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Abstract:

A general variational formulation for the determination of natural frequencies and mode shapes of
free vibration of symmetric laminated plates of trapezoidal and triangular shapes is presented in this
work. The kinematics corresponding to the first order shear deformation plate theory (FSDT) is
used to take into account the effects of shear deformation and rotatonial inertia in the analysis.

The developed approach is based on the Ritz method and the plate geometry is approximated by
non-orthogonal right triangular co-ordinates. The transverse deflection and two rotations of the
laminate are independently approximated by sets of simple polynomials.

The algorithm allows obtaining approximate analytical solutions for laminated plates with different
shapes, aspect ratio, number of layers, stacking sequence, angle of fiber orientation and boundary
conditions including translational and rotational elastically restrained edges. The algorithm is

simple to program and numerically stable.

Keywords: Vibrations, Trapezoidal plates, Laminated, FSDT, Ritz, Elastically restrained edges

1. Introduction

Anisotropic plates, especially those consisting of fibre reinforced composite materials, are widely
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used in various technological applications in many industrial and engineering fields such as
mechanical, aerospace, automotive, etc. In many cases, the rapid and efficient determination of the
natural vibration frequencies and associated mode shapes is fundamental in their design and
performance evaluation. It is also important to include in the study elastic partial restrictions along
the edges to include a significant group of practical problems. This is because the classical
boundary conditions can not be applied to all real situations and elastic modelling constraints can be
likened more rationally the actual restraint conditions. In particular, the flexibility of the edges has a
significant influence on the plate vibrations.

Published papers about vibrations of trapezoidal plates are mostly based on the theory of thin plates
[1-3]. Excellent sources of references are the works of the Leissa [4-7]. The classical laminated
plate theory (CLPT) neglects the effects of shear deformation and rotational inertia, and this leads to
results that overestimate the frequencies of vibration. This error is greater when the thickness of the
plate increases. The simplest alternative to consider the above mentioned effects is the use of the
first order shear deformation theory for moderately thick plates, proposed by Reissner [8] and
Mindlin [9], which incorporates the effect of rotational inertia. This theory also requires the use of a
correction factor to compensate the error resulting from the approximation made with respect to the
non-uniform distribution of strains and shear stresses. A complete analysis of the theoretical basis
and the main advantages, application areas and limitations of using FSDT or CLPT theories can be
found, for example, in reference [11]. Liew et al. [10] presents a review of works on the vibration of
thick plates which mainly use the first-order theory and are referred to rectangular plates.
Particularly, the study of moderately thick trapezoidal plates through approximate analytical
methods presents the difficulty of the construction of simple and adequate approximation functions
that can be applied to the entire domain of the plate. When these plates also have elastically
restrained edges, the mathematical structure of the boundary conditions becomes complex and the

generation of approximating functions becomes very difficult. To overcome this difficulty, several
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techniques have been developed and perfected. The global pb-2 Rayleigh-Ritz method was used to
study the free vibration behavior of trapezoidal Mindlin plates [12] and cantilever triangular
Mindlin plate [13]. Subsequently, the above methodology was extended to different combinations
of classical boundary conditions [14]. Wu and Liu [15] used the differential cubature method for
analysis of thick plates of arbitrary shape. Zhong [16] also analyzed the free vibrations of triangular
plates by differential quadrature method. Dozio and Carrera [17] proposed a variable kinematic Ritz
formulation for vibration study of arbitrary quadrilateral thick plates. All these works are referred to
plates made of isotropic material.

A few studies can be found in the literature for the free vibration analysis of laminated thick
trapezoidal plates. For instance, the Rayleigh— Ritz procedure has been applied by Kapania and
Lovejoy [18] in the analysis of quadrilateral, thick, generally laminated plates having arbitrary edge
supports together with Chebychev polynomials as trial functions. The boundary conditions have
been enforced by the appropriate use of distributed linear and rotational spring along the edges, but
the method only has been applied to cantilever plates. Chen et al. [19] studied the free vibration of
cantilevered symmetrically laminated thick trapezoidal plates using p-Ritz method incorporating
third-order shear deformation theory. Haldar and Manna [20] proposed a high precision triangular
element with shear strain for free vibration analysis of composite trapezoidal plates. Girses et al.
[21] used the method of discrete singular convolution (DSC) for free vibration analysis of laminated
trapezoidal plates. Zamani et al. [22] obtained the governing equations and boundary conditions for
the free vibration of trapezoidal plate using the first order shear deformation theory (FSDT) together
with proper transformation from Cartesian system into trapezoidal coordinates. Then the
generalized differential quadrature (GDQ) method is employed to obtain solutions. All these papers
consider only classical boundary conditions.

Elastic restraints along the edges of thick plates have been considered by some authors. But, in

general, the cases considered correspond to rectangular plates [23-27]. According to the statement
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in the preceding paragraphs, the objective of this paper is to propose a general algorithm that allows
obtaining approximate analytical solutions to study the free vibrations of moderately thick
trapezoidal and triangular laminated plates, with edges elastically restrained against rotation and
translation. To this end, a methodology based on an extension and generalization of previous works
[28-29] is presented. The procedure is based on the Ritz method and covers two aspects. The first
one is the approximation of the plate geometry through triangular coordinates and the second aspect
is the approximation of the displacement field components with simple polynomials generated

automatically from a basis polynomial.

2. Mathematical formulation

2.1 Geometrical and mechanical characteristics of the plate

The general scheme of the analyzed composite plate is shown in Fig.1. The laminate thickness is &
and, in general, it consists by layers of unidirectional fibers composite material (Fig. 2b). The
lamination scheme is symmetric with respect to the midplane. The angle of fibers orientation is

denoted by 3, measured from z - axis to the fibers direction as shown in Fig. 2a. The rotational and

translational restraints are characterized by springs constants ¢, and ¢, i =1,...,4 , respectively.

The present study is based on the first order plate theory (FSDT). The components of the

displacements field in z, v,z directions, at any time ¢, are given by

u T,Y, 2,1 = U, z,y,t _Z(by z,y,t
v fE,y,Z,t :UO xv%t _Z(ﬁm x7y7t (1)

w x,Y,2,1 = w, z,y,t
where w z,y,t are the deflections of midplane points, b, w,y,t and ¢ ,y,t are the rotations

of the cross sections with respect to the coordinates = and y respectively.

For free plate vibration, the displacement and rotations are given by harmonic functions of the time,
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w z,y,t =w x,y coswt, 2
QZSU L, Y, t = Qby L, Y, t cos wtv (3)

where w is the radian frequency of the plate.
According to Egs (2) and (4) the maximum Kinetic energy of the freely vibrating plate expressed in

artesian co-ordinates, is given by

-2 [l

where p is the mass density of the plate material, w is the circular frequency and the integration is

+ % ¢+ ¢! ]dxdy (5)

carried out over the entire plate domain A.

The maximum strain energy of the mechanical system is given by

U, +U

max P max R,max

+ UTJl’laX (6)

where U, is the maximum strain energy due to plate bending, which in Cartesian co-ordinates is

given by

ff Du[B2] . [G] w2m, G Ga, (
L T I R
+A, g—w+¢ 2 ngw ¢—+¢Ua—+¢¢]]dxdy

where the coefficients D , i,j =1,2,6 are the bending, the twisting and the bending-twisting

coupling rigidities and are given by
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1A = (
D, = ngL L+1 - 13 (8)

where as A, 4,j=45 are the shear rigidities coefficients given by

A= RZQ(A) _ 9)

where « is the shear correction factor, the coordinates z,_ , z, are depicted in Fig. 2b, N_is the

k—1"
total number of layers in the laminate and Q_j are the reduced transformed rigidities (see for

instance Ref. [11]) which depend of the mechanical properties of each lamina and the angle of fiber
orientation.
The maximum strain energy stored in rotational and translational springs at the plate edges are,

respectively

UT"max 295 Yw'ds = ch w’d (10)

l
— 1 2 _ 1 c f 2
UR,ma,x - EfcR(s)(bn ds — 5;[0Hﬁ¢m ds? (11)

where ¢ = denotes the rotation of the cross section about the corresponding co-ordinate and [,

denotes the length of 0A i=1,....4 .

2.2 Geometric mapping: Triangular non-orthogonal coordinates.
The actual plate of trapezoidal plan-form is mapped onto a rectangular one, using a coordinate
transformation between the rectangular Cartesian and triangular non-orthogonal coordinates,

according to the following expressions [28, 29]:

x = ul, y = uvl tan oy (12)
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where tan « is the slope of the upper side of the plate.

The relationships between the partial derivatives in both coordinates systems are given by

a(-) a(-) <‘7_‘ _*ﬁ a(-)
9 B _1—_ J J =
o0 =" o) =gy g o) )
dy o \J\ \J\ v

where J is the Jacobian matrix of the geometrical mapping given by

o oy
y— J, Iy, _|ou ou|_ l fultana1 (14)
Jy Iy, @ @ 0 wltana
ov Ov

and‘J‘ is the Jacobian determinant of the coordinate change.

The maximum Kinetic and strain energies of the vibrating laminated plate can now be expressed in
the non-orthogonal triangular coordinates by replacing Egs. (9) and (10) into Egs. (2) and (3) as

follows:

2
_|__ 2 + 2
2 %t

R

13| dudv (15)

8w ow Ow 8w dw ow

2 0u Ov 61} 8
2
ow ow 0¢p 0¢ 09 3¢.
25 — +25— + S = L —+ 4+ 85 L+
2% ou % ! %) *l Ou ? Ou Ov 1 o (16)
99, 99, dp 0 09, ¢
+2S L 428 —+ 2 128 — 425, +
u 2 0u Ov B 9v Ou " 9v Ov 9.9,
9¢, 09, 9¢, 09, 9¢, 99, 9¢, 9¢,
5 o a_uj+ T Ou E—FQSIS ou 81} Y 9w 61;/ 20 @ ‘J‘dudv

where S; i =1,...,20 , are functions that depend on the parameters of the problem, eg., geometry

and material properties, and are defined in Appendix A.
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Using the change of variables (9) and substituting Egs. (10) and (11) into Egs. (7) and (8) the

maximum strain energies stored in the translational and rotational springs at the plate edges become

1 L, 1
U =—l|c tanacfw dv+c tanafw dv +
T, max 2 Tl 1 N u=¢, Tz 1 vy =1
c ) c ) a7
T, 2 T, 2
+— w du+—— | w’| dul,
cos, “ 4 V=Y cosay v 4 v=1
1
2
— [c tan ¢, dv + Cp, tan a]f” ¢, . dv +
0
18
o o (18)
— [o?|  du+—— fq du|,
cosay, Jo Y =y cosay Vo V=l

wherec, = c/l y v, = tan o, cot ¢, .

2.3 Approximating functions
The transverse deflection and the rotations are expressed by products of simple one-dimensional

polynomials in each of the triangular coordinates, as follows:

M N
=305 () (o) (19)
i=1 j=1
NN 6 N8 o 6)
= chij’ p(u)™ q(v),” (20)
i=1 j=1
TN (0 N6 (6
=2 ¢ pw) " qv)" (21)
i=1 j=1
where cfj” " and c " are the unknown coefficients to be determined by the Ritz method.
The first polynomial of each set p(u)” , q¢(@)" , p@)™ , q@)'* , pu)* and

J
q(v);“’”) is obtained as the simplest polynomial that satisfies the essential boundary conditions of

the equivalent beam in each co-ordinate. In the case of beams involving free edges, simplest starting
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members of order zero, one or two, are used [30]. It is well known that it is not necessary to subject
the co-ordinate functions to the natural boundary conditions. It is sufficient that they satisfy the
geometrical conditions since, as the number of co-ordinate functions approaches infinity, the natural
boundary conditions will be exactly satisfied [31]. Consequently, when the edges have rotational or
translational restraints all boundary conditions are natural [32] so it is possible to ignore the
boundary conditions in the construction of the first polynomial of each set.

The higher polynomials of each set are generated from the first polynomial, using the following

procedure:
p(w)” = p(w)u", i=2..,M,
(W)™ = p(u)™u™, i=2,..,M,
p(w)” = pw)"u, =2 M,

The polynomials set along the v direction are generated using the same procedure. In this work,
laminated plates with different boundary conditions are analyzed and the basis polynomials are

given in Appendix B.

3. Application of Ritz method.

Application of the Ritz method requires the minimization of the following energy functional:
nm=v_ -1 (22)

wherez and U__ are respectively given by Egs. (15) and (16)-(18).

Minimization of functional (19) leads to the following equations system

K]-w M| & =0, (23)

where
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] ] ] ] o] [o]
K] = [K} K and  [M]= M| o] (24)
sym. K" Sym. [ M }

The elements of the rigidity matrix [K] and mass matrix [M] are given in Appendix C.

4. Numerical results.

Numerical results useful to appreciate the variation of dimensionless frequency parameters for
plates with different geometries (triangular and trapezoidal plan form) and several edge support
conditions are presented in this section. When treating with classical boundary conditions the
nomenclature CSFS, for example, identifies a trapezoidal plate with edge 1 clamped, 2 simply
supported, 3 free and 4 simply supported. For triangular plates edge 1 disappears and the
nomenclature starts from edge 2. When the plate’s edges have rotational and/or translational

restraints, the restraints parameters are specifically indicated in each case.

4.1 Verification of the method.
To validate the proposed approach, comparisons with numerical values provided by other
researchers obtained by other methods, are carried out and also convergence studies have been

implemented.

Results of a convergence study of the frequency parameter €= wb’ [ph/D0 /27r with

D =ER /12 1—v,v, are shown in Table 1. The first five values of 2 are presented for

triangular and trapezoidal thick plates «, = —a, =20° simply supported at the sides. The plate

consists in a single boron - epoxy layer 3 = 45° , with E, = 207GPa, E, = 21GPa, v, = 0.3,
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G, =G, =T7GPa, G, =4.2Gpa and xk = 5/ 6. The convergence of the mentioned frequency

parameters is studied by gradually increasing the number of polynomial in the approximate

functions w, ¢ and 9, which are respectively given by M and N . It can be observed that the
frequency parameters converge monotonically from above as the number of terms increases.

Table 2 shows the values of fundamental frequency parameter €2 = wa\/phiD / 27 for different
isotropic trapezoidal plates simply supported at the four sides. On the other hand, frequency
parameters ) = waW/h for laminated trapezoidal plates are depicted in Table 3. The

frequency parameters are compared with those of Haldar and Manna [20] who employed high
precision triangular elements including shear strains and they are also compared with results of
Gurses et al. [21] who used DSC method. Girses et al. [21] also present a convergence study
increasing the number of grid points. The numerical values obtained by these authors depicted in
Tables 2 and 3 have been computed using 15 x 15 grid points. It is important to point out that the
values of the frequency parameters obtained by the methodology proposed in this work are obtained

using seven terms in the co-ordinate functions in each direction M = N =7 . It should be noted

that the Ritz method produces approximations from above for each eigenvalue with respect to the

exact eigenvalues. It is important when the exact solution cannot be obtained. In Table 3 each layer

of the laminated has the following material properties: FE, =40F,, G, =G,, = 0.6E,,

G, =05E,v,=0.25 and x=0.833. Results for two different boundary conditions (SSSS,

CCCQ), thickness ratios h/b = 0.1,0.2 and several geometric configurations, have been included

in this table. In all cases a very good agreement in the numerical values can be observed, indicating
the accuracy that can be achieved through the application of this methodology, which uses simple

polynomials to construct the shape functions.
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4.2 New numerical results

In this section new numerical results that can serve as a supplement to the existing data base on
vibration characteristics of moderately thick trapezoidal and triangular plates are presented. In
particular, results for plates with different spring parameters of elastically restrained edges are

presented.  Table 4  shows the variation of the  frequency  parameters

Q7 = wb? ph/DO withD, = EL’ /12 1—v v, for isosceles triangular plates

12721 !

a, = —a, =15° with all edges elastically restrained against rotation and translation. Two

thickness ratios h/b =0.1,0.2 and two values of the fibers orientation angle 3 =0° § = 30°

have been considered. The plate consists in a single boron - epoxy layer with the following

mechanical  properties  E, =207GPa, E, =21GPa, v,=03, G, = G13 = 7GPa,

12

G,, =4.2Gpa and x = 5/6. The dimensionless parameters characterizing the elastic constraints
are given by: R, = ch/DU, T = ch“‘/D(J i =123 .
To asses the influence of the number of layers (for the same total plate thickness) and thickness

ratio h/b in the response of cross-play laminated trapezoidal plates, values of the fundamental
frequency parameter () = wa,/ph/DO/QW, D, =Eh* /12 1—wv,v, are depicted in Table 5.

The plate is elastically restrained against translation 7T =T =1 =1T,T, = oo,

R =0,i=1,...,4 and the study has been carried out for increasing values of the translational

restraint parameter 7.

To evaluate the effect of different fiber orientation angles £ and as well as the influence of the

thickness ratio h/b on the dynamic properties of trapezoidal laminated plates
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tana, = —tana, = 0.4, ¢, = 0.2 , the variation of the values of the fundamental frequency

parameter (2 for four layers laminate are plotted in Figure 3. The plate edges are elastically

restrained R = R,T =o0,i=1,...,4, and two different values of the rotational restraint

parameter R are considered. The elastic properties of each layer of the laminated used in the Table

Sand Figure 3are E, = 40E,, G, = G,, = 0.6E,, G,, = 0.5E,,v,, = 0.25 and x = 0.833.

271712
Finally, some representative mode shapes for triangular and trapezoidal plates with different
boundary conditions obtained with the proposed methodology are presented in Fig. 4 and Fig. 5
respectively. All results considered here correspond to single layer boron- epoxy plates. In both

cases the presence of elastically restrained edges is considered.

5. CONCLUSION

A simple, accurate and general algorithm for the free transverse vibration analysis of trapezoidal
and triangular symmetrically laminated plates is proposed in this study. The developed
methodology is based on the Ritz method and on the first order shear deformation theory, and used
non-orthogonal right triangular co-ordinates to express the geometry of the plate in a simple form.
The transvers deflection and the two rotations are approximated by means of simple polynomials.
The algorithm allows a unified treatment of symmetrically laminated plates with several trapezoidal
or triangular planform, different thickness ratios and boundary conditions, including edges
elastically restrained against rotation and translation.

From the convergence studies and the comparisons with results available in the literature it is
observed that the approach presented is reliable and accurate. Sets of numerical results are given in
tabular and graphical form illustrating the influence of different number of layer, fibre stacking
sequences and edge conditions.

Finally, it is important to note that the proposed method can be easily extended for application to
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static and stability analysis. It can also be generalized to study thick trapezoidal plates with non-

symmetrical stacking sequence about the midplane.
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APPENDIX B

First polynomials in the coordinates « and » for different combinations of boundary conditions.

Boundary conditions (*)

Free (F): w=0, ¢ =0, ¢ =0
Sides Simply Supported (S):  w=0, ¢, =0, ¢ =0  (*¥)
Clamped (C): w=0, ¢ =0, ¢ =0
TN (o) () o) () ()"
V=1 v=1
S F u—c, v—v, 1 v—1, u—c, 1
C F u—c v—1, u—c v—1, u—c v—1,
S S |u—¢q =1 |(v-y)(v-1) 1 (v—1y)(v=1) u—¢ (u—1) 1
S C |uv—q =1 |[(-y)v-1) u—1 (v—1,)(v—=1) u—¢ (u=1) v—1

F F 1 1 1 1 1 1
F S u—1 v—1 1 v—1 u—1 1
F C u—1 v—1 u—1 v—1 u—1 v—1
C S u—c (u—1) |(—y)(v-1) u—c (v—1v,)(v—1) u—c¢ (u—1) v—1,

(*) For elastically restrained sides using the same polynomial basis that the free sides.

(**) ¢, denotes the rotation with respect to the normal co-ordinate ».
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Fig. 1. General description of the plate model ¢, = ¢/l .
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Fig. 3. Effect of the fiber orientation on the fundamental frequency parameter

Q= wb’ },oh/D(J /277, D =En /121—v,v of  trapezoidal  laminated
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[ﬁ / —ﬁ/—ﬁ/ﬁ] plates tanc, = —tana, = 0.4,¢, =0.2 for two different
thickness ratio h/b and two different values of the rotational restraint parameter R

R =RT =o00,i=1,...,4, .
Fig. 4. First Six values of the frequency parameter
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Q
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= wl’ ph/DO,DO =Eh’/121—v,v, and mode shapes for an isosceles

triangular plate o, = —a, =20° , of a single layer boron-epoxy composite material
B =20° with h/b =0.1. Edge 1 elastically restrained against rotation
R =10,T, = oo , edge 2 free and edge 3 clamped R, =T, =o0 .

Fig. 5. First Six values of the frequency parameter
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Q" = wl? ph/DO,DO =Eh’ /12 1—wv_v, and mode shapes for a trapezoidal plate
a =—a, =20%¢, =02, of a single layer boron-epoxy composite

material 8 =20° with h,/b = 0.125. Edges 1 and 3 free, edge 2 elastically restrained

against rotation R =10,7 =00 , edge4d clamped R, =T = oo .
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Table 1. Convergence study of the first five values of the frequency parameter
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Table 3. Dimensionless parameters of fundamental frequency " = wa\jp/_E'z/h for
cross ply |90 /0 /0 /90| trapezoidal plates tana, = —tana, .

Table 4. Values of natural frequency parameters Q= wi’ W for boron-epoxy

triangular plates o, = —a, = 15° , with their three edges elastically restrained against

rotation and translation.

Table 5. Values of natural frequency parameter = wb’ fph/D0 /27r,
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4,90531
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5,67386
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5,60461
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Table 2:

tanc | ¢ h/ b Present Ref. [16] Ref. [17]
0.4 0.2 6.0214 5.99 6.02
0.3 0.4 4.9160 4.90 491
0.2 0.6 oot 4.0834 4.06 4.09
0.1 0.8 3.5199 3.51 3.52

Table 3:
tano, | ¢ | h/b SSSS ccee
Present |Ref. [21]| Ref.[20] |Present|Ref.[21]| Ref.[20]

04 | 0.2 27.4992| 27.54 27.50 34.7488| 34.76 34.74
03 (04 23.8160| 24.06 23.91 30.9378| 31.08 30.95
0.2 | 0.6 o1 20.3205| 20.48 20.35 27.5372| 27.62 27.53
0.1 (08 17.3748| 18.41 17.39 24.7568| 25.12 24.73
04 | 0.2 17.5348| 17.63 17.54 19.4716, 19.51 19.45
0.3 (04 15.3903| 15.46 15.44 17.4697| 17.56 17.45
0.2 | 0.6 02 13.4812| 13.51 13.49 15.7885| 15.88 15.76
0.1 |08 11.9789| 11.99 11.97 14.4980| 14.59 14.46




Table 4.

o n=n=1, | o | o [ o [ o [
0.1 R=R =R =0
10 8.8596 | 12.9869 | 13.1944 | 21.1688 | 25.6800
50 16.6428 | 24.9218 | 27.2887 | 35.2862 | 37.8434
100 20.4885 | 31.5216 | 35.4297 | 45.3232 | 45.3450
1000 28.2317 | 48.1133 | 55.2800 | 67.2016 | 76.9101
0 29.6561 | 51.5719 | 59.4189 | 72.8520 | 84.4889
0.1 R=R=R =1
10 9.0223 | 14.0184 | 17.4090 | 26.7242 | 31.5405
50 17.5331| 25.7223 | 28.6378 | 38.4587 | 40.6999
100 21,9828 | 32.4106 | 35.9700 | 45.9584 | 48.4773
1000 31.6724 | 50.5033 | 56.7538 | 69.0430 | 77.6589
00 33.5035 | 54.6418 | 61.7398 | 75.5628 | 86.2242
0.1 R =R =R, =10
10 9.0941 | 15.4940 | 19.4886 | 28.5265 | 38.0426
50 18.1062 | 26.8141 | 29.3164 | 39.5838 | 44.8331
100 23.1215 | 33.3869 | 36.2963 | 46.9344 | 51.1007
1000 35.2387 | 52.8613 | 58.3365 | 70.9982 | 78.3059
0 37.9004 | 57.9476 | 64.3810 | 78.7914 | 87.8862
0.1 R =R, =R, =100
10 9.1062 | 15.9436 | 19.9217 | 29.1932 | 39.7094
50 18.2196 | 27.1863 | 29.4455 | 40.0202 | 46.0003
100 23.3725 | 33.6914 | 36.3565 | 47.2954 | 51.8967
1000 36.2406 | 53.3853 | 58.8000 | 71.4490 | 78.4411
00 39.1749 | 58.7696 | 65.1827 | 79.6195 | 88.2719
0.2 R=R =R =0
10 8.43846 | 11.68331 | 11.95309 | 16.18746 | 20.16124
50 14.2904 | 20.8137 | 22.3420 | 24.7234 | 28.7000
100 16.3718 | 24.4269 | 24.4269 | 28.8137 | 32.7070




1000 19.1780| 29.5791 | 34.6356 | 37.6990 | 38.6119
00 19.5634 | 30.2703 | 355133 | 38.8310 | 39.6686
02| 0 | R=R =R =1
10 8.5791 | 12.8568 | 15.3042 | 20.6018 | 23.7328
50 14.9078 | 21.4401 | 23.9642 | 29.1790 | 31.8166
100 17.2746 | 25.0784 | 28.0774 | 33.2062 | 36.6520
1000 20.5828 | 30.5738 | 34.7952 | 40.3052 | 45.8582
00 21.0475| 31.3518 | 35.7947 | 41.4686 | 47.1516
02| 0 |R =R =R, =10
10 8.6409 | 13.7729 | 16.2979 | 21.0267 | 26.1726
50 15.2366 | 21.9583 | 24.3045 | 29.4527 | 33.0979
100 17.8002 | 255285 | 28.2332 | 33.4969 | 37.3869
1000 215070 | 31.2175 | 34.8829 | 40.8731 | 45.9550
00 22.0394 | 32.0661 | 35.9134 | 421279 | 47.4044
02| 0 |R =R =R =100
10 8.6511 | 14.0000 | 16.4498 | 21.1303 | 26.6210
50 15.2921 | 22.0808 | 24.3501 | 29.5092 | 33.3274
100 17.8937 | 25.6218 | 28.2540 | 33.5515 | 37.5098
1000 21.6860 | 31.3318 | 34.9047 | 40.9802 | 45.9623
00 222340 | 32.1942 | 35.9423 | 42.2535 | 47.4143
01|30 | R=R =R, =0
10 8.73751 | 12.14035 | 13.23303 | 18.29803 | 26.45221
50 16.7875 | 23.4818 | 27.7043 | 31.4541 | 39.4186
100 20.9779 | 30.1204 | 36.3415 | 39.7185 | 48.1492
1000 30.0225| 47.5531 | 58.7151 | 65.8267 | 78.6892
00 31.8314 | 51.4623 | 63.8552 | 72.7126 | 87.2826
01|30 | R=R =R =1
10 8.91611 | 13.22669 | 18.05694 | 21.99265 | 30.96322
50 17.4849 | 24.2220 | 29.4137 | 33.7908 | 41.8628
100 22.0766 | 22.0766 | 37.0513 | 41.3052 | 49.8181
1000 32.6446 | 49.1759 | 59.8659 | 66.9877 | 79.4023
00 34.9160 | 53.6775 | 65.7739 | 74.7189 | 88.8657




01| 30 |R =R, =R, =10
10 8.98240 | 13.98581 | 20.62641 | 23.86004 | 35.16434
50 17.9936 | 24.7733 | 30.4128 | 35.3900 | 44.3311
100 23.0342 | 31.3161 | 37.5211 | 42,5245 | 51.3740
1000 355067 | 50.9568 | 61.1492 | 68.2745 | 80.1734
00 38.3970 | 56.2707 | 68.0200 | 77.2354 | 90.6653
01| 30 [R =R, =R =100
10 8.99299 | 14.18899 | 21.14055 | 24.27771 | 36.03792
50 18.1018 | 24.9130 | 30.6242 | 35.7161 | 44.9263
100 23.2532 | 31.4374 | 37.6237 | 42.7808 | 51.7734
1000 36.2168 | 51.3848 | 61.4730 | 68.5849 | 80.3697
00 39.2721 | 56.9193 | 68.5943 | 77.8872 | 91.1171
02|30 | R=R =R, =0
10 8.34632 | 11.30107 | 11.75267 | 15.92984 | 18.42826
50 14.4336 | 20.0515 | 22.6937 | 24.5901 | 25.8684
100 16.7065 | 23.8385 | 27.5723 | 28.3677 | 30.7296
1000 19.8761 | 29.4859 | 35.9567 | 37.6609 | 38.6158
00 20.3219 | 30.2607 | 36.9434 | 38.8309 | 40.0943
02|30 | R=R =R =1
10 8.4942 | 12.2121 | 15.6017 | 18.2678 | 23.7010
50 14.9239 | 20.6128 | 24.5005 | 27.2872 | 32.6665
100 17.4013 | 24.3112 | 28.8761 | 31.7198 | 37.6163
1000 20.9736 | 30.1320 | 36.2098 | 39.8301 | 46.0916
00 21.4886 | 30.9860 | 37.3155 | 41.1944 | 46.2905
02| 30 [R =R =R =10
10 8.54501 | 12.71674 | 16.77830 | 18.95096 | 25.09848
50 15.2083 | 20.9008 | 24.9223 | 27.7358 | 33.3775
100 17.8452 | 24.5718 | 29.0678 | 32.0244 | 38.0373
1000 21.7381 | 30.5547 | 36.3341 | 40.1811 | 47.2048
00 22.3080 | 31.4654 | 37.4803 | 41.6183 | 48.4176
02| 30 |R =R, =R, =100




10 8.55396 | 12.83284 | 16.96173 | 19.06037 | 25.32183

50 15.2590 | 20.9620 | 24.9853 | 27.8006 | 33.4988

100 17.9264 | 24.6238 | 29.0965 | 32.0701 | 38.1057

1000 21.8811| 30.6324 | 36.3564 | 40.2459 | 47.2425

00 22.4616 | 31.5529 | 37.5093 | 41.6969 | 48.5827

Table 5

h/b T 0/90/0] [0/90/0/90/0] | [0/90/0/90/0/90/0]
0.2 10 3.1046 3.0400 2.9843
100 4.0786 4.0825 4.0539
1000 6.9214 7.3599 7.4081
0.1 10 4.1300 3.9743 3.8506
100 5.0290 4.9525 4.8645
1000 9.0714 9.4264 9.4360
0.05 10 4.6432 4.4384 4.2744
100 5.5095 5.3818 5.2555
1000 10.1222 10.3558 10.3229
0.01 10 5.5095 4.7161 45334
100 5.7555 5.6247 5.4802
1000 10.5368 10.7234 10.6740
0.001 10 4.9448 47472 4.5621
100 5.7779 5.6498 5.5032
1000 10.5560 10.7427 10.693
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