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Abstract Inverse scattering acoustics find practical appli-
cations in the detection and imaging of objects embedded in
continuous media as well as in finding the optimum geomet-
ric configuration of an object to produce a given radiation per-
formance. This work introduces a boundary element method
(BEM) approach for the solution of acoustic identification
and optimization problems via a topological-shape sensitiv-
ity method. The devised optimization tool takes advantage of
the inherent characteristics of BEM to effectively solve the
forward and adjoint acoustic problems arising in the topolog-
ical derivative formulation and to deal with infinite domains.
The objectives for the identification and optimization prob-
lems are to achieve a prescribed sound pressure at a given
region of the problem domain. The locus giving extreme val-
ues for the topological derivative indicates the optimum posi-
tions for the placement of sound-hard scatterers in order to
minimize the cost function. The proposed implementation
has the ability to deal with initially empty design spaces as
well as with design spaces containing pre-existent scatterers.
The capabilities of the method are demonstrated by solving
a number of identification and optimization problems.
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1 Introduction

Inverse scattering problems find practical applications in the
detection and imaging of objects embedded in continuous
media, such as the case of ultrasound in medicine [17], reflec-
tion of seismic waves in oil prospecting [12] and crack detec-
tion in structural mechanics [4]. Similarly, a classical prob-
lem in acoustic design consists in finding the optimum geo-
metric configuration of an object to satisfy a given design
objective for its radiation performance.

The standard procedure to solve inverse scattering prob-
lems consists in emitting waves that interact with the objects
and measuring these waves at receptor locations. The total
field, consisting of emitted, scattered and transmitted waves,
solves a partial differential equation with boundary condi-
tions at the interface between the scatterers and the medium.
The inverse problem is stated as follows: knowing the emit-
ted waves and the measured patterns, find the obstacles for
which the solution of the corresponding boundary value prob-
lem agrees with the measured (for identification problems) or
objective (for optimization problems) values at the receptor
locations.

Bonnet and Constantinescu [4] and Colton [11] pro-
vide comprehensive reviews about classical and more recent
advances on inverse scattering problems. Classical meth-
ods solve the problem in either of two ways. On one hand,
there are the methods based on linearizing approximations
such as the Born and Rytov [12] or the Kirchhoff physi-
cal optics approximation [19], which result in closed-form
expressions for the inversion formula. On the other hand,
there are the methods that rely on iterative techniques, like
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the propagation–backpropagation algorithm by Natterer and
Wübbeling [22] and the modified gradient method according
to Kleinman and van den Berg [18].

An alternative approach is to pose the inverse problem
as a constrained optimization problem where the ‘design
variable’ is the domain wherein the scattering problem is
defined. A cost functional is constructed which quantifies
the mismatch between the measured or objective scattering
pattern and the scattering pattern corresponding to the cur-
rent approximation of the shape of the scatterer. The problem
is then solved using iterative shape optimization methods,
which require, for each step, the computation of the cost
function and its derivative with respect to the geometrical
parameters that define the boundary of the scatterer [15,16].
This approach is effective, but it does not allow for topologi-
cal changes in the obstacle, i.e., the number of scatterers has
to be known from the beginning. This problem was solved
by introducing deformations inspired by level-set methods,
which allow creating and destroying boundaries during the
iterative process. The paper by Dorn and Lesselier [13] pro-
vides a review on the use of level-set methods for inverse scat-
tering. Nevertheless, level-set based iterative methods may
be rather slow unless a good initial guess of the scatterer
shape and position are available.

Topological derivative methods have emerged as power-
ful tools to devise efficient numerical schemes for the solu-
tion of inverse problems. The concept firstly appeared in
Eschenauer et al. [14] in connection with topological opti-
mization of mechanical structures, allowing to implement
algorithms where ‘excess’ material is iteratively removed
until a satisfactory shape and topology are reached. The basic
idea behind the topological derivative is the evaluation of the
sensitivity of the cost function towards creating a hole within
the problem domain. Then, wherever this sensitivity is low
enough, the boundary of the scatterer is located. The topo-
logical derivative does not require pre-existent holes like in
level-set methods, so it avoids the aforementioned limita-
tions of shape optimization methods. Although the concept
of the topological derivative is general, its direct application
may become restrictive due to mathematical difficulties that
arise when the hole is created, as it is impossible to build a
homeomorphic map between the domains under considera-
tion. Among several approaches proposed for its calculation,
Novotny et al. [24] demonstrated that the shape sensitivity
analysis could be used to perform the topological derivative
in a simple and constructive way, which resulted in the devel-
opment of the so-called topological-shape sensitivity method
(TSSM). The TSSM overcomes many of the mathematical
difficulties of the standard topological derivative formula-
tion by computing the sensitivity towards the perturbation
of a pre-existent infinitesimal hole instead of towards the
creation of a hole itself. The TSSM for inverse scattering
in acoustics was introduced by Feijóo [15] and it was later

extended by Carpio and Rapún [8] in order to allow for the
solution of problems with pre-existent scatterers in the opti-
mization domain and to deal with sound-soft objects.

The boundary element method (BEM) is a very effec-
tive numerical technique for solving acoustic problems, espe-
cially for simulations that involve infinite domains. One of its
advantages is the mesh required. While other techniques like
the finite element method (FEM) discretize the entire prop-
agation medium, the discretization of the BEM is limited to
the boundary of the objects only. This does not only speed up
the model creation and mesh refinement, but it also results
in models with less degrees of freedom compared to FEM.
The drawback is that unlike FEM, BEM generates fully pop-
ulated and non-symmetric matrices which limit the benefits
of using iterative solvers and memory storage management
schemes. Another important aspect of the BEM formulation
is that the Sommerfeld radiation condition is implicitly sat-
isfied. Additionally, the unknowns of BEM formulation are
the pressure and its derivative, the flux, as such making the
method very accurate for the representation of discontinu-
ities [26]. BEM has been used in combination with the TSSM
by Marczak [20], Anflor and Marczak [2] and Cisilino [10]
for two-dimensional potential problems, Marczak [21] and
Carretero and Cisilino [9] for two-dimensional elasticity and
Bertsch et al. [3] for three-dimensional elasticity. The works
by Bonnet [5], Nemitz and Bonnet [23] and Abe et al. [1] are
examples of BEM implementations of topological sensitivity
methods for acoustic scattering.

In this work, the TSSM proposed by Feijóo [15] for inverse
scattering in acoustics, together with the extension of [8], is
implemented within a BEM framework. The implementa-
tion takes advantage of the inherent characteristics of the
direct BEM formulation in the frequency domain to effec-
tively solve the forward and adjoint acoustic problems arising
from the formulation of the TSSM. The devised tool has the
capability to perform identification and optimization analy-
sis over empty optimization domains and domains with pre-
existent scatterers. The performance of the method, includ-
ing the effect of measuring error, is assessed via a number of
examples.

2 The forward, inverse and adjoint scattering problems

The formulation of the TSSM for acoustics requires the solu-
tion of the forward, inverse and adjoint scattering problems.
These concepts are briefly reviewed next. For further details
the reader is referred to the work by Feijóo [15].

2.1 The forward problem

The setting of the problem is depicted in Fig. 1, where Ω is a
homogeneous infinite medium with one or more sound-hard
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Fig. 1 The problem set-up

scatterers Ω0 with boundary Γ . The scatterers are exposed
to a unit sound pressure wave, which might be either planar,

pinc (x, d) = eiκx·d, (1)

where d is the propagation direction, or due to a point source,

pinc (x, x0) = i
4

H (1)
0 (κr) , (2)

where x0 is the location of the source point, r = |x − x0| is
the distance to the source point, and H (1)

0 (κr) is the Hankel
function of the first kind. The symbol κ = ω/c in Eqs. (1)
and (2) is the wave number, i.e., the relation of the angular
frequency ω to the speed of sound c.

The total sound pressure for the forward problem results
from adding the incident and scattered fields, p = pinc + ps .
The incident field is that of Eqs. (1) or (2), while the scattered
field results from the solution of the following Helmholtz
problem:

∇2 ps (x) + κ2 ps (x) = pinc in Ω = R\Ω0 (3)

∇ ps (x) · n = 0 on Γ (4)

lim
r→∞

√
r
(

∂ps

∂n
− iκps

)
= 0, (5)

where Eq. (4) describes the sound hard boundary condition
and Eq. (5) states the Sommerfeld radiation condition which
implies that only outgoing waves are allowed at infinity.

2.2 The inverse problem

Consider now a series of receptors located along the sampling
surface Γs (see Fig. 1), where the total sound pressure due to
an incident wave is measured. This values are labeled as pm .

The inverse problem consists in identifying the scatterer Ω0,
such that the solution of the forward problem at the position
of the receptors equals the measured values, i.e., p&s = pm .

The inverse problem can be written as an optimization
problem with Ω being the design variable, and the forward
problem in Eqs. (3)–(5) being the constraint on the wave
field p. Then, if the objective p&s = pm is enforced via a
least-squares-type minimization, the inverse problem can be
expressed as follows: find Ω̂ such that

Ω̂ = arg min J (Ω) , (6)

where

J (Ω) = 1
2

∫

Γs

|p − pm |2 dΓ . (7)

When several measurements corresponding to N different
incident waves are available, the objective function can be
extended to consider all of them:

J (Ω) = 1
2

N∑

j=1

∫

Γs

∣∣∣p j − p j
m

∣∣∣
2

dΓ, (8)

where p j is the solution of the forward problem as given in
Eqs. (3)–(5) for each of the incident waves, so there are now
N constraints.

It is worth noting that although Γs in Fig. 1 extends over
a circumference that completely encloses all the scatterers,
this is not a requisite for the formulation. The work by Feijóo
[15] uses a circular Γs to facilitate analytical computations,
but the shape of the sampling surface is not a restriction for
the implementation of the method.

2.3 The adjoint problem

The adjoint problem consists in propagating back the dis-
crepancy at the receptors, (pm − p) , onto the scatterers. This
back propagation problem can be formulated as the following
boundary-value problem:

∇2λ (x) + κ2λ (x) = [pm (x) − p (x)] δΓS in Ω = R\Ω0

(9)

∇λ (x) · n = 0 on Γ (10)

lim
r→∞

√
r
(

∂λ

∂n
+ iκλ

)
= 0, (11)

where λ is the pressure field and δ&s is the Dirac delta-
function defined on the sampling surface Γs . As for the for-
ward problem, Eq. (10) is the sound hard boundary condition
along the scatterer’s boundary, while Eq. (11) imposes the
radiation condition to the back-propagated pressure field. In
this sense, note the plus sign in Eq. (11) in contrast to the
minus sign in Eq. (5) for the forward problem.
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Fig. 2 Definition of the
topological derivative using the
shape sensitivity analysis
approach: a reference and b
perturbed domains

d Ω

(a)  J(Ωε) (b) J(Ωε+δε)

d Ω

x
ε

x

ε+δε

Bε Bε+δε

n

3 The topological derivative

For the sake of completeness, a brief description of the fun-
damentals of the TSSM for acoustics is given in this section.
This section closely follows the work by Feijóo [15] and does
not pretend to be exhaustive. Readers interested in further
details are asked to consult the referenced work.

The topological derivative measures the sensitivity of the
objective function in Eq. (7) when an infinitesimal scatterer
is included into the problem domain. Thus, when evaluated
over the whole problem domain, the topological derivative
can be used to identify the locus of the hidden scatterers, Ω0.

The expression for the topological derivative according to
Feijóo [15] is used in this work,

DT (x) = lim
ε→0+
δε→0

J (Ωε+δε) − J (Ωε)

f (ε + δε) − f (ε)
, (12)

where J (Ωε) and J (Ωε+δε) are the cost functions evaluated
for the reference and perturbed domains (see Fig. 2), ε is the
initial radius of the scatterer, δε is a small perturbation of
the scatterer’s radius and f (ε) is a monotonically decreas-
ing negative function such that f (ε) → 0 when ε → 0.
This is, f (ε) corresponds to the size of the scatterer but not
necessarily is its measure.

It could be argued that the expression of the topological
derivative in Eq. (12) merely provides the shape sensitivity
of the problem when the size of the scatterer is perturbed
and not when it is effectively created, as it has been stated
in the definition of the topological derivative introduced in
the first paragraph of this section. However, it is understood
that to expand a hole of radius ε, when ε → 0, is equivalent
to creating it. A complete mathematical proof of Eq. (12)
and moreover, the demonstration that the topological deriva-
tive is a generalization of the shape sensitivity analysis con-

cept, are given by Novotny et al. [24]. Therefore, results
obtained in shape sensitivity analysis can be used to per-
form the topological derivative in a simple and constructive
way.

Given a functional J (Ω), the shape derivative in the direc-
tion of the vector field V (x) is:

D J (Ω) · V = d
dε

J (φε (Ω))|ε=0, (13)

where φε is the mapping φε (x) = x + εV (x) between the
reference and perturbed domains. The computation of the
shape derivative in Eq. (13) for the functional J (+) in Eq. (7)
in the direction of the normal vector n (x), see Fig. 2, is

D J (x) · V = ℜ

⎡

⎢⎣
∫

ΓS

(
∇λ̄ · ∇ p − κ2λ̄p

)
vndΓ

⎤

⎥⎦ , (14)

where the operatorℜ is the real part of the complex solution of
the integral, vn = V ·n is the normal component of the vector
V , p is the solution of the forward problem in Eqs. (3)–(5)
and λ is the solution of the adjoint problem in Eqs. (9)–(11).
The overbar indicates the conjugate complex.

Now, the topological derivative can be computed by com-
bining Eqs. (12) and (14). Bearing in mind that the boundary
condition on the scatterer’s boundary ∂ Bϵ is that of a rigid
object, it yields

DT (x) = − lim
ε→0+

1
f ′ (ε)

ℜ

⎡

⎢⎣
∫

∂ Bε

(
∇λε · ∇ pε − κ2λε pε

)
vnd∂ Bε

⎤

⎥⎦ , (15)

where pε and λε are the solutions of the forward and adjoint
problems posed in the configuration +ε = +\Bε (x). The

123



Comput Mech

asymptotic analyses of these solutions and their gradients
at ∂ Bε reveal that they are of O(1) as ε → 0, see Feijóo
[15]. Therefore, to satisfy the condition 0 < |DT | < ∞, it
is required that f (ε) = −2πε, which implies that f (ε) =
−πε2. The final expression for the topological derivative is
then

DT (x) = ℜ
[
2∇λ̄ (x) · ∇ p (x) − κ2λ̄ (x) p (x)

]
, (16)

which is evaluated in the unperturbed domain. The locus
with lowest values of the topological derivative in Eq. (16)
identifies the “hidden” scatterers Ω0.

4 Boundary element implementation

Without loss of generality, we consider in this work discrete
point receptors only, which are placed on the surface Γs , see
Fig. 3. In the case that M receptors are used, the objective
function in Eq. (8) takes the form

J (Ω) = 1
2

N∑

j=1

M∑

k=1

(
p j

k − p j
mk

)2
. (17)

Following Cisilino [10] and Carretero and Cisilino [9], the
topological derivative in Eq. (16) is evaluated within the opti-
mization domain at the locations of a regularly placed set of
points. We will refer to these points as the domain points, and
they will be placed on a square grid with a step size equal to
one-tenth of the wavelength of the incident wave.

As it was shown in the previous section, the evaluation
of Eq. (16) requires the solutions of the sound pressures for
the associated forward and adjoint problems, p and λ̄, and
their gradients, ∇ p and ∇λ̄. Two cases may arise; either the

optimization domain is empty or it contains pre-existent scat-
terers, as they are depicted in Fig. 3a and b , respectively.

4.1 Empty optimization domain

The solutions for the forward and the adjoint problems can
be computed analytically. The pressure field of the forward
problem at the locations of the domain and receptor points
is p(x) = pinc(x), with the incident wave given by Eqs. (1)
or (2), depending whether it is a point or planar wave. Their
space derivatives for the computation of the gradient ∇ p are

q j (x, d) = (iκ · d j )eiκx·d and (18)

q j (x, d) = ik
4

H (1)
1 (κr)

∂r
∂x j

(19)

for the point and planar waves, respectively.
Following Section 2.3, we consider a set of M point

sources, placed at the locations of the receptors and with
amplitudes equal to the discrepancy between the incident
wave and the prescribed values at the receptors,pmk (xk) −
pk (xk). The solution of the adjoint problem is computed
as the sum of the contributions of the M point sources, see
Feijóo [15] and Carpio and Rapún [8]. This is,

λ̄ (x) =
M∑

k=1

λ̄k (x, xk)

=
M∑

k=1

[
pm (xk) − p (xk)

] i
4

H (1)
0 (κr) . (20)

The expressions for space derivatives of the scattered field,
∂λ̄/∂xi , are analogous to those in Eq. (18) for the point source
in the forward problem.

Fig. 3 Topological derivative
computation: a empty
optimization domain, b
optimization domain with a
pre-existent scatterer Ω0
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4.2 Optimization domain with pre-existent scatterers

4.2.1 Computation of the forward problem

The solution of the forward problem for the scattered field
ps is computed using a BEM model. The boundary integral
formulation of the Helmholtz problem in Eqs. (3) to (5) is

c (ξ) ps (ξ) +
∫

Γ

ps (x) q∗ (ξ, x) dΓx

=
∫

Γ

qs (x) p∗ (ξ, x) dΓx + pinc (ξ, x0) , (21)

where ξ is the source point and qs = ∂ps/∂n is the sound
flux. The symbols p∗ (ξ, x) and q∗ (ξ, x) are the fundamental
solutions for the sound pressure and sound flux, respectively.
The expressions for the incident waves, pinc, which might
be either a point or planar wave, are those given in Eqs. (1)
and (2). Further details about the boundary integral formu-
lation can be found elsewhere, see for example Wrobel [26]
or Brebbia et al. [7].

Since this work deals with sound-hard scatterers only, the
sound flux ps is always zero along the boundaryΓ , and so, the
integral on the right-hand side of Eq. (21) vanishes. Following
standard procedures, the discretization of the boundary Γ

using n linear elements results in the discrete matrix version
of Eq. (21):

− Hps = pinc. (22)

The system of equations in Eq. (22) is solved for the vector
ps, which contains the nodal pressures along the boundary
of the scatterer.

The points in the optimization domain and the receptors
are assimilated to domain points in the boundary element
model. The total pressure and its derivatives are computed at
the domain points using their boundary integral equations

p (ξ) = −
∫

Γ

ps (x) q∗ (ξ, x) dΓ + pinc(ξ, xk) (23)

and

qi (ξ) = ∂p (ξ)

∂ξi
= −

∫

Γ

ps (x)
∂q∗ (ξ, x)

∂ξi
dΓ, (24)

whose discretized matrix forms are

p = −Aps + pinc (25)

and

qi = −A′ps + qinci . (26)

4.2.2 Computation of the adjoint problem

Following the strategy proposed by Carpio and Rapún [8],
the solution of the adjoint problem in Eqs. (9) to (11) is
decomposed into the incident and scattered parts, i.e., λ̄ =
λ̄i + λ̄s . The solution for the incident wave is that given in
Eqs. (1) or (2) for the empty domain. Besides, the scattered
field associated to the kth receptor results from the solution
of the following Helmholtz problem

∇2λ̄k
s (x) + κ2λ̄k

s (x) = λ̄k (x, xk) in Ω = R\Ω0 (27)

∇λ̄k
s (x) · n = 0 on Γ (28)

lim
r→∞

√
r
(

∂λ̄k
s

∂n
− iκλ̄k

s

)
= 0, (29)

where the point source in Eq. (27) is the kth term of the
summation in Eq. (20). The complete scattered field is the
summation of the solutions for the M problems, i.e., λ̄s =∑M

k=1 λ̄k
s .

The problem stated in Eqs. (27)–(29) is analogous to the
forward problem in Eqs. (3) to (5), and as such it can be
solved using the same boundary element model introduced in
the previous section. Thus, the nodal values for the scattered
adjoint pressure field associated to the kth receptor, λ

k
s , on

the scatterer’s surface result from solving of the system of
equations

− Hλ
k
s = λk . (30)

The total scattered pressure field and its spatial derivatives
are

λ
k = −Aλ

k
s + λk (31)

and

µi k = −A′λk
s + µk . (32)

It is worth noting that matrices H, A and A′ in Eqs. (30), (31)
and (32) are the same as in the forward problem.

4.3 Algorithm

The algorithm for the above method consists of two main
subroutines:

4.3.1 BEM_solution

It solves the boundary value problems for the pressure fields
of the forward and the adjoint problems (Eqs. (21) and (27)–
(29), respectively). Since both problems have identical geom-
etry and boundary conditions, the H matrix in Eqs. (22)
and (30) is the same. Thus, the H matrix is computed once,
and is used repeatedly to solve the forward problem for each
of the N incident waves and the adjoint problem for each of
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the M discrepancies at the receptors. This subroutine is not
used when dealing with empty optimization domains.

4.3.2 Internal_point_solution

It computes the pressures and the pressure gradients of
the forward and the adjoint problems at the points in the
optimization domain and at the positions of the recep-
tors. When the problem under consideration deals with an
empty optimization domain, the above computations are
performed using the corresponding analytical solutions in
Eqs. (1), (2), (18), (19) and (20). On the other hand, when
the optimization domain contains a pre-existent scatterer, the
computations are performed using the boundary integral rep-
resentations whose matrix forms are in Eqs. (25) and (26),
and (31) and (32) for the forward and the adjoint problem,
respectively. As it was mentioned earlier, the matrices A and
A′ in these equations are the same for the forward and adjoint
problems for each of the internal points. Thus they are com-
puted once and then repeatedly used for each of the incident
waves and discrepancies.

4.3.3 Topological_derivative

It computes the values of the topological derivative DT at the
internal points using Eq. (16).

The above subroutines have been coded in Matlab. The
code has been implemented to use matrix and vector oper-
ations and pre-compiled and parallelized Matlab functions.
The code optimization in terms of computing time has been
of particular interest for the Internal_Point_Solution subrou-
tine, as it accounts for most of the computational cost of the
analyses.

5 Examples

Three examples are presented in this section in order to assess
the performance of the implemented method. The first two
examples consist in identification problems with one and two
scatterers, respectively. The first example is used to check the
implementation and to explore the best setting of the method
in terms of the number of sources and their wavelengths and
the number and location of the receptors. The second exam-
ple is used to demonstrate the performance of the method
for the case of a pre-existent scatterer in the optimization
domain. The third example is an optimization example with
the objective to achieve a certain sound field at a given posi-
tion.

5.1 Identification of a single scatterer in an empty
optimization domain

The problem consists in the identification of a single scat-
terer hidden in an empty domain. The scatterer has a smooth
boundary with concave and convex portions, see Fig. 4a. Sim-
ilar problems have been studied by Carpio and Rapún [8].
The problem set-up is similar to that depicted in Fig. 3a. The
search area (the optimization domain) is L × L = 10 × 10
m. The receptors are placed on the circular surface Γs of
radius Rs . The hidden scatterer is illuminated by N pla-
nar waves with their angles of incidence equally distrib-
uted over 2π . The number M and distance Rs of the recep-
tors as well as the number of sources N and their wave-
lengths ℓ are subjects of the analysis. The reference sound-
pressure values at the receptors due to the hidden scatterer,
p j

mk in Eq. (17), have been computed using high-resolution
BEM models with element sizes equal to one-tenth of the
wavelength.

The first analysis is to assess the effect of the wavelength
of the incident waves on the quality of the identification.
The analysis is performed for wavelengths ℓi = c/ fi =
3.4, 1.7, 0.85, 0.567 and 0.425 m, corresponding to frequen-
cies fi = 100, 200, 400, 600 and 800 Hz at a speed of sound
c = 340 m/s. The number of incident waves, N = 100, the
number of receptors, M = 100, and their distances, Rs = 10
m, are kept constant. Depending on the wavelength, the num-
ber of domain points for the problem set-up ranges from 870
to 55,360.

The results for the topological derivative DT are presented
in Fig. 4b–f, in terms of ℓ/D, the ratio between the wave-
length and the characteristic length of the scatterer, D = 4 m
(see Fig. 4a). The shape of the scatterer is given by the locus
of the lowest DT values. As it has been expected, the quality
of the identification improves as the wavelength decreases.
The reconstruction provides a reasonable result for the shape
of the scatterer for wavelengths ℓ/D ≤ 0.20.

The second analysis is about the influence of the number of
sources. The problem is solved for Ni = 25, 50, 75 and 100.
Based on the previous analysis, the source wavelength is set
to ℓ/D = 0.142 ( f = 600 Hz). The number and distance of
the receptors, M = 100 and Rs = 10 m, are the same as in the
previous analysis. The results are shown in Fig. 5. It can be
observed that a reduced number of sources as low as N = 25
provides a reasonable approximation of the scatterer’s shape.

Finally, the effect of the distance of the receptors is
assessed. To this end, the problem is solved for the normal-
ized distances Rsi /D = 2.5, 5, 10 and 20. The number of
sources, their wavelengths and the number of receptors are
set to N = 100, ℓ/D = 0.142 and M = 100, respectively.
The results are shown in Fig. 6. As it has been expected, the
quality of the identification deteriorates with the distance.
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Fig. 4 Identification of a single scatterer in an empty domain. Contour plots for the topological derivative results according to the wavelength: a
hidden scatterer; results for the scatterer shape for b ℓ/D = 0.85, c ℓ/D = 0.425, d ℓ/D = 0.213, e ℓ/D = 0.142 and f ℓ/D = 0.106

However, this deterioration is not significant for the range of
distances considered.

The effect of the measurement error is investigated by
adding noise to the pressure values at the receptors, p j

mk

(see Sect. 3), correspondingly, directly degrading the objec-
tive function in Eq. (8). Two approaches are used to specify
the amplitude of the noise: as a percentage of the ampli-
tude of the incident wave (the noise amplitude is constant

for all receptors), and as a percentage of the pressure value
at each of the receptors (the noise amplitude varies among
the receptors). The noise phase is specified randomly, with
a uniform distribution among the receptors. The effects of
the noise amplitude are examined in the range from 5 to
50 %. It is found that both approaches for the specifica-
tion of the noise amplitude produce nearly identical results,
hence, only the results for the constant-amplitude approach
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Fig. 5 Identification of a single scatterer in an empty domain. Contour plots for the topological derivative results according to the number of
sources: a N = 25, b N = 50, c N = 75 and d N = 100

are shown. Figure 7 illustrates some results for the example
with N = 100, ℓ/D = 0.142, M = 100 and R/D = 10.
It can be observed that the measurement error has a weak
effect on the performance of the method. The effect of
noise starts to appear for noise amplitudes around 20 %
(please compare Fig. 7a to Fig. 6c). Noise amplitudes of
up 50 % show significant effects on the performance of
the method, see Fig. 7b. However, it is still possible to
distinguish the silhouette of the hidden object under these
conditions.

5.2 Identification of multiple scatterers

This example consists in the identification of two hidden scat-
terers. The geometry of the scatterers is inspired by a similar
problem studied by Feijóo [15], consisting of a circle with
radius r = 2m and a square with side length s = 2r = 4m.
The performance of the method is evaluated with regard
to the distance between the objects, which is examined in
the range of 2

√
2 ≤ d/r ≤ 6

√
2 where d is the distance

from the center of the circle to the center of the square
(see Fig. 8a). Based on the results of the previous exam-
ple, M = 100 receptors are placed on the circular surface
Γs of radius Rs = 10r = 20m. The search areas are illumi-
nated by N = 100 planar waves with their angles of inci-
dence equally distributed over 2π . The wavelength is set to
ℓ = 0.567 m, giving ℓ/s = 0.142. The size of the search area
is set in accordance with the distance of the scatterers, from
12 × 12 m for the closest positions to 20 × 20 m for the fur-
thest one. Accordingly, the number of domain points ranges
from 58,081 to 161,336. Like in the previous example, refer-
ence sound-pressure values at the receptors due to the hidden
scatterers, pmk , were computed using high-resolution BEM
models.

The first analysis addresses the case in which the two scat-
terers are hidden in an empty space. The DT results in terms
of distance between the scatterers are plotted in Fig. 8b to f.
The quality of the results to identify scatterers’ boundaries
is very high, comparable to that reported by Feijóo [15] for
a similar problem. The results allow observing that although

123



Comput Mech

Fig. 6 Identification of a single scatterer in an empty domain. Contour plots for the topological derivative results according to the distance of the
receptors: a Rs/D = 2.5, b Rs/D = 5, c Rs/D = 10 and d Rs/D = 20

Fig. 7 Assessment of the measuring error. Contour plots for the topological derivative results with: a 20 % and b 50 % noise in the pressure values
at the receptors
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Fig. 8 Identification of two scatterers in an empty domain. Contour
plots for the topological derivative results according to the separation
between the scatterers: a hidden scatterers, b d/r = 6

√
2, c d/r =

5
√

2, d d/r = 4
√

2, e d/r = 2.5
√

2 and fd/r = 2
√

2. The same color
scale is used in all subfigures
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Fig. 9 Identification of the square scatterer in the presence of a pre-
existent circular scatterer. Contour plots for the topological derivative
results according to the separation between the scatterers: a d/r = 6

√
2,

b d/r = 5
√

2, c d/r = 4
√

2, d d/r = 2.5
√

2 and e d/r = 2
√

2. The
same color scale is used in all subfigures
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Fig. 10 Assessment of the measurement error. Contour plots for the topological derivative results with: a 10 % and b 50 % noise in the pressure
values at the receptors

both scatterers can be identified within the considered sep-
aration range, the intensity of DT along the portions of the
scatterers’ boundaries facing the each other diminishes in
comparison to that of portions of the boundaries facing open
space. This indicates that the portions of the boundaries fac-
ing the open space are the most sensitive towards the min-
imization of the objective function. On the other hand, the
highest values of DT occur in the zone between the scatter-
ers (see Fig. 8e and f). These results are coherent with the
behavior expected for the limiting case, in which the objects
touch or overlap, and thus behave as a single scatterer.

The second analysis addresses the identification of the
square scatterer in the presence of a pre-existent circular scat-
terer. To this end, the procedure described in Section 3.2 is
employed using the same wavelength, number and position
of receptors and number of incident waves as in the previ-
ous analysis. The BEM model for the computation of the
adjoint pressure field associated with the circular scatterer is
discretized using elements of size equal to one-tenth of the
wavelength.

The DT results in terms of distance between the scatterers
are plotted in Fig. 9. The results show the effectiveness of the
procedure to identify the circular scatterer within the consid-
ered separation range. It is interesting to see that the quality
of the identification of the circle, especially the portion of
the boundary that faces the square, is better in this case than
in the previous analysis. This result is coherent with the fact
that the procedure knows the existence of the square a priori,
and therefore the circle and the square are not considered to
form a single object even when they are located very close
to each other.

The effect of measurement error is investigated using the
same strategy as for the previous example. The case with a

distance of d/r = 5
√

2 between the scatters, see Fig. 9b, is
selected for the analysis. Figure 10 illustrates some results.
In this case the effect of noise starts to be noticeable for
noise amplitudes just around 10 %, see Fig. 10a. Like in the
previous example, it is still possible to identify the hidden
object with measurement errors of up to around 50 %, see
Fig. 10b.

5.3 Optimization problem

This example demonstrates the application of the method
to optimize the geometry of an object in order to achieve a
desired sound radiation pattern at a given position. The prob-
lem set-up is depicted in Fig. 11a. The initial object geometry
is a square of 2 × 2 m which is illuminated by N = 100 pla-
nar waves of wavelength 0.034m and angles of incidence θ j
equally distributed over 2π . The receptors, M = 200, are
placed on a straight, 6 m long sampling surface placed at a
distance of 6 m from the center of the square. The objective
pressure fields at the receptors, p j

mk (see Eq. (33)), are that
of the reference object depicted in Fig. 11b, the geometry of
which is that of the square extended by a semi-circle at its left
side. The optimization domain is an area of 8 × 5 m around
the object.

The topological derivative results are plotted in Fig. 12a.
It can be observed that the locus with the lowest values of DT
has the shape of the upper portion of the circular section of
the reference geometry. The optimized geometry is defined
using the ad-hoc criterion of increasing the area of the square
by the locus of the points with DT values up to 60 % of the
lowest value; this is −15,000 ≤ DT ≤ −6,000. The bound-
ary of the resulting geometry is marked in black in Fig. 12a.
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Fig. 11 Optimization problem: a problem set-up, b reference problem used to compute the objective function

Fig. 12 Optimization problem: a topological derivative results and
resulting optimized geometry, b initial and optimized in the cost func-
tion as a function of the angle of the incident waves

The performance of the optimized geometry is assessed via
a new BEM analysis. The improvement of the reflection
pattern towards the objective values is shown in Fig. 12b,

where the cost function associated to each of the incident
waves,

J (Ω) j = 1
2

M∑

k=1

(
p j

k − p j
mk

)2
, (33)

is plotted for the initial and the optimized geometries as a
function of the incidence angle θ j . The results shows impor-
tant reductions in the value of the cost function for most of the
incidence angles. The exception are the waves coming pre-
dominantly from the right-hand side, say 0.8π < θ < 1.3π ,
which show no significant improvements as they mainly
interact with the flat side of the square which is not altered
by the optimization.

6 Conclusions

A BEM tool for the inverse analysis of acoustic scattering
problems has been presented. The proposed tool is based on
a topological-shape sensitivity method, and it has the capabil-
ity to perform identification and optimization analysis over
empty domains as well as domains with pre-existent scat-
terers. The modeling strategy takes advantage of the inher-
ent characteristics of the direct BEM to effectively deal
with problems with infinite domains. The implementation
is numerically efficient; it re-uses the matrices assembled for
the solution of the forward problem for the computation of
the adjoint problem.

Good-quality results are obtained provided the lengths of
the incident waves are smaller than one-fifth of the charac-
teristic size of the scatterers. Computed results are of similar
quality as those reported by Feijóo [15] and Carpio and Rapún
[8] for similar problems. An initial set-up with 50 sources
and 100 receptors is recommended for practical identifica-
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tion problems involving single and multiple scatterers. This
set-up might then be adjusted based on the characteristics
of each particular problem. In this sense, the flexibility of
the method for setting-up the problem makes it attractive for
the implementation of adaptive strategies for the optimum
placement of the sources and/or the receptors.

The method has low sensitivity to measurement error.
Measurements with a noise of 50 % of the amplitude of the
incident wave allow for positive identification of the hidden
objects.

The method exhibits the potential to solve problems larger
and geometrically more complex than those presented in this
work. However, the solution of such problems would require
faster algorithms to speed up not only the boundary solution
but, more important, the post-processing at the internal points
for the computation of the topological derivative within the
optimization domain. In the present classical BEM imple-
mentation, the computational cost entailed by solving the
direct and adjoint boundary problems is modest compared
to that of the post-processing at the internal points. In this
sense, the proposed method can be easily adapted to bene-
fit from fast BEMs for acoustics like the fast multipole [23]
and the hierarchical matrices methods [6]. Another option to
improve the efficiency of the method is to identify the locus
with the extreme values of the topological derivative using
methods that do not require exhaustive sampling of the opti-
mization domain, like the one based on isolines proposed by
Pereira and Noronha [25].
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