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Abstract: A newmethodology to design discrete-time multiple resonant controllers for single-phase uninterruptible power
supply inverters is proposed in this study. This methodology is based on classical linear tools and consists on the
synthesis of the inverter output impedance according to standard specifications. This synthesis is performed using a
multi-loop control strategy composed of an inner current control loop using a proportional controller, and an outer
voltage control loop using the multiple resonant controller. A prototype was built to demonstrate the practical
feasibility of the theoretical proposal. A significant reduction of the output impedance at determined harmonic
frequencies resulted in a low-voltage total harmonic distortion of the output voltage of about 1.76%, for IEC 62040-3
reference non-linear load.
1 Introduction

Uninterruptible power supply (UPS), both single and three phase
units, are required to feed power critical loads. UPS units must be
able to feed linear and non-linear loads guaranteeing high
performance and reliability while meeting the energy quality
required by standards. The Standard IEC 62040-3 establishes
dynamic response specifications for linear and non-linear loads [1].
As for the steady-state performance, the standard requirements
include the individual harmonic content limits given by the
Standard IEC 61000-2-2 [2], and a voltage total harmonic
distortion (THDv) lower than 8%, instead of the 5% required by
the Standard IEEE 519 [3].

To reduce the individual harmonic content and THD of the UPS
output voltage, and at the same time get a fast dynamic response
to step-type load disturbances, several studies propose the use of
controllers based on the internal model principle (IMP) [4] to
control the inverter output voltage [5–10]. The main feature of
these controllers is their ability to track the reference and reject
load disturbances, even for variations of the plant parameters.
These goals cannot be easily achieved using conventional
controllers such as proportional–integral–derivative (PID), in which
the needed high gain in order to achieve a wide bandwidth and
improve load disturbance rejection, lead the system near its
instability [11]. Latter is equivalent to reduce the inverter output
impedance at the fundamental and harmonic frequencies,
decreasing the internal voltage drop produced by the circulation of
the non-linear load current [12].

The controllers based on the IMP that most have appealed to
specialists’ attention are the multiple resonant controllers [5–10,
13, 14] and the repetitive controllers [15]. The first ones are
flexible to tune the controller for each resonance frequency, which
allows to achieve higher stability margins at the expense of higher
computational overhead, in comparison with the repetitive
controller’s implementation.

Several works propose different design methodologies for tuning
the parameters of the multiple resonant controllers for UPS
applications [5, 6, 9, 10, 13]. The works presented in [5, 6, 13]
propose the use of multi-loop control strategies based on the
state-space approach, determining the feedback and resonant
controller gains based on the linear quadratic regulator technique.
To avoid the trial-and-error procedure to determine the multiple
coefficients of the performance matrix Q, in [10], it is proposed an
optimisation algorithm based on particle swarm optimisation,
which allows the designer to choose only one penalisation factor
to define the performance of the output voltage.

Previous approaches have in common the tuning process for
different parameters in order to meet the time-domain
specifications. However, the characteristics of robustness to
parametric uncertainties are not considered in the design
procedures. A work that addresses the previous limitation is
presented in [9], in which it is proposed to obtain the gains for
both, the state feedback and resonant controllers, using linear
matrix inequalities (LMIs). This design methodology allows
introducing the dynamic and steady-state response specifications in
the control problem statement, as well as the tolerable range of
parameter variations. Though the mathematical complexity in
formulating the problem using the LMI-based design methodology
is significantly higher compared with other proposals, the
numerical solution can be obtained with standard computational
packages [9].

Aiming to develop a simple design methodology for multiple
resonant controllers, in this paper, it is proposed the use of
classical tools, particularly Bode diagrams and root locus plots, to
systematically analyse the relationship between the relative
stability, robustness to parameter uncertainties, and the dynamic
and steady-state responses of the closed-loop system.

The proposed design methodology is developed for a multi-loop
control strategy, where the multiple resonant controller is
implemented in the outer voltage control loop, while a proportional
(P) controller is employed in the inner current control loop.

To address the performance standard specifications for UPS
systems, the concept of the ‘harmonic impedance’ is included in
the design procedure to tune the multiple resonant controllers,
achieving a simple adjustment of the inverter output impedance at
selected harmonic frequencies, and consequently reducing the
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output voltage individual harmonic content and THDv when feeding
linear and non-linear loads.

This paper is organised as follows: Section 2 presents the
discrete-time model of the single-phase inverter used in UPS
applications. Section 3 presents the design methodology applied to
the multi-loop control strategy, showing the relationship between
relative stability and robustness for parameter uncertainties, and
also sets the multiple resonant controller gains using the quality
energy standards for UPS. Section 4 shows experimental results
obtained from a 2 kVA pulse-width modulated (PWM) inverter
prototype to validate both transient and steady-state performance.
Conclusions are drawn in Section 5.
2 Description of the system and the discrete-time
model

Fig. 1a shows the single-phase PWM inverter and the loads
considered in this paper. The plant for this power electronic
converter can be modelled as a linear time invariant system,
composed of an output LC filter and the load [16].

Fig. 1b shows the block diagram that describes the multi-loop
control strategy. It also shows the effects of its digital
implementation from the small-signal model of the plant, as
proposed in [17].

Fig. 1b shows the transfer function Gv(s) that relates the output
voltage Vo(s) to the voltage at the terminals of the power bridge
Vab(s) and Gi(s) that relates the inductor current IL(s) to Vab(s). In
addition, Zo(s) is the transfer function that relates the output
voltage to the output current Io(s); therefore, it corresponds to the
output impedance of the open-loop system. Finally, Gii(s) is the
transfer function that relates the inductor current to the load
current. All the described transfer functions depend on the LC
filter parameters. Particularly, the L inductor is modelled by the
following transfer function

G1(s) =
1

sL+ rL
(1)

where L is the inductance and rL is the series winding resistance.
To model the capacitor, the effect of the equivalent series

resistance is neglected, yielding

G2(s) =
1

sC
(2)

Furthermore, to carry out the robustness analysis in the next section,
in Gv(s) and Gi(s) the three kinds of linear loads are considered:
resistive, inductive, and capacitive; then the dynamics of these
loads are given by
Fig. 1 Physical and mathematical representation of the system

a Single-phase PWM inverter typical loads and variables used in the control strategy
b Block diagram of the control strategy for the inverter in Fig. 1a
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G3(s) =
1

ZL(s)
(3)

where ZL(s) corresponds to RL for resistive load, sLL for inductive
load, 1/(sCL) for capacitive load, and for the no load condition
ZL(s) =∞.

Then, from Fig. 1b, the transfer functions Gv(s) and Gi(s) are
given by the following expressions

Gv(s) =
Vo(s)

Vab(s)

∣∣∣∣
Io(s)=0

= G1(s)G2(s)

1+ G1(s)G2(s)+ G2(s)G3(s)
(4)

Gi(s) =
IL(s)

Vab(s)

∣∣∣∣
Io(s)=0

= G1(s)+ G1(s)G2(s)G3(s)

1+ G1(s)G2(s)+ G2(s)G3(s)
(5)

The transfer functions that relates the feedback variables to the load
disturbance Io(s), are given by

Gii(s) =
IL(s)

Io(s)

∣∣∣∣
Vab(s)=0

= G1(s)G2(s)

1+ G1(s)G2(s)
(6)

Zo(s) =
Vo(z)

Io(z)

∣∣∣∣
Vab(s)=0

= G2(s)

1+ G1(s)G2(s)
(7)

The transport delays shown in the block diagram of Fig. 1b
represents the delays that occur between the time instants at which
samplings are carried out and those at which the control action is
updated. These delays are given by Ti and Tv. For this particular
paper, Ti = Tv = Td, being Td = Ts/2 and Ts, the sampling period.

To obtain the transfer functions of the plant in the discrete-time
domain, Gv(s) and Gi(s) functions are discretised using the
zero-order hold (ZOH) method [18], which results in the following
equations

Gvd(z) =
Vdc 1− z−1( )

Ts
Z

Gvd(s)e
−Tds

s

{ }
(8)

Gid(z) =
Vdc 1− z−1( )

Ts
Z

Gid(s)e
−Tds

s

{ }
(9)

Note that the Vdc input voltage gain is included in (8) and (9).
As it can be seen in Fig. 1b, the zero-order hold of the digital

implementation does not affect Zo(s) and Gii(s); thus, in order to
approximate these transfer functions in the discrete-time domain, it
is proposed the use of the first-order hold (FOH) discretisation
method that allows achieving high correlation between the
frequency response characteristics of the continuous and its
discrete-time-domain transfer function, as analysed in [19]. Then,
IET Power Electron., pp. 1–9
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the discrete-time representations of Zo(s) and Gii(s) yield

Gii(z) =
(z− 1)2

Tsz
Z

Gii(s)

s2

{ }
(10)

Zo(z) =
(z− 1)2

Tsz
Z

Zo(s)

s2

{ }
(11)

The previous transfer functions achieve good correlation between the
transfer functions in the s and z domains within the whole frequency
range of interest; except for the differences in the magnitude
response near the Nyquist frequency [19].

Moreover, the transfer functions Gci(z) and Gcv(z) as shown in
Fig. 1b represent the current and voltage controller transfer
functions in the discrete-time domain, which will be designed in
the next sections. Particularly in this paper, the current controller
is implemented by means of a P action Kp, whereas the voltage
controller is implemented by means of parallel-connected multiple
resonant stages, one for each harmonic component to be
compensated.
3 Design methodology and stability analysis

This section describes the methodology proposed in this paper to
design a multiple resonant controller according to the standard
requirements for UPS applications.

As it was explained in Section 1, the standards specify the UPS
output voltage quality through the harmonic content limits.

Considering a normalised load fed by the inverter, the current
drained by this load has a specific individual harmonic content.
The circulation of this current through the inverter output
impedance causes a drop in the output voltage. Thus, to satisfy the
standards, the inverter output impedance should have a determined
frequency response characteristic.

The main objective of this paper is to synthesise through the
design of a multi-loop control strategy, the inverter output
impedance to achieve at each harmonic frequency a lower
magnitude than the impedance specified by the standards. The
latter is defined in this paper as the harmonic impedance, and
should be calculated as the ratio between the absolute values of
the individual harmonic voltage limits, |Vh−limit|, and the individual
harmonic current components drained for the normalised load |Ih|.
The previous statement can be expressed as

Zh−e =
Vh−limit

∣∣ ∣∣
Ih
∣∣ ∣∣ (12)

where h denotes harmonic range between 3rd and 49th, being Zh−e
the harmonic impedance.

As a particular case, it will be used standards IEC 61000-2-2 [2]
and IEC 62040-3 [1] to define |Vh−limit| and |Ih|, respectively. The
non-linear current has to be obtained as the current drained by the
reference load defined by Annex E of standard IEC 62040-3,
which takes into account the apparent power capacity of the inverter.

To achieve this objective, in this section, the design methodology
is explained for the multi-loop control strategy presented in Section 2.

3.1 Design of the inner current control loop

The controller for the inner current control loop is implemented by
means of a P action, which achieves active damping of the LC
filter dynamics, and as it will be demonstrated, allows for the
closed-loop system to achieve enough robustness to parameter
uncertainties for UPS applications.

Considering the system composed only of the inner current control
loop, the root locus of Gi(z) can be obtained to determine the
positions of the closed-loop poles as a function of the gain Kp.
Then the damping, ζ, of these poles as function of the P gain can
be computed, as shown in Fig. 2a. It can also be observed a
IET Power Electron., pp. 1–9
& The Institution of Engineering and Technology 2016
maximum value of damping when Kp = 6 × 10−3 using the inverter
parameters given in Table 1.

To analyse the relative stability of the system, a Bode diagram of
the open-loop transfer function for the inverter operating at no load
can be obtained, as shown in Fig. 2b. It is important to highlight that
the inverter at no load is the worst case due to the fact that the system
reaches its lowest damping value. Similarly, it can be observed in the
same figure a good gain and phase margins of 11.4 dB and 50.5°,
respectively.

So as to establish the relationship between the system stability
margins and robustness to parameter uncertainties, the location of
the poles for the closed-loop system is determined as a function of
the LC filter inductance and capacitance variations, considering the
three kinds of linear loads as shown in Fig. 1a, at their rated
values given in Table 1. The transfer function between IL(z) and
Iref(z) can be obtained from Fig. 1b as follows

Gi−cl(z) =
IL(z)

Iref (z)

∣∣∣∣
Io(z)=0

= KpGi(z)

1+ KpGi(z)
(13)

Fig. 2c shows, in the z-plane, the root locus of the transfer function
Gi−cl(z) for the three kinds of rated linear loads and a filter inductance
variation of ±65% from its rated value. It also shows that the worst
case is −65%, leaving the closed-loop system to the limit of stability.

Nevertheless, for the capacitance of the LC filter, it is possible to
produce a parameter variation of ±80% from their rated value, as
shown in the root locus of Fig. 2d. In this case, a reduction of up
to −80% of the capacitance value is tolerable, presenting the worst
condition for inductive and capacitive loads.

As in UPS applications, the filter parameter deviations from their
rated values are usually within ±10% of inductance and capacitance
[20], the system robustness to filter parameter variations is
guaranteed by the chosen value of Kp.

Once designed the P gain of the inner current control loop, the
effect on the output impedance of the inverter can be evaluated
from Fig. 1b for Iref (z) = 0, using the following transfer function

Zoi(z) =
Vo(z)

Io(z)

∣∣∣∣
Iref (z)=0

= Gci(z)Gv(z)Gii(z)

1+ Gci(z)Gi(z)
+ Zo(z) (14)

Fig. 3a shows a comparison for the frequency responses of the
open-loop and the closed-loop output impedance transfer
functions, given by Zo(z) and Zoi(z), respectively. It can be
observed in the same figure that around the resonance frequency
of the LC filter, in this case equal to 918 Hz, the output impedance
Zoi(z) is considerably reduced compared with Zo(z), presenting an
impedance value of 3.02 Ω (9.61 dB) against 44.16 Ω (32.9 dB),
produced by the active damping introduced in the system by the
inner current control loop with P action.

On the other hand, below the resonance frequency |Zoi (z)| >
|Zo (z)|, which though it is an undesirable feature of the inner
current control loop, as it will be explained in the next section, the
multiple resonant controller in the outer voltage control loop
allows reducing the output impedance at the fundamental
frequency, as well as all the harmonic frequencies of interest.

Therefore, it can be concluded that maximising the active
damping in the design of the P control of the inner current control
loop allows wide relative stability margins, improving robustness
of the system for parameter uncertainties, while reducing the
output impedance at the resonance frequency of the output LC filter.
3.2 Design of the outer voltage control loop

The voltage controller Gcv(z) presented in Fig. 1b is composed of
multiple resonant stages connected in parallel. This configuration
yields the following transfer function

Gcv(s) =
∑
i=1

Gri(s) (15)
3



Fig. 2 Diagrams used in the design of the inner current control loop

a Damping (ζ) as a function of Kp

b Frequency response of the open-loop transfer function for the inner current control loop at no load with nominal plant parameters
c Location of the closed-loop poles of the transfer function Gi−cl(z) for different values of inductance L
d Location of the closed-loop poles of the transfer function Gi−cl(z) for different values of capacitance C
where i is the harmonic order of each resonant stage. Each stage is
characterised by the following transfer function [7]

Gri(s) = Kri
s cos (ui)− vi sin (ui)

s2 + 2vcs+ v2
i

(16)
Table 1 Parameters of the single-phase PWM inverter as shown in
Fig. 1a

Parameter Value

output power, S 2 kVA
input voltage, Vdc 400 V
output voltage, Vac−RMS 220 V
fundamental frequency, fr 50 Hz
current base value, Ibase 12.22 A
voltage base value, Vbase 311 V
impedance base value, Zbase 25.45 Ω
switching frequency, fs 10 kHz
sampling period, Ts 100 μs
output filter inductance, L 500 µH
inductor resistance L, rL 0.118 Ω
output filter capacitance, C 60 µF
rated resistance, RL 24.2 Ω
rated inductance, LL 76.97 mH
rated capacitance, CL 131.64 μF
non-linear reference load resistance, Rs 44.69 Ω
non-linear reference smoothing resistance, R1 0.97 Ω
non-linear reference load capacitance, Cc 3300 μF
non-linear load resistance Rnl 14.5 Ω
non-linear load inductance Lnl 30 mH

4

The parameters in (15) are the resonance frequency, ωi, the angles to
compensate the phase delay produced by the plant in the feedback
loop, θi [7, 8], the gains that determine the speed for reference
tracking and disturbance rejection, Kri, and the low pass cut-off
frequency, ωc, normally used to reduce the selectivity of the
multiple resonant controller, which makes easier the fixed-point
digital implementation due to its ability to reduce quantisation
errors [11].

Even though the controller can be implemented in a floating-point
digital processor, allowing the use of an ideal resonant controller
(ωc = 0), in the present paper, it is proposed to use a small value of
ωc to cover both possible implementations.

To determine the angles of each resonant stage, the use of the
phase characteristics of the open-loop transfer function is proposed
in this paper.

In [7, 8], Yunhu et al. proposed to experimentally determine the
compensation angles θi. With the purpose of simplifying
the design, in the present paper is proposed determining the
compensation angles using the model of the plant considered for
the design of the outer voltage control loop, which can be
obtained from the transfer function between Vo(z) and Iref(z)

G pv(z) =
Vo(z)

Iref (z)

∣∣∣∣
Io(z)=0

= KpGv(z)

1+ KpGi(z)
(17)

Considering that each resonant stage phase must be opposed to the
plant phase to compensate the lag introduced by the system [7],
the following expression is obtained
IET Power Electron., pp. 1–9
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Fig. 3 Frequency responses

a Output impedances for the open-loop and the closed-loop system with proportional controller in the inner current control loop
b Plant to design the outer voltage control loop considering the three kinds of rated linear loads. The resulting phase at the 50 Hz fundamental frequency is also shown
u i = −/G pv(e
jTsvi ) = −/

KpGv(e
jTsvi )

1+ KpGv(e
jTsvi )

( )
(18)

To analyse the phase delay of the plant with the designed inner
current control loop, the transfer function Gpv(z) (17) should be
analysed for the above considered rated linear loads. Fig. 3b
shows that the phase delay does not change significantly for the
cases of rated resistive and inductive loads, represented by
Gpv_R(z) and Gpv_L(z), respectively, whereas for the case of
capacitive load, Gpv_C(z), the phase characteristics present a slight
deviation at frequencies higher than 50 Hz. In this way, to
determine the θi angles given by (18), the phase characteristics of
Gpv(z) for the rated resistive load condition can be used.

For the prototype whose parameters are given in Table 1, the
compensation angles obtained from the frequency response of
Gpv(z) for the rated resistive load are summarised in Table 2.

After calculating the angles of the multiple resonant controller, the
gains must be determined. In this design stage, it is necessary to
discretise the transfer function of the multi-resonate controller.
Owing to the same characteristics addressed when discretising
Zo(z) and Gii(z) [19], the transfer function given by (16) can be
discretised using the FOH, resulting in

Gri(z) =
Kri(z− 1)2

zTs
Z

Gri(s)

s2

{ }
(19)

To determine the gain for the resonant stage at the fundamental
frequency, it is proposed to analyse the output voltage response to
step load changes for different values of Kr1, choosing the gain
that complies with IEC 62040-3 [1] and guarantees system stability.

To evaluate the performance of Vo(z) as a function of the gains
Kr1, the transient response of the inverter output voltage is
determined for a step linear load. This disturbance should be
applied to either the positive or negative voltage peak (worst
condition). By applying the superposition principle, it can be
concluded that the output voltage is composed of both system
responses, to the reference input and to the output current, as
Table 2 Gains Kri and compensation angles θi for the considered
multiple resonant controller

Controller gains Compensation angles

Kr1 50 θ1 4.632
Kr3 14.691 θ3 13.908
Kr5 8.621 θ5 23.225
Kr7 5.469 θ7 32.624
Kr9 4.577 θ9 42.164
Kr15 14.801 θ15 72.675
Kr21 15.578 θ21 109.812
Kr27 10.331 θ27 156.861
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shown in the following expression

Vo(z) = Gv−cl(z)Vref (z)+ Zov(z)Io(z) (20)

The transfer functions Gv−cl(z) and Zov(z) can be determined from
the block diagram of Fig. 1b, as follows

Gv−cl(z) =
Vo(z)

Vref (z)

∣∣∣∣
Io(z)=0

= KpGcv(z)Gv(z)

1+ KpGi(z)+ KpGcv(z)Gv(z)
(21)

Zov(z) =
Vo(z)

Io(z)

∣∣∣∣
Vref (z)=0

= −Kp Gii(z)Gv(z)+ Zo(v)Gi(z)
( )+ Zo(z)

1+ Kp Gcv(z)Gv(z)+ Gi(z)
( )

(22)

The transient response of the output voltage given in (20) can be
obtained by numerical simulation applying the function lsim
by MATLAB®, using a variation of 20–100% of rated load as the
load step to generate the output current, which is the variation
specified in the IEC 62040-3 [1] standard for testing UPS’s
transient responses within the most demanding limits.

For a standard compliance evaluation, the deviation of the root
mean square (RMS) of the output voltage from its nominal value
is obtained and compared with the limits established for the most
demanding classification of the IEC 62040-3. This is shown in
Fig. 4a, for three values of Kr1: 1, 10, and 50. It can be observed
that for Kr1 = 1, standard compliance is guaranteed, improving the
dynamic response as gain increases.

To establish the relationship between the relative stability and
dynamic response of the system, Fig. 4b shows its open-loop
frequency response when the resonant stage is included at the
fundamental frequency, at which each Bode trace corresponds to
Kr1 values equals to 1, 10, and 50. As it can be seen in the same
figure, the stability margins are reduced as gain increases.

To satisfy the standard, it is necessary for the inverter output
impedance at each harmonic frequency to be lower than the
harmonic impedance, Zh−e, (12). The resonant stages that should
be included in Gcv(z) correspond to those frequencies where the
output impedance is higher than Zh−e.

Fig. 5a shows the non-linear current odd harmonic components of
the reference non-linear load, normalised regarding to Ibase. In the
same figure, it can also be observed the boundaries of the output
voltage odd harmonic components according to the standard IEC
61000-2-2 [2], normalised regarding to Vbase. The values Vbase and
Ibase are defined in Table 1. As for the harmonic impedances Zh−e,
these are shown in Fig. 5b normalised regarding to Zbase, being
Zbase defined in Table 1.

Fig. 5b shows both impedances, Zh−e, and Zoi(z). The output
impedance at the 3rd, 15th, 21st, and 27th harmonic frequencies
are higher than the specified output impedance given by (12), so it
is necessary to include resonant stages only at these frequencies.
5



Fig. 4 Diagrams used in the design of the resonant stage at fundamental frequency

a RMS deviation of the output voltage with respect to the nominal value for different values of Kr1

b Frequency responses of the open-loop system using resonant stage at the fundamental frequency for different values of Kr1
As a consequence of a selective reduction of the output
impedance, a change in the waveform of the output voltage
occurs, and therefore a change in the form factor of the non-linear
load current. This change causes an increase of the current
harmonic component amplitudes, at the frequencies near the
harmonics where the output impedance is reduced by the resonant
stages. Therefore, to prevent the harmonic voltage components at
the 5th, 7th, and 9th exceeding the standard limits, resonant stages
must also be included at these frequencies.

Once the resonant stages are selected, their respective gains must
be determined. In that sense, it is needed first to define ωc, which as
demonstrated in [11] reduces both, the selectivity of the multiple
resonant controller and its gains at each resonance frequency. The
latter produces the unwanted effect of establishing a finite
Fig. 5 Diagrams used for designing the resonant stages at the fundamental’s ha
a Limits set by standards IEC 61000-2-2 [2] for the individual harmonic content of the outpu
specified in IEC 62040-3 [1]
b Output harmonic impedances given by Zoi(z) and the harmonic impedance Zh−e
c Open-loop frequency response with the two control loops using the designed parameters of
d Absolute value of the closed-loop system poles for a 70% reduction of the inductance of th

6

magnitude of the output impedance at these frequencies. Then, in
order to reduce these magnitudes to desirable values, it is
proposed to properly select the gains Kri.

To establish ωc, it must be noted that it should be small enough so
that, once the gains Kri are determined, the system’s relative stability
margins are not significantly reduced. A value that will comply with
the before-mentioned considerations is ωc = 0.5 rad/s.

It has to be noted that, even in cases where higher values of ωc are
required, as, for example, the recommended range of 5–15 rad/s for
16 bit fixed-point implementations [11], the design methodology can
also be used, but lower relative stability margins should be expected.

To determine the gains of the resonant stages at the harmonic
frequencies, Gcv(z) is replaced in the expression of Zov(z) given in
(22). Then, solving for Kri
rmonic frequencies

t voltage and individual current harmonic components of the reference non-linear load

the multiple resonant controller as given in Table 2
e LC filter

IET Power Electron., pp. 1–9
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Fig. 6 Output impedance of the inverter with the proposed design
methodology applied to the presented control strategy, and its comparison
with the open-loop output impedance
Kri =
−Kp Gii(z)Gv(z)+ Zo(z)Gi(z)− Zov(z)Gi(z)

( )
KpG

∗
ri(z)Zov(z)Gv(z)

∣∣∣∣∣
+ Zo(z)− Zov(z)

KpG
∗
ri(z)Zov(z)Gv(z)

∣∣∣∣∣ (23)

where Gri*(z) =Gri(z)/Kri.
To comply with the UPS standards, when solving the expression

(23) for each harmonic frequency, the magnitude of the output
impedance |Zov(e

jωiTs)| is calculated for each harmonic so as to
Fig. 7 Experimental results with linear load

a Transient response of the output voltage and load current for a variation of 20–100% of rate
b Transient response of the output voltage and load current for a variation of 100–20% of rate
c RMS deviation of the output voltage regarding to the rated value for the transient linear loa
d Steady-state response. Output voltage and linear load current. Voltage scale 100 V/div. Cur
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ensure |Zov(e
jωiTs)| < Zh−e. To set the above inequality in a simple

manner, a P factor to scale Zh−e named Fac is introduced to
quantitatively define |Zov(e

jωiTs)|, yielding

|Zov(ejviTs )| = FacZh−e (24)

Then, using in (24) 0 < Fac < 1 achieves |Zov(e
jωiTs)| proportionally

lower than the Zh−e.
To establish the value of Fac, a trial-and-error procedure

evaluating the THDv can be applied in the experimental setup. As
the values of Fac get smaller, the result will be closer to the ideal
multiple resonant controller implementation, in which close to zero
output impedance is achieved at each harmonic frequency. While
applying this procedure, it can be observed that reducing Fac

beyond a certain value will not produce a reduction in the THDv,
hence values of Fac below this limit can be used without stability
margin degradation.

The multiple resonant controller gains obtained from the proposed
design procedure using Fac = 0.05 are summarised in Table 2.

Fig. 5c shows the open-loop frequency response with the two
control loops and the designed resonant stages at 1st, 3rd, 5th, 7th,
9th, 15th, 21st, and 27th harmonic frequencies, with the gains
given in Table 2. Comparing the latter result with the frequency
response presented in Fig. 4b, it can be concluded that by including
in Gcv(z) the resonant stages at the fundamental’s harmonic
frequencies, the stability margins of the system are reduced up to
23.8 dB and −86.3°. It can be seen in Fig. 5c that the phase
response is wrapped to show all the phase margins of the system.

As for the system robustness considering the two control loops, in
Fig. 5d it is presented the absolute value of the location of the
closed-loop poles in the z-domain, for the inductance’s parametric
variation up to −65%. The analysis of the region close to the
d load. Voltage scale 100 V/div. Current scale 5 A/div
d load. Voltage scale 100 V/div. Current scale 5 A/div
d presented in (a) and (b)
rent scale 10 A/div
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stability boundary shows that the poles of the multiple resonant
controller are kept inside the unit circle for this parameter
variation, whereas those associated to the poles of the plant
relocated with the P control action, destabilise the system when
there is an inductance reduction of 65%. Then, it is possible to
conclude that the system’s robustness to parameter uncertainties
mainly depends on the inner current control loop design.

Finally, Fig. 6 shows the output impedance of the inverter using
the proposed control strategy and its comparison with the
open-loop output impedance. It can be also observed how
effectively the multiple resonant controller in the outer voltage
control loop can reduce the output impedance.
3.3 Design methodology summary

The steps for the proposed design methodology are summarised as
follows:

Inner current control loop

i. Determine Kp that maximises damping of the closed-loop system.
ii. Perform the robustness analysis presented in Section 3.1, and
in case the required robustness ranges are not met, Kp must be
reduced.

Outer voltage control loop

iii. Determine θi using Gpv(z) for the rated resistive load condition.
iv. Determine Kr1 to meet transient response specifications for the
output voltage when input and output step load changes occur,
while ensuring the stability of the closed-loop system.
v. Determine the resonant stages to be used by comparing Zh−e with
Zoi(z) at each harmonic frequency.
vi. Calculate Kri at the fundamental’s harmonic frequencies using
(23) and (24) with the proposed trial-and-error procedure to
determine Fac.
Fig. 8 Experimental results with non-linear load

a Steady-state response of the inverter feeding the voltage-source non-linear load. Output vol
b Harmonics of the output voltage of (a) and limits set by the standards IEC 61000-2-2
c Steady-state response of the inverter feeding the current-source non-linear load. Output volt
d Harmonics of the output voltage of (c) and limits set by the standards IEC 61000-2-2
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vii. Perform the robustness analysis presented in Section 3.2, in case
the required robustness ranges are not met, use a more conservative
value for Fac and recalculate the resonant stages gains.

4 Experimental results

To experimentally validate the design methodology, a single-phase
2 kVA inverter prototype was implemented. In addition, the
control strategy was implemented using a TMS320F28335 digital
signal processor, operating at 150 MHz and using floating-point
arithmetic.

The sampling of the controller variables is carried out
synchronously when the PWM counter reaches the maximum
value, while the control action update is carried out when the
counter reaches zero, this realisation resulted in the time delay Td
used in the discrete-time system model. In addition, both control
loops are sampled at the same sampling frequency.

The measured total computation time of the control algorithm
resulted in 11.52 μs.

Fig. 7a presents the transient response of the output voltage for a
step load variation from 20 to 100% of rated load, whereas Fig. 7b
shows the transient response from 100 to 20% of rated load.

Fig. 7c shows the deviations of the RMS of the output voltage
with respect to its rated value, assessed on the transient response
presented in Figs. 7a and b. The correspondence between Figs. 4a
and 7c shows the correlation between the simulation and
experimental results, validating the design procedure for the
selection of Kr1.

As for operation of the inverter at steady state, Fig. 7d shows the
output voltage and the current waveform when the inverter fed a
linear load, resulting in a THDv around 1.33%, whereas Fig. 8a
presents the output voltage when the inverter supplied to the
reference non-linear load, resulting in a THDv of 1.76%, which
successfully met the standard IEEE 519.
tage and non-linear load current. Voltage scale100 V/div. Current scale 10 A/div

age and non-linear load current. Voltage scale 100 V/div. Current scale 10 A/div
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To corroborate whether the individual harmonic components of
the output voltage meet the standards IEC 61000-2-2 [2], in
Fig. 8b the spectrum of the output voltage is presented as well as
its limits. As it can be observed in the same figure, the individual
harmonic components of the inverter output voltage were below
these limits.

To analyse the inverter’s performance when a current-source
non-linear load is fed, Fig. 8c presents the output voltage when the
inverter is fed a diode rectifier connected to an RL load, as shown
in Fig. 1a. Parameters Rln and Lln are given in Table 1. The THDv

resulted in 2.59% while the individual harmonic content as shown
in Fig. 8d is below the limits specified by the IEC 61000-2-2
standard. From these experimental results, it can be concluded that
the multiple resonant controller designed using the IEC 62040-3
reference non-linear load allows meeting the standard in case of
feeding the current-source non-linear loads.
5 Conclusions

A simple methodology was proposed to design discrete-time
multiple resonant controller for UPS inverters, with the aim of
meeting an energy quality standard. This methodology is based
on classical linear tools, particularly Bode diagrams and root locus
plots.

The concept of harmonic impedance has been proposed in order to
synthesise the inverter output impedance to meet energy quality
standards. The harmonic impedance is defined as the ratio between
the values of the voltage individual harmonic content limits and
the current individual harmonic components drained by a
normalised load, defined both by standards as for instance the IEC
61000-2-2 and the reference load specified by IEC 62040-3,
respectively. Then, to comply with the standards the inverter
output impedance must be lower than the harmonic impedance.

To synthesise the inverter output impedance, the multi-loop
control strategy uses: an inner current control loop with a P
controller and an outer voltage control loop with a multiple
resonant controller.

The P controller achieves active damping of the LC filter
dynamics. Its implementation is simple and the closed-loop system
shows appropriate robustness for UPS applications.

As for the tuning of the parameters of the multiple resonant
controller, this is performed on the harmonic frequencies where it
is essential to achieve an output impedance lower than the
harmonic impedance.

It has been shown that the closed-loop system obtained with the
proposed design methodology presents characteristics of
robustness to parameter uncertainties which mainly depend on the
design of the inner current control loop.

To validate the theoretical proposal and demonstrate its practical
feasibility, a single-phase UPS inverter prototype was built and
experimental results were obtained. The prototype met the most
demanding limits for transient and steady-state performance. A
significant reduction of the output impedance at the selected
harmonic frequencies results in a low THDv of the output voltage
of about 1.76%, when feeding the IEC 62040-3 reference
non-linear load, and a THDv of about 2.59% in case of feeding a
current-source non-linear load.
IET Power Electron., pp. 1–9
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