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In this work, high-order splitting methods of integration without negative steps are shown which can
be used in irreversible problems, like reaction—diffusion or complex Ginzburg-Landau equations. These
methods consist of suitable affine combinations of Lie-Tortter schemes with different positive steps.
The number of basic steps for these methods grows quadratically with the order, while for symplectic
methods, the growth is exponential. Furthermore, the calculations can be performed in parallel, so that
the computation time can be significantly reduced using multiple processors. Convergence results of these
methods are proved for a large range of semilinear problems, which includes reaction—diffusion systems
and dissipative perturbation of Hamiltonian systems.
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1. Introduction

The goal of the present article is to derive arbitrary-order splitting integrators for irreversible problems.
We are mainly interested in dissipative pseudo-differentiable problems which cannot be solved either by
the methods of lines or by the usual splitting integrators with negative steps. In order to avoid negative
steps, symplectic methods with complex steps are proposed in the literature, but in this case analytic
properties on the operators are required. These assumptions on the operators restrict the application of
this kind of method to reaction—diffusion-type problems.

In this article we obtain integrators that, at the same time, avoid the use of negative steps and do not
require special assumptions on the operator, as well as exploiting the simplicity of the decomposition
of the original problem. These methods can also be applied to problems with nonlocal nonlinearities as
shown below. It is possible to build arbitrary high-order integrators for which the number of basic steps
is lower than previous symplectic methods. Moreover, these methods can naturally be parallelized. In
this work, we present a rigorous proof of the convergence of the proposed methods, and we also test
their performance in several examples of interest.
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We study the initial value problem

(1.1)

O =Aou + Ay (u),
u(0) = uo,

where Ay is a linear closed operator densely defined in D(Ay) C X, X is a Banach space, which generates
a strongly continuous semigroup of operators. We assume that the nonlinear term A; : X — X is a smooth
mapping with A;(0) = 0. In many problems of interest, the partial differential equations (PDEs)

ou =Apu, (1.2a)

du=A(u), (1.2b)
can be easily solved either analytically or numerically, enabling approximated solutions of problem
(1.1) to be found, applying in turn the flows ¢y and ¢, associated with the partial problems (1.2a) and
(1.2b), respectively.

There exist many numerical integration methods for (1.1) based on splitting methods; the best known
are the Lie—Trotter and Strang methods defined by

®Lie (h’ u) = ¢| (h’ ¢0 (h’ u))’
Psirang (h, ) = ¢o(h/2, §1 (h, po(h/2,u))),

where £ is the time step of the numerical integration. It can be proved that @y ;. has order 1 and @srang
has order 2, where the order g represents the greatest natural number such that the truncation error
between the real flow ¢ of equation (1.1) and the numerical method @ satisfies

g (h,u) — ® (h,u)Ix < M h?!

for 0 <h < h*.
A well known example of problem (1.1) is the nonlinear Schrodinger equation (NLS)

du=1iAu + i|ul’u, (1.3)
where the partial flows associated with each term of the equation are given by
Po(t, u) = exp(irAd)u,
1 (t,u) = exp(itjul*)u,

which represent the evolution of a free particle and self-phase modulation, respectively. This is not
exactly the problem we are interested in solving since A generates a strongly continuous group of oper-
ators, that is, we are in the presence of a reversible system. In Ruth (1983), Neri (1987) and Yoshida
(1990), the authors present numerical integrators for Hamiltonian systems of order g = 3, 4, 2n, respec-
tively, which are known as symplectic integrators. The general form of these methods is

Psym(h) = P1(buh) © po(amh) o - - - o ¢p1(bih) o do(aih), (1.4)

with a; +---+a, =b1 +--- + b, = 1. In the pioneering work Ruth (1983), a symplectic operator
Dsym of order 3 is presented, taking a; =7/24, a0 =3/4, a3 =—1/24 and by =2/3, b, =—-2/3, b3 = 1.
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In Neri (1987), a symplectic operator of order 4 is considered, where

1 213
N=M=50 oy BTBT 0 oy

1 21/3
bi=bi=3—m. b=—3—om bi=0.

In Yoshida (1990), a systematic way to obtain integrators of arbitrary even order, based on the Baker—
Campbell-Hausdorff formula, is presented. These integrators can be set inductively,

d)Sym,ZrH-Z (h) = ¢Sym,2n (Zlh) © (pSym,Zn (ZOh) © qz)Sym,Zn (Zlh),

with zo + 22y =1 and zJ"*" + z3"*! = 0. The total number of steps of the method of order g = 2n is

Sr = 3". Nevertheless, for order g = 6, 8 there can be shown to be symplectic integrators with 8 and 16
steps, respectively.

In recent years, many authors have started the rigorous study of the convergence of symplectic
methods applied to Hamiltonian systems of infinite dimension. In Besse et al. (2002) the NLS problem
given by (1.3) in dimension 2 is considered and the convergence of the Lie—Trotter and Strang methods
in L?(R?) with order 1 and 2, respectively, is proved (see also Descombes & Thalhammer, 2010, 2013).
In Lubich (2008) and Gauckler (2011) similar results are proved for the Gross—Pitaevskii equation
given by

10 =—Au+ |x*u + |ul*u.

In both cases, the solutions are required to be differentiable with respect to time, and therefore initial
data in D(A{‘)) is considered, where A is the corresponding differential operator.

The symplectic methods with order g > 2 require some steps to be negative (see Goldman & Kaper,
1996), inhibiting their application to irreversible problems. In Castella ez al. (2009), the authors develop
splitting methods for irreversible problems, that use complex time steps having positive real part: going
to the complex plane allows the accuracy to be considerably increased, while keeping small time steps.
The total number of steps using the so-called triple jump method of order ¢ = 2n is Sy = 3"~! for order
not greater than 8 and for the quadruple jump method is S7 =4 x 3"~ for order not greater than 12.
Finally, we recall that the rigorous approach given in this article is based upon the results for linear
operators given in Hansen & Ostermann (2009) while the nonlinear problem is only formally discussed.

Since our interest is focused on irreversible pseudo-differential problems, the paradigmatic example
we have in mind is the regularized cubic Schrédinger equation

du=1iAu — (—2A)Pu +i|ulu, (1.5)

where 0 < 8 < 1. It is natural to split the problem into the linear equation d,u =iAu — (—A)Pu and the
ordinary differential equation (ODE) system given by it = i|u|?u, where the linear problem is ill posed
for negative times. Note that the same procedure can be applied to nonlocal nonlinearities like con-
volution potentials as in Example 5.3 (see also Borgna et al., 2015, example 4.1). Since iA — (—A)P
is a pseudo-differential operator, it cannot be discretized in space in order to use a method of lines,
as Runge—Kutta schemes. Observe that the strongly continuous semigroup generated by the linear
part of equation (1.5) cannot be extended to an open sector {z € C: |arg(z)| <6} since its spectrum
is {—iL—AP:A>0)Z{AeC:arg|h —w| >m/2 + 0} for any w € R, contrary to the Hille—Yosida—
Phillips theorem (see Reed & Simon, 1975, theorem X.47b). Therefore, the splitting methods with
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complex times described in Castella et al. (2009) cannot be used. The case 8 =1 corresponds to the
complex Ginzburg—Landau equation (see Aranson & Kramer, 2002 and references there)

du = alAu + blul’u, (1.6)

where a,b € C with Re(a) > 0. The spectrum of the operator aA is {—aA: A >0} and generates a
strongly continuous semigroup on the open sector {z € C: | arg(z)| < 7/2 — | arg(a)|}. In Castella et al.
(2009), it is shown that the arguments of the complex steps grow with the order of the method, exceed-
ing the value /2 — | arg(a)| for order high enough. Therefore, among integrators proposed in Castella
et al. (2009), only the low-order methods can be used.

In this work, we present a family of splitting-type methods for arbitrary order with positive time step,
that exploit the simplicity of the partial flows in nonreversible problems. Here we describe the methods
proposed: given the associated flows ¢y, ¢; of the partial problems (1.2a) and (1.2b), respectively, we
define the maps @ (h) = ¢ (h) o ¢o(h), @~ (h) = po(h) o ¢1(h) and @ (h) = @*(h) 0 @, (h) with
<1§ljE = @*, and consider the following methods:

D(h) = Z ymcbnf (h/m) (asymmetric), (1.7a)
m=1
& (h) = Z ym((b;,f (h/m) + @, (h/m)) (symmetric). (1.7b)

m=1

We will show below that under appropriate assumptions, the integrators given by (1.7a) and (1.7b) are
convergent with order ¢, if y = (y1, . . ., y;) satisfies the following conditions:

l=y1+r+-+

(1.82)
O=y +2 % 4+ +s5Fy, 1<k<g-—1,

1
— =1+ttt Y
) Y1 T2 Vs (1.8b)

O:‘}/1+2_2k]/2+-"+s_2k)/5, 1<k<n_1’

respectively, where 2n = g. The first method (1.7a) is the h-extrapolation of the first-order Lie—Trotter
splitting method and the second method (1.7b) is the h2-extrapolation of the symmetrization of this
method. The general extrapolation technique is described in Hairer e al. (1993) and an application of
these techniques applied to classical Hamiltonian systems is shown in Chin (2010).

The possibility of computing @* simultaneously, allows the total time of computation using multiple
processors to be reduce significantly. The total number of steps for (1.7a) is given by Sy =2 Zym som
and S =4 Zym +om for (1.7b). Neglecting the communication time between the processors, the total
time of computation, working in parallel, turns out to be proportional to Sp = 2 max,,, o m in both cases.
System (1.8) has a solution for s > g, and hence there exist methods of arbitrary order g with Sp = 2¢q and
St =¢q(q + 1). On the other hand, system (1.8b) has a solution for s > n, which shows that there exist
integrators of arbitrary even order ¢ = 2n with Sp = g and St = g(¢/2 + 1), using double the number of
processors. As can be seen, the minimum number of steps working in parallel for the symmetric method
is smaller than the corresponding one for the asymmetric method. Also, in the examples considered
below, the symmetric method presents less error than the asymmetric method. These two issues justify
the choice of the symmetric method over the asymmetric one. Even using one single processor, the total
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number of steps grows quadratically with the order, while both methods presented in Yoshida (1990)
and Castella et al. (2009) have exponential growth.

Since the methods (1.7) are an affine combination of Lie—Trotter integrators, they do not preserve
the structure for Hamiltonian systems. Nevertheless, there is numerical evidence, which is beyond the
scope of this article and therefore not presented here, that shows that the performance is comparable
with symplectic methods.

The paper is organized as follows: in Section 2 we give basic definitions and preliminary results.
Following the ideas of Besse et al. (2002), Lubich (2008) and Gauckler (2011), we consider a decreas-
ing sequence of dense subspaces where the flows are repeatedly differentiable. In Section 3 we prove
consistency and stability results for the methods (1.7), from where we deduce convergence in the stan-
dard way. In Section 4 we study the full discretization of methods (1.7). In Section 5 we give several
examples of the application of the methods to initial value problems for ODEs and irreversible PDEs.

2. Notation and preliminary results

From now on, we denote by ¢ the flow of equation (1.1), and by ¢y and ¢, the flows associated with
the respective partial problems (1.2a) and (1.2b). We write as @ the maps defined by @+ (h) = ¢, (h) o
Bo(h), @~ (h) = ¢o(h) o ¢1(h) and @ (h) = D*(h) o @ | (h) with &;" = &*. Finally, we will use the
letter @ for the numerical integrators given by (1.7a) and (1.7b).

In the next subsections we will give some preliminary results which will be used in Section 3.
Section 2.1 provides combinatorial results necessary to prove the consistency in Section 3.1. In order to
prove Theorems 3.1 and 3.2 we establish the concept of compatible flows given in Section 2.2.

2.1  Combinatorial results

For a multiindex 8= (B1,...,0,) €N, we define g!=p8!---B,! and L, ={eN:6 +---+

B- =k} which satisfy N" = ;= L.

REMARK 2.1 Ttholdsthatf,y =@ if r >k, [y = {(1,..., )} and for r + s <k, L 15x = Uf;srl,,k,j x I .
We will need the following lemmas. We will give an outline of the proof of the first lemma and skip

the proof of the second one.

LeEmMA 2.2 Letge N;if y = (y1,...,y;) satisfies conditions (1.8), then for 1 < k < ¢, it holds that

Z (m>m_kym:O, r=1,...,k—1,
,

5 (m) & 1
Z m “Ym= .
-’ k k!

Proof. We consider the falhng factorial (x)y =x(x — 1) - -+ (x — k + 1), which is a monic polynomial of
degree k such that (x); = Z _oS(k, j)x. Then, for any natural number m satisfying 0 <m <k — 1, we

have (m); = 0 and therefore Z S(k,j)m = 0. For the second equality we use that for 1 <r <k — 1,

Z(r)m Vin = _ZU"W ym———ZZS(rj)nf

m=r 'm1}0

STOZ ‘¥ lequea uo 1sanb Aq /B1o'sjeunolpioxoeufewy:dny wouy papeojumoq


http://imajna.oxfordjournals.org/

6 of 25 M. DE LEO ET AL.

where we have used the hypothesis on the second equality. Analogously for the first equality we have

s N k—1 k S k, > m]
k! Z <’Z>mk7m = Z(m)kmik)/m =1- Z (ZJ:OmE(])> Ym=1,
m=k

m=k m=1

where we have used the hypothesis on the second equality. 0

LEmMA 2.3 LetneN;if y = (y,..., y) satisfies conditions (1.8b), then for 1 <k < g =2n, it holds

that
g -1
3 Km> +(—1)k+’<m+r ﬂmkym:o, F=1...k—1,
—\r m—1
zs: m n m+k—1 & 1
M Yy = —.
2|\ m—1 T
Proof. The proof is similar to the previous lemma. 0

2.2 Compatible flows

We denote by £, (X, Y) the Banach space consisting of the set of continuous multilinear operators from
X" =[], X to Y and by D"f the n Fréchet derivative of f.

Let X, Y be Banach spaces, I C R” an n-cube and 0 < &, . . ., k,, g. We define Cft‘ """ ks (I xX,Y)to
be the linear subspace of functions C(/ x X, Y) verifying

(1) foranyrel, ¢(t,-) € CY(X,Y) in the sense of Fréchet;
(2) forO<m<gandu,vy,...,v, €X,themapt+— D"p(t,u)(vi,...,v,) belongs to Chihn (1Y),

(3) for 0 <j; <k;, the map given by (t,u,vy,...,v,) — (8{,‘ e 8£:‘Dm¢)(t, u)(vi,...,v,) is contin-
uous, i.e., 9/ - - - d"D"¢p is strong continuous.
REMARK 2.4 Let Xp, X1, X> be Banach spaces, I;,I, C R intervals. For ¢ € Cft"q_k' (I x X1,Xo) and
Y e CR7R (1, x X5, X)) with 0 < ky + ka < g, it is easy to see that 6 € C(I; x I» x X», X) defined by
011,10, 1) = (11, Y (12, ) satisfies 0 € CG 721y x I x Xa, Xo).
Let {Xi}o<k<q be a sequence of nested Banach spaces, i.e., X1 < Xi and I C R an interval. Given
@ € C(I x Xg,Xp), we say that ¢ is compatible with {X;}o<i<, if and only if for 0 <k <j < ¢, it holds

that (VRS Cf{qik(l X Xj, Xj—k)-

EXAMPLE 2.5 LetAg: D(Ag) — X be an infinitesimal generator of a strongly continuous semigroup ¢y,
Xo =X and X; :D(A’(;) with the graph norm |lu(|x, = Zf:o |Aul|x. We can see that ¢ is compati-
ble with the sequence of nested Banach spaces {X;}o<k<q for any g > 0, since Bt"qbo(t, u) = qbo(t)Aﬁu,
XDy (t, u)v = Po(DAEY, KD o (t,u)(v1, .. ., vy) =0, for m > 2. Note that the map 7 ¢o(r)Af from
[0, 00) on L (X, Xj_x) is not continuous in the uniform topology for Ay unbounded, but it is strongly
continuous.

PrOPOSITION 2.6 If ¢ and  are compatible with {X;}o<r<g, then (¢ o ¥)(t, u) = @(t, ¥ (¢, u)) is also
compatible with {X}ock<q-
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Proof. LetO(t1,t,u) = @(t1, ¥ (t2, u)); from Remark 2.4 we can see that 6 € Ci’tk_i"’_k I xIxX;,Xi—1)

for 0 <i <k <1< gq. Using that

J .
wDW¢0¢XLWWh~WWD=§:<OEﬁd;DW%hJLWWhn-NM

. l ==t
i=0

for 0 <j <k and 0 <m < g — k, the result follows. O

Now, we discuss the compatibility of the nonlinear flow ¢ associated with equation (1.1). Note
that for uy € X, the time of existence T* of the solution in X; could depend on uy and k. Taking
T < T; (uo) = minogr<y{T} (o)}, the nonlinear flow ¢ is defined in [0, T'] for any initial data close to ug.
Since consistency is a local problem, this is sufficient for our purposes. Moreover, in many applications
T does not depend on k and it could be taken the same for any u € X, with [Jug|x, < R.

LemMmaA 2.7 Let X be a Banach space, ¢ a continuous semigroup on X and A; € C4(X, X) such that for
0<m<q, D"A;: X— L,,(X,X) is a locally Lipschitz continuous map. If ¢ € C([0,T] x X, X) is the
flow associated with (1.1), i.e.,

wmm=%mm+/¢w—wmwmmnd,
0

then ¢ € C2([0, T] x X, X).

Proof. The proof is by induction on g; the statement is true for g = 0. Let X = X x X, ¢, the semigroup
given by ¢, (1) (u, v) = (¢ (t)u, po(t)v), and A; the map defined by A, (u,v) = (A;(u), DA;(u)v). Since
A, verifies the hypothesis on X for 0 <m < g — 1, applying the inductive hypothesis to ¢, the flow
associated with the integral equation

(1), v(1)) = ¢ (1) (o, vo) + /0 Go(t — A (u(?),v(t')) dr,
we have ¢ € ngqfl ([0, T] x X, X). We can see that (u(?), v(z)) = ¢(t, (uo, vo)) = (¢ (¢, up), D (£, uo)vo),
and a straightforward computation shows that

D"¢(t, (1o, v0)) (1, 0), ..., 1V, 0)) = (D" (t, W) V1, ..., Vi), D" (1, ) Vo, V1, - . ., V))
for 0 <m < g — 1, and the result follows. U

PROPOSITION 2.8 Let Ag : D(Ap) — X be an infinitesimal generator of a strongly continuous semigroup
¢o and X; = D(A’é) with the graph norm |Ju(x, = Z,l';o lAjullx and let A} € C9(Xy, X;) for 0 <k <gq
such that D"A; : Xy — L,,(Xg, Xy) is a locally Lipschitz continuous map for 0 < m < q. If ¢, ¢, ¢ are

the flows associated with (1.1), (1.2a), (1.2b), respectively, then ¢, ¢, ¢1 are compatible with { X }ock<q-

Proof. For the compatibility of ¢y see Example 2.5. From Lemma 2.7, it holds that ¢ € C?{q
(I x Xi, Xg). Since Age C®°(Xi, Xi—1) and A; € C1(Xy, Xi), we can prove that Aggp € C?{q
(I x Xi, Xi—1) and A1 (¢) € Co4(I x X, Xi). Therefore 8,¢ = Aop + A1 (¢) € Co4(I x X, X—1) and
then ¢ € CJ;"‘I(I x Xi, Xg—1). A recursive argument shows that ¢ € Ci;q_l(l X Xg, Xg—1). Taking
Ay =0, we obtain that ¢, the partial flow associated with (1.2b), is also compatible. O
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REMARK 2.9 Let u € £,,(Xy, Xi) and define the map Ay (u) = u(u, . .., u). Since Ay (u) = puy(u, ..., u),
where

1
M‘Y(Vls ce. svm) = w Z //L(Vop s ,Vam),

T oeS,

without loss of generality we can assume that p is symmetric. Then it holds that A; € C*° (X, X;) and
D"A; is a locally Lipschitz continuous map from X; on £, (X, Xi). To see this, observe that

!

m:
DnAl(u)(Vl,...,Vn)Zmﬂs(u,...,u,\)b...,vn), 1 gngma

and D"A; =0 if n > m. Let u, i € X with [lullx,, [|l#]lx, < R and n < m, it follows that

m!(m — n)

~ —n—1 ~
ID"Ay(u) — D" Ay (@)l 2, %, %0 < el 2, xoR™ ™ Ml — il -

(m —n)!

As an example, consider Xo = H*(RY) with s > d/2 as a real vectorial space and Ay =iA — (—A)”#
with 0 < B < 1, then X; = H*T?(R?). Since X, is a real Banach algebra with the pointwise product,
the multilinear map u € £3(Xy, X;) given by w(u, v, w) = Auvw* defines A; (1) = p(u, u, u) = Alu|’u,
which satisfies the hypothesis of Proposition 2.8. On the other hand, let g € L' (R?); the map given by
Gu = g * u is a bounded linear operator in X;. Consider u € L3(X, X;) defined by

w(u,v,w) = (g * (w*))w;
we obtain A; (1) = (g * |u|?>)u which satisfies the hypothesis of Proposition 2.8.

In Section 3 we will need to compute the successive derivatives of the method proposed (see
Theorem 3.1 and Theorem 3.2). Observe that these derivatives are linear combinations of the derivatives
of the composition of the partial flows, that is

0f D (0,u) =Y Yudf D (0,u) =Y Ydf (- 0 o(t/m) o 1 (t/m) o Go(t/m) o -+ )(0,u).
m=1 m=1

In order to do this, we consider mixed Lie derivatives with respect to the flows ¢y and ¢;. For 0 < k < g,
define the linear spaces

Dy ={f € C7 (X, Xo) : fIx, € CI7H(X;, Xj—p), k<j< g}

We can see that if f € D,y and g € D,; with k +1< g, then f o g € Dyry;. If ¢ is compatible with
{XiJo<ksgs then d¥@(t, -) € Dy and, for f € Dy, it holds that f o ¢ € Cy™* ([0, T] x X, X;_x_1), with

k + 1 < j < q. We define the linear operator Li[¢]: Dy; — Dy as

(Lil@1f) () = 8} f (¢ (t, u)) 0.
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Note that if f € £;(X;, X;_;) for [ <j< g, then f € D, and (L[]f)(u) =f(8,"g0(0, u)). In particular,
for f = id, we obtain that L;[¢]id = 3*¢(0, -) and for a linear combination ¢ = >"° _| V¢, we have
Llelid=3,,_; YuLil@nlid.

LeEmMA 2.10 If @, ¥ are compatible with {X;}o<k<q, then
e
Lilpoyl=)_ (J.)Lk_j[ij[w].

j=0

Proof. From 'Pr(')position 2.6, ¢ o ¥ is compatible and from Remark 2.4, 6(z), t2, u) = ¢(t1, ¥ (t2, u))
verifies 6 € Ci74([0, T] x [0, T] x X34, X)). Given f € D, for any u € Xy,

KON oL
(Ll o ¥1f)(u) = Z <J> a, 3:; PO, 12 W) | (1y.0)=0.0)
=0

>~

K\ Kk
<,~> oL Lol W (e u)lmo = Y (,) (LWL 01 ()
j=0

Jj=0
is satisfied. Since f and u are arbitrary, the proposition follows. O

ProposITION 2.11 Let ¢ be a compatible map with {Xi}ock<q- Let @1 = ¢ and @1 = ¢ © @5 then

a k!
Llgnl =Y (’f) > gilalel - Lylel

r=1 Belx
Proof. Using Lemma 2.10, we get

L
Lilomi1] = Llgn] + Lle] + Z (J.)Lk—j[fﬂm]laj[w];

J=1

applying induction and using Remark 2.1, we obtain the result. O
LeEmMA 2.12 If ¢ is a flow, compatible with {X;}o<i<g, then Ly[¢] = (Ll[(p])k.

Proof. The proof is by induction: suppose the result holds for 1 <j <k — 1; using the lemma above
we obtain

k—1

k
Lilg o ] =2Lilpl + Y (J.)Lk,»[w]L,-[w]

j=1
_ < (k k—j i kK k
= 2L (] + Z i (LileD™ ™ (Lilpl) =2Lile] + (2" = 2)(Li[@D)".

J=1

STOZ ‘¥ lequea uo 1sanb Aq /B1o'sjeunolpioxoeufewy:dny wouy papeojumoq


http://imajna.oxfordjournals.org/

10 of 25 M. DE LEO ET AL.

Since ¢ is a flow, ¢(¢) o @(f) = ¢(2¢) and therefore L;[¢ o ¢] = 2FL;[¢], which implies the result for
j=k. U
3. Convergence
3.1 Consistency

The next two theorems ensures consistency results for the schemes given by (1.7a) and (1.7b), when the
coefficients of the affine combination that defines the methods @ satisfy the algebraic conditions (1.8a)
and (1.8b), respectively.

In the present section, we take on the assumptions on the operators Ap and A; made precise in
Proposition 2.8 which implies that the flows ¢, ¢; and ¢ are compatible with {X;}o<r<,. We have the
following consistency results.

THEOREM 3.1 (Asymmetric case) For any g€ N, y = (y1,...,y,) satisfying (1.8a) and u € X,, the
method @ given by (1.7a) satisfies

FD(0,u)=0*¢(0,u), for k=0,...,q.

THEOREM 3.2 (Symmetric case) For any neN, y = (y1,...,¥,) satisfying (1.8b) and u € X, with
q = 2n, the method @ given by (1.7b) satisfies

D (0,u) =0 ¢(0,u), for k=0,...,q.

3.1.1 Asymmetric case We prove the consistency of method (1.7a) using Lemmas 2.10 and 2.2.

ProposiTION 3.3 For any g € N and y = (yy, ..., ;) satisfying (1.8a), the method @ given by (1.7a)
satisfies Ly [®]id = (L [@*])Fid, fork=1,...,q.

Proof. Since Li[®@]id = an:l m* ymLk[CDnﬂ id, using Proposition 2.11 we can see that

k s
k!
Ly[@]id = E < E (T) m—kym> E ELIBI [®*]-- .Lﬂr[q>i] id;
r=1 1 :

m= Belk
from Lemma 2.2, we get Li[®@]id =Y., (1/B))Lg, [@F] - Lg [@F]id = (L [@E])F id. O

Proof of Theorem 3.1. Since @1 = ¢ o ¢g, from Lemma 2.10, L|[® ] = L[¢o] + Li[¢1] = Li[].
In the same way it follows that L;[@ ~] = L[¢]. Using Proposition 3.3 we obtain

3D (0,u) = (Li[PEDF id) () = (Li[p])* id) (u)

and the theorem follows from Lemma 2.12. O

3.1.2 Symmetric case If ¢y, ¢, were reversible flows, then it would hold that @~ (f) o @ (—1) =1
and using Lemma 2.10 we would obtain that M}, defined below by (3.1), is identically zero. We get the
same result for irreversible flows.
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LEMMA 3.4 Let My : Dy — D, be the operator given by

Z( w( )L[¢+]Lk e (3.1)
Jj=0

then M; = 0.

Proof. Using Lemma 2.10 for @+ and Lemma 2.12,

k j o k=j . R
Mk k — L. .
=335 (—1)’(j> (’l)( l]>L1[¢>o}’_’L1[¢1]k+’_]_]L1[¢o]l-
j=0 i=0 /=0

Interchanging the order of summation, considering n =j — i and using the identity

k N\ (n+i\(k—n—i\ (k—n—I k!
<n+i>(i>( l )_( i )n!l!(k—n—l)!’

we can write M), as

k k—n—1 [k—n—I n_1 k!
Mk=2_;(—1>"2<2< 1)( ,- ))n,l,(k_n_l),

=0 i=0

a k
x Lilgol"Lilgi 1" 'Lilgol' + D _(=1)" (k - n) Lilgol".

n=0
Since >0 (— 1! (*#7") = 0, we have the result. O
PRrOPOSITION 3.5 For m > 1 it holds that
£ k!
L@, 1= (D" Cur Y — gilal@7]- Ly @7
r=1 Bel
where C,,, = (=1)"("*"7h).

Proof. We proceed by induction in m and in k: for m = 1, eliminating L;[® ~] from (3.1) we have

Z( 1)/() [T 1L [@7];
by inductive hypothesis for k¥ —j <k and using Remark 2.1 we obtain the case m = 1. Applying

Lemma 2.10to @,,,, =&~ o @, and using Ci1, =Y ._y CinsC1,—s, We have the result. O

ProrosiTiON 3.6 If y satisfies conditions (1.8b), then the method @ defined by (1.7b) satisfies for
k=0,...,2n, L[®]id = (L, [®F])¥id.

Proof. Applying Proposition 2.11 to @7, using Proposition 3.5 and Lemma 2.3 the result may be
concluded. t
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Proof of Theorem 3.2. From Proposition 3.6 we have
3D (0,u) = (Li[@TDFid) (w) = (Li[o])F id) (),

and the theorem follows from Lemma 2.12. O

3.2 Stability

If ¢ is the semigroup associated with Ay, we can assume that ¢ is quasi-contractive with respect to
some appropriate equivalent norm on Xy, i.e., [¢o (0l 2, x,.x,) < €. Since A’éqbo(t) = ¢o(1)AF, it holds

that [|go(Dullx, < e“'llullx,.
To prove stability, we proceed as in Borgna er al. (2015). We define the 1-periodic function «
given by

1 ifo<r<1/2,
o) = .
—1 if12<r<1,

ap(t) = a(t/h), ozhi (1) =1+ o, (¢) and n,jf (t1,19) = f,:)' ozhi (t) dr. Observe that «, is h-periodic with mean
zero. We can see that, for any 2> 0 and 0 < #p < #; and n € N, it is verified that

0 < (11, 10) < 2(t1 — 1o);

(11— 10) — 11 (11, 10)| < h/2;
niE(ty + nh, ty 4+ nh) = 0 (11, to);
n,jf/m(tg + nh, tg) =nh.

If @5, (1, 1) = o (1,1)), it holds that [|¢5;,(7, )| 2, x0 < € and the solution of the integral
equation

1
u;fm(t) =¢)(jfh/m(t, 0)ug +/0 ozf/m (t’) ¢3fh/m (t, l/)Al (M;lt,m(t/)) dr’ (3.2)

verifies uim(h) = <Djf(h/m, ug) (see Borgna et al., 2015).

ProposITION 3.7 Given R > 0 and 0 < k < ¢, there exists #* > 0 such that for any 7 < h* and uy € X;
with [lug|lx, < R, the solution u,fm of (3.2) is defined on [0, /] for any m € N. Moreover, if u, ity € X
and luollx, li#ollx, < R, then

+ ~4 -
Orgtagxh ”uh,m(t) - uh,m([)”Xk < CHMO - Lt()”xk,

where uj,,,, it;,, are the solutions of (3.2) with initial data uo, ity € Xy, respectively, C = e>+24 e n

and A is a Lipschitz constant of Ay in Bog(0) C X;.

Proof. The existence of the solutions can be proved by applying a fixed point argument, that is,
for any up € Bg(0) the solution u,fm of (3.2) is defined on [0, 4] and ||u2fm(t)||xk <2R for 0 << h.
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Let ug, ity € Br(0); we have

Uy (1) = 15y (1) = Py e (1,0) (110 — ihg) + / G (1) Do pym (1) (At (1w, (7)) = Ar (i, () 2.

Then, we can estimate

(D) = i, ), < 2““||uo—uo||xk+2Ae2”h/Huhm/ — iy, (), 07

From Gronwall’s lemma, we obtain ||uim(t) i, m(t)HXk Clluo — uo|lx, - U

The next theorem is the stability result. Observe that the stability constant depends strongly on the
Lipschitz constant of A;.

THEOREM 3.8 Given R > 0 and 0 < k < g, there exists 2" > 0 such that for any & < h*, the method
@ (h,-) given by (1.7) (both cases (1.7a) and (1.7b)) is defined on Bg(0) and is Lipschitz continuous
with constant ek, where K = K («c, A, Y0 _, |Vl h¥).

Proof. We give the proof only for the asymmetric case (1.7a); the symmetric case is completely similar.
From the proposition above, q)nf is defined on [0, 2] and then @ is also defined. We can write

@ (houg) — ® (h.iio) = Y Y (Dyr (h/m.ug) — @jx (hfm.ii0)) = > Y (tr,, () — ity ()

m=1

=> ¥m (qsaj,/m (h,0) (uo — iio)
m=1

h
[ ()G () (41 0 () = 1 (5 (1)) )
Since dﬁh m(hs0) = do(h) and 3, | v, = 1 we deduce that

D (h,up) — D (h,itg) = ¢o (h) (uy — i)
h
3 ([ 0 050 0 1 62 )~ 1 20 ) )

Therefore

1P (h,uo) — P (h, o) IIx,

<o =Tl + 2643l [ A1 1, (1)) = A 3 (),

m=1
s
h 2ich ~ Kh ~
< <ek + 26> Ach,m) lluo — itollx, < " luo — iio|Ix, .
m=1

where K =2k +2AC Y, _ |yml. Then, we have the result. O
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3.3 Convergence results

To prove the convergence result in X, with order g (see Theorem 3.11) we begin by proving the follow-
ing convergence result in each X; for any 0 <k < gq.

THEOREM 3.9 Let u € C([0,7T*),X;) be the solution of (1.1) (0<k<q), T <T*(uy), ¢ >0 and
@ (h,-) the method given by (1.7) (both cases (1.7a) and (1.7b)). There exist § >0 and h* >0
such that if [lup — Upllx, <, h € (0, h*], then the sequence U, = @ (h, U,_) is defined and verifies
ll, — Uyllx, <€ for n < [T/h], where u, = u(nh).

In order to do this we will first prove the following results.
LeEmMa 3.10 Let 27 ={(t;,1)) e R?: 0 <ty <1, < T}, f € C([0,T],X) and
I (h,11,10) = (o (01 — o) — @iy (11, 10) ) f (10) -

Given § > 0, there exists 2" > 0 such that if 0 < A < h*, then sup,, . ce, I11(h,11,10)[Ix, <3.
Proof. Let g € C([0, T1, Xg+1) such that |[f (1) — g(®)[|x, < e‘z’“TS/4, for 0 <t < T, then

sup || (o (11 — 10) — bg (11,10)) (f (t0) — & (10))[], < 8/2-

(t1,10) €27

Using that 9;¢0(1)g(t0) = ¢o(1)Aog(to), we get

1 (11.10)

(¢o (11 — 10) — B, (t1.10)) g (0) =/ . ¢o (1) Aog (o) dt — / ¢o (1) Aog (to) dr
0 0
and then
[ (B0t = 10) = P (1, 10)) 8t0) ||y, <101 = 10) — i (11, 10) 1408 (10) I,

h
< T max t —.
~ O<Z<T ||g( )||Xk+] 2

Taking h* small enough, we have

sup [|(¢o(t1 — 10) = by (11, 10)) g(10) ||y, <8/2

(t1,10) €27

and the result follows. g

CoOROLLARY 3.11 Letf € C([0,T], X)) and

Lyh,ty,10) = / af (1) (po(ty — 1) — o, (11, 1)) £ (1) db.

Iy

Given § > 0, there exists A" >0 such that if 0 <h <h*, then it is verified that ||Lr(h, 1,%)]x, <
St —tp).
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LEMMA 3.12 Let F € C(£27, X;) and

n
13(h,t1,to)=/ ap(F (11, 0) dr.

to
Given § > 0, there exists 7* > O such that if 0 < h < h*, h <ty <T and m € N, then
II3(h/m,t,t; — h)|x, <8h.

Proof. Since F is uniformly continuous, for § > 0, there exists #* > 0 such that if 0 < ¢, — r < h*, then
|F(t1,1) — F(t1,t)lIx, <§. Using that ap,,, is h-periodic with mean zero, we have

< §h. O

13(h/m, 11,1y — B)|Ix, < ‘
Xk

/ uym(D(F (11, 1) — Flty, 1)) dt

]—h

Proof of Theorem 3.9. We give the proof only for the asymmetric case (1.7a); the symmetric case
is similar. Let R =maxog,<r llu(?)|lx, + ¢ and A the Lipschitz constant of A; in Bg(0) C X;. From
Proposition 3.7, there exists £* > 0 such that @,ﬁ (h/m,u) is defined for 0 < h < h*, u € Bg(0). Let
v(t) =u(t + nh — h) =¢(t,u,_,) and v,fm be the solution of (3.2) with v;fm (0) = U, . First, we prove
that given § > 0, there exist C, h* > 0 such that maxo<,< [|[v(#) — vim(t) Ix, < Clup—1 — Up—illx, + )
for 0 < h < h* and m € N. We can write

V() = Vi (O =BG (1,0) (ny — Un-)) + 1 () + I (1) £ 15 (1)
[ o 1) B (0) (41 (1)) =1 (s ()
where
L (1) = (o (1)) = Bim (1,0)) 1,
B0= [ () (0 =) =00 (.0) 41 0 () 0

gmszmm@w_amognw.

Note that 1, (f) corresponds to I, (h/m,t + nh — h,nh — h) with f = u from Lemma 3.10; then we get
111 ()]Ix, <6/2for0<t<h<hjand 1< n<[T/h]. Taking i3 small enough, we obtain

IL® 1%, + I150)]lx, < S5e*" max A () l|x < 8/2,
0<I<T
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for 0 < h < k3. Therefore, for 0 < A < h* = min{A}, i3}, we have

v @ = Vi Ol < [|G5/m @ 0) @amt = Ul + 11 @lix, + 122 Dllx, + 115 D)llx,
t
+ /0 [ () Gtm (1.7) (A1 (v (7)) = A1 (Vi (1)))[I, 97
13
< XM |Juy_y — Unillx, +8+ 2A62Kh/ ||v (t/) — v,’:m (t’) ||Xk dr,
0

and using Gronwall’s lemma, ||v(f) — v,fm(t)llxk < C(|Jttn—1 — Un—1llx, + 8) with C = ¢(>+24 bl
If we define U,_(t) = an:l ymv,fm (1), we can see that U,_; (h) = U,, and then

K K h
U= 1m O Un i+ /0 o () B (1) Ay (vE, (1)) o
m=1 m=1

s h
= ¢0 (h) U”,] + Z J/m/o O[]T/m (t/) ¢(:)th/m (h’ t/) Al (V]:fm (t/)) dt/;

m=1

WIIting i, = ¢o(M)ity—1 + Y5y Vi [ do(h — )A; (v(¢')) dF’ we obtain

ty — Uy = o (h) (s — Up) + Y _ i (I () £ 15 (1)

m=1

3 [ () 8 (00) (41 00)) =41 O () @

h
m=1 0

Using that I, (h) corresponds to I(h/m,nh,nh — h) with f = A (u) from Corollary 3.11 and I53(h) cor-
responds to I3(h/m,nh,nh — h) with F(t,1) = ¢o(t — ')A (u(?')) from Lemma 3.12, we can see that
I L(R)||x, + I I3(h)||x, < 8h, for h < h*. Then, we have

N
ity — Unlix,, < € lltn—1 = Un-illx, + Y |ymlSh

m=1

+2ACEM Y yulhltn-1 = Un-illx, +8) < ey — Un-il1x, + C'8h,

m=1
where K =2k +2ACY ) | |ymland C'= (1 +2ACe*"") >~ _, |y,l. Then, we obtain

C
ity — Unllx, < 5™ |luo — Upllx, + e (F™ — 1) 8 < (14 C/K) X8 <,

for 6 small enough, which proves the theorem. 0
The next result shows that for initial data in X,;, the method converges in X, with order g. The

proof of convergence falls naturally from consistency and stability in the usual way (see Hairer et al.,
1993).
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THEOREM 3.13 Let Ag: D(Ag) — X be an infinitesimal generator of a strongly continuous semigroup
¢o and X; = D(A}) with the graph norm |[|ul|x, = ZJ]'(:O lAbullx and let Ay € CIH (X, Xi) for 0 <k <
q + 1 such that DAy : Xy — L,,(Xg, X¢) is a locally Lipschitz continuous map for 0 <m < g+ 1. Let
b, do, ¢1 be the flows associated with (1.1), (1.2a) and (1.2b), respectively, and let @ be the method
defined by (1.7a) or (1.7b) with y = (y1, ..., ;) satisfying (1.8a) or (1.8b), respectively. Then, given
uy € Xg11 and u(t) = ¢(t,up) the maximal solution of (1.1) defined on [0,7*), for any T € (0,T*)
there exist 4*, 8, K, C such that if Uy € X,y satisfies ||ug — Upll <6 and O < h < h*, then the sequence
U, =®(h,U,_) is defined for n < [T /h] and satisfies
Knh

K

e
ll¢p (nh, up) — U llx < ™ |lug — Upllx + C he.

Proof. From Theorem 3.9, there exist §,h* > 0 such that for any & € [0, #*] and ||uy — U0||xq+1 <34,
the sequence U, = @ (h, U,_) is defined for n < [T/h] and |u, — Uullx,,, = o(1), when h — 0. From
Propositions 2.8 and 2.6, we can see that ¢ and @ are compatible with {X;}o<r<q+1; therefore ¢,
D e qulJrl’O([O, h*1 x X441, Xo). Using the Taylor formula, we have

q

1 "
G un1) =) =0 B0 )R + p / (h— D70/ ¢ (t,u, 1) dt,
k:() . . O
q 1 1 h
Dty ) =Y PO, + = / (h— 0% @ (1, 1,1 dr;
q-Jo

| t
— k!

from Theorem 3.1 (or Theorem 3.2) we obtain the local error estimation ||¢ (%, u,—1) — D (h, up—1)|Ix, <
M (u)h?t!, where

M= max ([ s uan |, + o e uuo)
(g + D! o<gn<r Xo Xo
0<r<h*
and using Theorem 3.8 the result follows. (]

4. Full discretization

In actual problems the computation of @ requires the partial problems to be solved exactly. Apart from
some simple cases of ODEs, this is not possible. In what follows we will show how the method defined
by (1.7) can be used to define integration methods of order g using suitable approximations of the partial
flows ¢y and ¢;. In order to gain some insight we briefly discuss the simplest case given by the spectral
projections for linear flows.

Let X be a Hilbert space, and let {u,},cn be an orthonormal basis of eigenfunctions of Ay, i.e.,
Aou, = Ayu,. Assume that Re(},) < «, define ¢o(Nu=>" g e*"(u,, u)u, and the spaces

X = {ueX:ZmPkuuu,u)F <oo};

veN

then a straightforward computation shows that ¢y is compatible with {X; };>0 and satisfies ||¢o(H)u(lx, <
€'||u|x, . In addition, the related orthogonal projection P’ (onto the subspace spanned by {u, ..., us})
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given by

satisfies the estimate ||u — P%ul|x, < (inf,~o |2, ) 7 |lulx, .
Following these ideas we consider a family of operators {P? },cn C L1 (Xg, Xi) verifying

o PTP7 =P

o [Pz, ¢ x0 <Cs

o PPy()P° =¢po()P° fort>0and o € N;
o lim,_ o |lu— P7ulx, =0 for u e Xy;

o limy_ o0 |lid — P | sx ) = O for 0 < < k.

Note that the members of the family need not be orthogonal projections as suggested in the example.
Actually, nonorthogonal projectors are considered in many applications due to their lower computational
cost (see Remark 4.2 and the examples in Sections 5.2 and 5.3).

Accordingly, we set X7 = P? X, as a workspace, the linear flow ¢ (f) = ¢o(+)P?, and ¢ the flow
associated with A7 = P? Ay, and define the method @ by (1.7) with ¢§ and ¢7 . Under the same hypoth-
esis as Theorem 3.13, we have the following result.

THEOREM 4.1 Given u and T as in Theorem 3.13 and ¢ > 0, there exist § > 0, 0* € N and /&* > 0 such
thatifo > o*, Uy € X(’Jrl with [lug — Upllx,., <8 and0 < h < h*, then |lu, — Uy |Ix,,, <éforn<[T/h],
where U0 = Upand U] = @ (h, U;_,). Furthermore, there exists C, K > 0 such that for any 0 < h < h*
ando >o0*

K Y Knh -1
i = U, < €10 = Uollx, + € (1id = Pl 0 + 7).

Sketch of the proof. We prove the asymmetric case (1.7a); the symmetric case is completely similar.
The proof very closely follows the one given for Theorem 3.9. Let v(¢) = u(t — nh + h) and vﬁq the
solution of integral equation

Vi (0 = @ m (.0) UZ_, +/0toeh/m( 1) @ (1.1) PPAL (Vi () df';
we can write
V() = Vi (=G 1 0) gy = U ) + L )+ L () £ 15 (1) + 14 (1)
[ () b () P (41 () = 41 (075 0)) .

where I}, I, I3 are the same as in the proof of Theorem 3.9 and

L ()= /O & (1) By (1.7) (Gd = P Ay (v (7)) dr.
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Since u € C([0, T], X,41), it holds that A; («) is uniformly continuous and then

lim max | (id — P7)A; (u () lIx,,, =0

0—000<<T

The first part of the result follows as in Theorem 3.9.
For the second part, we can see that

t
V}fm (t) - Vﬁ (t) = d)()i,h/m (t’ O) (U”—l - Ur(zr—l) + /(; ai:lF/m (t/) ¢()i,h/m (t’ t,) (ld - PU)AI (V}tm (t/)) dt/

1
= [ (1) B () 41 (45 () = 1 (45 (1))
from where we obtain the estimate
Vi 0 =i ), <€ (101 = Ul + lid = PNy, )

Writing U,—1(t) =Y ) _, ymvfim(t) and U7 (H=>_, ymvﬁn(t), in the same manner as in
Theorem 3.9, we can show that

Kh .
1Un = U lix, < € N Un—1 = Uy_ylIx, + Chllid = Pl £,X,1. %)

and using that UJ = Uy, we get U, — U/ ||x, < CK~ (5™ — 1)|lid — P72, (X1 Xy Finally, from
Theorem 3.13 and the triangle inequality the proof is completed. (|

REMARK 4.2 If {uy, ..., u,} is a basis of X{ and p1, ..., us, € X; are Hahn-Banach extensions of the
dual basis, then P?, defined by Pu =73 "_, {1y, u)u,, is a projection onto X and the flow ¢{ is given
by ¢7 (t,u) = EL’ZI 0,, (Hu,,, where (Ul e, Ug) is the solution of the ODE system

de/dr=<m,Al > Uity >

=

U, (0) = (., u).

See the examples in Sections 5.2 and 5.3.

5. Numerical examples

We present several examples which illustrate the performance of the proposed methods.

5.1 Ordinary differential system

We begin by considering an elementary example which is simple for the proposed methods, but would
be more expensive to solve with symplectic methods. The bidimensional system

{ul = 4duy — tan(u,), (5.1

ity = —4u; — tan(uy)
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Fi1G. 1. Flows ¢, ¢1 and solution of (5.1) obtained with @ of fourth order.

can be split into a linear system and a decoupled system. The linear flow is a clockwise rotation; orbits
are showed in Fig. 1 for concentric circles. Lines that go through the origin are the orbits of the system
ity = — tan(u;), whose solution is u;(f) = arcsin(e " sin(u;)). Note that solutions are not defined for
t < In|sin(u;()| < 0, which implies that & should be small for symplectic methods (with negative steps).
For initial data (1, 3/2), the solution computed with Runge—Kutta with very small % is shown in Fig. 1;
the points are the solution obtained with the symmetric method @ of fourth order with s =2, y; = —1/6,
y»=2/3 and h=0.2. It can be seen numerically that for this step, 4 = 0.2, the symplectic method
proposed in Neri (1987) cannot be used.

5.2 Oscillatory reaction—diffusion system

In this example, we consider a reaction—diffusion system, as the ones analyzed in Kopell & Howard
(1973). We study the performance of the methods for this system. Since this system is an irreversible
problem, symplectic methods with negative steps cannot be used. We consider the system

0y =Av+ (1 - rz) v — (wo - w1r2) w,
5.2)
ow=Aw + (a)o — a)lrz) v+ (1 — r2) w,
where 2 =v> + w2 If u=v + iw, equation (5.2) reads as follows:
o= Au + (l — |u|2) u—+i (a)() — a)1|u|2) u.

The right-hand term can be written as Aou + A (1), where Agu = Au and

A (u) = (1 — |u|2) u—+i (a)o — a)1|u|2) u.
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The flow ¢, is given by
o1 (h, ) — ueh (1 + (eZh _ 1) |u|2)_l/2 ei(mgh—u)]/21n(1+(ezh—l)\u|2)).

We will restrict our discussion to L-periodic solutions; flow ¢ can be computed approximately by using
the discrete Fourier transform (DFT). Let o be an odd integer, o = 2/ 4 1 with [ € N; consider

i
(P°u) ()= _ U, e,

v=—I

where a =2 /L and U, is the DFT coefficient given by

NS [ 4 124 .
U, = g ZO U, e i2mvjo g ZO u(Lr/o) e i2mrv/o
r= r=|

Since ¢ 12TV/0 = p~i2nrvEa)/o it holds that ﬁv = ﬁvia. From Tadmor (1986, Lemma 2.2.), for
u e H(T) with s > 1/2 we have ||u — P°ullp- (1) < Crs0" *ltllms(T). Since ¢ (1) = ¢o(H)P° and using
that UU = Uuia, we get

A T
Uv e @Y tel2rrrv/a

MN

(¢5 (u) (Lr/o) =

—1

<
Il

-1

Q

A

!
U, e—az(a—v)zr ei27'rrv/<7 + § :Uve—azvzzeﬂrrrv/a
v=0

Il
(]

1

<

¥

Q
|

A~ 2 .
Uv e—a Aot elanU/U

i

(=]

=l

where A, = o02g(v/o) for 0<v <o — 1 and g(§) = &% — 2(§ — 1/2).
In Kopell & Howard (1973) the stability of the planar waves

v (x,1) =r"cos (6 £ ax + (wy — w17?) 1),

w(x, 1) = r*sin (00 +ax + (wo _ wlr*Z) t)

is proved, if L > 271 (3 + 2w0?)'/2, where r* = L~!(L* — 472)"/2 and 6, is an arbitrary constant (see also
Sherratt, 2003). Taking L = 47, wy = 1, w; = 1/2 and uy = r*e'*, we compare methods given by (1.7b)
of order ¢ =4,6,8 with 0 = 63. The fourth-order method used is the same as the previous example;
for the sixth-order method we take s =3, y; = 1/48, y» = —8/15 and y3 = 81/80; for the eighth-order
method we take s =4, y;, = —1/720, y, =8/45, y3 = —729/560 and y4, =512/315. In Fig. 2, global
errors for T = 10 are shown. We note that the slopes coincide with the expected order up to the point
where the rounding error dominates the total error.

In order to show the stability of the planar waves, we consider the initial data g (x) = 0.8ug(x) +
0.1 + 2.5¢2% — 0.8i¢*, In Fig. 3, we can see the evolution of the fourth-order method @° (¢, ity) for
t € [0, 50], calculated with 0 = 63 and 2= 0.1 and ¢ (z, up) is showed as a dashed line.
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10-14 L

0.05 0.10 0.50 1.00 5.00 10.2)()

FIG. 2. Global error of @7 vs. h for g=4,6,8.

0 b/d 2 3n 4r 0 n 2n 3n 4r

FI1G. 3. Re(®? (1, up)) for t =0 (left) and r = 50 (right).

5.3 Regularized Schrodinger—Poisson equation

In this example, we study the 27 -periodic solutions of the regularized Schrodinger—Poisson equation

du=i02u — (—02)" u+ ilulu+i (g * [u?) u,

(5.3)
u(0) = uo,

where 0 < 8 < 1 and g is a real kernel. Similar equations are considered in Aloui (2008a,b) and Aloui

et al. (2013), on bounded domains of R” as well as on compact manifolds. In order to apply the methods

given by (1.7b), we consider the flow ¢ generated by the linear operator L = i3> — (—32)#, and the flow

d1(h,u) = exp(ih(|ul® + g * [u|*))u associated with du =i(|ul* + g * [ul*)u. If p = [u* and p(x,7) =

> vez Pu(D) €V, we have

(@ * )= 2.p) ™.

veZ

Both ¢y, ¢ can be numerically solved using DFT as in the example above. Using fast Fourier transform,
the computational cost of each evaluation is O(o log o), where o is the number of points in the spatial
discretization.
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FIG. 4. Global error vs. h for g =4,6, ..., 14, absolute error (left) and relative error (right).

In order to analyse the performance of the integrators proposed, we consider the exact solutions
H . 2,
u(x, t) = r(t) &0 with r(£) = ro e~ ™" and

0(t) = —v3t + 1 (1 + 20)r2 v (1 - e*2'V°‘2“’) + 6.

Note that u(-, #) has only one oscillation mode, and taking vy as the momentum of the wave as usual, we
can say that « is a monokinetic wave. As an example, we consider the Poisson kernel given by

sinh(\)

g0 = cosh(A) — cos(x);

then g, = eI, In Fig. 4, absolute global error and relative global error, defined by

lun — Unllz2
Eaps = max |lu, — Upyllrz, &e= max —————
0<n<[T/h] o<n<IT/h iyl g2

are shown, with § =1/4, T =4, A = 1, initial condition uy = % and methods varying from fourth to
fourteenth order. The number of points in the spatial discretization is ¢ = 31 and temporal steps & range
from 0.01 to 2. As in the example above, the slopes coincide with the expected order up to the point
where the rounding error dominates the total error.

For vp = 0, it holds that u(x, 1) = ro e2/0"+%  which are time-periodic solutions. Multiplying (5.3)
by u and integrating by parts, we get

%nuniz =20l (=32) " ullZ = =23 PP < —2)1Pul?,
%
where Pu=73_, i, e
solution.

It is easy to see that the flow ¢ of equation (5.3) preserves parity; then for any odd initial data
ugy, u(t) is an odd function and u(r) = Pu(t) for ¢ > 0. Therefore, it holds that d||u||iz/dt < —2||u||i2
and ||ull;2 < e "|lugllz2. We will test the numerical methods by verifying these properties. Consider the
odd initial data ug(x) = e +17/05in(5x); in Fig. 5 we show the numerical solution obtained with
the eighth symmetric integrator with o =255 and h=0.1. Since the higher the frequencies are, the
stronger is the damping, u asymptotically behaves like a e~ sin(x). Figure 6a shows the evolution of

and therefore the monokinetic solution with vy = 0 is the only time-periodic
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2n
F1G. 5. Re(®7 (t,up)) and Im(D (1, up)) for t =0 (left), =2 (centre) and 7 = 10 (right).
(a) '~  (b) 1.00g ]
01 ' 0.70
0.50 - 1
0.01
0.001 030
104 0.20
0.15- ]
107 I
0.10
0 2 4 6 8
F1G. 6. Evolution of |[ul[;2/|luo||;2 Vvs. time. (a) Odd solution and (b) even solution.
0.15 0.2
0.10 7" T T e i R e 0.1
—
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0.0
0.00-
-0.1
-0.05
0 n 2n 0 n 2r 0 n 2r

F1G. 7. Re(®° (t,up)) and Im(D (1, up)) for t =0 (left), t =2 (centre) and 7 = 10 (right).

lu(-, 0)|I22/luoll 2 as a continuous line, the function e~ as a dotted line and the asymptotic behaviour as

a dashed line.

We also consider a numerical computation with ug(x) = e*®9+17/6(1 — 1,75 cos?(5x)), which is
even initial data. Using the same integrator as in the odd case, we see that the solution converges
as seen in Fig. 7. In Fig. 6b, fast stabilization of the norm
can be observed. This suggests that the periodic solutions are limit cycles of the dynamic given by

to the periodic solution u(x, ) ~ aei2lal’t

equation (5.3).
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