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ABSOLUTE CONTINUITY OF COMPLEX BERNOULLI
CONVOLUTIONS

PABLO SHMERKIN AND BORIS SOLOMYAK

ABSTRACT. We prove that complex Bernoulli convolutions are absolutely con-
tinuous in the supercritical parameter region, outside of an exceptional set of
parameters of zero Hausdorff dimension. Similar results are also obtained in the
biased case, and for other parametrized families of self-similar sets and measures
in the complex plane, extending earlier results.

1. INTRODUCTION AND STATEMENT OF RESULTS

Recall that, given A € (1/2,1), the Bernoulli convolution v, is the distribution
of the random sum Zle + A" where the signs are chosen with equal probability.
The study of this family has a long history, dating back to Erdds’ seminal papers
[8,@]. The most important problem around Bernoulli convolutions is to determine
for which values of A it is absolutely continuous (and when it is, find out what
can be said about its density). The only known values for which v, is singular
are reciprocals of Pisot numbers in (1,2). In the opposite direction, recently we
have shown that, outside of a set of A of zero Hausdorff dimension, v, is absolutely
continuous, and has a density in L9 for some ¢ = ¢(\) > 1. See [21], 22] for the
proofs, and further background and references on Bernoulli convolutions.

Bernoulli convolutions have an immediate generalization to the complex plane:
if A\ is now a non-zero complex number in the open unit disk D, then we can still
define a measure v, as the distribution of the random sum +\", with the signs
chosen independently with equal probability. Denote the support of vy by Ay; this
is a compact set satisfying the self-similarity relation Ay = (AAy — 1) U (A4 + 1).
When || < 1/4/2, one has dimpy(Ay) < ‘{zi?“ < 2, and hence v, is necessarily
singular. We remark that it is far from clear how to determine the measure and
topology of Ay when |\| > 1/4/2. This is in contrast to real Bernoulli convolutions:
for A € (1/2,1), it is an easy fact that the support of v, is an interval.
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Most of the previous work on this family concerns the structure of its connect-
edness locus (sometimes also called the Mandelbrot set for pairs of linear maps)
M ={XeD: A, is connected}. The study of this set (and of the family A,) was
pioneered by Barnsley and Harrington [3]. Bandt [I] conjectured that, away from
the real axis, M is the closure of its interior; this was recently proved by Calegari,
Koch and Walker [6]. See [6] and references there for more on the properties of M.

In this article, motivated by the study of real Bernoulli convolutions, we in-
vestigate a different problem: what can we say about the set {A € D : |A| €
(27Y2,1), v, is singular}? Away from this set, what can we say about the den-
sity of 1,7 Note that answers to these questions have immediate consequences for
A,y. This problem was first addressed in [24] (although similar problems for the sets
A, were investigated earlier in [I8]), where the following is proved:

Theorem 1.1 ([24] Theorem 2.10]). Let
Uy ={AeC\R: 272 < |\ <2578},
Uy ={Ae C\R: \' e U for some k > 2}.

Then vy is absolutely continuous with an L* density for almost all X € Uy, and vy
1s absolutely continuous with a continuous density for almost all A € Us.

In particular, Ay has positive Lebesque measure for almost all A € Uy and has
nonempty interior for almost all A € Us,.

Based on the work of Peres and Schlag [18], the paper [24] also gave bounds on the
Hausdorff dimension on the sets {\ € U] : vy ¢ L?} for compact sub-regions U] < Us;
these bounds are much larger than zero. (Here, and below, by u € F, where F is
a function space, we mean that p is absolutely continuous, and its Radon-Nikodym
derivative is in F.) We emphasize that the region U; u U, is far from covering all
of the supercritical parameter region

U:={\eC\R:|\e (22 1)},

so even almost sure type of results were lacking here (by contrast, it has been known
since [23] that real Bernoulli convolutions are absolutely continuous for almost all
A€ (1/2,1)). The following is our first main result.

Theorem A. There exists a set E < U with dimg E = 0, such that vy is absolutely
continuous and has a density in L? for some ¢ = q(\) > 1. In particular, Ay has
positive Lebesgue measure for all A € U\E.

Remarks 1.2. (1) We do not know if the density is in L? (or even in L for some
fixed ¢ > 1) outside of a zero dimensional set of exceptions. We do get
some new information for |[\| very close to 1 and away from the real axis;
see Theorem [DIiii) below.
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(2) Certainly one cannot hope to get absolute continuity for all A € D\R such
that s(\, p) > 2: it is shown in [24) Theorem 2.3] that v, is singular whenever
A1 is a so-called complex Pisot number, that is, A™! is algebraic and all of
its algebraic conjugates, other than its complex conjugate, lie in . There
are infinitely many complex Pisot numbers A with A™' e U.

(3) Recently Hare and Sidorov [L1] proved that A, has nonempty interior for all
nonreal A with |A| € (274 1). However, their results do not say anything
about vy.

In fact, we obtain a more general result than Theorem [Al Firstly, our results
also hold in the biased case, that is, when the signs + are chosen with different
probabilities p, 1—p; moreover, the exceptional set is independent of the bias, modulo
the fact that the supercritical parameter region changes. Secondly, we obtain an
analogous result for an arbitrary choice of translation vectors.

In order to state the result, we introduce some notation. For a finite index set
A, let Py be the open simplex of probability vectors p = (p;)iea with p; > 0.
Given p € Py, a = (a;)ien € C*, and X\ € D, let I/ia be the self-similar measure
corresponding to the IFS (f; : z — Az + a;);ep With weights (p;)sea, that is, the only
Borel probability measure satisfying the relation

Vﬁ,a = sz' fiV§7a-
PISIN
Here and below, if p is a measure on X and ¢g : X — Y is a map, then gu(A) =

wu(gtA) is the push-forward measure. Further, let s(), p) be the similarity dimen-
sion of this measure; explicitly

_ hip)

—log(A)’
where h(p) = — >... pilog(p;) is the entropy of p. Recall that the (lower) Hausdorff
dimension of a measure p is

dim g = inf{dimy A : u(A) > 0}.
It is well known that dim I/ia < s(\,p), and in particular I/ia is singular whenever

s(A,p) < 2 (note that the translations do not come up in s(A, p)). Further, let A, 5
be the attractor of (z — Az +a;)en or, alternatively, the topological support of l/ia.

Theorem B. Fiz a = (a;)icp, where m = #A = 2 and all the a; different. Then
there is a set E < D\R of zero Hausdorff dimension, such that for any A € D\(EUR)
and any p € Py such that s(\, a,p) > 2, the measure I/ia is absolutely continuous,
and has a density in L1 for some q = q(\) > 1.

In particular, if X € D\(E U R) and \*m > 2, then A, . has positive Lebesque
measure.

s(\, p)
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We make some remarks on this statement.

Remarks 1.3. (1) Note that vy = V/(\l(/ill/lz)), and s(), (3,3)) = log2/|log A|. Hence
Theorem [Al is immediate from Theorem [Bl

(2) This is a direct analog of the results on real self-similar measures from [21],
22], and we use the same scheme of proof. We note however that in the
complex case the family {l/ia} AeD 1s two-dimensional, and we still get a zero-
dimensional set of exceptions (by contrast, the bound on the dimension of
the exceptional set in e.g. [22] Theorem A] or [12, Theorem 1.10] is equal to
the dimension of the parameter space minus one).

(3) When |A| = 2, the case A € R reduces back to the family of real Bernoulli
convolutions. However, if |[A| > 3 and the vectors a; are not collinear, then
the exclusion of A € R may appear artificial. The main reason behind this is
that, because we are interested in the regime where we expect the measure to
be absolutely continuous, we cannot hope to rule out the third alternative
(saturation along lines) in [I2] Theorem 1.5], and this causes our current
proof to break down (however, see Section ] for a special case where we
do get information for real \).

Our method applies equally well to other parametrized families of self-similar mea-
sures on the complex plane. For concreteness, we focus on one example, concerning
arithmetic sums of similar copies of Cy. Recall that given two sets A, B < R?, their
arithmetic sum is A+ B = {z +y : v € A,y € B}. The problem of estimating the
dimension, measure and topology of arithmetic sums of Cantor sets has received a
great deal attention in the last decades, motivated in part by conjectures of Fursten-
berg about sums of Cantor sets with certain arithmetic structure (see [20] [13]) and
of Palis regarding sums of Cantor sets arising in smooth dynamics, see [7]. The vast
majority of results, however, are about sums of subsets of R.

The analog of arithmetic sums for measures is convolution. Recall that the con-
volution of two finite measures y, v on R? is the push-down of the product u x v
under the map (z,y) — x +y. The Lebesgue measure in R? is denoted £. We have
the following result:

Theorem C. Suppose that a = (a;)iep and A € D\R are such that (A\z + a;)ien
satisfies the open set condition. There is a set E < C of zero Hausdorff dimension
such that the following holds: for every p € Py such that s(\,p) > 1 and every
ue C\F,

Uy o % Suly o < L,

where S,(z) = uz, and moreover the density is in LY for some ¢ = q(u) > 1. In
particular, if X > 1/#A, then L(Axa+ uAya) > 0 for allu e C\E.
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Remarks 1.4. (1) It will emerge from the proof that the open set condition can
be weakened substantially, to no super-exponential concentration of cylin-
ders (see Section BJ]). It is clear that some assumption is needed, though,
as if there was a dimension drop already for I/ia, it would carry over to the
convolution.

(2) In general, the claim does not hold for all u, and not even for u = 1, since
Ay + A, is the attractor of (Az, Az + 1, \z + 2) which has only three maps
(there is an exact overlap), so dimg Ay, > 1 but dimg (A, + Ay) < 2 for

Al (1/2,1/v/3).

Following the ideas from [21] 22], the strategy to prove Theorems [Bl and [ is to
decompose the measures in question as a convolution of two measures, the first of
which has full dimension outside of a zero dimensional set of exceptional parameters
(this relies on deep recent results of Hochman), while the second measure has power
Fourier decay (again outside of a small parameter set). This power decay is achieved
by adapting what has come to be known as the Erdés-Kahane argument. As a
direct consequence, we obtain that for A close enough to 1 in modulus, I/ia has a
C* density outside of a set of arbitrarily small dimension — this is what Erdés and
Kahane proved in the real case.

Theorem D. (i) There is a set E < D\R of zero Hausdorff dimension, such
that if a = (a;)ien with not all of the a; equal, p € Py, and A € D\(E u R),
then there are C,vy > 0 (depending on \,a,p), such that

O] <CLEl™  for all € € C\{0}. (1.1)

More precisely, fiv € > 0 and a region H = Hy, 4, , = {z € C: b < |z| <
by, (z) > n} with 1 < by < by and n > 0. Then there exist v,C > 0 and
a set £ ¢ H with dimy(€) < e, such that (L)) holds for all A such that
A te H\E.

(ii) Given A € C\R, there is a set E < C of zero Hausdorff dimension, such that
whenever #A = 3, p € Py and a = (a;)ien satisfies (ar, — a;)/(a; — ;) ¢ E
for some distinct i, j,k € A, there are C,~ > 0 (depending on X\, a,p), such
that

LI < O[T for all § e C\{0}.
(iii) For any ke N, n >0, pe Py, and a = (a;)jen with all a; different,

lim dimp ({A € C\R : [A] € (1= 6,1),|S(N)] > n and . ¢ C") =0

Some applications and variants of our main results will be briefly discussed in
Section Ml
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2. POWER FOURIER DECAY: PROOF OF THEOREM

We start by proving the first part of Theorem [D] yielding power Fourier decay of
V4, for non-real A outside of a zero dimensional set.

Proof of Theorem[D(i). Let A be a complex number of modulus less than 1, non-
real. Suppose for simplicity that A = {1,...,m} with a; # as. Since replacing
a; by (a; — a1)/(as — a1) has the effect of applying a linear map to the measures
in question, we may assume that a; = 0 and a; = 1. The definition of 2}, as a
self-similar measure easily yields

a6 = L MO dR (2) = [T D) s exp2miR(A"a,8)]. (2.1)

n=0j=1

Then

o0
|I/§7a(f)| < H(‘pl + p2627ri§R()\n§)\ N (1 S p2)>

o0
< [[Q-alROg)P),
n=0
for some ¢; > 0 depending only on p. Here and below ||z| denotes the distance from
T to the nearest integer. Let £ = tA\=N with |¢]| € [1, |[A]7!]. Then we have, denoting
="
—_— N
RO < [ [ =l RE")?). (2.2)
n=1
Therefore, the desired power decay of the Fourier transform will follow if |R(6"t)]
is bounded away from zero for n in a subset of positive lower density, uniformly in
t, satisfying |t| € [1, |0]].
Given 1 < by < by < o0 and n > 0, recall that

Hbl,bg,n = {Z eC: bl < |Z| < bg, g(Z) > 77} (23)

Clearly, it is enough to prove the claim concerning {\ : A\™' € Hy, 4, ,} for all by, by, n
(by symmetry, we can assume that A is in the upper half-plane). Thus, we will fix
by, by, n below.

Proposition 2.1. There is a constant p = p(by, by, n) > 0 such that the set

1 . . n
€N75 = {9 € Hb1,b2,n . N |t‘IeI[111’I‘l€|]#{n € {1, .. ,N} . H§R(9 t)” < ,0} >1-— 5}

can be covered by exp(Cy6log(1/8)N) balls of radius by, where Cy = Cy(by, by, n)
1s independent of N.
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Let us derive Theorem [DI(i) first. Consider the set

0 o0
Es = lim;upgN,g = ﬂ U Ens.

k=1 N=k

By Proposition 2], dimgy (&) < %gb(lw)' On the other hand, for A™!' = 6 €

Hy, p,.0\ Es we have for all N > N:

—

Q] < (1—cp?)*™ for [¢] e [l0]™, 10|,

hence -
124 ()] < (Balg])?ot - 8% forall €] > b,

Since dimg (&) — 0 as § — 0, this yields the desired power Fourier decay outside
of a set of small dimension. O

Proof of Proposition[2.1]. Following the scheme of the Erdés-Kahane’s argument, let
R(O"t) = K, +&,, where K,€e€Z, |e,] <1/2. (2.4)

In the next technical lemma we show how to recover 6 and z, (under appropriate
conditions), given x; = R(0#7z), j = 0,1,2,3. Recall that by, by, n are fixed and for
RO > 0 let

VRO = {X = (LL’(),SL’l,SL’g,LL’;;) : SL’j = §R((9jz0), 0 <] < 3, |Z(]| = Ro, 9 € Hbl,bQ,T]} .
Denote by N.(V) the e-neighborhood of V' in the ¢* metric.

Lemma 2.2. There exist Ry > 0 and C3 > 0 depending only on by, by, n such that
there are continuously differentiable functions

F: Ni(Vg,) —{0: 10| >1, (@) >0} and G: N1(Vg,) — R,
such that 0 = F(x) and y3 = G(x) satisfy
z; = R0 (w3 +iys)), 0<j<2 (2.5)
Moreover,

oG

A <Cg, Ogj <3, on Nl(VRO).
(/Slfj

Proof. Writing zg = ¢ + 1Yy and 6 = « + i we obtain from (23] the system of
equations:
azg — Byo = 11
(@ = Bz — 2aByo = w2 (2.6)
(@® = 3af%)zo — (308 — B*)yo = w3
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Eliminating g, from the first equation results in a 2 x 2 linear system for |#|> and
a, yielding

T3 — 173 T1T9 — ToTs

and a = a(x) = 3 — om)’ (2.7)

0 = 16" (x) =

T3 — 2oy
We then have
B =B(x) = /|0](x) —a?(x) and yo = yo(x) =
Finally, F'(x) = a(x) + if(x) and
G(x)=ys = S(0°(x0 + v0))
= (3a®(x)B(x) — £%(x))a0 + (o’ (x) = 3a(x)5*(x))yo(x). (2.9)
Writing 6 and zp in polar coordinates, we obtain

i — 2w = |20[°8° = |20[*n7, (2.10)

a(xX)ry — 11

30 (2.8)

showing that the denominators in (7)) are bounded away from zero in Vg,. On the
other hand,
HXHoo < |Zo|b§, for x e Vp,.

Assuming that |Ax;| < 1, we have
(21 + Ax1)? — (m0 + Amg) (22 + Azy) — (22 — 2022)| < 4)X] 00 + 2 = Op,(J20]).

Together with (2.I0), this shows that the denominators in (2.7)) are bounded away
from zero in N(Vg,), and so F(x) = 6(x) is well-defined in the neighborhood
N1(Vg,), for Ry sufficiently large. We then have

(21 — 2oz2) " = Oy(l20] %) and %] = Op,(l20)

in the whole neighborhood N7(Vg,). Therefore, (27) implies

dl6/? _ _ oo B
S = Ol ™) = Ona(5") and |22 = Opy (5.
Finally, (Z8) and ([Z3) yield
op _ Yo Y3
6—:Ej = O, (R 1)> é’—x] = O, (1), and é’—x] = Oy, (1),
all in the entire neighborhood N;(Vg,). The lemma is proved. O

Now denote
Y, =3(0"t), neNlN.
Then we have from (24) and Lemma 2.2 for n > Ny = Ny(by, ba, n):
Yn+3 = G(Kn + Eny vy Kn+3 + 6n+3)-
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Let

~

Yn+3 = G(Kn,...’Kn+3>’ n = N(], (211)
which is well-defined, since |ex| < 1/2. From Lemma 2.2]it also follows that
Y, — Y,| < 4Csmax{|en_s|,....lenl}, n=No+3=:N (2.12)
(the factor 4 comes from the estimate |[x[; < 4[|x/)-

Lemma 2.3. There exist Cy > 0 and Ny € N, which depend only on by, by, n, such
that

K1+ 1Yo

60— ~
K, +1iY,

< Gyl " max{|en—s], ..., |ent1|} forn = Na.

Proof. First we write

9 _ Ky +1Yn _ Kpp+éenpr +1Y0 B Kpp +1Yhn
K, +1Y, K, +¢e,+1Y, K, +1Y,
< |5n+1| |5n| . |Kn+1 + iYn+1|
T Kyt en + 1Y, |Ky e, +iY,] K, 4 1Y
061,52777(|9|7n) ’ max{|€n|, |€n+1|}7
using that

| K+ en +1Ya| = [0]"[t] € [0]", [0]"*"]
and |K,, + 1Y,| € [1]6],2|6|"™] in the last step. Then we estimate

Kpii+1Yo  Kpp + i?nJrl - |}~/n+1 — Y| + |}~/n —Yo| | Kns1 + 1Yo

Ob17b2777(|9|_n> ’ IIlaX{|€n_3|, ct |€n+l|}a
for n sufficiently large, using (2.12]). The claim of the lemma follows. O

Now we continue the proof of Proposition 2.1], following the general scheme of the
“Erdés-Kahane argument”, see e.g. [19, 22]. By Lemma 23]

0 e B(\II(KN,&...,KN+1),C4bIN), N > NQ, (213)

where
Ky +iG(Ky_o,...,Kny1)

V(Ky_3,..., K =
(Kn-3, .-, K1) Ky +iG(Ky_3,...,Ky)
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Thus we need to estimate the number of possible integer sequences (K, ),<ny. By
Lemma 2.3]

Koo + i?n+2 B K1 + i?n—i-l
Kn-‘rl + 7;)7714-1 Kn + Z?n
It follows that for some Cs = C5(by, b, 1),

Kpg— R (Kpi1 + ﬁ?nﬂ)z
K, +1Y,

< 20410 " max{|en_s|, ..., |ente|} for n = Ns.

< Csmax{|e,—3|,...,|ens2|} for n = Ny (2.14)

Let
pi=(2C5)"" and M :=2C5+ 1.
The estimate (2.14)), together with (2.I1]), immediately implies the following

Lemma 2.4. Consider an arbitrary 6 € Hy, p,, and t € C, with |t| € [1,]0]], and
define the corresponding sequences K, e, by (24). Then the following holds:

(i) If max{|e,—3|, ..., |ent2|} < p for n = Ny, then K, .o is uniquely determined
by (Kj)?:nl—?ﬂ'

(ii) for all n = Ny, there are at most M choices for K, o, given (K;)"*!

j=n—3"

Now we can finish the proof of Proposition[2Z.Il Assume that N > Nj. Fix 0 € Ey s
and ¢, with |t € [1, |0|]. Since |6] € [b1, bo], there are Oy, 4, (1) choices for the initial
part of the sequence Kj, ..., Ky, (recall that K, is the nearest integer to R(0"t)).
The set J :={n € [1,N]: |e,] > p} has cardinality at most |[§ V|, by the definition
of Ens. In view of Lemma 2] given J, there are at most Oy, 4, ,(M*Y) choices
for the sequence K1, ..., Ky. Thus the total number of sequences corresponding to
points in Ey s, hence also the number of balls of radius O, 4, ,(b; ") needed to cover
Ens, Is at most

Outaa M) () = X0(Ots s G 108(1/5IN).

as desired. O

The proof of the second part of Theorem [Dl is similar, but simpler. We will
therefore omit some details.

Proof of Theorem[D(ii). Again, let A = {1,...,m} with m > 3. Since replacing ay,
by (ax — a;)/(a; — a;) (for fixed 4, j) has the effect of applying a homothety to 15 ,
it is enough to prove that there is a set F < C with dimgy(E) = 0, such that if
a; = 0,as = 1 and a3 = u € C\FE, then ljf'; has a power Fourier decay. Hence, fix
AeD\R and ay, . .., a,, € C, and write 1, = v} ,, where a = (0,1, u, ay, . . ., ).
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By the expression [2.1)) of 7,, as an infinite product, we get

2miR(AE) 27ri§R(>\”uZ)‘ + (1 _

(\pl + pae + pse p1L— D2 —pg))

|77u,p 1_[
]_[ (1 = crmax([RA") |, [RA"u€)[)?),

for some constant ¢; depending on p. As in the proof of the first part, write § = A7 !,
and let & = tA=N with |t| € [1,0]. Then we have

1 (8) H (1 = comax([R(6")], [R(0"ut)])?) . (2.15)

Therefore, the task is to show that max(|R(6"t)]], [R(6™ut)|) is bounded away from
zero for n in a subset of positive lower density, uniformly in ¢, such that |¢| € [1, [0]].

It is enough to prove the claim in the region H, = {u € C : v} < |u| < r}
for each 7 > 1. As in the proof of part (i) of the theorem, this is a consequence
of a combinatorial proposition (that we state and prove next); as the deduction is
essentially identical, we omit it. O

Proposition 2.5. There is a constant p = p(r,\) > 0 such that

{u e d, : ]17 Jmin o e (L N} max(IRE")], [RE"u)]) < p} > 1 5}

can be covered by exp(Cydlog(1/8)N) balls of radius |, where Cy = Cy(r) is
independent of N.

Proof. Write
R(O"t) = K, + €n = Ty,

R(O™ut) = L, + 6, = 2},
with |e,], [0,| < 1/2. Recall that (unlike part (i)) A = 07! = a +if3 is fixed. Write
0"t = x,, + iy,, 0"ut = x/, + iy, A straightforward calculation shows that

Yn+1 = ﬁil(al’n+1 - l’n),

Yni1 = 5_1(a$;+1 — ),
whence

/ -] / ~0—1 / /
Top1 t Wni1  Tppr t+ i (am,, — 27,

Tpg1 + Wni1 Tpg + 07N (Qmpg — x)
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From here another calculation similar to, but easier than, the one in Lemma [2.3]
yields that
a—1
U — Ln+1 + Zﬁi (aLn+1 - Ln) < C2|‘9|7n (216)
KnJrl + Zﬁ l(aKnJrl - Kn)

where Cy > 0 depends on 6 and r only. Hence we are left to count the number
of possible sequences (K, L;)""? for which u is in the set in the statement of the
lemma.

Also, we have
Tnyo = §R()‘71($n+1 + WYnt1)) = |9|2(ozxn+1 + BYns1) = |9|2(2ozxn+1 — Tn),
and likewise for a7, o, which imply that
Kova — 220K 1 — )| < Cyma((eal, [ensa),
Loes — 18P 2Ly — Ly)| < Cymax((8,], [6r1])
Let p := (2C3)7', M := (2C3 + 1)?. Similarly to Lemma 24, we see that, fixing
ue€ H, and t € C with |¢t| € [1,0],

(a) It maX(|5n|a |5n+1|> |5n|> |5n+1|) <P then (Kn+2a Ln+2) is uniquely determined
by Km Lna Kn+la Ln+1-
(b) Given K,,, Ly, K41, Ly, 11, there are at most M possibilities for (K, 4o, Lyi2)-

From here, we can count the number of possible sequences (K, L;)!2 (correspond-
ing to points u in the set in question), using an argument nearly identical to that
used to finish the proof of Proposition 211 Together with (2.I6]), this concludes the
proof. O

NN

Finally, we give the short proof of the last claim of Theorem [D], using the original
argument of Erdés [9] and Kahane [16].

Proof of Theorem [D(7ii). Fix k € N and €, > 0. Let H := H, 4,5 (the choice of 2
and 4 is arbitrary; 5 is a sufficiently large constant). By the first part of Theorem

there are C,y > 0 such that |;§:(£)| < C¢]77 whenever A= € H\E, where
dimy (&) < e. For any ¢ € N, we have a decomposition

p _ D
Vya =V

)\Z7aa

where we recall that S,(z) = wz. This well-known fact can be seen e.g. from
expressing l/f\)’a as an infinite convolution. Hence, if A% € H\E, then

2O < CO D) Je]2.

In particular, if v > k + 2, then Via has a density in C* (see e.g. [10, Proposition
3.2.12]). Pick £, € N such that foy > k+2 and | J,2, (47377 =: (1—-4,1) for
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some ¢ € (0,1/3). Finally, set

E=J:

24

Suppose [A] € (1 —6,1) and [S(N)| > n. Then A\~¢ € [2,4] for two consecutive
values of /. A short calculation shows that, for one of these two values, we also have
I(A ) > 1, s0 A € H. The claim is now clear. O

3. ABSOLUTE CONTINUITY: PROOFS OF THEOREMS [B] AND

3.1. Hochman’s results on super-exponential concentration. Here we recall
a recent result of Hochman that will play a central role in the proof of our main
theorems. We state only the special case we will require. It is well known that
dim I/ia < min(s(\, p),2) and equality is expected to “typically” hold. Hochman’s
results provide some very weak conditions under which equality indeed does hold.
Given an IFS (z — Az + a;);ep with A € D, a; € C, let

n—1
An()\ = zggxl" Z )\kalkH Z )\kaij .
k=0

This represents the closest distance between n-level cylinders coming from different
words. It is easy to see that A, (), a) is decreasing, tends to 0 at least exponentially
fast, and A, (A, a) = 0 for some n if and only if there is an exact overlap. Hochman’s
Theorem asserts that, provided A is non-real, there is no dimension drop unless the
convergence of A, (A, a) to zero is super-exponential:

Theorem 3.1. Let (z — Az + a;)ien be an IFS as above, and let (p;)ien be a
probability vector. Then one of the following three alternatives hold:

(i) dim vy , = min{2, s(\, p)},

(i1) An(\ &) — 0 super-ezponentially (i.e. log A, (N, a)/n — —w0).
(i1i) A € R.

When (ii) holds, we say that there is super-ezponential concentration of cylinders.
This theorem is a special case of [I2] Theorem 1.5]. Using this result, Hochman
proved that in very general parametrized families of self-similar measures, Hausdorff
and similarity dimensions coincide outside of a set of packing dimension ¢ — 1, where

¢ is the dimension of the parameter space, see [12, Theorem 1.10]. This is not enough
for our purposes, so we appeal to arguments specific to our situation.

Proposition 3.2. Let a = (a;)iea © C, #A > 2 with all a; different. Then
dimp ({A e D :logA,(\,a)/n — —w}) =0, (3.1)
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where dimp denotes packing dimension. Thus,
dimp ({Ae D\R: Ipe Py, dim(v},) <min{2,5(),p)}}) = 0. (3.2)

Proof. The second statement follows from the first and Theorem B} here we use
that A ¢ R. It suffices to show (B]) with D replaced by
A, ={\: p<|A <7}
for any fixed 0 < p <r < 1.
Write A = {a; : i € A}. For u,ve A", let

n—1

Au,v()\) = Z(U] — Uj))\j.
=0
We consider A, , as functions A, , — C. Note that A, (), a) = min; jean |Ay o (N)].
Hence, it suffices to show that dimp(E) = 0, where

E-VU () U 2uB=(0).

e>0 N=1n>N u#veAn

Let D = A— A. Clearly, A,,()\) is a polynomial of degree < n — 1 in A, with
coefficients in D.

Lemma 3.3. Let D be a finite subset of C, with 0 € D, and d, = min(|a| : a €
D\{0}). Then for every r < 1 there exists k, = 1 such that for any polynomial p

with coefficients in D of degree < n, any p > 0, and any € > 0, the set {\ € A,, :

Ip(N)| < €™} may be covered by k, disks of radius d;l/kr(p(ffr))"/kr.

We deduce the proposition first. It follows from the lemma that the set

E.i= ) ALL(B=(0)

uAVEAN

may be covered by k,(#.A4)?" disks of diameter C (p(ffr)

iy (m E) i (ﬂ E> < Zelostyl)

n>N n>N log(p(l r)

)"k hence

for all N, where dimp denotes upper box-counting (or Minkowski) dimension.
Therefore,

2k, log(#A
dlmp<Uﬂ U Ay (Ben( )) i)),

1 n>N u#ve An log(p(l r)
and since the latter tends to zero as ¢ — 0, the desired claim follows. U
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Proof of Lemmal3.3. Let
o0
Bp = {Z ajzj ca; €D, ag # 0}
7=0

be the set of power series with coefficients in D, non-vanishing at zero. Fix r < 1.
Observe that Bp is a normal family in the open unit disk 1D, hence it is compact
on any compact subset of ID. Therefore, there exists k, > 1 such that the num-
ber of zeros of any function from Bp in the closed disk E(TH) /2(0), counting with
multiplicities, is at most k,.:

VieBp, #lz: 2| < +1)/2, f(z) =0} <k, (3.3)

Indeed, otherwise a subsequential limit in Bp (which is not constant zero by the
definition of Bp) would have infinitely many zeros in B(,11y,2(0). (In fact, an explicit
estimate for k, in terms of coefficient bounds is given in [4, Theorem 2], but for us
this is unimportant.)

Let p be a polynomial of degree < n with coefficients in D. Then we have
p(z) = 2°q(z), where q € Bp does not vanish at 0. We can write

q(z) = a(z — z1) -+ (2 — 20),

where a € D and z,...,2 # 0 are all the zeros of ¢, counted with multiplicities.
Thus,
p(2)| = ds - |2]° - H |z — 2] - H |z — 2.
|zj|< 5" |25 |> 15"
Therefore,
Aehyr, PV <" =[] M=zl < &' ] M-zl e
|Zj‘<142r'r ‘Zj|>142r7‘

N

oo 1=\
d;'p <2> e".

2¢ n/kr
min{]A - %] : |5 < (1+7)/2 <d;”'“'(7) ,
{IA=z: |zl < (X +7)/2} FETy

and the claim of the lemma follows. O

In view of B3), A€ A,,, |[p(\)] < e, implies

We have a similar, but easier, result in the setting of Theorem

Proposition 3.4. Fiz A € D\R and a = (a;)ien = C*, #A > 2, such that (z —
Az + a;)ien has no super-exponential concentration of cylinders. Then

dimp ({ue C: IpePy, dim (1], * Suh,) <min{2,25(\,p)}}) =0.  (3.4)
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Proof. The measure 14 , = S,15 , is the attractor of the IFS (A2 + b;;(u))ijerz with
weight ¢ € Py2, where b;;(u) = a; + ua; and ¢;; = p;p;. Write A = {a; : i € A}.
Notice that

n—1
A,(\,b) = min v; — DA+ u(w; — wi)N
( ) v, waw'eA™: (v,w)# (v w') ;) ( ) ( )
Denote D = A — A. We can rewrite the above as
A, (A, b) = min Ip(A) + ug(N)],

0,q€EQn:p#0 or q#0

where Q,, is the family of polynomials with coefficients in D of degree at most n — 1.
Hence, in light of Theorem B.1], it suffices to show that dimp(E) = 0, where

E=ﬂf]<ﬂ U {u:|p<A>+uq<|<e"}) N e

e>0 N=1 \n>N p,qeQy,p#0 or q#0 e>0 N=1

Note that

An(da) = min [p(A)].

Since, by assumption, A, (), a) does not have super-exponential decay, there exists
¢ > 0 such that |p(\)] = ¢* for each nonzero p € Q,, n € N. If ¢ < ¢, then
{u:[p(A\) +ug(N)| < "} is empty unless g # 0 and so, for any n > N,

E.nNC U {u:|p(\) +ug(\)| <&} = U B o (— f;%).
pyqunJI?éO pqun q;é() |q )‘

This shows that E. y can be covered by (#Q,)* < (#A)" balls of radius (¢/c)™.
Since n > N is arbitrary, this shows that

4log | Al
—log(e/c)
This implies that dimp(E) = 0, as desired. O

dimP(E&N) < CH—HIB(EE,N) < —0ase—0.

In particular, the proposition holds under the OSC, since this is well known to
imply no super-exponential concentration of cylinders, see e.g. [2) Proposition 1].

3.2. Proofs of main results. We can now complete the proofs of Theorems [Bland
[ following closely the arguments of [21] and [22].

Proof of Theorem|[B. Let us decompose the supercritical parameter space
P = {(\,p) e D\R x Py, h(p) > 2|log Al}

into countably many pieces Py, k = 3, such that

&Z’l' =2+ 4/k forall (\p) e Py
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It is enough to show that for each k there is an exceptional set E} of Hausdorff
dimension 0 such that if (\,p) € P;\E}, then v}, is absolutely continuous with a
density in L9 for some ¢ > 1. The theorem will then follow with E = | J,_, Ek.
Hence, we fix k for the rest of the proof.

Recall that 1§, can be characterized as the distribution of the random sum
S A" X, where the X,, are iid. with P(X,, = a;) = p;. It follows from this
characterization that

Yia = Haa* Tha (3.5)
where 75 , is the distribution of 2nkin A" Xn, while the measure 11 o s the distribu-
tion of Zn:km A"X,,. These measures are again self-similar; in fact, 75 , = Vf\)k,a’
X o = Vzk,b(A)’ where b = (b;);ear—1, ¢ € Pyr—1 are given by

and

k—2
= Jq.
blln-lk—l - Z )\ alj+17
j=0

iy.ig—1 = Piy """ Pige_y -
Note that b depends on A. In particular, if (A, p) € P, then

S(Ak,q) h(Q) _ (k - 1>h(p) _ (1 o %) S(A,p) -9

" [log M| k[log |
Let
E' ={\eD:A,(\a)> " for some ¢ > 0}

be the set of parameters for which there is no super-exponential concentration of
cylinders. We know from Proposition that dimy(E') = dimp(E’) = 0. We
claim that A, (\*,b) > A, (A, a) for all n. This is because the IFS (A\Fz + b;);cpr—1
is obtained by iterating (Az + a;)iepn k times and then deleting some maps. More
precisely, for any pair i, j € (A*~1)" we have

n—1 n—1 kn—1 kn—1

kel ke o J4 4
Z A biul - Z A bjtz+1 - Z A Ay — Z A gy oy
£=0 (=0 (=0 =0

where ¢ = (410030 - - -4,,0) and likewise for 7', which gives the claim. It now follows
that A,(\*,b) = (c¥)" for all n and X\ € D\E’, and we deduce from Theorem B.1]
that if A € D\(E" U R), then dim pf , = 2.

We also know from Theorem [DI(i) that there is another set E” of zero Hausdorff
dimension, such that |7} ,(§)] < C'[§]7 for A € D\E” and some C,v > 0 depending
on A. We can now conclude from ([B.3) and [22 Corollary 5.5] that if A € P,\(E' U
E"), then v} , is absolutely continuous with a density in L? for some ¢ > 1. This
completes the proof. O
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Proof of Theorem[d. Once again, it is enough to prove that there is a set E of zero
Hausdorff dimension, such that the claim holds for all ©w € C and p € P, where

P={pePys(\p) >1+1/k}.

Recall the decomposition (B.5). Since convolution is linear and commutative, we

obtain
Vg\),a * Suyg\],a = (:ul))\,a * u:ul))\,a) * (ni,a * uni,a)' (36)
Recall also from the proof of Theorem [B] that 1 , = vy, ,, where s(\*,q) = (1 —

1/k)s(X, p), and that this IFS has no super-exponential concentration of cylinders
(since we assume this for (Az+a;)ep). We can then apply Proposition B.4] to obtain
a set B < C with dimg(E’) = 0, such that

dim(ph , * Supiy ) =2 forallue C\E',pe P.
On the other hand, since 7y a = Vjr o, We have
ni,a * Uni,a = Vﬁ,b’

where b = (b;; 1= a; + ua;);jenz and ¢ = (gij := pip;j)ijeaz. Since #A > 2 and all the
a; are different, there are 7, j € A such that
bii — by
bjj — bij
We can then apply Theorem [Dfii) to obtain a set E” < C with dimgy(E”) = 0,
such that the Fourier transform of nia * unia has power decay at infinity for every
ue C\E".

Taking £ = E' u E”, the proof is finished by virtue of ([3.6]) and [22, Corollary
5.5].

U

4. FURTHER RESULTS

4.1. Fat Sierpinski gaskets. Given A € (0,1), the generalized Sierpiriski gasket
Ay < C is defined by the self-similarity relation

Ay = MAx + a1) UAA) + a2) U A(Ay + a3),

where a; are the vertices of an equilateral triangle centered at the origin (if a; are
arbitrary non-collinear points, one gets the same set up to an affine bijection). When
A < 1/2 the open set condition is satisfied (A = 1/2 corresponds to the classical
gasket), and several authors [5, [I4] [I5, 12] have studied the dimension, measure,
and topology of Ay for A € (1/2,1) (the “fat” regime). In particular, Hochman [12]
Theorem 1.16] showed that

dimy Ay = min(log 3/|log \|, 2)
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for A outside of a set of zero Hausdorff and packing dimension. Jordan and Pollicott
[15, Theorem 2 and Example 1] proved that for a.e. \ in a certain interval of the
supercritical region, A, has positive Lebesgue measure. This interval is different
from the interval (0.647...,1), for which Broomhead, Montaldi and Sidorov showed
that A, has nonenmpty interior.

As a corollary of Theorem [B], we obtain:

Corollary 4.1. Let vy = vy, with p = (1/3,1/3,1/3) be the natural self-similar
measure on Ax. Then there is a set E < (1/+/3,1) of zero Hausdorff dimension,
such that vy is absolutely continuous and has a density in L for some q¢ = q(\) > 1,
for all X e (1/+/3, 1)\E.

In particular, L(Ay) > 0 for all X e (1/v/3,1)\E.

Proof. We cannot apply Theorem [B] directly, since A is real. However, vy and A
are invariant under a 7/3 rotation around the origin, so we also have v, = /¥

w\,a
im/3

where w = €™, and the claim is now immediate from Theorem [B] O

We make some further remarks.

Remarks 4.2. (1) The trick of realizing A, as the attractor of an IFS with ro-
tations was already used in [12]. Because of the need to have this rotation,
the proof only applies to the natural self-similar measure (other self-similar
measures on Ay are not invariant under any rotations).

(2) Tt is crucial that the exceptional set in Theorem [Bl has dimension zero - this
allows us to obtain the same conclusion if we restrict A to a one-dimensional
family, as in this case.

(3) It follows immediately from Theorem [DIiii) (using the rotated IFS) that for
any k> 1,

lim dimp {A € (1-6,1) : vy ¢ C*} = 0.

Recall that for sets much more is true: A, has nonempty interior for all A
near (and not so near) 1.

4.2. More general parametrized families. Theorems [Bl and [C] both assert that
in the parametrized family in question, absolute continuity holds (in the supercritical
region where the similarity dimension exceeds 2) outside of a zero-dimensional set
of possible exceptions. Although the part of the argument that establishes zero
dimension of exceptions for the dimension statement (i.e. Propositions 3.2 and B4))
appear to be specific to these families, it is possible to obtain weaker versions valid
for more general parametrized families. As an example, we have:
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Proposition 4.3. Let Q@ < C be an open domain, and suppose » = (A, a) : Q —
(D\R) x C* is a non-constant analytic map such that, for every pair of different
infinite sequences i,7 € AN, the map

u — Z AN (u) (@i, +1(w) — aj,11(u))

is non-constant. Then there exists a set E < Q with dimy(FE) < 1 such that for
all (u,p) € (ANE) x Py such that s(A(u),p) > 2, the measure I/i(u (w) 15 absolutely

),a(u
continuous with an L7 density for some q¢ = q(u) > 1.

Proof. Suppose first A(u) is not constant. Then, after removing critical points of A
from €2, splitting into appropriate domains and changing variable, we can assume
that A(u) = u. We are then in a situation nearly identical to Theorem [B] except that
Proposition does not apply, but we can instead appeal to Hochman’s general
result on dimension of exceptions, [I12, Theorem 1.10].

If, instead, \ is constant, then necessarily |A| = 3, for otherwise the non-degeneracy
condition would fail. Indeed, if |A| = 2 and s(\, p) > 2, then there are different words
i,7 € {0, 1} such that >, °  A"(a;,+1 — a;,+1) = 0 (otherwise, the IFS (Az, Az + 1)
would satisfy the open set condition, and so s(A,p) < 2). After changing variable
in the usual way, we can then assume that ag = 0,a; = 1 and ay = u, and continue
arguing as in the proof of Theorem [Cl but again using [12, Theorem 1.10]. U

4.3. Further results for self-similar sets. So far, we had to assume that the it-
erated function systems we work with are homogeneous (all maps have the same lin-
ear parts); this ensures that the self-similar measures have a convolution structure,
which is central to our method. However, for self-similar sets, one can use a stan-
dard approximation argument to obtain similar results also in the non-homogeneous
situation. For example, we have the following consequence of Theorem [Cl

Corollary 4.4. Let A < C be any self-similar set (that is, A = | J,cp fi(A) for some
contracting similarities f;). If dimg A > 1, then

dimy({ue C: L(A+uA) =0}) = 0.

Proof. There exists a self-similar set A" ¢ A which is generated by a homogeneous
IF'S, satisfies the open set condition, and has dimension > 1: this follows e.g. from
[I7, Lemma 3.6] and [20, Proposition 6]. Hence the claim follows by applying
Theorem [C] to A’. O

In the same vein, it is possible to obtain a version of Proposition 4.3 for parametrized
families of self-similar sets (where the generating IFSs are not necessarily homoge-
neous). We leave the precise formulation to the interested reader.
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4.4. Higher dimensions? In this paper, we have adapted the method from |21, 22]
to self-similar sets and measures in the plane. Unfortunately, the approach we use
breaks down in higher dimensions. Indeed, we need to work with IFSs in which
the linear parts of the maps are equal, in order to be able to split the measures
of interest as the convolution of a measure of full dimension, and another measure
with power Fourier decay. The main issue is in establishing full dimension of the
corresponding measures in dimensions 3 and higher: because the linear parts are
all equal, they act reducibly and hence the results of Hochman [12] are no longer

applicable.
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