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SUMMATION OF COEFFICIENTS OF POLYNOMIALS
ON ¢, SPACES

VERONICA DIMANT AND PABLO SEVILLA-PERIS

Abstract: We investigate the summability of the coefficients of m-homogeneous
polynomials and m-linear mappings defined on ¢, spaces. In our research we obtain
results on the summability of the coefficients of m-linear mappings defined on £, x
-+ X {p,, . The first results in this respect go back to Littlewood [17] and Bohnenblust
and Hille [6] for bilinear and m-linear forms on c¢p, and Hardy and Littlewood [15]
and Praciano-Pereira [20] for bilinear and m-linear forms on arbitrary £, spaces.
Our results recover and in some case complete these old results through a general
approach on vector valued m-linear mappings.
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1. Introduction

Every m-homogeneous polynomial P defined on /¢, with values on
some Banach space X defines a family of coefficients (co(P)) e, (here
A, denotes the set of multi-indices that eventually become 0 such that
la| = >_; aj = m) in the following way: consider 7" the unique symmetric
m-linear form associated to P then, for o = (aq,...,ay,0,...) with
a1 + -+ a, =m we have

m!
— o7 Qn
co(P) = ol an!T(el, QL 1,y S en).
Our interest is to investigate the summability properties of these coeffi-
cients. As consequences of results due to Aron and Globevnik for poly-
nomials on ¢g [3, Corollary 1.4] and of Zalduendo for general ¢, spaces
[22, Corollary 1] we have that there exists a constant C' > 0 such that
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for every m-homogeneous polynomial P: £, — C (with m < p < c0) we
have

<§jP@mﬁ%> <C|P|
i=1

and the exponent is optimal (if the polynomial is defined on ¢ then the
exponent is 1). This can be seen as summing the coefficients over the
family of indices a = (0,...,0,m,0,...). If we sum over all coefficients
the situation is pretty well understood for polynomials on ¢y (or ) by
the results by Bohnenblust and Hille [6] for scalar-valued polynomials
and by Defant and Sevilla-Peris [12] in the vector-valued setting. Follow-
ing the spirit of [12] we focus on the coefficients of polynomials defined
on some £, space with values on some other ¢,, computing the norm of
the coefficients on a bigger ¢,. Then the main result of the paper is the
following.

Theorem 1.1. Letl <p<ooandl <u < q<oo. Then thereisC >0
such that, for every continuous m-homogeneous polynomial P: £, — £,
with coefficients (cq(P)) we have

1/p
(Z Ca(P)IZ> <C|Pl,

a€lA,

where p is given by
(i) fl<u<q<2 and
(a) if g4 <p < oo, then p= m+2(1/u2j’f/qim/p) :
(b) if uqin;;qgu <p< %, then p =

(i) F1<u<2<q, and
(a) if 2% < p < oo, then p =

2
14+2(1/u—1/9g—m/p)

2m .
m+2(1/u—1/2—m/p)’

(b) zfmu<p< Zmu - then p = m.

(iii) If2§u§q§ooandmu<p§oo,thenp: L

L/u—m/p*
Moreover, the exponents in the cases (ia), (iib), and (iil) are optimal.
Also, the exponent in (ib) is optimal for p > 2m.

We will approach the problem through multilinear mappings. Given
an m-homogeneous polynomial P we take T' the associated symmetric
m-linear and denote a;, ;. = T(e,---,€;,). Since |T|| < e™||P|| (see

M )’L’HL
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e.g. [14, Corollary 1.8]), each time that an inequality of the type

1/t
(1) (Z llaiy,....in t) < |||

11 *tm

holds for every m-linear mapping we automatically have an equivalent
inequality (with the same exponent) for all m-homogeneous polynomials
(see [12, Lemma 5] for more details). Littlewood showed in [17] that
an inequality like (1) holds with ¢ = 4/3 for bilinear forms on ¢y. This
result was generalised by Bohnenblust and Hille [6] to m-linear forms
on ¢y and by Hardy and Littlewood [15] to bilinear forms on ¢, x {,. In
all these results the exponents in the respective inequalities were shown
to be optimal. Praciano-Pereira gave in [20] inequalities for multilinear
forms defined on ¢, x --- x £, , but he did not cover all possible cases
and he did not deal with the optimality of the exponents. Recently
there have been also some results on vector valued multilinear mappings
defined on ¢ [12, 11]. Our result for polynomials will follow from the
following more general result on m-linear mappings, that is our second
main result.

Theorem 1.2. Let Y be a cotype q space and v: X =Y an (r,1)-sum-
ming operator (with 1 < r < q). For 1 < pi,....,pm < o0 with
p%+...+p%< 1 we define

1 1 1 1 1 1 m—1
— == 4. 4+ — and — = — + .
)\ r D1 m M m)‘ mq

Then there exists C > 0 such that, for every m-linearT': £, x---x{, —
X with coefficients (ai,,...;,, ) we have:

/2
(i) If A > q, then ( > e, ’\> <C|T|.

i1yeyim=1
1/p
) <|r).

(ii) If A < g, then ( > ey,

i1yeenim=1
We can rewrite
1 + (m+ )r 1 1 1
_f1<>+(+...+>,
1% mrq m \P1 Pm

then we easily see that doing p; = -+ = p,, = 00 we recover (with the
same exponent) [11, Corollary 5.2]. On the other hand, taking X =
Y = C and v the identity we recover the classical result of Hardy and
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Littlewood [15] in the bilinear case and we recover and complete with
the remaining cases the results in [20] (see Proposition 4.1 below).

2. Definitions and preliminaries

We collect now some of the main definitions and results that we will
be using along the paper. All the coming spaces will be complex Banach
spaces. The open unit ball of X will be denoted by Bx and the dual of X
by X*. The space of continuous m-linear mappings on X; X --- x X,
with values in Y will be denoted by L(™ X7, ..., X,,;Y). With the norm

|T|| = sup{||T(1,...,2m)||: z; € Bx,, j=1,...,m}

it is a Banach space.

Every m-linear mapping 7' defined on £,,, x --- x £, = defines a set of
coefficients given by ai, .. i, = T(€iy,..., €, ).

A mapping P: X — Y is a (continuous) m-homogeneous polynomial
if there exists a (continuous) m-linear mapping T: X x --- x X — Y
such that P(x) = T(x,...,x) for every . The space of continuous
m-homogeneous polynomials is denoted by P(™X;Y') and with the norm
|P|| = sup{||P(z)|| : « € Bx} is a Banach space. Each polynomial has
a unique associated symmetric m-linear mapping.

Given 1 < p < oo, the conjugate p’ is defined by 1 = % + ;.

A Banach space has cotype 2 < g < oo (see e.g. [13, Chapter 11]) if
there exists a constant C' > 0 such that for every finite choice of elements
X1y, N € X

N 1/q 1
(Z ||xk||Q> <c|/
k=1 0

where ry, is the k-th Rademacher function. The smallest constant in this
inequality is denoted by Cy(X). Recall that ¢, has cotype max{q, 2}.
We will use repeatedly the following easy fact: whenever X has co-
type ¢ and s > ¢ then £7(X) has cotype s with Cs(£2(X)) < Cs(X).
An operator between Banach spaces v: X — Y is (r,s)-summing
(with s <7 < o0) [13, Chapter 10] if there exists C' > 0 such that for
every finite choice x1,...,xny € X

N 1/r N 1/s
(Z ||vxk|r> <C sup ( m*(wk)|s> .
k=1 k=1

r*EBx*

9 1/2

at|

N
rk(t)xk
=1

k

The smallest constant in this inequality is denoted by 7, 4(v).
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A straightforward computation shows that an operator v: X — Y is
(r, s)-summing if and only if there exists C' > 0 such that for every n
and every operator 1': {7, — X we have

n 1/r
(2) (Z IIWT(ek)Il9> <C|T].
k=1

Also, it is well known that if a Banach space X has cotype ¢, then the
identity id: X — X is (g, 1)-summing (see e.g. [13, Theorem 11.17]).

We will be using some facts about (r, s)-summing operators. The first
one is the Inclusion Theorem [13, Theorem 10.4]: if s1 < s9, 71 < 19, and
i - % < é — % then every (r1,s1)-summing operator is (ra, $o)-sum-
ming and Try,s2 (U) < Ty (U)

Our second main fact are the celebrated Bennett—Carl inequalities [4,
8], that describe precisely how summing the inclusion mappings between

£, spaces are: given 1 < u < ¢ < oo define the number
2

r=< 1+ 2(% o %)

U if ¢ > 2.

if g <2,

Then the inclusion id: ¢, — ¢, is (r,1)-summing and this r is optimal.

We will use the normed theory of tensor products as presented in [9].
The injective tensor norm will be denoted by . An operator v: X — Y is
(r, s)-summing if and only if there is C' > 0 such that |id®@v: (7 ®. X —
2 (Y)| < C for every n € N; in this case m, 4(v) = sup,, ||id ® v: €7 ®.
X - 2(Y)].

Finally, we will be dealing with sums over indices (i1,...,%m) €
{1,...,n}™. The symbol Z[ik] will mean that we are fixing the k-th
index and summing over all the rest.

The cardinal of a set A will be denoted by $A.

3. Proof of Theorem 1.2

The main tool for the proof of the main result will be the following in-
equality for mixed sums. For scalar valued mappings this is [15, (1.2.8)]
in the bilinear case and [20, Theorem A] in the m-linear case. Our proof
follows the guidelines of [20] and we present here an adapted version.

Proposition 3.1. Let Y be a cotype q Banach space andv: X —Y an
(r,1)-summing opemtor (wzth 1<r<q). Assumel <pi,...,pm < 00

1_ 1 1
aresuchthat—+ —|——<7 Eandlet ;_(p1+“'+p7)'
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Then for every continuous m-linear mapping T': £y, X ---x £, — X we
have, for each j=1,...,m,

Aq 1/X
m—1
S (e es ) < (Vae,)" ma @),
ZEN)
Proof: If p1 = -+ = py, = o0, then A = r and proceeding as in [12,
Lemma 2| we easily get
’I”/q 1/T
m—1
S e el < (vac,)" maw)T|
i\ [45]
for every m-linear T: oo X -+l — X and every j =1,...,m.

For the general case, we use induction in #{¢ : p; # oo}. Let us
suppose that the result is true for §{i : p; # co} = k— 1 and let us prove
it for #§{i : p; # oo} = k. We can suppose, without loss of generality,

that py1,...,pr are all different from oo and so fix n € N and consider
Te L™y, ...l lh;X). We write the m-linear mapping as
n
T= Z i yoooyin Citovoyiy s WHETE €5y g, = €] +o €] .

For each = € By let T*) ¢ LM,y 5, s X) be given
by

n

(=) _ . oy e )
T - all’m,lmwlkeh,mﬂm'

Ty esbm=1

Clearly, ||T|| = sup{||T@|| : z € Bg;k}. We can apply the inductive

hypothesis to T*): denoting % = % — (p% +- 4+ pk{l ), we know, for
allj=1,...,mandall x € Bg;k,

N 72N
(3) Do Ivain i < K|T@W| < K|T.

i [i5]
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First of all, if j = k then we have, by the induction hypothesis,

Aa\ YA
Z ZHUGM, i |17
(2 [ik]
Aty /A
q  A*
= D21 D Ivai, il
ik [ix]
yoy 1/
= sup | D D llvais, i 1] < K|T].
TL‘GB[;Lk in ['Lk

Let us suppose now j # k. We denote S; = (32, l|lvai,,..., [9)2/a.

Since A* < A\ < ¢, some simple algebraic manipulations and the repeated
use of Holder’s inequality yield

A a
S lvai, |1
i [i5]
_ A A—qqq _ ”Ualh 0
=) 5 =>.57"5] —ZZ = )\m
i i i [ig]
=Y
N
ik [ik] ik [ig]
Faty 2=+
q—X\F q—X*
va;
<D S Psel) (S
[ix] [ir]

(g=M)A\*
A/ (=35

||Uaz cyim
<D =

ik [ix]

(A=2*)q
A/ q] @=>5x

<A Do lvai i

ik [ir]
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We have already seen when proving the case j = k that the second factor

of the last product is bounded by (K||TH) - **)q. Now we bound the
first factor.

AT AT/
[vaiy,... im|? vaiy, imll®, 2"
> (S el e DO R =
q—A q—A k
ix ] S xEngk iK [lk] S_]
lvaiy ..., 17 \* A"
sup ZZ . vag, i | T
wEB% 2 Sq et va, ., I 2,
q_qk* X /q
. . q
< sp Y0 (S0 Wil ) (S
v€Be i \ ) J [i;]
X /q
= sup Y [ D llvai,. i, 1%, |
CDGBgn ij [i5]
< (K|T|)

Since the n was arbitrary, this holds for every n and completes the
proof. O

We can now address the proof of our result.

Proof of Theorem 1.2: Let us assume first that A > ¢q. We proceed by

induction on m. For m =1 we have % = % — p%' Since v is (r, 1)-sum-

ming, then, by the Inclusion Theorem, it is also (A, p})-summing. By (2)
this gives, for every operator T': ¢,, — X and every n

1/x

> T (e < 1 ()|
j=1

For the inductive step we have + = 1 — (p% +- pi) and we consider

the exponent
1 1 1 1
== — 4.
A T D2 Pm

We have now two possibilities, either \* < ¢ or A* > ¢. In the first
case, given T: £ x £p x --- x £ — X with coefficients (a;, .. ,,)
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we define 7T': 0, x Ly, x -+ x ' — X in the same way as T. Since
/\% = % — (% + p% + 4 pi) > % we have, by Proposition 3.1
1
PR P
q
Z Z||’UT(6¢1,€7;2,...,Bim)Hq SK”THa

i\ [i]

where K = (\/Q(Z'q(Y))m_1 7r,1(v). This, by (2) means that the linear
mapping L("H5 L 00 5 X) — E;‘m_l (Y) given by A ~ (vA(es,,. ..,
€in))in,...im 18 (A*,1)-summing. By the Inclusion Theorem this mapping

is also (A, p})-summing, which means, again by (2)

Aa\ YA

S lvai, |1

i1 [i1]

1 2 m
<K sup Z a"17~~-7imy§1)y§2) . ..yl(m) = K||T|-

y(J)GBegj i1,

Finally, since A > ¢ we have

1/q /A

> a1 > > a1

1255t m 125 ytm

This completes the proof for this case.

Now, if A\* > ¢g we have that Y has cotype A* and so also
has £y« (Y). Then id: €x+(Y) — £y« (Y) is (A*, 1)-summing and, by the
ideal property (recall that A > A\*) [13, Proposition 10.2], id: £y« (Y) —
,(Y) is also (A*,1)-summing. Then the Inclusion Theorem gives
T (id: a7 (Y) s 0377 (V) < C for every n and m. This means

that for every (b(-k)wim)" C Zz\lmfl(Y), withk=1,...,N

12, 12, sim =1

N /A N 1/py
k ’
<j{:H(béiujm)m“u¢mH?“yq> <C sup (j{:IV(b“°NP1> :
k=1 k=1

Byn (v
YEB, (v)
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Then, if T € L(™Lp,,... Ly, ; X) with coeflicients (a;,, .. ;, ) we write
b(ll)

i, = Uiy, i, and we have

yim

/A /A
> a1 (Zb(“)ﬂ A(Y)
7:1;-<~77;m

1/p}
<C sup (Zl’y bt |”1>

YE€EBep, (v \i =1
n
=C sup sup E () a4,
YE€Bey, (vyx v€Ben | T

=C sup sup
x€Bep YEBen, (v)*

(5)

E VQiy, ... im Ly

l]—

=C sup
rE€Byn
pr1

22, (Y)

< § Qi ... Zm‘rh)
Zl—

We now apply the induction hypothesis with the (m — 1)-linear mapping
whose coefficients are (ZZ:l @iy ... im Tiy )in,....im, 10 have

( z : 0,117 717nx11>
’Ll—

2
S K sup Z Z a’711; 7'L'mx11 yl(z) y’L(m )
YD EBn
J

o L
A NF

=C sup Z

xEByn
1 \i2,esim

Ny 1/

2.

12,5000m,

12 yeensbm 21 =1 x
This completes the proof of (i).

We prove now (ii). If m = 1 we have g = A and then it follows as in
the previous case. For a general m let us first note that the statement
can be rephrased in terms of tensor products as

sup [[id @ 4 @, - @ 0 @ X = 67 (V)|| < K.
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We are going to iterate a procedure of intertwining, transposition, and

interpolation. First observe that A < g gives p% 4+ 4 pi < % — % and

then, by Proposition 3.1 we have (denoting K = (\/iCq(Y))m_1 7r,1(V))

4) sup id®v: £ @ by @+ Re by ®e X — (3 (é;‘m*l(Y)) H <K,

and also
sup [id @o: € @2 03 @ 0y @@ 0 @ X (6" (V)| < K.

We fix now n; by Minkowski’s inequality (recall that A < q), the transpo-
sition operator 7: £% (£2(Y)) — €2 (¢%(Y')) has norm 1. The intertwining
operator given by
pai by e by, = Ly @ely
a®b — b®a

also has norm 1.

So we have the following three operators:

® po®id: Eg,l ®e (;‘,2 ®c -+ Qe by Qe X — 62’2 ®E€Z,1 ®E£Z,3 R+ Qg

by ®e X,

o id@u: £ @ @0y @@y @ X = B (67 (Y)),

o (W) ol (mE T ).

Composing them we have

(5) [iaev: g @0y @006 0. X0 (B ))] <k

Pm

We now use complex interpolation of (4) and (5) with § = 1/2 (see
e.g. [5, Chapter 3]) to get

m—2

d@v: £ @ 0 @ @ 0y © X = 0 (67 ()| < K,

Q ol

where i = % +
Now, since pus < ¢, again we have that the first and third of the
following mappings (defined in the obvious way) have norm 1, and the
norm of the second one is bounded by K:
e p3®id: Zg,l ®5€;},2 ®5~-~®5£g,m ®e X %62,2 ®5£;L/3 ®g€;},l Qe+ Qe
, ®. X,

Pm

: n n n n n? (pmm=2
o id®u: £y ®: by @ by @+ ®: Ly ® X — 4 (637 (Y)),

o T: Ezz (égmg(y)) — 4y (Eﬁz (ZZLWH3 (Y)))
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We compose these three mappings to obtain

(6) [ g .0 0.0y 0o X0 (g6 00))| <K

We again interpolate (4) and (6) with the complex method and 6 = 1/3,
Hid QU L @ 0 @ @ Ly @ X = L (f{;””S(Y))H <K,

1

2 1z
where -~ = %4+ 2 =2 e
Following the same procedure we finally end up in

lidco: g . 3 .00y 0. X >0 (V)| < K,

el

1
1 _ m
where =%t . O
4. Some consequences

We present now some results that follow immediately from Theo-
rem 1.2. The first one is for scalar valued multilinear mappings and
completes the result in [20] with the cases that were not considered
there. We also show that the exponents are optimal.

Proposition 4.1. Let 1 < pq,...,pm < 00 such that p% 4+ 4 i < 1.
Consider the exponents

1:1_(1+...+1> and 1:L+L—1.

A P1 Pm poomA o 2m

Then there exists C > 0 such that, for every m-linearT': £, x---x{, —
C with coefficients (ai,,...i,,) we have

/2
(i) If § < p% +- 4 p% <1, then ( > ail,...,im)\> <C|T|.

D150 esim =1

1/p
(il) IfO< -t o < g, then ( 3 aih,_,im“> <c|T1|.

1150 sim =1
Moreover the exponents are optimal.
Proof: The inequalities follow from Theorem 1.2 using that C has co-
type 2 and that the identity on C is (1,1)-summing. Let us assume
now that ¢ is such that for every T: £, x --- x £, — C with % <
1%+-~-+p%<1wehave

1/t

(7) Y laia. | <clT)
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for some universal C' > 0. Define ®,,: £ x---x {7 — Cby @, (M, ...,

2y = 30 2 2™ Using Hélder’s inequality it is casily seen
that ||®,|| < n'/*. Then, if (7) holds then we have n'/t < Cn!/* for
every n, which gives ¢t > .

For (ii) let us note first that the condition 0 < p%—k- . ~+ﬁ < % implies
p; > 2forevery j =1,...,m. We show first that for py,...,p, > 2 there
is a constant K,, > 0 such that if (g;, . _, are independent

Gaussian random variables we have

clm T1yeeeslm

>

(8)/ > G Wen® - e, dw< Kpn3+o 7,

11,0y im=1 o o
B @ty

We proceed by induction. It is well known (see e.g. [10, (4)]) that for

m = 1 there is K; > 0 such that [ |31, gi(w)eille dw < Kyn'/?i,
P1

We assume that (8) holds for an (m — 1)-fold tensor product and take

families of independent Gaussian random variables (g;, ... _,) and (gx).

By Chevét’s inequality (see [21, (43.2)]) there is a constant C' > 0 such

that

n

/ Z Giv\eoiim (w>ei1 Q- e, dw

015yt =1
ey 07 @@L,
Py Pm,

<C | |lid: &5 — ¢,

n

X/ Z Girsesim—1 (w)eil ® e, dw

B1yeeeyim—1=1
Y L) Qe @LT,
Py Pm—1

—|—Hid: EQ"H = Ly ®e - ®c EZL,LAH/ e

n
ng(w)ek
k=1

n
ép,

m
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By the metric mapping property of € we have

m—1
c1. gmm?t n n H HH . n
Hld 62 — fpzl ®5 ®5 Kp:'L71 S ld. 62 — Ep;
i=1
m—1 %_l m 11,L m—lizm—li
nri 2 =1 275 —pq 2 i=1 ;|
i=1

With this, the induction hypothesis and the case m = 1, we have

n

/ Yo G @en @ @6, dw

i1, yim=1 o m
oy @@l

m—1__ m—1 1

< C(nem 2 F+22 2 i=1 pK P
nsm m—1T0 +n I tm

where L = 1—(—+~--+

A* T P1 pm—

mel st pll ;% = 1 + 21 we finally have (8).
It is a well known fact that Bernoulli averages are dominated by
Gaussian averages [13, Proposition 12.11], then there is a constant K > 0

such that for all n

) Not1ngthat——l+)\i+T—2:

n

/ Z Eil)"wim (w)eil ®-® eim dOJ S Kn%"r 2

i1yenyim=1

L Q- L
;) Qe et
Py Pm

Then for each n there is a choice of signs ¢;, ... ;.. = £1 such that z =

v Bitesin iy © 0 @ €1, satisfies [2llen o000, <
: n t\1/t _ t

Since (32, i —11€i,iml’) /t = pm/t if (7) holds for py,...,p, sat-

m/t

>, which implies ¢ > p. O

isfying (ii) we have n

Remark 4.2. The condition
sition 4.1. Indeed, if p% + -

- x £, — C given by @n(m(l), . ,x(m)) =3, 2 2™ s well

1=

defined and has infinitely many coefficients equal to 1. Hence, there is
no exponent t satisfying an inequality like in Proposition 4.1.

pi + -+ pi < 1 is necessary in Propo-
s 2 1 then the mapping ®: £, x
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If X is a Banach space with cotype ¢ then the identity is (g, 1)-sum-
ming and we obtain from Theorem 1.2:

Proposition 4.3. Let 2 < p1,...,pm < 00 and q > 2 such that p% +

s L <%. Define
1 1 1 1
== =),
A g \m Pm

Pm
Then for each Banach space X with cotype q there exists C > 0 such that
for every continuous, m-linear T': £y, x --- x €, — X with coefficients
(ail,m,im) we have

1/x

o0

> ek | <l

11 ,eeyim =1

We can now give the following result, from which Theorem 1.1 readily
follows. Let us note that by [12, Lemma 5] the fact that an exponent is
optimal in an inequality for m-linear mappings implies that it is also op-
timal for the corresponding inequality for m-homogeneous polynomials.
Hence, the optimality of the exponents in Theorem 1.1 also follows.

Proposition 4.4. Let 1 < pq,...,pm <0 and 1 <u < g < oo. Then

there is C' > 0 such that, for every continuous m-linear T': £, X --- X
Ly, — Ly, with coefficients (a;,.. ;) we have
1/p

o0

S ] <clTl.

i1yeeyim =1
where p is given by
(1) If1<u<g<2, and

(a) ifOS1 +f<f—f then
_ 2m .
P= AR/ (/o o)
(b) if L -1 +- +7< _|_,_, then

q_pl

_ 2
P = TR2/u=1/a=(/pt+1/pm))
(ii) If1<u<2<gq, and
(a) ingp%+---+i<l—%, then

_ 2m
P = mra/u—1/2-/pit -+ 1/pm))’

1
(b) if 3 —2_p1+ +p7<5,then

P= Tu= (1/p1+ +1/pm) "
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(iii)[f?gugqgooandogpil+~~~+pi<%, then p =

1
1/u—=(1/p1+-+1/pm)

Moreover, the exponents in the cases (ia), (iib), and (iil) are optimal.
Also, the exponent in (ib) is optimal for % — % < p% + ot pim < %

Let us remark that, by doing p; = -+ = p,,, = 00, we again find the
exponents in [12, Theorem 1].

Proof: The case (i) follows immediately from Theorem 1.2, taking v =
id: €, < {4 that is (r,1)-summing with £ = 1 + 1 — % (by the Bennett—
Carl inequalities) and that ¢, has cotype 2.

The case (ii) follows from the previous one with id: ¢, < ¢5 and the
fact that [| [lg <l [l2.

Finally, the case (iii) follows from Proposition 4.3 (since ¢, has co-
type u) and the fact that || || < || |lu-

To see that the exponent is optimal, let us suppose that ¢t > 1 is such
that for every T' € L(™4p,, ..., ¢p,.; Ly) We have

1/t
n

(9) Y aiaali, | <CITI

015 eyim =1
for some universal C' > 0. Equivalently,

suPHid: KZ/I Re -+ Qe KZ;n ®e by — g?m (ég)H <C.
n

In (ia) we can proceed as in (8) (taking into account that we have p% +
ot pi < 1 and v’ > 2) to find a choice of signs €;, . = =£1 such

that z =)

cbmel
i igpeimy1 G @ By, ey, satisfies

115--50m

1— (2441 H)—L4m
||Z||en, ®a"'®aln/ ®aeﬂ' S n (P1+ +Pm) u + 2

P Pm
On the other hand, proceeding as in [12, Section 3.1] we have ||z||s, () =
n™/t1/4, Then, if (9) holds, this implies ft 42 < & — (- +--+35)+ %,
which gives

1 1 1 1
e e B and so, t > p.
U q D1 Pm
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Now, if Tt <y we consider T': £ X x £y~ — Ly given

by T(zM, ... z(™) = i m§»1) : --xg.m)ej. Taking z(?) e By, fori=
1,...,m we have

1/u

IT(D, ..., ™), = Z|x (™

~ sup Zx(l)' (m),,

yE€By , j=1

1/p1 1/pm

1 m
2o | e
J J

IN

’ 1 1 1
1/u l—ﬁ—(ﬁ-ﬁ-"'-ﬁ-m)

X sup Z\yﬂ“ Zl
veBe \ i
< Gt tem)
On the other hand, T'(e;,...,e;, ) = e; if i1 = ...4;, = 7 and the

null vector otherwise. Then (> HT(eil,...,eim)”éq)l/t = p'/t and if
(9) holds we have

S

1 1 1
<l (Lip 1),
U P1 Pm

Thus, t > p in the cases (iib) and (iii).
For%—%g pil—i—'n—}—i{kl% (and 1 < u < g < 2) we consider the
Fourier n x n matrix ay; = e = and define T': 05 Xy — Ly by

T(z®,... zm) =3 S aijxgl) e xg.m)ei. For () € By, with
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i=1,...,m we have
u\ 1/u
m 1 m
1T, e e, = [ SO agal? 2l
i=1 [j=1
= Sup Z aljx§ ) x§m)yl
Y€Be,, | =1
1/p1 1/pm

IA
]
&,

=

S
]
MH/\

2

S

J J
s\ 1/s
X sup E E Ai5Y;
veBe, \ "5
o\ 1/2
1/5—1/2
< sup E E @ijYi nt/s12,
yeBy , j i

where 1 = 1—(pi1—|—~ : ~—|—ﬁ) and noting that s < 2. Since Z?Zl Qi =
ndx; we have, for each y € By ,,

. o\ 1/2 Y 1/2
E E ;iYi = E E Qi jCin5Yir Y,
=11 i G=111,ia=1
1/2
n n
= g E Qiy @iy Yir Y,
i1,40=1 j=1

" 1/2
/2 (z |y)
=1

n 1/“/
< n1/2 (Z |yiu,> n1/2—1/u’ < nl/u-
i=1

1 1 1 1
This altogether gives |T|| < n2tu~ 77 7). On the other hand,
T(eiyy.--y€i,) = (a14y. .. an;) if 44 = ...ip = i and the null vector,
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otherwise, then (3} ||T(ei1,...,eim)||zq)1/t = p'/t*1/a and, if (9) holds

we have
1 1 1 (1 1>
-+ -+ +—.
2 u ¢ D1 DPm
b)

Hence, t > p in the case (ib) under the assumption —Jr +oo <i O

2

By a deep result of Kwapien [16] we know that every operator v: ¢; —
lg is (r,1)-summing with 1 =1 — |1 — 1| and this » is optimal. For
q = 2 this is Grothendieck’s theorem. A straightforward application of
Theorem 1.2 with this gives the following.

Proposition 4.5. Let 1 <py,...,p,m <00 and 1 < g < oco. Then there

is C' > 0 such that, for every continuous m-linear T': £y, X ---x £, — {1
with coefficients (ai,,...:,.) and every operator v: {1 — {4 we have

1/p

Y vai i l? | <CITIL

i1y eyim =1

.....

where p is given by
(i) If1<¢<2and

. 1 1 2m )

(a) if0< ot < 1** then p= =57 o1
1 1 2

(b) zfl—f < ot +*<*—* then p= 3= 2(1/q+ (X /pit+1/pm)) "

(i) If2<gq and
(a) if0§i+---+p%<%, then p =

m .
1/24m/q—1/p1+-+1/pm)’

1 1 1 1 1 — 1
(b) if 5 < Tt <3ty then p = 1/241/q=(1/pr++1/pm)

5. Final comments

An m-linear mapping between Banach spaces T: X1 x---x X, =Y
is multiple (¢;71, ...,y )-summing (see e.g. [18, 7]) if there is K > 0

such that for every ( 53_))1,_1 C Xj, for j =1,...,m we have

Ni,...Now, 1/t 1/r;
1
STorEd, ) <KH sup Z|x M|
i1yeeyim j=1% 3 X7 \ij=1

We denote by Lisiry,...r) (" X1, ., X3 Y) the space of multiple
(t;r1, . . . 7 )-summing m-linear mapppings. Proceeding as in [19, Corol-
lary 3.20] one gets that the following two statements are equivalent:
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e Thereis a constant C' >0 such that for every '€ L(" 4, , ... 0}, ;Y)
the following holds

1/t
> Ty, el < |7

1 seeeyim
e For all Banach spaces X1, ..., X,, we have
ﬁ(le, e ,Xm; Y) = Elns(t;pllv"wp;n)(le’ e ,Xm; Y)

Then all our results have a straightforward interpretation as coincidence
results for multiple summing multilinear mappings.

We have recently learned that some particular cases of some of our
results (more precisely Proposition 3.1 for ¢ = 2 and the case (ia) in
Proposition 4.4) have been independently obtained in [1].

On the other hand, after we made this note public the same authors
produced an alternative proof of Theorem 1.2 and have show that the ex-
ponent is also optimal in Proposition 4.4(iia). For the remaining case in
Proposition 4.4(ia) lower and upper estimates for the optimal exponent
are given. All this can be found in [2].
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