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The higher-order nonclassical squeezing and quantum entanglement effects emerging from the sec-
ond harmonic generation of the associated two-mode and two-photon Hamiltonian are investigated
in the dispersive limit. The squeezed states of the field, including the normal and amplitude squared
(higher-order) squeezing factors are generated in two ways, i.e., from the bosonic operators via ampli-
tude powered quadrature variables, and through the SU(2) characterization of a passive and lossless
device with two input and two output ports, which then allows one to visualize the operations of beam
splitters and phase shifters as rotations of angular momentum operators in 3-space. Two criteria for inter-
modal higher-order quantum entanglement and different coherent states for the two modes in the initial
state are used to compute these nonclassical effects. The unitary time evolution of the linear entropy,
computed from the partial trace of the density matrix over the secondary mode, is also used as a criterion
of quantum entanglement. These approaches show, in fact, that the present model exhibits a consider-
able amount of this nonclassical effect. The unitary time evolution of the linear entropy shows that the
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present nonlinear optical model does not preserve the modulus of the Bloch vector.

© 2016 Elsevier GmbH. All rights reserved.

1. Introduction

Second harmonic generation (SHG) is a nonlinear optical pro-
cess, in which photons with the same frequency interacting with a
nonlinear material are effectively “combined” to generate new pho-
tons with twice the energy, and therefore twice the frequency and
half the wavelength of the initial photons. In biological and med-
ical science, the effect of SHG is used for high-resolution optical
microscopy. Because of the non-zero second harmonic coefficient,
only non-centrosymmetric structures are capable of emitting SHG
light. One such structure is collagen, which is found in most
load-bearing tissues. SHG microscopy has been used for exten-
sive studies of the cornea [1]| and lamina cribrosa sclerae [2], both
of which consist primarily of collagen. SHG is also used by the
laser industry to make green 532 nm lasers from a 1064 nm source
and for measuring ultra short pulse width by means of intensity
auto-correlation. Generating the second harmonic, often called fre-
quency doubling, is also a process in radio communication; it was
developed in the 20th century, and has been used with frequencies
in the megahertz range.
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Generally speaking, these two-photon states can be useful for
solving various fundamental physical and technological problems.
For example, one can use the two-photon states in order to improve
optical communications by reducing the quantum fluctuations in
one (signal) quadrature component of the field at the expense of
the amplified fluctuations in another (unobservable) component.
These interesting properties and applications in various fields of
applied and basic theoretical research of the SHG, motivated us to
explore the so far uninvestigated potential existence of nonclassi-
cal squeezing and intermodal higher-order quantum entanglement
effects in the associated electromagnetic field. In this context it is
worth noting that several new applications of these nonclassical
states have been reported in recent past [3-7]. As a consequence
of these recently reported applications, generation of nonclassical
states in various quantum systems emerged as one of the most
important areas of interest in quantum information theory and
quantum optics [8,9]. Several systems are already investigated and
have been shown to produce entanglement and other nonclassical
states [10,11].

A state having negative or highly singular (more singular than
§ function) Glauber-Sudarshan P function is referred to as a
nonclassical state as it cannot be expressed as a classical mix-
ture of coherent states [3]. P function provides us an essential
as well as sufficient criterion for detection of nonclassicality.
However, P function is not directly experimentally measurable.
Consequently, several operational criteria for nonclassicality have
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been proposed in the past. A large number of these criteria are
expressed as inequalities involving expectation values of func-
tions of annihilation and creation operators. As mentioned above
we are interested in the higher-order nonclassical properties of
radiation fields. In quantum optics and quantum information
higher-order nonclassical properties of bosons (e.g., higher-order
Hong-Mandel squeezing, higher-order antibunching, higher-order
sub-Poissonian statistics, higher-order entanglement, etc.) are
often studied [12]. Until recently, past studies on higher-order
nonclassicalities were predominantly restricted to theoretical
investigations. However, a bunch of exciting experimental demon-
strations of higher-order nonclassicalities have been recently
reported [13-15].

Higher-order squeezing is usually studied using two different
approaches. In the first approach introduced by Hillery [16] reduc-
tion of variance of an amplitude powered quadrature variable
for a quantum state with respect to its coherent state counter-
part reflects nonclassicality. In contrast, in the second type of
higher-order squeezing introduced by Hong and Mandel [17,18],
higher-order squeezing is reflected through the reduction of
higher-order moments of usual quadrature operators with respect
to their coherent state counterparts.

The present contribution aims to study higher-order nonclassi-
cal properties emerging from the SHG Hamiltonian with specific
attention to higher-order squeezing and higher-order quantum
entanglement.

The remaining part of the paper is organized as follows. Sec-
tion 2 introduces the theoretical background associated with the
SHG Hamiltonian together with the two approaches of squeezing
based on the variances of the quadrature modes. We also introduce
a scattering matrix, proper of the SU(2) group, which will in general
transform the angular momentum operators among themselves.
Since SU(2) is equivalent to the rotation group in three dimen-
sions, introduction of the Schwinger representation of the angular
momentum operators through an homomorphism with the unitary
group, will allow one to visualize the operations of beam splitter
and phase shifters as rotations in 3-space. This section ends with
the description of the conditions for the intermodal higher-order
quantum entanglement. In Section 3 we use the criteria described
in the previous section to numerically illustrate the nonclassical
character of the radiation field of this nonlinear optical process
using different initial coherent states. This is a novel feature of
the present approach, since coherent states can be considered as
squeezed states. It will be shown that the variances of different
canonically conjugated variables can even assume (small) values
which are less than the ground state variances. It will be also shown
that there exists the possibility of a weak intermodal higher-order
quantum entanglement of this specific two-mode optical process.
This is reflected, in particular, in the unitary evolution of the lin-
ear entropy which shows that the present nonlinear optical process
does not preserve the modulus of the Bloch vector. The paper ends
up with conclusions in Section 4.

2. Theoretical background

2.1. Second harmonic generation Hamiltonian and initial
conditions

With the widespread use of large-amplitude beams from pow-
erful lasers, it is necessary to assume that the relationship between
the polarization and the electric field is nonlinear. In fact, the
second-order term of the expansion of the polarization in powers
of the electric field shows that the resultant second-order nonlin-
ear response generates an oscillating polarization at the sum and
difference frequencies of the input fields. If the two frequencies are

equal, the sum frequency is at twice the input frequency, and the
effect is called frequency doubling or second harmonic generation.
This nonlinear process is governed by the Hamiltonian

H = Hg + Hint = wqa'a+ wpb'b + g(a®bt + a'?b), (1)

where a(a') and b(b") are the annihilation (creation) operators of
the fundamental mode of frequency w, and of the second hermonic
mode of frequency wy, respectively, satisfying standard commuta-
tion relations for the Lie algebra of SU(2). When perfect matching
conditions are satisfied, we have the relation wq = 2wj,. The constant
g describes phenomenologically the coupling between the modes.
It can always be chosen as real.

The nonlinear Hamiltonian (1) can be diagonalized through the
method of small rotations pioneered by Klimov et al. [19,20] and
we briefly describe it. After noting that it admits the constant of
motion [19]

R =a'a+2b'h, (2)
then the Hamiltonian can be rewritten in the following form

Ho = QatOp
3
A 2t 2
Hint = §(b b—a'a)+g(a*b' +a'b),

where A =wj, — 2wy, is the detuning.

Since Hy determines the total energy stored in both modes,
which is conserved, [Hg, Hint | = 0, we can factor out exp(—iHpt)
from the evolution operator and drop it altogether.

In the present work we are interested in the dispersive limit of
this model, when

|Al> g(iy + 1)(A2 + 1), (4)

where 111 and 1, denote the average photon numbersin the firstand
second harmonic modes a and b, respectively. Then, using the Lie
transformation method [19-21], and applying a unitary transfor-
mation to the interaction Hamiltonian (1), an effective Hamiltonian
is obtained as

Heff = THintTTv (5)
where
T=exp[A(a®bl — af?b)], (6)

with A =g/A «1.Byexpanding Eq. (5)in a power series and keeping
terms up to the order (g/A)?, yields

2 ,
Hef = %(bTb—aTa)-i— gK[%TbaTa—(aTa)ZL (7)

The effective Hamiltonian Eq. (7) describes the dispersive evolu-
tion of the fields, but the essential point is that it is diagonal, which
implies that there is no population transfer between the modes (as
expected in the far resonant limit). The first term in Eq. (7) does
not affect the dynamics and just leads to rapid oscillations of the
wave function. The dynamics of the present model is not station-
ary and depends on the initial conditions of the model. Thus, it is
assumed that, initially, the field modes are in generalized Glauber
boson coherent states |z; z;> [22] and in a disentangled state with
density operator

p(0) = pa(0) ® pp(0) = [¥(0) > < Y(0)], (8)

where p4(0) and pp(0) are density operators at t=0 of the field
modes, and
W(0)>= > > Cnymy (0)lmy > @Im; >, (9)

mqy=0my=0



H. Grinberg / Optik 127 (2016) 4447-4453 4449

with expansion coefficients Cp n,(0) =< ninz|z1z; > [8,9]. Thus,
we write

Cinymy (0) = [Pmymy (0)Pmymy (0)]'/2, (10)

where pmjmj(O) (j=1, 2) are the diagonal density matrix elements
in the initial state. Note that it is not necessary to assume that at
t=0the two modes have the same photon distribution, i.e., the time
evolution of the field density operator is written quite generally as

PO=D DN Gy ()G, (DG, (Do, (PRI, (11)

ny1=0ny=0m;=0my=0

where PRIl = |myny > ® < many| is the two-mode Fock space
projection operator. The time dependent coefficients in Eq. (11)
can be written as

Cﬂ]ﬂz(t) = Cnan(O)Enan(t), (12)

where Ey, n,(t) are the complex eigenvalues of the evolution oper-
ator, i.e.,

2

Enyn, (t) = exp —ith(4n1 ny —n?)| . (13)

2.2. Boson squeezing and homomorphism with the unitary group

The initially coherent cavity field can be squeezed when it inter-
acts either with a single atom or with a group of N two-level atoms,
which is placed in a volume with dimensions small compared to
the wavelength associated with the atom’s two-level dipole and
evolves on time scales shorter than any .72-breaking relaxation
mechanism, an example of which is an angular momentum sys-
tem, which has collective atomic raising and lowering operators,
J+ and J_, with a fixed spin quantum number J = N/2 [8].

Let us introduce the Hermitian operator involving the a mode
as follows

Xg =1/2(ake71? + atkei®) (k=1 or 2), (14)

which for 6 =0 corresponds to the in-phase quadrature component
of the field and for 8 = /2 to the out-of-phase component. Quantum
fluctuations of the quadrature components of the field are mea-
sured by their variances. Thus, squeezing is said to exist whenever
the uncertainty of one of the quadratures is below the vacuum level
(standard quantum limit). In terms of the variances

(AXg)?) = (X3) — (Xg)? = %(cos 20Re(a?*y + sin 26Im(a?¥)

+82(at?a?) + kiatay + k/2) — (cos ORe(a¥) + sin Olm(a"))z, (15)

the based Heisenberg uncertainty relation conditions for squeezing
are

0<V(T)=1-4((AXp)) <1, (16)
for k=1 (Hong and Mandel approach [17,18]) and
Z(1) = (AXp)) /(A1 +1/2) < 1, (17)

for k=2 (Hillery approach [16]). This latter condition corresponds
to the amplitude squared (higher-order) squeezing.

The squeezing phenomenon of the present nonlinear optical
process can be further explored by considering conventional inter-
ferometers which are devices characterized, in general, by SU(2). To
this end we introduce the Schwinger realization of the SU(2) gen-
erators of the angular momentum operators associated to the field
modes

Jx = %(a*b%—b*a); Ty = —%(a*b —bla), 7= %(a*a —b'h), (18)

and the number operator
N=ala+bb. (19)

The operators in Eq. (18) satisfy the commutation relations for the
Lie algebra of SU(2) and the Casimir invariant for this group, using
Egs. (18) and (19), can be put into the form
NN
2

== |=+1].
F=7|3+1]
In fact, NVitself commutes with all the operators of Eq. (18).

We now characterize a lossless passive device with two input
ports and two output ports with the operators of Egs. (18) and (19)
and consider a beam splitter with the scattering matrix [23]

e 0
S= ) (21)
0 e

This scattering matrix induces a transformation of ;7 according to

(20)

Jx Jx
S — «72;‘ — ei(SJz L7y e—iajz R (22)
Tt Jz

which represents an homomorphism with the unitary group, i.e.,
a rotation about the z axis by the angle § =y, — y; corresponding
to the relative phase shift between the two light beams. In fact,
since SU(2) is equivalent to the rotation group in three dimensions,
this homomorphism allows one to visualize the operations of beam
splitters and phase shifters as rotations in 3-space.

Angular momentum systems have often been regarded as
squeezed if the uncertainty of one component, say < AJ2 > or <
AJZ >, is smaller than 1/2| < J; > | or equivalently, if < A7% >
or < Ajg >, is smaller than 1/2| < J; > |, where invariance of
the commutation relations under rotations in Eq. (22) is used. It
was claimed that this definition implies that a coherent spin state
is already squeezed if it is placed in an appropriate system of coor-
dinates, and also that angular momentum can be squeezed by
just rotating the coherent angular momentum state [24]. In spin
systems for example, the squeezing occurs on the phase sphere
(spherical phase space). Unlike boson squeezing, the quasiproba-
bility distribution cannot be homogeneously or globally squeezed
in one direction over the whole phase space. If a spin component is
shrunk around a certain point on the sphere, it must be stretched
around another point. This imposes a fundamental restriction on
the reduction in quantum noise [24].

The connection between a linear lossless passive device having
two input ports and two output ports and the group SU(2) will be
exploited, through numerical simulations, to explore the squeezing
phenomenon in these angular momentum operators. Thus, fluctu-
ations in the component 7, (@ = x, £ or x, y) are said to be squeezed
if J, satisfies the based Heisenberg uncertainty relation condition

1/2
V) = aga - (W) <o, (23)

with the variance AJy = [(72) — (ja>2]1/2_

2.3. Entanglement and higher-order entanglement

There exist several inseparability criteria [3,25] that are
expressed in terms of expectation values of field operators and thus
suitable for study of entanglement dynamics within the framework
of the present approach. Among these criteria, the Hillery-Zubairy
criteria I and II (HZ-1 and HZ-II) [26-28] have received more
attention for various reasons, such as computational simplicity,
experimental realizability, and their recent success in detecting
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entanglement in various optical, atomic, and optomechanical sys-
tems [11,29]. Specifically, Hillery and Zubairy introduced two
criteria for intermodal higher-order entanglement [26] as follows:

Epp" = (@™a™b™b") — |(@"b™)* <0, (24)
and
E™M = (g™ (bimb") — (@b < 0. (25)

Here m and n are nonzero positive integers and the lowest possible
values of m and n are m=n=1. A quantum state will be referred to
as a (bipartite) higher-order entangled state if it is found to satisfy
Eq. (24) and/or Eq. (25) for any choice of integer m and n satisfying
m+n>3|[3].

The required matrix elements involved in Eq. (24) are given by

tmampinpn, _ SR nylny!
@"a"Y = Y S pnam (00, (0) i (26)
ny=0n,=0
and
|(‘1mbm)|2: z:oz:o[,Om—mn1—m(o)pn2+nn2+n(0)pn1n1(0),0nzn2(0)} / [nzl
ny=Uny=

where Pp pn,(m,n)=4(nyn—-mny; —mn)+m(2n; —m), while

those required in Eq. (25) are computed as

(@mam) = ZZ,On]nl )P0 [ s ] (28)

=0ny=0
ny!
(bnpty = ZZP"W ) Pryny (0) {ﬁ} (29)
ny=0n,=0
and
l{a mbn ~mny-m(0)Pny—nn,— n(O)Pnlnl(O)Pnznz(O)] [(
=0ny= 0

where Qn, n,(m, n) =4(mn—mny —nyn)+m(2n; —m).

It is interesting to investigate the dynamics of entanglement
from the information theory point of view. To achieve this goal we
use a particular entanglement measure, namely, the linear entropy
which does not require diagonalization of the density matrix and
is a measure of mixedness in quantum states. It is a scalar defined
as

1 2
Su(T) = ~Tr p(1)Ig2p(7) = 15 [1 = Tr pg(7)]

= o5 (=T [Try o) (31)

It is noted that the expression of S;(t) is representation-
independent since the trace is invariant under unitary transforma-
tions of the model. In the language of entanglement and omitting
the 1/In 2 factorin Eq. (31), S (t) ranges from O (i.e., Trp%(t)=1)fora
disentangled and/or pure states to 1 (i.e., Trp%(t) = 0) for maximally
entangled bipartite. Thus, Trp?(7) can be taken as the Bloch sphere
radius.

Itis well known that the quantum coherences which are built up
during the interaction process significantly affect the dynamics of
the field. Thus, in order to investigate the nonclassical behavior of
the present model we discuss in the next section the results derived
from the numerical computation of these nonclassical effects.

nq !(ny +n)!
I(ny —m)!

3. Numerical simulations and coherent states

Conventional coherent states constitute a family of collective
states of the harmonic oscillator parametrized by a single com-
plex number. These coherent states are an extremely efficient and
flexible tool to treat very different aspects of quantum problems.
The actual key for utility of coherent states is their property asso-
ciated to the resolution of unity, or completeness, which allows
one to use them as a (usually non-orthogonal) basis. The compu-
tations of the nonclassical squeezing and quantum entanglement
effects were conducted separately in terms of the dimensionless
parameter 7 =tg2/A using four different initial coherent states for
the initial state, given in Egs. (32)—-(35). In these coherent states z; is
a complex number and |zj|2 is generally associated with the mean
photon number of mode j; Ny, g(1zj1), Nie(1zj1?), and Ny(|zj|?) are
normalization factors.

Fig. 1 shows the evolution of the based Heisenberg uncer-
tainty relation variance for normal squeezing factor and amplitude
squared squeezing of the field in the quadrature a mode computed
from Eq. (16) (panel) and Eq. (17) (lower panel) respectively. In this

2

172
| } exp (irPnlnz(m, n)) , (27)

figure it was assumed that the field modes are initially prepared in
the Mittag-Leffler coherent state (o, ,3 >0)[30]

VT(B)
~1/2 A
Z Fom T |nJ >

It is observed a small fractional squeezing (about 15%) in the nor-
mal squeezing factor (upper panel) with the amplitudes regularly

1z, B >= [N (171%) (32)

2

1/2
n1!n2! )'] exp (i'CQn]nz(m’n))

—m)! (ny —n)! 30)

spaced (At~ 1.57). Clearly it is not observed any signature of
squeezing in a mode during these rather large intervals of 7, out of
the envelopes. Actually, this particular squeezing phenomenon cor-
responds to Poisson distributions, peaked at t=1.57r (r=1, 2, ...).
Amplitude squared squeezing in this quadrature variable, on the
other hand, is always present, as lower panel shows. Here the Pois-
son distributions are inverted, peaked at T =0.72r at these intervals,
and the amount of continuous squeezing is close to 99.9%.

Fig. 2 shows the variation of the variance squeezing factor V(7y)
(a=x, &) based on the Heisenberg uncertainty relation of angu-
lar momentum rotated components computed from Eq. (23). The
field modes are initially prepared in the two-parameter set of states
(k>—1)[31] for both modes (upper panel)

_ N [T+ + D12,z \m
|ZJ'K>: [NK (‘Zj‘z)] Z|: le!JF(K+]) :| (\/KJ?) J|nj >

i)

(33)
while Poisson photon distribution
12 >= exp(~I*/2) Z S > (34)
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(b) 1.002

()

Fig. 1. (a) Upper panel: based Heisenberg uncertainty relation variance squeezing
factor of the boson operators for mode q, a(at). The field is initially prepared in the
Mittag-Leffler coherent state of Eq. (32) for modes a and b, with «=0.23; 8=1.4;
1 =4; np =15; #=0; k=1 (Eq. (16)). (b) Lower panel: same as (a) but k=2. This
corresponds to the amplitude squared squeezing factor (Eq. (17)).

(a)

0.004

0.002

Ya,)
S

-0.002

-0.004

Ya,)
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-0.02

-0.04

-0.06

Fig. 2. (a) Upper panel: based Heisenberg uncertainty relation variance squeezing
factor Y(Jo) (Eq. (23)). This field is initially prepared in the two parameter set of
coherent states of Eq. (33) for modes aand b, withx =48; i; = 0.001; 1, = 15;5=7/4.
Solid line: Y(J,); dashed line: Y(J¢). (b) Lower panel: same as (a) but with the field
initially prepared in the Poisson coherent state of Eq. (34) for mode a and in the
binomial coherent state of Eq. (35) for mode b, with M=79; ii; = 0.001; i, = 25;
S=m/2.

]
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Fig. 3. (a) Upper panel: higher-order quantum entanglement computed using the
Hillery-Zubairy criteria. m=6; n=3; 1, = 4; n, = 15. Solid line: entanglement com-
puted from Eq. (24) (HZ-1); dashed line: entanglement computed from Eq. (25)
(HZ-II). The field is initially prepared in the Poisson coherent state for mode a and
in the binomial coherent state for mode b, with M=80. (b) Lower panel: informa-
tion entropy computed from Eq. (36) with fi; =4 and n, = 1, and the field modes
are initially prepared in the Poisson coherent state. The In 2 factor in Eq. (31)) was
omitted in this calculation.

and binomial boson coherent states [32]

M
iz M >= [/\/M (|zj|2)]71/ZZ(M7!zM*”jmj >, (35)

/ ]
=0 M—le)! nj!

were used for modes a and b respectively (lower panel). It can be
observed that the second-order variance predicts no squeezing in
both components of 7, for 7<0.06 and 7>0.16 (upper panel) and
for t<0.08 and t>0.22 (lower panel). The squeezing only appears
during short periods of 7, keeping the magnitude of the fluctuations
above and below of zero with a nearly constant period. The overall
behavior in both panels shows that both components are alterna-
tively squeezed and unsqueezed, thus preserving the uncertainty
relation.

Fig. 3a (left panel) shows the higher-order intermodal quantum
entanglement between modes a and b, with m=6 and n =3, plotted
withrescaled interaction of E(m,n) and E'(m, n)in Eqs. (24) and (25).
The field modes are initially prepared in the Poisson (Eq. (34)) and
binomial coherent states (Eq. (35)) for modes a and b respectively. It
is observed that HZ-I criterion computed from Eq. (24) (solid line)
fails to detect any entanglement in the present case. However, it
does not indicate that the modes are separable as both the HZ-I
and HZ-II inseparability criteria are only necessary and not essen-
tial. On the other hand, the existence of entanglement is clearly
detected by HZ-II criterion computed from Eq. (25) (dashed line) in
this particular case. Here the entangled process shows a series of
minima at regular intervals of At=0.26.

We now turn to the linear entropy as a criterion of entangle-
ment. Assuming a Poisson distribution in the initial state 7=0,
performing a partial trace over the second harmonic mode, squar-
ing the resultant expression, and then taking the trace over the
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fundamental mode in Eq. (31), one arrives to the following compact
form for the linear entropy

Si(7)

|"l (nq+myq)
= *Z”IZZ exp [—4, sin 2[27(m - my)]] FRrA
ny=0m;=0
(36)

The unitary evolution of the linear entropy is plotted in Fig. 3b
(lower panel), where it was assumed a Poisson distribution for
the secondary mode. It can be observed that at the initial state
T =0 the model becomes completely disentangled, according to the
hypothesis of Eq. (8). After a very short initial t the entanglement
has a rapid rise and the entropy saturates to a relatively stable
value with continuous oscillations of small amplitudes, with the
magnitude of the entropy keeping below of 70% of the optimum
value. The maximum entanglement S; ,qx here can be considered as
entangling powers of unitary operations, describing the capability
of entropy production. The present nonlinear process shows that,
from the information theory point of view, the dynamics of entan-
glement is a periodic function, with a period of p,=2 7, where 7,
is the localization of the principal minima, i.e., Tr=rm/4(ny —my).
Near the periods there is a strong decrease of the linear
entropy and the system returns to an almost disentanglement
state.

4. Final remarks

The nonclassical higher-order squeezing and quantum entan-
glement effects were investigated in the SHG using different
initial coherent states (generalized squeezed states) for the two-
mode Hamiltonian. It was observed that the based Heisenberg
uncertainty relation variance of the fundamental mode shows a
small fractional but continuous magnitude of the normal squeez-
ing factor, while amplitude squared squeezing in this quadrature
variable is always present. The introduction of a simple scatter-
ing matrix induces a transformation of the angular momentum
components through an homomorphism with the unitary group,
which allows one to visualize the operations of beam splitters and
phase shifters as rotations in 3-space. Thus, the variance squeez-
ing factors based on the Heisenberg uncertainty relation of these
angular momentum components show that the rotated compo-
nents are alternatively squeezed and unsqueezed, thus preserving
the uncertainty relation. These states with the reduced quan-
tum noise in one of the quadrature components are in fact, very
important for the problems of measurement of weak forces and
signals, in particular, for the detectors of gravitational waves and
interferometers.

Two criteria of higher-order intermodal quantum entanglement
were used. It was found that the HZ-I criterion fails to detect any
entanglement, while the existence of this nonclassical effect was
clearly detected by HZ-II criterion.

The use of a particular entanglement measure for the present
nonlinear optical model shows that the dynamics of entanglement
is a periodic function and that the modulus of the Bloch vector is
not preserved during the time evolution of the linear entropy. The
maximum entanglement occurs within small intervals of t, where
the linear entropy represents steady states that are clearly mixed
states and the study of quantum entanglement for mixed states is
a very active field of inquiry. It immediately raises the question of
whether the entanglement can be distilled and used as a resource
for some quantum communication or computation task. In particu-
lar, the use of different initial coherent states for the first and second
mode is a crucial feature of the present nonlinear optical model,

since one can adjust one mode while monitoring the other in order
to optimize the signal/noise relation.
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