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1. Introduction

Consider the following boundary-value problem with Neumann boundary conditions:

u’(x) =gu(x)) in(0,0),
u'() = f(u®), (1)
u'(0) =0,

where f, g : R»g — R are nonnegative nondecreasing functions of class C2 and ¢ is a positive real. We are interested in
the positive solutions of (1). Such solutions arise as the stationary solutions of the semilinear heat equation with Neumann
boundary conditions. In particular, the dynamics of the latter are usually described in terms of the solutions of the former
(see, e.g., [1-4]).
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The termf(u(()) corresponds to a “boundary flux” termf(u(Z, t)) in the semilinear heat equation, while the term g(u)
arises as a “reaction” term in the semilinear heat equation. When any of these two terms are absent, conditions on f and g
are known which imply either the global existence and boundedness of solutions of the semilinear heat equation or blow-up
in finite time. On the other hand, in presence of both terms, the corresponding solutions admit an interesting asymptotic
behavior which strongly depends on f and g and is described in terms of the stationary solutions (see, e.g., [2,5,1,6] and the
references therein).

The usual numerical approach to the solutions of (1) consists of considering a second-order finite-difference discretiza-
tion, with a uniform mesh. For a given mesh size, the solutions of the discretization of (1) were studied in [7,3,4,8,9], for
different conditions concerning g and f. In this paper we consider the behavior of the discretization of the solutions (1) as
the mesh size tends to zero, that is, we aim to approximate the solutions of (1). As a case study, we analyze the case where
f is constant, for which global existence and boundedness of solutions is known.

In the process of approximation of discrete and continuous solutions of (1) for constant f we shall use the Newton method,
on a certain closed convex subset X of a Banach space and on suitable closed convex subsets X; of finite-dimensional vector
spaces. More precisely, the set X we consider is that of the twice continuously differentiable functions which satisfy the
boundary conditions in (1), endowed with a suitable norm. On the other hand, the sets X; are formed by complete cubic
splines satisfying the boundary conditions.

In order to keep track of the relation between continuous and discrete Newton iterations we establish an explicit mesh-
independence principle for (1). Generally speaking, a mesh-independence principle asserts that, when the Newton method
is applied to a nonlinear equation between Banach spaces, as well as to some finite-dimensional discretization of that equa-
tion, the behavior of the corresponding continuous and discrete Newton iterations is essentially the same, provided that
the discretization is sufficiently fine (see, e.g., [ 10-13] or [ 14, Section 8.1]). Such mesh-independence principles are usually
stated in terms of certain Lipschitz constants associated with the behavior of the corresponding Newton operator.

In this paper we establish explicit values for the Lipschitz constants mentioned before in terms of the parameters defining
the family of problems (1) under consideration. As a consequence, we determine an explicit mesh size h* such that for
h < h* the discrete Newton iterations associated with (1) and mesh size h differ from the continuous ones by a factor
which is determined by the precision of the mesh (Theorem 29). For this purpose, we rely on a general framework on
mesh-independence principles developed in [13] (see also [14, Section 8.1]), which is based on an invariant version of the
Newton-Mysovskikh theorem. In Theorem 13 we obtain an explicit version of the latter for the convergence of the Newton
iteration to the positive solution of (1).

Then we consider the computation of a starting point for the discrete Newton iteration with mesh size h*. Combin-
ing an algorithm of [4] or [8] for the approximation of the discrete solutions of (1) with mesh size h* and estimates
provided by our mesh-independence principle we obtain an algorithm which computes a starting point (Theorem 36). Us-
ing this starting point and a discrete Newton iteration we obtain an e-approximation of the positive solution of (1) with
O ((1/€)'/? log, log,(1/¢)) flops and function evaluations (Theorem 37).

There is a well-established framework for the analysis of the e-complexity (that is, the optimal complexity of finding an e-
approximation) of the solutions of linear boundary-value problems or initial-value problems for differential equations (see,
e.g., [15-17]). On the other hand, the e-complexity of nonlinear boundary-value problems is far from been understood. To
the best of our knowledge, only mildly nonlinear boundary-value problems for ordinary differential equations with Dirichlet
conditions have been considered so far (see, e.g., [ 18-20]). Furthermore, global boundedness of the function g of (1) is usually
assumed. The paradigm arising from these papers is that optimal e-complexity should be of order (1/€)"/" for problems
defined by functions of class C". We contribute to this stream of work with the analysis of the e-complexity of a family of
boundary-value problems with Neumann conditions which matches this optimal e-complexity paradigm. We remark that,
unlike these previous works, no requirements of global boundedness of the function g of (1) have been imposed. Besides,
our algorithm is stable, in the sense that the @-constant in our complexity estimate behaves well for well-conditioned input
instances (see Remark 4).

The paper is organized as follows. In Section 2 we show that the instance of (1) under consideration has a unique positive
solution x*, and provide upper and lower bounds for it. In Section 3 we obtain an explicit version of the Newton-Mysovskikh
theorem for the convergence of the Newton iteration to x*. Section 4 is devoted to the mesh-independence principle. Finally,
in Section 5 we discuss the computation of the starting point for the discrete Newton iteration with mesh size h* and the
computation of an e-approximation of x*,

2. Existence and uniqueness of the problem under consideration

As expressed in the Introduction, we consider the boundary-value problem

u'(x) =g(u®), xe(0,0)
u'(0) =0, (2)
v{)=oa>0,

where g : R>¢ — R is an increasing convex C? function with g(0) = g’(0) = g”(0) = 0. We shall assume further that g” is

Lipschitz continuous on any compact interval of Rx¢. In particular, any power-law nonlinearity g(x) := x? with p > 3 may
be considered as a prototype for our model.
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For the sake of completeness, in this section we show that there exists a unique positive solution of (2) and obtain lower
and upper bounds for such a solution.

Denote by G : R>o — R the primitive of g with G(0) = 0. Let u be a positive solution of (2). Integrating #” in the interval
[0, x] for any x € [0, £], we obtain

u'(x) = \/Z(G(u(x)) — G(u(0))).
Substituting ¢ for x yields

o = \/2(G(0) - Gw(0y). (3)

On the other hand, from the previous expression for ' (x) we deduce that

£ /
N 1 f u'(x) dx '
€Jo VGu®) — Gu(0))

Applying the change of variables t(x) := G(u(x)) — G(u(0)) to the integral on the right-hand side of this identity and taking
into account (3), we see that

B(s) = /2 (4)
where s := G(u(0)) and B : [0, +00) — R is the following function:

wl
1 /T dt
tJo Vi@goGH(t+s)
Observe that t — (g o G~1)(t + s) is an increasing function on Rx. Therefore,
V2a V2a
<BGS) < —— -
£(goG H(s+a?/2) L(goG ()

We conclude that B(sg) < V2 < B(s1), where g := (Go g~ ") (a/f) and s; := (Gog ") (a/l) — a?/2. As Bis a decreasing
function, there exists a unique s; < s* < s satisfying (4). As a consequence, we have the following result.

B(s) =

Lemma 1. For any ¢ > 0, there exists a unique positive solution of (2).
By the definition of s* and (3) it follows that
u(0) =G I(s"), u(®) =G '(s*+a?/2). (5)
In particular, (5) shows that u is the solution of the following initial-value problem:

') =gw®), xe(0,¢
u(0) =G '(s),
u'(0) = 0.
In order to obtain upper and lower bounds for u, combining (5) with the definition of sy and s;, we obtain
u0) > m:=G'(s1) =G '((Gog H(a/t) —*/2),
u() <M =G '(so+0°/2) =G ((Gog (/) +a?/2).

Since u is an increasing function, m and M are a lower and an upper bound for u in the interval [0, £]. Our results will be
expressed in terms of these bounds.

3. On the convergence of Newton’s method

In this section we obtain conditions which imply the convergence of Newton’s method applied to (2). For this purpose,
we shall use the “invariant” version of the Newton-Mysovskikh theorem of [13], which we now describe.
_LetX, Y be Banach spaces. For x € X and p > 0, we denote by S(x, o) the open ball with center ¥ and radius p and by
S(x, p) its closure. Let D C X be a convex domainand F : D — Y a nonlinear operator of class C'. Suppose that the equation
F(x) = 0 has a unique solution x* € D.

The Newton method consists of the iteration

Ml =% Axk, F()ax = —F(x" k> 0), (6)

assuming that the derivatives F’(x¥) are invertible. We have the following convergence result.
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Theorem 2 ([13, Theorem 1.1]). Let || - || be the norm of X. Suppose that:

(1) F'(x) is invertible for each x € D.
(2) For collinear x,y, z € D, the following affine invariant Lipschitz condition is satisfied:

[FF@ '(F @) — F@)v| < oly —x[v]. (7)
Let x° € D be such that

_ Ax°
ho := w||AX°|| <2 and S(x°, p) C D, wherep = u
1—hy/2

Then the Newton sequence (x")kzo of (6) remains in S(x°, p) and converges to the unique solution x* € S(x°, p).
Furthermore, we have

1
||xk+1 _ Xk” < *a)ka _ Xk71 ”2
-2

3.1. Well-definedness of Newton’s method applied to (2)

For the analysis of convergence of the Newton method applied to (2), we consider the following closed and convex subset
of the Banach space C2([0, £]) of functions of class C2 on the interval [0, £] with the norm [[x]| := 37, X?]|«:

X = {xeC3([0,£]): x>0, ¥(0) =¥ (£) —a = 0}.

Recall that m > 0 and M > 0 are lower and upper bounds for the unique positive solution u of (2). Our results will be
expressed in terms of the following quantities:

- m X m
m:= —, (::max{ — ,E],
2 Lg(m)
~ 3M ~ . 1 m Yy
M :=max{—, 4la, A= mm{f, A—} w = 20Lg"(M).
2 802¢02g"(M) £L

Remark 3. As g is an increasing convex C? function with g(0) = g’(0) = 0, it follows that g(f)/m < g’(n). This implies
the f ollowing inequality, which shall be frequently used in the next lemmas:

1 m
<

_ <.
Lg'(m) — Lg(m) —

Remark 4. The number 2¢¢ may be considered as a condition number of the boundary-value problem (2). Indeed, consider
the following perturbation of (2):

V(%) = (g + Ag)(v(x)), x€(0,0)
v/(0) =0, (8)
V() =a+ Aa > 0,

where g + Ag : R=¢g — R is an increasing convex C? function with (g + Ag)(0) = (g + Ag)'(0) = (g + Ag)"(0) = 0.
Existence and uniqueness of solutions of (8) is proved as in Section 2. Denote by w := v — u the difference between the
unique solutions of (2) and (8) respectively. Arguing as in Lemmas 6 and 7, it can be shown that, for Ag and A« sufficiently
small,

IWlloe < 28l Aglloo + 1 Aat)).
This proves that 20¢is an upper bound for the condition number of (2).
Denote by O the following (non-convex) subset of X:
Di={zeX:m<z<M, |z —g@|x <A},

where the inequalityu > Boru < y foru € X and 8, y € Rmeans u(x) > Boru(x) < y foranyx € [0, £]. Forz € D,
the Newton operator N associated with (2) is defined in the following way:

N : D x {0} x {0} — ([0, £]) x {0} x {0},
Zy=z4+w, 9)
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where w is the solution of the problem F'(z)w = —F(z), with
72" —g(2) D’ —g'(2)]
F@) = (F,F,F)'@) = 20 |, F@:=| Dl=o
Z() —a Dlx=¢
According to these definitions, the term w := —F'(z) ~'F(z) is defined by

W' —g' @W)(x) = (—2" +g@)x), x€(0,0)
w/(0) =0, (10)
w'(£) = 0.

As a consequence, y := N(z) is the solution of the problem

Y0 =©E@y+g2-g@2)x, xec(0,0)
y'(©0) =0, (11)
y(©) =a.

It is clear that Theorem 2 cannot be applied to show the convergence of the Newton sequence (9), because the hypothesis
of convexity of the domain D of the statement of Theorem 2 is not satisfied by the set & C X defined above. We shall
nevertheless obtain a variant of Theorem 2 which proves that, starting at an arbitrary element z € D, the Newton sequence
(9) converges.

We start showing that the Newton operator N is well-defined on D.

Lemma 5. For any z € D, the operator F’(z) is invertible.
Proof. Letz € D. We have to show existence and uniqueness of solutions of the boundary-value problem
Fiz)yv=v'—g'@v=w, v(0)=0, v/(¥) =0, (12)
forw € C([0, £]). Associated to (12), we have the Sturm-Liouville problem
v —g'(z)v=0, v (0)=0, v () =0. (13)

According to, e.g., [21, Chapter XI, Theorem 4.1], if (13) has no nontrivial solutions, then (12) has a unique solution for any
function w which is integrable in [0, £]. Hence, it suffices to prove that (13) has a unique solution, v = 0.
If v is a solution of (13), then

ya 14
/ (W) (x)dx —f (g (2)v?) (x)dx = 0.
0 0

Integrating by parts, we deduce that

t
/ ()2 +g'(2)v*) (x)ydx = 0.
0

Observe that z > 0, because z € D, and then (v')? 4 g’(z)v?> > 0. This implies (v')? 4 g'(z)v?> = 0, which shows that
v=0 0O

By Lemma 5 it follows that, if z € D, then the Newton iteration N (z) is well-defined. Next we show that N(z) € D. For
this purpose, we first obtain a simple estimate which will be frequently used in the sequel.

Lemma 6. Let w € C2([0, £]) be such that w’(0) = 0 and let xo € [0, £] be such that |w(xy)| = min{|jw(x)| : x € [0, £]}.
Then

Y4
Wl < v2 (w(xO>2 +iwOw ) -1 / <ww”>(x)dx) "
0

Proof. Let x; € [0, £] be such that [w(x;)| = max{|w(x)| : x € [0, £]}. Then

X1
/ w'(x)dx
X0

w(x1) —w(xo)| =
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X1
/ w' (x)dx
X0

¢ 3
< [wixo)l + €3 ( / (w/)%x)dx) .
0

Applying integration by parts on the right-hand side, we obtain

We deduce that

2

1
[Wleo = [W(x1)| < [W(Xo)| + = [w(Xo)| + X1 — Xo|2

/X1 w2 (x)dx
)

12

Wl = [W(x0)] +2%<W(€)W'(€) - /J(WW”)(X)dX>
0

¢ 3
< f2<w(x0)2 +olw@Ow () — 1 / (ww”)(x)dx) )
0

This finishes the proof of the lemma. O

Forz € D, denotey := N(z) and w := y — z. Now we obtain an upper bound on the infinity norm of the “update” of a
Newton iteration.

Lemma 7. If w := N(z) — z is the solution of (10) for a given z € D, then

Wl < 20€A.

Proof. Let xy € [0, £] be such that [w(xp)| = min{|w(x)| : x € [0, £]}. By Lemma 6,

Y4
IWileo < fz(w(xo)z i, / (ww”)(x)dx)z.
0

According to (10) we have w” = g’(z)w — z” + g(z). Therefore,

¢ 3
Wlloe < \/5<W(X0)2 +2/ (wz'" —wg(z) — wzg'(z))(x)dx)
0

1

2

4 £
< fz( Zg/l(ﬁl) fo (w?g' (@) (0dx + 2 /0 (wz' — wg(2) —wzg’(z))(x)dx)

¢ 2 A g 1 1
=< ﬁ(ﬁf (WZ”—wg(Z))(X)dX> = 202" - g@) %Wl
0

We conclude that ||[W]|e < 20¢A, finishing thus the proof of the lemma. O

The aim of the next four lemmas is to show that y := N(z) belongs to D. For this purpose, we first prove that y satisfies
the upper bound in the definition of D.

Lemma 8. If y := N(z) is the solution of (11) for a givenz € D, then
I¥lloe < 3M/4 < M.

Proof. Let x, € [0, £] be such that |y(xy)| = min{|y(x)| : x € [0, £]}. By Lemma 6,
. .t :
Iyl < «5<y(xo)2 + Ly o — 13/ (yy”)(X)dX> .
0

By (11) it follows thaty” = (g’(z) - g(z—z))w + @y. As a consequence,
1
5 5 g2) 82 ?
Iyl < ﬁ(y(x())z riyoa-1 [ (g0~ 22wy + E25) wax

OZ z
< ﬁ((

1

Zgr;nﬁl) — 2) /O‘Z(giz)f) X)dx + Ly (@) o — 2 /:((g/(z) — ?)W'O (x)dx)2
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< ﬁ(@y(ﬁ)a—@/g((g 2 - 8¢ )) )(x)dx);
0

< (Ul + 200y I8’ ~ E2 ||oo).

By the Taylor theorem, considering the function g in a neighborhood of the point z(x), evaluated at 0, we deduce that there
exists & (x) in the interval [0, z(x)] such that (g’(z) - g(z)/z) (x) = —g"(£(x))z/2. Therefore, Lemma 7 implies

A

I¥lloo < 28 +220]1g" () 2/2 )0 lW
200 + 208" (M) |2 ]| oo W loo < 28a + 28%€%g” (M)MA.

IA

Taking into account that
20a + 20%0°g" (M)MA < (1/2 + 20%0%g" (M)A)M < 3M/A4,
where the last inequality is a consequence of the definition of A, we deduce the statement of the lemma. O

Next we prove that the differential operatory > y” — g(y) maps elements of D to elements of small infinity norm.

Lemma9. If y := N(z) is the solution of (11) for a givenz € D, then
Iy =gl <A/4 <A.

Proof. According to (11), we have
V' —g) =@y -2 +2@ —g®.

By the Taylor theorem, considering the function g in a neighborhood of the point z(x), evaluated at y(x), we see that there
exists £ (x) in the real interval defined by y (x) and z(x) such that

/ 1 / 2 1 ,
V-2 = —Eg’ EON(@—-2W) = —Eg/ E@)IWEX)?. (14)
By the definition of £ and Lemma 8 we conclude that |£ (x)| < M. As a consequence, by Lemma 7 it follows that
ly” — W)l < 28" (M) (ELA)*.
Since 8 Mzg” (1\71 )A < 1, we readily deduce the statement of the lemma. O

Our next result asserts that ©O is contained in a ball of small radius in the infinity norm whose center is the positive
solution of (2).

Lemma 10. If z € D and x* is the positive solution of (2), then

2 — & ||os < 200A.

Proof. By (2), the function v := z — &x* satisfies the following conditions:

V'x) = (z/ —g(x))(x), x€(0,0)
v(0) =0, (15)
V() = 0.

Let xo € [0, £] be such that [v(xg)| = min{|v(x)]| : x € [0, £]}. Lemma 6 shows that

Yy 1
Vle < f2<v(><o)2 - 2/ (vv”)(X)dX> "
0

Since v/ = z” — g(x*), we deduce that

1

4 2
Wl < \6<V(Xo)2 1 / (v (z”—g(z))+V(z"—g<x*)))<x>dx) :
0
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Fix x € [0, ¢]. By the Mean Value theorem there exists £ (x) in the real interval defined by z(x) and x*(x) such that

(g(z) - g(x*))(x) = g/(£(x))v(x). Furthermore, the bounds x*(x) > m > mand z(x) > m imply g’'(§(x)) > g'(m).
Therefore,

4 ¢ %
IVl < f2(|v<xo)|2—@ / (v —g@))dx -2 / (Vng(g))(x)dx)
0 0
f 1 ) ‘ 2 ./ ~ ¢ " %
< 2<(€g’(r71) — K)/O (v’e'®)xydx — Z/O (v (z —g(z)))(x)dx>

¢ : A g 11
sﬁ(—é / (v (z”—g(z)))(x)dx) < L2 2" — g@ % IIVI1%-
0

Hence ||z — 8|00 < 20¢A, which shows the lemma. O

Now we obtain a lower bound for a Newton iteration, showing thus that the Newton operator N of (9) maps D to itself.
Lemma 11. If y := N(2) is the solution of (11) for z € D, then

y > —m.

N W

Proof. By (2) and (11), the function v := y — x* satisfies the following equalities:

VX)) = (€@Vv+e @5 +gk) —g@z—g®))x), x€(0,40)
v/ (0) = 0, (16)
v (€) = 0.

Let xo € [0, ¢] be such that [v(xg)| = min{|v(x)| : x € [0, £]}. By Lemma 6,

¢ 3
V]l < ﬁ(v(xo)z .y / (w”)(x)dx) .
0

From (16) we see that v’ = g’(z)v + g’ (2)x* + g(z) — g'(2)z — g(x*). Arguing as in the proof of Lemma 7, we conclude that

1
2

1 2
v < (25)2( / (f@z-g@w —s@ +g<x*>)v)<x>dx) :
0

Fix x € [0, £]. Applying the Taylor theorem to the function g in a neighborhood of x*(x), evaluated at z(x), it follows that
there exists £ (x) in the real interval defined by z(x) and x*(x) such that

(@2 - £ @¥ —g() +£6) 0 = 22" €N (00— X' ()"
By the definition of M and D we deduce that EX)| < M. As a consequence,
IVl < 2eg" (M) 1z — X°2.
Lemma 10 implies
[Vlloe < 268" (M)(2LEA)? < LLA/2 < i1/2.

We conclude that y(x) — x*(x) > —m/2. Therefore, y(x) > x*(x) — m/2 > m — m/2 = 3m/2, finishing thus the proof of
the lemma. O

Letz € ».Lemma 5 shows that the Newton iteration N (z) is well-defined. Furthermore, Lemmas 8, 9 and 11 prove that
N(z) € D.In other words, the Newton sequence defined by N starting at z € D is well-defined.

3.2, Convergence of Newton’s method to the solution of (2)

To establish the convergence of the Newton sequence associated with (2), we show that our hypotheses imply that an
affine invariant Lipschitz condition as in (7) is satisfied.
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Lemma 12. For x,y, z € D, the following affine invariant Lipschitz condition is satisfied:
IF'®)"'(F' (¥ +s@& =) = F@)Vlw < @lly =24 5@ =) lcollV]lco-
where 0 < s < 1andv e C%([0, £]).

Proof. Letw := F'(x) " '(F'(y + s(x —y)) — F'(z))v, where 0 < s < 1. We have that w satisfies the following conditions:

wx)=—(g@+s&x-y)—g@)v-—g®w)®, xe (0,0
w'(0) =0, (17)
w'(¢) = 0.

Let xo € [0, £] be such that [w(xp)| = min{|w(x)| : x € [0, £]}. By Lemma 6,

¢ 3
[Wileo < ﬁ(w(xwz .y / (ww”)(x)dx) .
0

Expressing w” as in the first equation of (17), we obtain
1

14 2
Wl =< «5<W(><o)2 +¢ / (g0 +s&x—y) —g'@)w — g ®w?) (X)dX)
0

¢ 3
<2 (z [ (€w+sax—y - g/(z))vw)(x)dx) :
0
Observe that

lew+s@x—y)—g@|, , <" My —z+5&—y)lx.

It follows that

A 1
[Wlleo < €L MY —2 +5&E =P [l V|00 IW]lo0) 2
1
= @[y —z+s5&x =y leclviclWwle)?.

This shows that |[W||s < @]y — 2z + S(X — ¥) || ||V]lcc and finishes the proof. O

Now we state the main result of this section, namely a version of the Newton-Mysovskikh theorem for (2). Unlike
Theorem 2, where convexity of the domain D is required, our result is valid for a domain £ which is not convex. This is
essentially due to the fact that X is convex and F’ is defined everywhere in X.

Theorem 13. If x° € D, then the sequence (xk)kzo determined by the Newton iteration (6) is well-defined, remains in D and
converges to the solution X* € D of (2). Furthermore, we have the following estimates for any k > 1:

k+1 I .k k—12
[#F! — &0 < EIIX =X 5% (18)

" x4 — % oo

I — o < :
YT g

(19)

Proof. Combining Lemmas 5, 8, 9 and 11 we conclude that the sequence (xk)kzo, starting at x° € D, is well-defined and
remains in D.

Next we analyze the convergence of (¥);=o. Let Ax* := —F/(x*)"'F(x*) and h; := | Ax"||», for any k > 0. By the
definition of Ax*~1 and Ax¥, we infer that

Ax" — —F/(Xk)71 (F(Xk) _ (F(Xk71) —|—F/(Xk71)AXk71)).

Now we use the affine invariant Lipschitz condition of Lemma 12 to estimate the norm of AxX. For this purpose, observe
that

1
F(Xk) _ F(xk71) _ F/(X’€71)AX’<71 — / (F/(xk71 4 S(Xk _ xk*‘l)) _ F/(xkfl))(xk _ xk*])ds.
0
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As a consequence, since ¥ and ¥~ belong to D, by Lemma 12 we have

1
” / F/(Xk)fl(F/(xkfl 4 S(Xk _ xk*])) _ F/(Xk71))(xk _ xk*])ds
0

o0
1
k k—1)2 Ok k—1)2
< [ ol —xNids = it - XL
0 2
We conclude that
k w k—1,2
1A% | 0 < EHAX( 5

which is (18). Multiplying (18) by w we see that h;, < h§71/2 for any k. Since hy < 2 by Lemma 7, (hy)k>o is a decreasing
sequence and

0 < lim he < lim 2(ho/2)* = 0.
k—o00 k—o00
A simple inductive argument proves that

he\!
| AxH)| o < (5) | AXY| .

Then
o ’ k+1 . B} 00 hy j hy
AT — e < D7 AW < || A% mZ(;) =—. (20)
= =0 w(l — %hk)

As limy_, o hy = 0, the Newton sequence (x")kzo is a Cauchy sequence of C([0, £]), with respect to the infinite norm, and
therefore converges in C([0, £]).

To see that (x")kzo converges in X, we show that ((x")/)kzo and ((Xk)”)kzo are Cauchy sequences of C([0, £]). First we
observe that it suffices to prove that ((Xk)”)kzo is a Cauchy sequence of C([0, £]). Indeed, assuming that this is the case,
taking into account that (x*)’(0) = 0 for each k > 0 we easily conclude that ((Xk)/)kzo is also a Cauchy sequence of C([0, £]).

Next we show that ((x¥)")= is a Cauchy sequence of C([0, £]). By the definition of Ax* we have (Ax*)" = g’(x*) Ax¥ —
(*")” + g(x*). By (14),

1, - _
[*)" — g(@)lloo < 5g”(zwnmx" iz
Therefore,
’ Y 1 Ty —
(A% oo = &' (M) )| Al + & (M)[| Ax* 1|2,
~ w
< g M= A2 + —|a¥ T2, = Coll a2,
2 * a0 i i

where C := g'(M)/2 + 1/4£2. Now we argue as in (20):

k+1 k41 i
AR~ (4 = 31 = Co Y w1, = Lt S (Bery
* = ~ = T w 2 -
j=0

j=k j=k

chi_,

a)(l — %hﬁ_l)

We conclude that ((Xk)”)kz() is a Cauchy sequence, as claimed.
It follows that (Xk)kzo converges in X. Denoting by x* the limit of this sequence, we see that

0= lim F'(x)Ax%* = — lim F(x*) = —F(x"),
k—o0 k—o00

which proves that x* € D is the solution of (2). Finally, taking limits as [ tends to infinity in (20) we obtain (19). O

4. On the mesh-independence principle

In this section we obtain an explicit mesh-independence principle for (2). As in Section 3, let X, Y be Banach spaces,
D C X a convex domain and F : D — Y a nonlinear C! operator such that the equation F(x) = 0 has a unique solution
x* € D. Recall that the Newton sequence applied to F(x) = 0 is defined as

¥ =x+ax,  F@Hax=-F@&x) (k=0),
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assuming that the derivatives F’(x¥) are invertible.
Under the hypotheses of Theorem 2, suppose that for each j > 0 there exist finite-dimensional vector spaces X; C X and
Y; C Y, a convex domain D; C X; and a C' morphism F; : D; — Y;. According to Theorem 2, if:

F{ is invertible for each x; € D;; and
there exists wj such that, for collinear x;, y;, z; € D;,

|F/ @) (o) — F @) vi| < wylly; — %1l 1v;11:
then for each j > 0 we can apply the Newton method in X; to solve the equation
Fi(x)) =0,

which has a unique solution x;‘ in a suitable neighborhood. The corresponding Newton sequence is the following:

(1)
(2)

k+1 _ Lk k ! (K k _ _ pogk
X=X+ Ax;, Fj(xj)ij = F](xj) (k > 0),
and converges to x;.‘ starting sufficiently close. It is to be expected that the discretization method implies that

lim xj’-k =x".
Jj—o00

We have the following convergence result.
Theorem 14 ([13, Theorem 2.2]). Let x° € () X; C X be such that

: 0 (a0 _ lax

hy = w||Ax"|| <2 and S(x°,p) CD, wherep:=———.

1—hy/2

For eachj > 0 and each x; € S(x°, p + 2) N X;, we define

FJ-/(X]‘)AX]' = —Fj(Xj), F/(Xj)AX = —F(Xj).

Assume that the discretization is sufficiently fine so that

min{1, 2 — hy}

| A% — AX|| < §j < —————
2w

(uniformly for x; € D;). Suppose further that S0, p)) NX; C D; for

o llax 25
7 1—he/2 ' min{1,2 — he}’

Then the discrete Newton sequences (x]’.‘)kzo remain in S(Xo, p;) N X; and we have the following error estimates:

Zaj 1 . k k
— (k=0), limsup ||xj — X <24

% — <
min{1, 2 — hg} w k=00

k
X ¥ <

4.1. Discrete Newton iterations associated with (2)

Our aim is to obtain a mesh-independence principle for (2). For this purpose, for j > 0 we consider a uniform mesh
0 =:xp < --- <x; = ¢, and the space of complete cubic splines on [0, £] with boundary conditions at 0 and ¢, that is,

X = {x; € c%([o, £) : Xj|x;_q.% 1S @ cubic (1 < i < j), ¥/(0) =0, x]’-(ﬂ) =al.
Any choice of values x;; (0 < i < j) for the nodes x; (0 < i < j) determines a unique element of X; taking such values. More
precisely, denote x; ; := X;(x;) and x]” ;= x]f/(xi) for 0 < i < j. Then the unique element x; of X;; satisfying these conditions
can be expressed in the following way:

/! i

x/. x/. X X' -h . x’.h
Hlixpn (6 = (i = 0 + 2L —x)® + <’—“ - ﬂ)(t —x) + (—* . )(Xm —t). (21)

6h h 6 h 6

Here, the values xjf’,- are uniquely determined in terms of the values x; ; according to the following identity:

X];,/o X1 —Xjo
1 4 . ij 5 Xjo2 — 2ij1 + X0
1 4 1 x}f;;/_l Xjj— 2%j-1+ X2
1 2 x],] hOl — x],] + ijj_l
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In what follows, unless otherwise stated, by || - || we shall refer to the infinite norm of C([0, £]). We shall use the following
estimates.

Theorem 15 ([22, p. 210]). Let f € C3([0, £]) be such that f'(0) = 0 and f'(£) = «, and let x; € X; be the complete cubic
spline interpolating f. Then

IO =" <52¢°, H ©=r=<3),
where h := £/j and 2(f®, -) is the modulus of continuity of f®.

In order to introduce a discrete Newton iteration associated with (2), we consider the open subset £; of X; defined as
follows:

D=DNXj={zeXj:m<z<M, [z —g2@)lle <A}
Further, for z; € Dj, define

—2 2 Zio g (Zj:,o)
! 1 -2 1 zqu g(z],l)
F(z) = — e : — : ,
h? : : : : .
1 =2 1 ||z g(zw—%
h o
2 2] \ g 8@y — -
and denote by F/(z;) the Jacobian matrix of F; with respect to zj o, . . ., z;;. Then a discrete Newton operator N; is defined in
the following way:
Nj . i)] d Xj,

(23)
Zj = yJ = Zj + Wj.

Here wj is the complete cubic spline taking the values w;; (0 < i < j) at nodes x; (0 < i < j) and satisfying the conditions
wj/ 0) = wj/ (¢) = 0, where
Wjo
= —F(z)"'F(z).

W,

4.2. Estimates for the mesh-independence principle

We need upper bounds on the infinite norm of certain functions associated with the discrete and continuous Newton
iterations defined by the operators N and N; of (9) and (23). For this purpose, we start with the following remark.

Remark 16. Let w € C%([0, £]) be such that w'(0) = 0. For any x € [0, £], we have |w'(x)| = | [; w"(t)dt| < €||lw”|. As a
consequence,
[w'|| < €]lw"].

Next we obtain an upper bound on the third derivative of a continuous Newton iteration and its Lipschitz constant in
[0, £]. We observe that, although not explicitly stated, our bounds can be easily expressed as functions of mild growth in

terms of the constants ?Z, M, w and A.

Lemma 17. Let z € D andy := N(z). Theny is a C3 function with y® Lipschitz continuous in [0, £], and there exist constants
A3 > 0and s > 0, independent of y, such that |ly®| < X5 and Lip(y®) < A4 where Lip(y®) denotes the best Lipschitz
constant for y® in the interval [0, £].

Proof. According to (11), we have y” = g'(2)y — g'(2)z + g(z) = g'(2)w + g(z), where w is defined as in (10),
i.e, w:= —F'(z)"'F(z). Therefore,

¥ = (f@w+g@) =g @7w+g @)W +2@2)7
=g (27w +g' @)y (24)
By Remark 16 we deduce that ||z’|| < £||z”| and |ly’|| < ¢]ly”||. Hence,

ly®Il < eg"AzDliz"lwl + eg'AlzD ly” |
< eg"(IzIh(Il2" —g@ 1 +gUizD)Iwl + €8’ Az (Iy” — g W)l +gUlyID)-
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By the definition of £ and Lemma 7 it follows that ||z” — g(z)|| < A, and ||z|| and ||w|| are uniformly bounded. On the other
hand, Lemma 9 shows that |ly” — g(y)|| < A. We conclude that y is also uniformly bounded.

Concerning the second assertion, we prove the Lipschitz continuity of each function arising in the expression of y® in
(24). Recall that z is uniformly bounded by definition. Since ||z2” — g(z)|| < A, we readily conclude that z” is uniformly
bounded in [0, £]. This implies that z’ is Lipschitz continuous in [0, £], and the inequality ||z’|| < £||z”| proves that z’ is also
uniformly bounded in [0, £]. It follows that z is Lipschitz continuous in [0, £]. A similar argument shows that y’ is Lipschitz
continuous in [0, £].

To show that w is Lipschitz continuous, it suffices to see that ||w’|| is uniformly bounded in [0, £]. Combining Remark 16
and the identity w” = g(z) — 2" + g’(z)w, we find that

W'l < €llw”l < €liz” — g@)l + €lig’ @ NlIwll,

which proves the claim. Summarizing, (24) shows that y® is a sum of products of Lipschitz continuous function in [0, £],
from which the second assertion follows. O

As the unique positive solution x* € D of (2) is a fixed point of the continuous Newton operator N, the conclusions of
the lemma are valid for x*.

In what follows we shall need to obtain quantitative information concerning the discretization of second derivative of a
continuous Newton iteration. We have the following result.

Lemma 18. Let z € D and let y := N(z). We have
2(y(x1) — y(x0))

@ -2 +5@)x) = 7 — Goh,
(g/(z)(y _z) +g(z))(x1) — y(xi—l) - zyh(le) +y(xi+1) _ Cihz’ (1 S l S]_ 1)
(@@ —-2+2@)x) = M + 2% — Gih,

where each C; is uniformly bounded, independently of j.

Proof. We extend the definition of y to the interval [—h, £+ h] by considering the third-order Taylor polynomial of y around
0 and £. Considering suitable Taylor expansions of y at the nodes xy, . .., xj, we see that there exist &3 € (¢ — h, x¢) and
Eqr € (Xg,xk+h)fork =0,jand &;; € (x; — h, x;) and & ; € (x;, x; + h) for 0 < i < j such that

2 (y(x1) —y(xo0)) n ¥ (&30) +y" (€s0) ht ¥ (€10) —¥" (¢2,0) h.

yiro) = 2 31 31
y,/(xi):y(xi71)—2yh(2xi)+y(xi+1) s (El,i);y (§2.1) h o (<i<j—1)

.y 200%-1) —y®) | 20 | Y'(ED+YE Y EY -y (E))
V) = Ty gk

By definition we have y” = g’(z)(y — z) + g(z). Hence, we obtain

2(y(x1) — y(x0))

(@@ —2)+2@)x) = 7 + Coh,

(@0 —2 +g@)u) = YD ZHR D | ) g <isjon
20(x-1) —y(x)) 2

E @0 +2@)0) = LBV IE) 20 g

where the constants C; are defined in the following way:

_ ¥ (&30) + 3" (Ea0) n Y 10) —¥"(20)

Co .

3! 3!
C":=‘M’ 1<i<j-—1),
G = Y (&) +y" Ea)) n y" (&) —J’W(Sz,j)'

3! 3!
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By Lemma 17 we deduce that

" " " oy "
< ™ )] + 1y (4,0)1 n y™ (€1,0) —¥" (2.0 < ly™ Il

4 n
LpG")  _hs ks

C 4,
Gol 3! 3! 3 T3 373
1 N n . L /1 A.
Q< WG =y @Dl U0 ey iy
EY 3 3
" . v " N . m L " A A
¢ = Y EINHY Ol W) =y Gl I U0 ks ey
EY 3! 3 3 33

This finishes the proof of the lemma. O

Our next estimate is concerned with a comparison between discrete and continuous Newton iterations. Given z; € D,
there are two elements of D; associated with z;. On one hand, we have the discrete Newton iteration y; := N;(zj). On the
other hand, we may consider a continuous Newton iteration y := N(z;) and its corresponding discretization y,,, namely the
complete cubic spline of D; interpolating y. Our next result enables us to compare these functions.

Proposition 19. For z; € D), let y := N(z;) and y; := N;(z;) be the corresponding continuous and discrete Newton iterations.
Let ys, be the complete cubic spline of D; interpolating y. Then there exists A, > 0, independent of j, such that

ly/ — ¥l < 38" (M)[|w; — w|| + Azh,
wherew; :=y; —ziandw =y — z;.

Proof. Observe thaty; — s, is the complete cubic spline which interpolates y; — y at x, .. ., x; and satisfies the conditions
; _ysp)/(o) = (yj _ysp)/(g) = 0. Hence,

Iy} = yipll = max {35 = y5p) [}

Let®/; == (yj — ¥sp)”(x;) for 0 < i < j. According to (22), we may express the &/; in terms of &;; := (¥; —¥)(x) (0 < i <)
in the following way:

30 X1 — Xj0
1 4 . xj,l 6 Xj2 — 2Xj,1 + X0
S : 25
1 5 h2 : (25)
1 4 1] ¥ Xjj— 2%j-1+ X2
1 2 Xj; —Xjj + X1
By Lemma 18,
1 y(x1) —y(xo) G
S(€ @0 -2) +8@)x) = === - h,
2 h 2
) =2 . .
(€@ —2) +8@) e = YN ZFOTIE e g <i<jo 26
1 yx-)—yx) o« G
SE @0 —2) +2@)0) ="+~ h

where each (; is uniformly bounded, independently of j.
Foru € C2([0, £]), denote Ev;(u) := (u(xo), . .., u(xj))t.Sinceyj = Nj(z)), we have F/ (z))Ev;(¥)) = F/(2))Ev;(z) — F;(z)) =
Evj(g(z)) — Evj(g'(z)z) — 2*ej, where e := (0, ..., 0, 1)' € /. As a consequence,

1 . — vV
(@0~ 2) +8@) ) = LN

h2
j(Xi—1) — 2y;(x0) +¥i(xi o
(€ @0~ 2) +8@) ) = 25 y;,(zX)+y’(X+l), (1<i<j-1, (27)
L (5-1) — (%)
S (&' @05 - 2) +g(z) &%) = y“lh# + %
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We subtract (26) in (27) and combine the resulting identities with (25) to obtain

1 1
2 1 X Eg/(zj,o)xj,o Ecoh
o4 X1 g'(z.1)%1 Ch?
8 h 1 " B / ) - R
1 4 1] \%j g(Zjj-1)%j -1 C]i_lh
1 Xjj 2 /(2 )X 1.
5 g (2% 2th
Let
4 2 Coh
] 1 4 1 Cih?
B = 6 ~_. s Ch = E . (28)
1 4 1 Cj_1h2
2 4 Gh

We conclude that
ly! — yill = max |x/;| < B |Evi(g'z)x)) + Gy
0<i<j

As B is diagonally dominant, [23, Theorem 1] shows that |[B~'|| < 3. Further, since |%;;| = | —y)x)| < |ly; — ¥l =
[w; — w|| for 0 <i < j, we see that

ly =yl < 3(g"Alz D Iw; — wil + Ik ll) < 38"V |w; — wl| + 3]G ll. (29)

Lemma 18 shows that there exists a constant A, > 0, independent of j, such that ||Cy|| < Ah. Then the proposition
follows. O

We finish this section with another estimate similar to that of Proposition 19, as it concerns a further comparison of
continuous and discrete solutions of (2).

Proposition 20. Let x* € D be the positive solution of (2) and xf € X the positive solution of F; = 0. Let x;, be the complete
cubic spline of X; interpolating x*. Then there exists a constant A5 > 0, independent of j, such that

I =X, || < A3h.
Proof. Observe that xf — X, is the complete cubic spline which interpolates x;‘ —x* at the nodes x, . . ., x; and satisfies the
boundary conditions (¥} — X)) (0) = (x — x;,)'(£) = 0. Hence, by (21) we have
20
I~ = 5[5/ + 25

with E; := Ev;(*7 — ;) and E/ := Evj((xjf" — X, /). According to (22), we may express the E/" in terms of E; in the following
way:
-1
K2 1 4 . 1 =2
S
1 4 1
1 2 1 -1
Taking into account the upper bound in [23, Theorem 1] for the infinity norm of inverses of diagonally dominant matrices,
we obtain
* * th 1/
I =5, = =[] + 2 [E] =< 1811 (30)
As ||E;|| is the global error of the second-order finite difference approximation of 8%, it is well-known that ||E;|| = @ (h?)

(see, e.g., [24, Chapter 8, Problem 7.7]). As a consequence, there exists A5 > 0, independent of j, such that

&7 — x|l < 18||Ejl| < A3h°.

This shows the statement of the proposition. O
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The following result is an easy consequence of Proposition 20.

Corollary 21. Let x* € D be the positive solution of (2) and x;‘ € X; the complete cubic spline interpolating the positive solution
of F; = 0. Then there exists a constant A3* > 0, independent of j, such that

I — &) < 23",
Proof. Let ], be the complete cubic spline of X; which interpolates ¥* at xo, . .., x;. We have
7 — & < [l — 25,11 + [lxg, — *°1l.

By Proposition 20 there exists A5 > 0, independent of j, such that ||xjf" - xjp I < A’Z‘hz. On the other hand, as xjp is a complete
cubic spline which interpolates x*, Theorem 15 shows that [|x}, —&*|| < 5 2((x*)®, h) h® < 5Lip((x*)®)h*. Furthermore,
according to Lemma 17, there exists A, > 0, independent of j, such that Lip((x*)®) < X4 holds. As a consequence, we obtain

X7 — &*[| < A3h* + 5ash*.
Setting A3* = A5 + 542 finishes the proof of the corollary. O
4.3. Well-definedness of discrete Newton iterations
Letz; € £; and denote as before y := N(z;) and y; := N;(¥;). Further, denote w := y — z; and w; := y; — ;. In this section

we show that, if ||w; — w]| is sufficiently small, then the discrete Newton iteration associated with N; is well-defined.
For this purpose, in the next few results we obtain conditions on ||w; — w| which imply that y; := N;(z;) belongs to D;.

Lemma 22. If

lw —wjl| < Ay = M/4, (31)
then |ly;l| < M.
Proof. Sincey = z; + w, we have ||ly;| = [|lzj +w +w; — w|| < [y + |lw; — w|. By Lemma 8 it follows that

il < 3M/4.

This immediately implies the statement of the lemma. O

Next we show that for j sufficiently large and ||w —wj]| sufficiently small, yj” —£(¥)) has small norm for a discrete Newton
iteration y; = Nj(z;) with z; € D;.

Proposition 23. Let 1, and A; be the constants of Lemma 17 and Proposition 19 respectively. If (31) holds and additionally

J>Jo = [4E(hy + 5€14)/3AT7, (32)
lw; — wll < A4 == (34/4 — (A; + 5€Aq)h) /4g' (M), (33)
then [y — gl <A
Proof. Lety =z + w and let y;, € X; be the complete cubic spline interpolating y atxo, ..., x;. We have
Iy — gl < 1y =yl + 1y, =¥ I+ 1y =gl + llg@) — gl (34)

We bound each term on the right-hand side of (34). Concerning the first term, Proposition 19 shows that there exists
Ay > 0, independent of j, such that

1y} —yipll < 38" (D) | w; — W + Aoh. 5
Next we consider the second term in (34). According to Theorem 15,
vl —¥"ll <520, bh < 5Lip(y®)n2.
By Lemma 17, there exists 4 > 0, independent of j, such that Lip(y'®’) < A4. As a consequence, we obtain
lys —¥"Il < 5hah’. -

In order to bound the third term in (34), sincey = N(z;), Lemma 9 implies

ly" —egwll < A/4. (37)
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Finally, regarding the fourth term in (34), by the Mean Value Theorem we have ||g(¥) —g ;)| < g’(max{|lyl, lly;IDIly —
yill = g’ max{llyl, lyjll}) lw — wj||. By Lemmas 8 and 22 we see that max{||y|l, [ly;ll} < M. Therefore,
le) =gl < &' (Dllw — w. (38)
Summarizing, from (35)-(38) it follows that
Iy — gl < 4g' (M)[|w — wj|| + A/4 + (ks + 5€i4)h.
Hence, if
lw — will < (34/4 — (2 + 5¢ha)h) /4g' (M),

then ||yjf/ — gyl < A.Inorder to obtain a feasible condition on ||w — wj||, we need that the right-hand side in the previous
expression is a strictly positive number. This is the case provided that

j > 4L(hy + 5004)/3A.
This finishes the proof of the proposition. O

It remains to consider a further condition on ||w — wj;|| in order to assure that y; := N;(z;) € D; for any z;.

Lemma 24. If
lw—wj|| < Ap:=m/2, (39)
then y;(x) > m for any x € [0, £].
Proof. Lety := z; + w. By Lemma 11 we have
¥ix) =y;(0) —yx) +yx) = wj(x) —w(x) +y(x) > —m/2+3m/2 =m
for any x € [0, £], which shows the statement of the lemma. 0O

Let jo be as in (32) and let Ay, A4 and A, be the constants of (31), (33) and (39) respectively. If j > jo and |w; — w| <
min{Am, Aa, Am}, then Lemmas 22 and 24 and Proposition 23 show that y; := N;(z;) remains in D;, namely the discrete
Newton iteration defined by N; is well-defined in D;.

Next we show that the condition ||w; —w| < min{Ay, A4, Ay} is satisfied if the mesh under consideration is sufficiently
fine. For this purpose, we obtain an upper bound for |[w; — w|| in terms of j.

Proposition 25. There exists a universal constant A > 0 such that

lw; —wi <2 /% (40)
Proof. Lety; :=z; + w;,y := z; + w, and let y;, € D; be the complete cubic spline interpolating y at x, ..., ;. We have
lwj —wl = lly; =yl = 1y —Yspll + ¥ — Y. (41)

We first bound the second term on the right-hand side of (41). By Theorem 15,
lys =yl <520, Hh* < 5Lipy™)Hn*.
According to Lemma 17, there exists A4 > 0, independent of j, such that Lip(y®) < A4. This implies
lysp = ¥Il < Sxah®. (42)

Next we bound the first term on the right-hand side of (41). Observe that y; — ys, is the complete cubic spline which
interpolates y; — y atxo, . . ., X; and satisfies the conditions (y; — ¥s,)'(0) = 0 and (y; — ys;)'(£) = 0. Arguing as in (30), we
have

2h?
Iy = Yol = —- IE/| +2|[E] < 181E].

with E; := Ev;(y; — ¥sp) and E/ := Ev;((3 — ¥5,)"). Since the discrete Newton iteration defined by N; is the discretization of
the continuous Newton iteration defined by N, ||E;|| is the global error of the approximation of (11). Therefore, there exists
a constant A > 0 independent of j such that

Iy — sl < 18|IEj|l < 183h°.
Combining this inequality with (41) and (42), the proposition follows. O
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Next we combine the results above to obtain a condition on j which implies that the discrete Newton iteration corre-
sponding to the mesh xo, . . ., x; is well-defined on ;.

Corollary 26. Let jo be as in (32) and let Ay, Aa, A and A be the constants of (31), (33), (39) and (40) respectively. Let z; € D;
andy; == N;j(z)). If

J > max{jo, (A/2) 2, O/2p) ', (M Am) /2, (43)
theny; € D;.

Proof. Lety := N(z;), w; ;== y; — z;and w := y — z;. Proposition 25 shows that [[w; — w|| < A/j?. Therefore, if (43) holds,
thenj > j, and

lw; — w| < min{Ay, Aa, An}.

By Lemmas 22 and 24 and Proposition 23 it follows thaty; € £;. O

4.4. A mesh-independence principle

In this section we establish an explicit version of the mesh-independence principle for (2). For this purpose, we are going
to require that the norm of the difference of the discrete and continuous Newton corrections satisfies a further condition,
which implies the quadratic convergence of the discrete Newton iteration.

Lemma 27. Let z; € Djand hy = o||w|. If

i> i = (200)", (44)

then |w; — w|| < min{1, 2 — hg}/20 = 1/2w.
Proofl By Proposition 25 there exists A > 0 such that |[w; — w|| < A/j?. On other hand, Lemma 7 proves that 2 — hy >
2 — 20€wA > 3/2.This shows that the condition in the statement of the lemma is satisfied if
A 1
j—z < %
We easily deduce the statement of the lemma. O

To establish our mesh-independence principle we need the following perturbation lemma, which is an adaptation of
[13, Lemma 2.1] to our context.

Lemma 28. Let (Xk)kz(), (y")kzo be two continuous Newton sequences of D. Then

1
[T -y < w (5 Iy* — &4 + ||Ay"||) Iy — &),

where Ay* := y**1 — yX and w is the constant of Lemma 12.

Proof. Following the proof of [13, Lemma 2.1], we obtain
1
Xk+1 _yk+1 — F/(xk)—l <F/(xk)(xk _yk) _ / F/(yk + t(Xk _yk)) (Xk —y")dt) + F/(xk)—l(F/(xk) _ F/(yk))Ay".
0

Taking norms in the previous identity, by the affine invariant Lipschitz condition of Lemma 12 we obtain

1
||xk+1 _yk+1 ” < f ’F/(Xk)71 (F/(xk) _ F/(yk + t(Xk _yk))>(xk _yk) Hdt + ||F,(Xk)7] (F/(Xk) _ F/(yk))Ayk”
0
1
< w<||y" — & / (1—tyde + ||Ay"||)||y’< — &
0
1
< oI = X0+ 1241 ) Iy = 1.

This finishes the proof of the lemma. O

Now we are able to obtain a mesh-independence principle for (2). This result combines our previous estimates in a way
which follows the general line of argumentation of the proof of [ 13, Theorem 2.2].
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Theorem 29. Let j, and j; be as in (32) and (44), and let Ay, Aa, Ay and A be the constants of (31), (33), (39) and (40)
respectively. Assume that

i > max{jo. ji%, O/an) 2 (/A2 (3 Am) 7). (45)
Fix x° := x]@’ € Djand let hy := w|| Axo||. For any X; € D, define
AX]' = Nj(Xj) —Xj, AX = N(Xj) — Xj.

Then the discrete Newton iteration (xj’-‘) =0 remains in D; and we have the following error estimate:
k ok 1
I — x| <28 < — (k=0
w
where §; := sup{|| Ax; — AX| : x; € D;} < A/~

Proof. Since (45) implies (43), by Corollary 26 we have that the discrete Newton iteration (8= := (¥)i=0 starting at
x) is well-defined and remains in ;. For any k > 0, we denote by (x¥);-; the continuous Newton iteration starting at x*.

By Theorem 13 we have that (xi*")iz,< remains in £ and converges for any k > 0. In particular, if k = 0, then the sequence
(%"9)i=0 = (¥)=0 agrees with the continuous Newton iteration starting at x° := x](’.
Furthermore, since (45) implies (44), Lemma 27 proves that the following condition holds uniformly for x; € D;:

1
AR — AXR|| < 6 < —.
| Ax; |I_J_2w

Now we follow the general line of argumentation of the proof of [13, Theorem 2.2]. In order to control the distance
between the corresponding terms of (x{)=o and (x*)=o, let b, and €, be upper bounds for w|| Ax*|| and [|x} — &), i.e.,

o AR < hy, X — X <& (k=0).

From the proof of Theorem 13 we conclude that the following is an admissible definition for (hy)k>o:
1 2
hyyq = Ehk’ hy == w|| Axo||.

Next we obtain an admissible explicit definition for (ex)>o. To this end, we have

kb1 okt
lla — &

k+1, k+1 k+1,0
; +1, k+ _x+ ”

= |x
< ||xk+1,k+1 _ xk+1,k” 4 ||Xk+1.k _ xk+1,0||-

By assumption,
”xk+1,k+l _xk+1,k” — ”xjk + Ax]k _xk,k _ Axk, k” — ||AXJk _ Axk, k” < 8].
On the other hand, the perturbation lemma (Lemma 28) shows that
1
k+1,k k41,0 kk k0 k, 0 k, k k, 0
B - e e R P D [
Combining the previous bounds we deduce that
k-+1 k+1 k+1, k+1 k+1,0 @ 5
277 — & = T RO < 5 4 &%+ hyex,

which yields an admissible recursive definition (e)r>0. More precisely, we have the following admissible recursive
definitions for (hy)k>0 and (€x)k>o:

1
hgy1 = Ehz, hy == w|| Axo|l,
@ 5
€1 =0 + 56" + hyex, €9 :=0.

Now, a majorizing sequence for (¢;)k>o is obtained by following mutatis mutandis the proof of [13, Theorem 2.2]. Since
ho < 1, we deduce that €, < 2§; for any k € N. This readily implies the statement of the theorem. O
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5. Computing an e-approximation of the solution of (2)

Letj e N satisfy (45) and let x° = x]‘-) be any point of £;. Denote by (xk)kzo and (‘X]k)kzo the continuous and discrete

Newton iterations starting at x°. According to Theorems 13 and 29, the continuous Newton iteration (x")kzo converges to
the solution x* of (2) and for any k > 0 we have

k

K
% — &) <

jT .
This shows that, by means of a discrete Newton iteration, the quantity ||x}‘ —x*|| can be made arbitrarily small for j sufficiently
large, provided that a starting point % := x]Q € D; is obtained.

In [7,3,4,8] we exhibited an algorithm which, for a given j € Nand¢' > 0, computes an ¢’-approximation of the discrete
system F; = 0, i.e, a point x; € RY with ||x; — x | < €, where x € RZ, is the unique positive solution of the system

F; = 0. The algorithm performs O (jlog, log, (1 /e’)) flops and functlon evaluations. In this section we discuss how we can
use this algorithm to obtain a starting point ¥ € D; for our discrete Newton iteration. Then we shall compute discrete
Newton iterations, starting at x° € D;, until an e-approximation of the solution of (2) is obtained, for a given € > 0.

5.1. On the starting point for the discrete Newton iteration

Assume that we are given € > 0 and x; € X; with

. 3m ~  5M
m::7 SX](X,)fM:?
forany 0 < i < jsuch that ||Fj(%;)|| < €. We shall obtain a sufficient condition on j which implies that the complete cubic

spline in X; interpolating x; belongs to D;, and thus yields a starting point for the discrete Newton iteration.

In the sequel, if 0 = xp < --- < x; := £ denotes the uniform mesh which we take as the interpolation nodes for
the space of complete cubic splines X;, we shall frequently refer to the mapping Ev; : X; — R defined by Evj(x) =
(%j(x0), . - ., %;(x;))". We start with the following technical lemma.

Lemma 30. Given ¢ > 0and x; € X; with x;(x;) € [, M] for 0 < i <jand IFi(x;)|| < €, we have
IEv; (&)l < 3(¢ + g(M)).
Proof. We may rewrite (22) in the following way:
Ev;(x) = B~ (Fj(%)) + Ev;(2(x))). (46)

where the matrix B is defined as in (28). In the proof of Proposition 19 we show that |[B~!|| < 3, which readily implies the
statement of the lemma. O

Our next result yields a sufficient condition on j which implies that the complete cubic spline defined by an e-
approximation of the discrete system F; = 0 meets the expected upper and lower bounds.

Lemma 31. Given € > 0and x; € X; with x;; := x;(x;) € [, M]for 0<i<jand|Fx)l <e,if
j > Are = L(e + MP)'/2 max{4/m, 12M}"/?,

thenm < xj(x) < Mfor any x € [0, £].

Proof. Fixiwith0 <i <j— landt € [x;, x;+1]. By (21), we have

x| X1l , 2
1 2 ]l+1 /7 2
3 —Lh 3 < Z|Evi(x))[|h*.

x(t) — ( / ;l“ (t —x) + 2 (X1+1 - t))

On the other hand,

~ . ]H—l >
m < min{x;;, Xj i1} < (t —x;) + (X1+1 —t) < max{x;;, X1} < M.

Combining both estimates and Lemma 30 we deduce that

~ Y 2 3ﬂ E ! 2 ) Y E ! 2 Y 7 2
m—2(e + g(M))h” < 5~ 3||EVJ(X]-)||/1 <x(t) <M+ 3||EV](Xj)||h <M+ 2(e + g(M)h".

This readily implies the statement of the lemma. O
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Next we obtain a sufficient condition on j which implies that the second derivative of the complete cubic spline defined
by an e-approximation of the discrete system F; = 0 meets the expected requirements. To this end, we need the following
result.

Lemma 32. Given € > 0 and x; € X; with x;; := x;(x;) € [, 1\71]for 0 <i<jand ||FXx)| < e, the following estimate holds
for0<i<j:

X/, — g(®;)| < g (M) max |xjs — Xj 1] + 3e.
1<s<j

Proof. Observe that (46) may be rewritten in the following way:
Ev;(®)) — Evi(g(®)) + (B — DEV(¥)) = F(x),

where I denotes the identity matrix of size (j + 1) x (j + 1). A critical remark is that the sum of the elements of each row

in %B — I is equal to zero, which allows us to express the vector (B — I)Evj(x}/) in terms of the differences x]f xj s41 fOT
0 < s <j— 1. More precisely, we have
2 /! /!
— g0 + g(xm —X;0) = Fj o)
1 /! /! 1 J! /!
—gx1)+ g(xj,z —Xq) — g(xj,l —X0) =F1(%)
X g(xj] 1)+ ( “ )= (“1 “ 2)_Fjj 1(X)
X —8x;)) — g("}fj —Xj1) = F;®).
As a consequence, we deduce the following inequality for 0 < i < j:
1
¥ — g < max{l Xl +e. (47)
Let
1 -1 1 ... .01
R:= and R7!'= . :
1 -1 1 1
1 1

From (46) we see that R(6B) Ev;(x/") = 6REv;(g(x;)) + 6RF;(x;). Expressing this identity in matrix form we obtain

3 1
1 4 1 X0 — X1 2(i0) — g(xj1)
’ ’ // : 1 =6 + 6RF] (xf)'
4 1 Xij-1 = X g2Xjj-1) — &)
1 3 L g(x;j)
2 6

Denote by C the (j x j)-submatrix of the matrix of the left-hand side consisting of the first j rows and j columns of this matrix.
By considering the first j rows of the previous inequality we conclude that
max [x; — &5 | < 6[C| ( max |g(x;;) — g(X;,i+1)| + [RIF;(x;) II)-
0<i<j—1 0<i<j—1

By [23, Theorem 1], it follows that |C~'|| < 1/2. Therefore,

max ¥, — x| <3 omax 18(0) —g®iv1)| + € <3g'(M) max [x;; — % 1] + Be.
0<i<j—1 0<i<gj—1

Combining this inequality with (47) finishes the proof of the lemma. O

Now we are able to obtain the sufficient condition on j that we are looking for.
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Proposition 33. Given € > 0 and x; € X; with x;; == x;(x;) € [, I\7I]for 0 <i<jand||[F;x)| < €, let
e = (9g”(1\71)(e + (W)€% + 3g' (M) + 8¢’ (W) /e) (€ +g(ND) €2 /4A.

If e <A/6andj > max {A1e, Ay}, then [|¥ — g(x)|l < A

Proof. FixiwithO0 <i <j— Tandt € [x;, Xj+1]. From (21) we see that

X — g (t—x) + X —gx)
St SV ey 4 S

h h +

(Xit1 — 1)

X/(©) — gy (0)| <

2(x)(0) — <g(xj;1"“) (t—x) + g(’;""') (Xis1 — t)) ‘

(48)

We first bound the second term on the right-hand side of (48). Since g(x;) (x;) = g(;,;) for 0 < i < j, this term agrees with
the error of Lagrange interpolation of g (x;) at x;, x;1. This implies that there exists & € [x;, X;1] such that

7= |g@)(©) - <g("j%‘)(t —x)+ 2 (’;"") (Xip1 — r))‘
[EEDEES e
= S W — 0 S E®) 5

Observe that (g(x))” = g”(;\cj)(;\t]’-)2 + g'(x)]". Furthermore, for any s € [0, ¢],

%1 — Xl X — X 1%/ 4] 2, ¥ s X — % 4 "

X(s) < —= : : ——h : S —X; — (Xiy1 — )" < ——— + —||Ev;(x))| h.

Ki(5)] =PI g S S ) s (e — )7 < P o B ()|
Since ||F;(%;)|| < €, by, e.g., [3, Remark 1] it follows that

|%j,i1 — .l o1 1 ~

BHLZIE < (14 5) € + 38@0) + (0 + -+ 8 Jh < (e + W) (49)
for 0 <i <j— 1. We conclude that

/ 7 4 /

Il < (e + g + 3—].||Evj<x/>||)e.

As a consequence,
Y " . Y i ! 2 2 / . !

Ig@))"ll =g (llxID{e +gM) + 3].IIEVJ(XJ)II &+ g (1% IDIIEv;(x)1.
Since j > 1, combining this inequality with Lemmas 30 and 31, we see that

g @)1 < 9g” (Il (e + g(M))*€* + 3g'(Ix;1) (€ + g (M)

< 9g"(M)(e + g(M))*€> + 3g' (M)(e + g(M)).

This enables us to bound the second term on the right-hand side of (48):

T < (9g”(1\71)(e +g(M))€* + 3g'(M))(e + g(M))h?/8. (50)

Next we consider the first term on the right-hand side of (48). By Lemma 32 and (49) we easily see that
&/, — g(x.)] < g (M)(e + g(M))th + 3e. (51)
Now we are ready to establish an upper bound for (48) in terms of € and h. By (50) and (51) we conclude that
I/ — ()|l < 3¢ +g (M) (e +g(M))th + (9g”(1\71)(e +g(M)) e + 3g/(1\71))(e +g(M))h?/8.
From this inequality and the hypotheses ¢ < A/6 andj > A, . we readily deduce the statement of the lemma. O
We summarize Lemma 31 and Proposition 33 in the following statement.
Corollary 34. Given e > 0and x; € X; with x;; := xj(x;) € [, M]for 0 <i<jand||[Fx)| < €, let Ay and X, . be defined
as in Lemma 31 and Proposition 33 respectively. If € < A/6 and j > max{Aq ¢, Ay}, thenX; € D;.

Next we show that, for j large enough, a sufficiently good approximation x; to the positive solution x;‘ of the discrete
system F; = 0 satisfies the conditions in the statement of Corollary 34.
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Proposition 35. Given e > 0and x; € X; with ||Ev;(x; — x;‘)|| < €h?/5, where x;‘ € X is the positive solution of F; = 0, if
) 20% fe e\ 2 12
J > Az := max T<7+k2 ),Zg(M) s
m \5
then ||Fj(x)|| < € and x;(x;) € [, M]for 0<i<ij
Proof. Let x* € D be the positive solution of (2). We have
% — 2| < ll% — x| + [l%" — x|

By hypothesis, ||Ev;(x; — x;") | < eh?/5.0n the other hand, Corollary 21 proves that there exists A3* > 0, independent of j,
such that ||x* — x*|| < A5*h?. Hence,

|Ev;(x; — x%)] < (g n A;*)hz.

Asm < x* < M, we deduce that, if

R Gt O e L
= —= = = , (52)
min{m — i, M — M} m

then x;(x;) € [1, M] for0 < i < j.
It remains to find a condition on j which implies ||Fj(¥;)|| < €. Since Fj(xf) = 0, we have Fj(xj) = F;(x)) — Fj(xjf“), and thus

-2 2
) 1 -2 1 X0 — X, g(x0) —8(x}y)
Fj(?‘j)=ﬁ : - : :
1 -2 1 X — x;fj g(xj) — g(x}fj)
where ¥;; = X;(x;) and x;f,- = x;‘ (x;) for 0 < i < j. By the Mean Value theorem it follows that there exists & in the real

interval defined by x; ; and x;fi such that g(x; ;) — g(x;f,-) =g (&)X — x;f,-) for 0 < i < j. Denote y; := h%g/(&;) for0 <i <j.
Then

2 + Yo -2 y
—1 2+ Y1 —1 Xjo— quo
Fi(x) = — ' ' :
h2 . . .
-1 2+)/j,] -1 Xj,j—Xﬁj
-2 2+

Taking into account the upper bound |x; ;| < M and the hypothesis ||Ev;(x; — x}“) | < eh?/5, we deduce that

1 L. , o~ €
&) < h7(4+ max{y; : 0 < i < jDIEv;x — &) < (4+h’g (M))g-
We see that, if
7> g, (53)
then ||Fj(x;)|| < €. Combining (52) and (53) the proposition follows. O

We can now prove the main result of this section, namely there is an explicitly computable positive integer j* such that
forj > j* we are able to obtain a starting point for the discrete Newton iteration defined by N;, and this iteration yields good
approximations of the positive solution of (2). In fact, we have the following result.

Theorem 36. There is an explicitly computable positive integer j* with the following properties:

(1) we can compute x;= € Dj+ with O (j* log, log, (*)) flops and function evaluations;
(2) xj+ € D; for each integer multiple j of j*.
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Proof. Let ¢* := A/6 and let A* := max{Aq ¢x, Ay e*, A3+ }, Where Aq ¢x, Ay o+ and A3 .+ are defined as in the statements of
Lemma 31 and Propositions 33 and 35 respectively. Let j* be the least positive integer withj* > A*. We claim that j* satisfies
the conditions of the statement of the theorem.

Let0 := xp < --+ < X+ = £ be the uniform mesh of [0, £] with j* + 1 elements and let h* := £/j*. Applying the
algorithm of [4] or [8] we compute the values at the nodes xo, . . ., X;« of an element ¥+ € X+ such that

[[Ev; (% — x|l < e*h*?/5,

where x;« is the positive solution of Fx = 0. The algorithm performs O (j* log, log,(j*)) flops and function evaluations,
showing thus the first assertion.

As j* > A3+, by Proposition 35 it follows that ||Fx ()| < € and x;+(x;) € [, I\7I] for0 <i < j* Ase* < A/6 and
J* > max{Aq ex, Ay e+ }, from Corollary 34 we deduce the second assertion, finishing the proof of the theorem. O

5.2. The cost of computing an e-approximation

Theorem 36 asserts that we can obtain a starting point x;’ € O; for the discrete Newton operator N; for j sufficiently large
with @ (1) flops and function evaluations. Given € > 0, we aim to compute an €-approximation of the positive solution x*
of (2). To this end, we determine a value of j and a positive integer k such that the kth iteration x]’F of N;j, starting at x}), is an
e-approximation of x*, namely

e — x|l <e.

According to Theorems 13 and 29,

(LS
=

ONECN
() )

PYTRRY
j> (—) and k > log, log,((4 + ew)/cw),
€

2\
¥ — x| <= and ¥ —x*| <
]

As a consequence, for

we obtain ||ch’.< —x < ||xj’.‘ — xf|| + ||¥* — x*|| < €/2 + €/2 = €. Since each iteration of N;j requires @ (j) flops and function
evaluations, we deduce the following result.

Theorem 37. We can compute an e-approximation of the positive solution x* of (2) with © ((l/e)”2 log, logz(l/e)) flops and
function evaluations.
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