show the formation of amino acids in
acemic mixtures. Also, as we have already mentioned, the prefer-
nce of D- and L-bases triplets by L- and D-amino acids, respectively,
as been observed by studying the affinity of amino acids with small
NA-oligonucleotides (Root-Bernstein, 2010). Thus we  assume that

rom the beginnings, the two chirality systems (D-bases/L-amino
cids) and (L-bases/D-amino acids) evolve without to interfere one
ith the other. Moreover, as we describe next, the proposed evolu-

ion diagrams for the two systems are very similar since we assume
hat the changes in the corresponding genetic codes are basically
ndependent of the chirality. Chirality just manifests in settling the
wo affinity systems.

To construct our diagram of the code evolution in Ref. Carlevaro
t al. (2016) we have followed Crick (Crick, 1968) and have con-
idered that, in the first evolution steps, only the second base of
he bases triplets was effective in codifying (binding) amino acids.
ere we assume that this fact is valid for the L-bases triplets as
ell as for the D-ones. Thus only four L- (D-)amino acids could be

odified, each one by one of the four D- (L-)bases CI (I-cytosine),
I (I-guanine), UI (I-uracil) and AI (I-adenine) (I= D (L)) indepen-
ently of which the first and third bases are. In Fig. 1, that sketches
his first step of the code evolution, this fact is denoted with

 rectangle containing the four letters. This is consistent with
rick’s suggestion that only a few amino acids were coded at the
eginning.

According to the diagram, CI would codify J-alanine (AJ); GI,
lycine (G); UI, J-valine (VJ) and AI J-aspartic acid (DJ) (I,J = D,L or
,D) whatever the first and third bases are. It is worth noting here
hat the four amino acids that we assume were the first ones to
e codified are the first four in the Trifonov (Trifonov, 2000) con-
ensus temporal order scale for the appearance of the amino acids
column of natural numbers in Fig. 2). The four amino acids A, G,

 and D were also the first four that appeared under simulation of
he primitive earth conditions in Miller experiments (Miller et al.,

953; Parker et al., 2011). We  must also point out the two  read-

ng frames we are considering: 5′ → 3′ for D-triplets and 3′ → 5′ for
-triplets.
lity of the amino acid glycine (G). The translation direction considered in each case
ose ones, so at that moment each of the four considered amino acids was encoded

In Figs. 2 and 3 we  show how the evolution continues for the
pairs (D,L) or (L,D), respectively. Since confusion is not possible, we
have ignored the subindices that denote chiral class for notation
simplicity.

As the left (right) part of diagram of Fig. 2 (3) shows, our version
of the primitive code is highly degenerate: in principle each of the
four amino acids, AJ,G,VJ and DJ, could be encoded by 42 = 16 codons
(see also Fig. 1). Physically the idea of degeneration is closely related
with the concept of symmetry and a very illustrative form to think
about these concepts is by doing an analogy with the energy levels
of an atom. In our case we would have four levels indexed each one
with the letter corresponding to the second codon base, say CI, GI, UI

and AI (main quantum number). We  thus assume that, as the code
evolves, the symmetry that causes that the amino acid codification
be independent of the first (third) base of the codon, disappears.
Because of this symmetry breaking, a part of the degeneration also
disappears. In the diagrams each of the four initial levels splits into
four new levels, one for each of the possible bases (CI, GI, UI and AI)
at the first (third) place of the codon (secondary quantum number).
Now we  have a total of 16 levels indexed each one by two letters
(the first and second (second and third) bases of the codon). Each
level is fourfold degenerate in the codons third (first) base. One
of the new levels follows codifying the same amino acid as before
that the level splits whereas the other three codify a new amino
acid each. We  indicate with an arrow the four groups of codons that
conserve the amino acid and with a simple line those that substitute
the amino acid by a new one.

As the code continues evolving it suffers new breaking of sym-
metry so that the third (first) base of some codons bring into use or,
in the atomic analogy, some of the fourfold degenerate levels split
into two levels each one twofold degenerate. Those levels pointed
out with an arrow follow codifying the same amino acid whereas
the other levels substitute it for a new one.

Eventually, in subsequent steps, a few of the twofold degenerate
levels split once more given two non-degenerate levels each. This

is the case of codons that codify methionine (MJ), tryptophan (WJ)
and (again) the stop signal. The case of isoleucine (IJ) is a particu-
lar one since the split level coincides with the twofold one which
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Fig. 2. Complete diagram of the genetic code evolution for the chiral combination D-bases/L-amino acids. The one letter convention for amino acids is used and, for simplicity,
the  chirality subindices in bases and amino acids have been dropped. The direction of the temporal evolution is from left to right. Rectangles with two or more bases implies
d dons 

c t will 

n o acid

r
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f
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egeneration with respect to those ones. The broken lines link different sets of co
ommon lines indicate what codons follow codifying the same amino acid and wha
atural  numbers at the right of the amino acids give the temporal order of the amin

epresents the two codons that follow codifying the same amino
cid. This way, isoleucine is the only amino acid which is coded by
hree codons. The stop signal is also threefold degenerate since it
s coded by two groups of codons one twofold degenerate and the
ther one non-degenerate.
At this step of the evolution the code froze giving its present
orm. It is worth mentioning that the code evolution yields as a
articular result that the amino acids serine (SJ), arginine (RJ) and

eucine (LJ) are (would be) at present coded by two groups of codons
that encode the same amino acid in the case of sixfold degeneration. Arrows and
start to codify a new one, respectively, after the symmetry is broken (see text). The
s in the Trifonov consensus scale (Trifonov, 2000).

each one. In the three cases one of the groups is fourfold degenerate
and the other one is twofold degenerate, so that these amino acids
are the only three which are sixfold degenerate. We  point out this
property in the diagrams with a broken line linking the two  groups
of codons. The two groups of codons that codify the stop signal are

also linked by a broken line. We  remark again the similarity of the
two evolution diagrams which means that, in our description, the
symmetry breaking and the code freezing must depend of causes
other than chirality.
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Fig. 3. Complete diagram of the genetic code evolution for the chiral combination L-bases/D-amino acids. The one letter convention for amino acids is used and, for simplicity,
t of the
d dons 

c t will 

p
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w
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he  chirality subindices in bases and amino acids have been dropped. The direction 

egeneration with respect to those ones. The broken lines link different sets of co
ommon lines indicate what codons follow codifying the same amino acid and wha

We  observe that the diagram of Fig. 2 is consistent with the
resent day standard genetic code (Fig. 4). The diagram of Fig. 3, on
he other hand, gives the hypothetical code shown in Fig. 5. Actu-
lly, this code is not observed in Nature. We  guess that, although our
orld (and perhaps the whole Universe) has the accurate symmetry

or the existence of at least two systems of homochirality, say (D-

ucleic acids and L-proteins) and (L-nucleic acids and D-proteins),
he refinements in the decoding and synthesis machineries of
iving organisms, maybe looking for better robustness and opti-

ization of error-correcting tools, have broken that symmetry by
 temporal evolution is from right to left. Rectangles with two or more bases implies
that encode the same amino acid in the case of sixfold degeneration. Arrows and
start to codify a new one, respectively, after the symmetry is broken (see text).

discriminating between the two systems along the evolution caus-
ing the disappearance of the second one from the Earth.

3. Quaternionic representation of the genetic code and

chirality

Based on the diagrams of Figs. 2 and 3, we  propose, within a
common formalism, quaternionic representations of the genetic
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odes corresponding to both homochiral combinations (D,L) and
L,D) according to the scheme

B3
I −→ AJ

↓ ↓
H3

7,I (Z) −→ H (Z)

(1)

ith I,J = D,L and L,D where H (Z) denotes the set of integer quater-
ions (Lipschitz integers),

I =
{

CI, GI, UI, AI

}
(I = D, L), (2)

J = {PJ, AJ, SJ, TJ, RJ, G, CJ, WJ, LJ, VJ, FJ, IJ, MJ, HJ, QJ, DJ, EJ,

YJ, NJ, KJ, StopJ} (3)

J = L, D),

7,D(Z) = {(2, 1, 1, 1),  (2,  −1, 1, 1),  (2,  1, −1, 1),  (2,  1, 1, −1)}
(4)

nd

7,L(Z) = {(2, −1, −1, −1), (2,  1, −1, −1),

(2,  −1, 1, −1),  (2,  −1, −1, 1)}.  (5)
Here B3
I is the set of the 64 I-codons (I = D,L) and we assume that

he correspondence B3
I → AJ (I,J = D,L; L,D) are the genetic codes

PL → ˛1L = q1Dq1D

AL → ˛2L = q2Dq1D

SL → ˛3L = q3Dq1D = q4Dq2D + �2D;13

TL → ˛4L = q4Dq1D

RL → ˛5L = q1Dq2D = q4Dq2D + �2D;24

G → ˛6 = 7
2

(q2Dq2D + q̃2Dq̃2D)

CL → ˛7L = q3Dq2D + �2D;13

WL → ˛8L = q3Dq2D + �2D;24 + ı2D;2

LL → ˛9L = q1Dq3D = q3Dq3D + �3D;24

VL → ˛10L = q2Dq3D

FL → ˛11L = q3Dq3D + �3D;13

IL → ˛12L = q4Dq3D + �3D;13 = q4Dq3D + �3D;24 + ı3

ML → ˛13L = q4Dq3D + �3D;24 + ı3D;2

HL → ˛14L = q1Dq4D + �4D;13

QL → ˛15L = q1Dq4D + �4D;24

DL → ˛16L = q2Dq4D + �4D;13

EL → ˛17L = q2Dq4D + �4D;24

YL → ˛18L = q3Dq4D + �4D;13

NL → ˛19L = q4Dq4D + �4D;13

KL → ˛20L = q4Dq4D + �4D;24

StopL → ˛21L = q3Dq2D + �2D;24 + ı2D;4 = q3Dq4D +
stems 150 (2016) 99–109

as described by Figs. 4 and 5, whereas the functions B3
I → H3

7, I (Z)
assigns to each I-codon a triplet of quaternions of the sets H7, I. (Z)
(I = D,L).

Since the norm of all the quaternions of H7 (Z) is 7, which
is a prime number, all the elements of H7 (Z) are prime quater-
nions (Davidoff et al., 2003). Assigning prime quaternions to
the nucleotide bases gives they a certain character of elemental
molecules in the present context.

In what follows, in order to simplify the notation, we
shall assign natural numbers to identify the bases and the
amino acids: C → 1, G → 2, U → 3, A → 4 and P→1, A→2, S→3,
T→4, R→5, G→6, C→7, W→8,  L→9, V→10, F→11, I→12,
M→13, H→14, Q→15, D→16, E→17, Y→18, N→19, K→20,
Stop→21.

Inspired by the diagrams of Figs. 2 and 3 we  define the quater-
nionic functions

FIJ : H3
7, I (Z) → H (Z)

(
qˇI, q�I, qıI

)
→ ˛iJ = FIJ

[(
qˇI, q�I, qıI

)]
,

(6)

(I, J = D, L and L, D) by Eqs. (7) and (8):

(  ̌ = 1, � = 1, ı = 1, 2, 3, 4)

(  ̌ = 2, � = 1, ı = 1, 2, 3, 4)

(  ̌ = 3, � = 1, ı = 1, 2, 3, 4 or  ̌ = 4, � = 2, ı = 1, 3)

(  ̌ = 4, � = 1, ı = 1, 2, 3, 4)

(  ̌ = 1, � = 2, ı = 1, 2, 3, 4 or  ̌ = 4, � = 2, ı = 2, 4)

(  ̌ = 2, � = 2, ı = 1, 2, 3, 4)

(  ̌ = 3, � = 2, ı = 1, 3)

(  ̌ = 3, � = 2, ı = 2)

(  ̌ = 1, � = 3, ı = 1, 2, 3, 4 or  ̌ = 3, � = 3, ı = 2, 4)

(  ̌ = 2, � = 3, ı = 1, 2, 3, 4)

(  ̌ = 3, � = 3, ı = 1, 3)

D;4 (  ̌ = 4, � = 3, ı = 1, 3, 4)

(  ̌ = 4, � = 3, ı = 2)

(  ̌ = 1, � = 4, ı = 1, 3)

(  ̌ = 1, � = 4, ı = 2, 4)

(  ̌ = 2, � = 4, ı = 1, 3)

(  ̌ = 2, � = 4, ı = 2, 4)

(  ̌ = 3, � = 4, ı = 1, 3)

(7)
(  ̌ = 4, � = 4, ı = 1, 3)

(  ̌ = 4, � = 4, ı = 2, 4)

 �4D;24 (  ̌ = 3, � = 2, ı = 4 or � = 4, ı = 2, 4)
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˛9L = (3, 6, 0, 2) ˛20L = (14,  −1, 5, −3)

˛10L = (5, 2, 2, 4) ˛21L = (18,  −1, 3, 3) .
C. Manuel Carlevaro et al. 

PD → ˛1D = q1Lq1L (  ̌ = 1, 2

AD → ˛2D = q1Lq2L (  ̌ = 1, 2

SD → ˛3D = q1Lq3L = q2Lq4L + �2L;13 (  ̌ = 1, 2

TD → ˛4D = q1Lq4L (  ̌ = 1, 2

RD → ˛5D = q2Lq1L = q2Lq4L + �2L;24 (  ̌ = 1, 2

G → ˛6 = 7
2

(q2Lq2L + q̃2Lq̃2L) (  ̌ = 1, 2

CD → ˛7D = q2Lq3L + �2L;13 (  ̌ = 1, 3

WD → ˛8D = q2Lq3L + �2L;24 + ı2L;2 (  ̌ = 2, �

LD → ˛9D = q3Lq1L = q3Lq3L + �3L;24 (  ̌ = 1, 2

VD → ˛10D = q3Lq2L (  ̌ = 1, 2

FD → ˛11D = q3Lq3L + �3L;13 (  ̌ = 1, 3

ID → ˛12D = q3Lq4L + �3L;13 = q3Lq4L + �3L;24 + ı3L;4 (  ̌ = 1, 3

MD → ˛13D = q3Lq4L + �3L;24 + ı3L;2 (  ̌ = 2, �

HD → ˛14D = q4Lq1L + �4L;13 (  ̌ = 1, 3

QD → ˛15D = q4Lq1L + �4L;24 (  ̌ = 2, 4

DD → ˛16D = q4Dq2L + �4L;13 (  ̌ = 1, 3

ED → ˛17D = q4Lq2L + �4L;24 (  ̌ = 2, 4

YD → ˛18D = q4Lq3L + �4L;13 (  ̌ = 1, 3

ND → ˛19D = q4Lq4L + �4L;13 (  ̌ = 1, 3

KD → ˛20D = q4Lq4L + �4L;24 (  ̌ = 2, 4

StopD → ˛21D = q2Lq3L + �2L;24 + ı2L;4 = q4Lq3L + �4L;24 (  ̌ = 4, �

The importance of working with objects that verify a non com-
utative algebra is evident from these functions since otherwise

mino acids AJ and RJ, and also SJ and LJ, would have associated
he same quaternion. The expression for the amino acid glycine
G) takes into account that it is not chiral. The factor 7 has to
o with the fact that: (a) the norm of the type quaternions can
oughly be taken as a measure of the information needed to cod-
fy the corresponding amino acid in the sense that the larger the
orm the larger the necessary information (see Ref. Carlevaro
t al., 2016); (b) G is fourfold degenerate and the norm for all
he other amino acids which are fourfold degenerate is 49 (see
qs. (7)–(10)).

In Eqs. (7) and (8), the quaternions � iD;jk (� iL;jk) accounts for
he level splitting when the second base of codon is i and the third
first) base is jk= 13 (CIUI) or 24 (GIAI) I = D (L). Analogously, the
uaternion ıiD:j (ıiL:j) accounts for the level splitting when the sec-
nd base of the codon is i and the third (first) base is j= 2 (GI) or 4
AI) I = D (L). Thus, in principle we have as unknown quaternions
2I;13, �2I;24, �3I;13, �3I;24, �4I;13, �4I;24 and ı2I;2, ı2I;4, ı3I;2 and ı3I;4.
f these 10 unknown quaternions we can find 5, say �2I;13, �2I;24,
3I;13, �3I;24, �4I;24, by requiring that those amino acids which are
oded by two different groups of codons (case of codons sixfold

egenerates or codons that codify the stop signal) have associ-
ted an unique quaternion and also that the two  ways to reach
soleucine (I) give the same quaternion (see Fig. 2 (Fig. 3)). To obtain
he quaternions ı2I;2, ı2I;4, ı3;2 and ı3I;4 we have assigned to those
evels that can not split more (non degenerate levels) the product of
he quaternions associated with each of the corresponding bases:
8J = q3Iq2Iq2I; ˛13J = q4Iq3Iq2; ˛21J = q3Iq2Iq4I; ˛12J = q4Iq3Iq4I. Finally
stems 150 (2016) 99–109 105

, � = 1, ı = 1)

, � = 1, ı = 2)

, � = 1, ı = 3 or  ̌ = 1, 3, � = 2, ı = 4)

, � = 1, ı = 4)

, � = 2, ı = 1 or  ̌ = 2, 4, � = 2, ı = 4)

, � = 2, ı = 2)

 2, ı = 3)

, ı = 3)

, � = 3, ı = 1 or  ̌ = 2, 4, � = 3, ı = 3)

, � = 3, ı = 2)

 3, ı = 3)

 = 3, ı = 4)

, ı = 4)

 4, ı = 1)

 4, ı = 1)

 4, ı = 2)

 4, ı = 2)

 4, ı = 3)

 4, ı = 4)

 4, ı = 4)

, ı = 3 or  ̌ = 2, 4, � = 4, ı = 3)

(8)

for the remaining unknown quaternion �4I;13 we have proposed
�4I;13 =− �4I;24.

Taking: q1D = (2, 1, 1, 1), q2D = (2, −1, 1, 1), q3D = (2, 1, −1, 1)
and q4D = (2, 1, 1, −1) in Eq. (7), we  have explicitly obtained

˛1L = (1, 4, 4, 4) ˛12L = (6, 17,  3, −3)

˛2L = (3, 0, 6, 2) ˛13L = (18,  3, −1, 3)

˛3L = (3, 2, 0, 6) ˛14L = (−10, 7, 5, −1)

˛4L = (3, 6, 2, 0) ˛15L = (16,  −3, 7, 1)

˛5L = (3, 0, 2, 6) ˛16L = (−8, 3, 3, −3)

˛6 = (7, 0, 0, 0) ˛17L = (18,  −7, 5, −1)

˛7L = (3, −2, −6, 8) ˛18L = (−8, 9, 1, 1)

˛8L = (6, −15, −1, 9) ˛19L = (−12,  9, 3, −5)

(9)
˛11L = (2, 17,  1, 3)

Analogously, taking q1L = q̃1D = (2, −1, −1, −1), q2L =
q̃2D = (2, 1, −1, −1), q3L = q̃3D = (2, −1, 1, −1) and q4L = q̃4D =
(2, −1, −1, 1) in Eq. (8) we  have
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Fig. 4. Standard genetic code. The three letters convention for the amino acids
is  used and the third base in the codons is remarked in bold. For simplicity the
subindices that identify the class of enantiomer have been ignored. The reading
direction of codons is 5′ → 3′ .

Fig. 5. Hypothetical genetic code for the chiral combination L-bases/D-amino acids.
The three letters convention for the amino acids is used and the first base in the
06 C. Manuel Carlevaro et al. 

˛1D = (1, −4, −4, −4) ˛12D = (6, −17, −3, 3)

˛2D = (3, 0, −6, −2) ˛13D = (18,  −3, 1, −3)

˛3D = (3, −2, 0, −6) ˛14D = (−10, −7, −5, 1)

˛4D = (3, −6, −2, 0) ˛15D = (16,  3, −7, −1)

˛5D = (3, 0, −2, −6) ˛16D = (−8, −3, −3, 3)

˛6 = (7, 0, 0, 0) ˛17D = (18,  7, −5, 1)

˛7D = (3, 2, 6, −8) ˛18D = (−8, −9, −1, −1)

˛8D = (6, 15,  1, −9) ˛19D = (−12, −9, −3, 5)

˛9D = (3, −6, 0, −2) ˛20D = (14,  1, −5, 3)

˛10D = (5, −2, −2, −4) ˛21D = (18,  1, −3, −3) .

˛11D = (2, −17, −1, −3)

(10)

We denote the set of quaternions assigned to the amino acids as
iven by Eqs. (9) and (10) by H˛D (Z) and H˛L (Z),  respectively. We
ee that the elements of H˛D (Z) and H˛L (Z) verify ˛iD = ˜̨ iL (i = 1, 2,

 . .,  20, 21) say, the quaternions assigned to both enantiomers of a
iven amino acid are mutually conjugate.

. Folding of L- and D-proteins in the quaternions
ormalism

We  have presented quaternionic representations of the
tandard genetic code for living systems, where the chiral combina-
ion (D-bases/L-amino acids) is preferred, and also of a hypothetical
enetic code for systems, in which we assume that the combina-
ion (L-bases/D-amino acids) prevails among other possible chiral
ombinations. These representations reproduce the structure of the
orresponding codes, particularly their degeneration. However, the
act that distinguishes the quaternionic representation over most
f available mathematical representations is the resulting assigna-
ion of quaternions to the amino acids. Because of the advantages
f using quaternions to describe spatial rotations, the association
f amino acids with quaternions opens new horizons beyond the
enetic code representation (Carlevaro et al., 2016). In this context,
e consider here the suitability of this association, together with

ur characterization of chirality, to take account of the folding of
omochiral proteins formed by exclusively L or D amino acids.

The primary structure of a J-protein (J = L,D) formed by N J-amino
cids is a sequence AJ1,AJ2,. . .,AJN with AJi ∈ AJ. Our aim is to obtain
rom this sequence the spatial coordinates of each one of the atoms
f all the amino acids that constitute the protein in the native –
r functional – state (tertiary structure). For L-proteins, we take as
uch the one corresponding to the protein in physiological solution
hose coordinates can be obtained, after crystallization, by appli-

ation of, for example, X-ray diffraction methods. That is the case
f most of the proteins whose coordinates are stored at the Protein
ata Bank (Bank). For D-proteins, since in the laboratories have
een synthesized very few such proteins (Mandal et al., 2012; Liu
t al., 2010), we take in these cases as tertiary structure the mirror-
mage of the corresponding experimental L-proteins structure.

In principle we restrict ourselves to determine the coordinates
or just the alpha-carbon atoms of the proteins chain which is not

 severe restriction since it is known that there exist very efficient
lgorithms for going (at least for L-proteins) from this trace repre-
entation to the full atoms one (Rotkiewicz and Skolnick, 2008). We
lso take into account that, in our quaternionic representation, the

-amino acids sequence is expressed as a sequence of quaternions
J1,pJ2,. . .,pJN with pJi ∈ H˛J (Z).  Under these conditions we proceed
ow to present an algorithm todetermine the spatial coordinates
f the alpha-carbon atoms of the protein.
codons is remarked in bold. For simplicity the subindices that identify the class of
enantiomer have been ignored. The reading direction of codons is 3′ → 5′ .

As it was  pointed out in Carlevaro et al. (2016), although adja-
cent alpha-carbon atoms are not covalently bonded their distance
is notably stable and take very similar values for all the pairs within
a given protein and also for those belonging to different proteins.
So in our calculations we  assume that all these distances are equal
to a unique value dC˛−C˛ = 3.80 Å. Thus we determine on the unit
sphere with center at the origin a point for each of the amino acids
(alpha-carbon atoms) in the protein sequence. To the last one we
assign directly the origin, the preceding one is located at the inter-
section between the axis z and the sphere surface (versor êz). To
each of the remaining alpha-carbon atoms we assign a point on the
sphere surface that results of rotating the versor êz (north pole) by
a quaternion. For the ith alpha-carbon atom in the J-sequence, the

quaternion responsible of the rotation is denoted ˆ̌

Ji (i = 3, 4, . . .,  N).
We then expand the chain of alpha-carbon atoms from

their location on the sphere into the back-bone protein three
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Fig. 6. Development of the alpha-carbon atoms backbones of a hypothetical L-
protein of length N and the corresponding D-enantiomer from their position on
the  sphere surface into their spatial configuration (schematic). Both chains are the
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Fig. 7. Trace representation of the alpha-carbon atoms backbone for L- and D-1GCN.
Red (dark grey) inner tube: from the coordinates obtained using our procedure. Cyan
(light grey) external transparent tube: from the coordinates stored at PDB for L and
irror-image one of the other. In each spatial chain the last two  alpha-carbon atoms,
s  well as some of the first ones, are labelled by their order number inside the
equence.

imensional configuration (see Fig. 6) by means of the following
terative procedure (initially the rj’s are on the sphere surface):

do i = 1, N − 2

ır = ri+1

do j = 1, i

rj = rj + ır

enddo

enddo

According to the algorithm, the distance between adjacent
lpha-carbon atoms is the unit so, to establish the correct distance,
e must multiply the final calculated coordinates by dC˛−C˛ .

It remains to determine how to calculate the quaternions
ˆ

Ji(i = 3, 4, . . .,  N). In Ref. Carlevaro et al. (2016) we do this in a
omewhat heuristic way. We  take into account that the ith amino
cid interacts in some way with the i − 1 previous amino acids in the
equence and also with the N − i subsequent ones. In these interac-
ions the effect of the medium should be incorporated in some form,
or example in the form of effective interactions between amino
cids. Actually, we are trying for a sort of decodification and so
e are not directly interested into the detailed form of the inter-

ctions, but we recognize that in any codification of information
hat involves those interactions, some trace of their general form
hould be. In general it is reasonable to think that the global inter-
ction includes just two body (effective) interactions so by analogy
e choose with generality for ˆ̌

Ji the normalized version of the
uaternion

Ji =
∑

r = 1, 2, . . .,  N

r /= i

cJr
(

pJr · pJi

)
(J = L, D; i = 1, 2, . . .,  N) (11)

here · denotes the quaternionic dot product:

Jr · pJi =
(

pJr
)

0

(
pJi

)
0

+
(

pJr
)

1

(
pJi

)
1

+
(

pJr
)

2

(
pJi

)
2

+
(

pJr
)

3

(
pJi

)
3

nd cJr ∈ H (R) (r = 1, 2, . . .,  N) are unknown real quaternions (order
uaternions) which are determined by means of an optimiza-
ion technique. As such we use the particle swarm optimization
PSO) procedure of Kennedy and Eberhart (1995) taking as function

f fitness the difference between the coordinates of the alpha-
arbon atoms calculated following the previous procedure and
he corresponding experimental ones as read from the PDB. We
ake the rmsd (root-mean-square deviation) as a measure of this
its  mirror-image for D. (For interpretation of the references to color in this figure
legend, the reader is referred to the web  version of the article.)

difference, using to that effect Bosco K. Ho’s implementation of
Kabsch algorithm (Kabsch, 1976).

Actually, it is enough to consider J = L since pDr = p̃Lr so, if we
take

cDr = icLr ĩ = ĩcLr i, (12)

with i = (0, 1, 0, 0), then a similar relationship is verified by ˇDi:

ˇDi = iˇLi ĩ = ĩˇLii =
((

ˇLi
)

0
,
(

ˇLi
)

1
, −

(
ˇLi

)
2
, −

(
ˇLi

)
3

)
. (13)

We observe that if we  denote with xLi = ((xLi)1, (xLi)2, (xLi)3) the
point on the sphere that results of rotating the versor êz by the

quaternion ˆ̌
L i: (0, xLi) = ˆ̌

L i

(
0, êz

) ˜̌̂
L i, then the sphere point that

results of rotating the north pole by ˆ̌
D iis given by

(0, xDi) = ˆ̌
Di

(
0, êz

) ˜̌̂
D i = i (0, xLi) i = (0, −(xLi)1, (xLi)2, (xLi)3) ,

(14)

say xDiis the mirror-image of xLiwith respect to the plane x = 0 in a
cartesian axis (x, y, z) (see Fig. 6). When we  expand the two chains
(L and D) of alpha-carbon atoms from their location on the sphere by
using the previous iterative procedure they result to be the mirror-
image one of the other.

In Figs. 7–9 we  show the L and D enantiomers of three small pro-
teins as obtained by using our procedure: in Fig. 7 of the hormone
glucagon (PDB ID:1GCN – length: 29 amino acids); in Fig. 8 of the
ion channel inhibitor osk1 toxin (PDB ID: 2CK5 – length: 31 amino
acids) and, in Fig. 9, of a type III antifreeze protein (PDB ID:1HG7
– length: 66 amino acids). In all the cases the theoretic curves are

compared with the corresponding experimental ones as obtained
directly from the PDB for L-proteins and from the mirror-image of
these for D-proteins.
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Fig. 8. Trace representation of the alpha-carbon atoms backbone for L- and D-2CK5.
Red (dark grey) inner tube: from the coordinates obtained using our procedure. Cyan
(light grey) external transparent tube: from the coordinates stored at PDB for L and
its mirror-image for D. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of the article.)

Fig. 9. Trace representation of the alpha-carbon atoms backbone for L- and D-1HG7.
Red (dark grey) inner tube: from the coordinates obtained using our procedure. Cyan
(
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Creighton, T.E., 1992]. Protein Folding. WH Freeman and Company.
light grey) external transparent tube: from the coordinates stored at PDB for L and
ts mirror-image for D. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of the article.)

. Remarks

Assuming that at the beginnings amino acids and nucleotide
ases were synthesized from primordial elements in racemic mix-
ures and that D-bases were always more affine for L-amino acids
hereas L-bases have preferred D-amino acids, we have proposed
iagrams for the evolution of genetic codes which at present would
ettle the correspondence between codons and amino acids looking
or those affinities. Actually, of both codes only that correspond-
ng to the affinity system (D-bases/L-amino acids) is nowadays
bserved on the Earth. Although the existence of the chiral com-
ination (L-bases/D-amino acids) is in principle possible, none of
he organisms that live in our planet shows L-nucleic acids or D-
roteins. However, the existence of life in other planets, including
he possibility that it be governed by such a genetic code (Fig. 5), is
n open issue.

Our evolution diagrams (Figs. 2 and 3) are based on pioneering
deas by Crick and introduce in a very simple way  the concept of
roken symmetry. The fact that the diagrams for both affinities sys-
ems, (D-bases/L-amino acids) and (L-bases/D-amino acids), follow

 common pattern for the degeneration breaking and for the code
reezing, means that we are considering that these aspects basi-
ally do not depend of the molecules chirality but of other physical,

hemical and/or biological causes.

Inspired by the evolution diagrams we propose a quaternions
ased mathematical representation of the corresponding genetic
stems 150 (2016) 99–109

codes. We  assign to each nucleotide base an integer quaternion,
so the codons are triplets of such quaternions. The representation
assigns to each triplet another integer quaternion that is associ-
ated with one of the 20 amino acids (type quaternions). The bases
quaternions belong to the set of eighth prime integer quaternions
of norm 7 and the nucleotide bases chirality is introduced by par-
titioning this set into two  subsets (Eqs. (4) and (5)) of cardinality
4 each with their elements mutually conjugates and associating
their elements with the D- andL-bases, respectively. The corre-
spondences between triplets of quaternions and type quaternions
for both chiral combinations, (D/L) and (L/D), are given by func-
tions (Eqs. (7) and (8)) that use the sum and ordinary product of
quaternions and is such that the type quaternions assigned to both
enantiomers of a given amino acid are mutually conjugate.

Apart of preserving the degeneration of the genetic codes as
it should be, our representations distinguish among other math-
ematical representations of the genetic code because they assign
quaternions to the amino acids as a final result so that, in view of
the close relationship between quaternions and spatial rotations, a
door towards the study of the proteins folding opens. In this con-
text we  propose an algorithm to go from the primary to the tertiary
structure of L- as well as D-proteins. The algorithm uses, besides
the integer type quaternions, a set of real quaternions associated
with the order of the amino acids in the protein sequence. These
order quaternions are basically the same ones for L- and D-proteins
so the algorithm is such that for a given primary sequence the 3D
structure of the L- and D-proteins are the mirror-image one of the
other.

Finally, another observation about this algorithm whose critical
step is the building of the quaternions ˇJi (Eq. (11)). In Ref. Carlevaro
et al. (2016) we  use for them an expression that involves the ordi-
nary product between the type quaternion corresponding to the
position i and all the others. However such expression is not ade-
quate for describing with a common set of order quaternions the
folding of L- and D-proteins. In this article to overcome this prob-
lem we change the ordinary quaternionic product by a dot product
between type quaternions. This way  the number of order quater-
nions sets adjusting a given protein diminishes. Thus the search
for the unique set that describes the folding of all the proteins (if
it exists!) would be facilitated. We  are currently working on this
issue.
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