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x is “normal in base B”, in the sense that the sequence (x8")nen is uniformly distributed
modulo one. We work with the notion of P-martingale, a generalization of martingales to
non-uniform distributions, and show that a sequence over a finite alphabet is distributed
according to an irreducible, invariant Markov measure P if an only if no P-martingale

i‘gﬁ?{fﬁ;ic randomness whose betting factors are computed by a deterministic finite automaton succeeds on it.
Polynomial time randomness This is a generalization of Schnorr and Stimm’s characterization of normal sequences in
Normality integer bases. Our results use tools and techniques from symbolic dynamics, together with
Subshift automata theory and algorithmic randomness.

Pisot number © 2015 Elsevier Inc. All rights reserved.
Deterministic finite automaton

Martingale

1. Introduction

A weak notion of randomness for sequences over a finite alphabet ¥ ={0,...,b — 1} (b € N) is normality, introduced by
Borel in 1909. Normality may be regarded as a “law of large numbers” for blocks of events, in the sense that the average
occurrences of a block o € ©* of length n converge to |<|™". A real number x is called normal in base b (b € N) if its
expansion in base b is normal. While almost all numbers are normal to all bases it is not too difficult to see that this notion
is not base invariant. In fact for any multiplicatively independent bases b and b’ the set of numbers normal to b but not
normal to b’ has full Hausdorff dimension [14]. We say a number x is absolutely normal if it is normal in all integer bases
greater than one. It is not difficult to see that x is normal in base b if and only if the sequence (xb™)cn is u.d. modulo one,
and then x is absolutely normal if and only if (xb™),cn is uniformly distributed (u.d.) modulo one for all integer b > 1.

Polynomial time randomness is another weak notion of randomness. We say that x is polynomial time random in base b
if no martingale (a formalization of betting strategy) on the alphabet {0, ...,b — 1} which is computable in polynomial time
succeeds on the expansion of x in base b. A result of Schnorr [16] states that if x is polynomial time random in base b
then x is normal in base b. It was recently shown [6] that polynomial time randomness is base invariant, so that being
polynomial time random in a single base implies being normal for all bases, i.e. being absolutely normal. The converse is
not true, since there are absolutely normal numbers which are computable in polynomial time [1,6,10], and these cannot
be polynomial time random. The following question was left open in [6]:
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Question 1.1. Suppose that x is polynomial time random. Is the sequence (x8")nen u.d. modulo one for all rational 8 > 1?

The distribution of (x8");eny modulo one for rational 8 seems, however, fairly intractable. It is unknown, for instance, if
((3/2)M)nen is u.d. modulo one. Our first main result is that there is a class of algebraic reals for which the question may
be readily handled:

Theorem 1.2. If x is polynomial time random then the sequence (xB8™)nen is u.d. modulo one for all Pisot 8 > 1.

Observe that any non-integer Pisot B is irrational, and as a consequence of a result of Brown, Moran and Pearce
[4, Theorem 2], there are uncountably many reals which are absolutely normal but (x8"),en is not u.d. modulo one.

The formulation of normality to integer bases B in terms of modulo one uniform distribution allows us to understand
normality as equivalent to what ergodic theory calls genericity, an equivalence which boils down to two facts: 1) the map
Tg(x) = (Bx) mod 1 on [0, 1) is equivalent to a “shift” rightwards in the space of sequences {0,...,8 — 1N when x is
mapped to its base B expansion; 2) (xf") mod 1= T} (x).

When a non-integer base g is considered, 2) is immediately false, while 1) has no clear reformulation, since there is no
obvious candidate for a space of sequences that “represent” numbers in base f. It is here that the theory of S-shifts and
B-representations, developed, among others, by Parry [12] and Bertrand [2], helps fill in the missing pieces.

Once the space of sequences that represent numbers in the base 8 (using symbols from ¥ ={0, ..., [8] — 1}) is defined,
it is equipped with a natural shift transformation and a measure Pg called the Parry measure, which plays the same role
that the uniform or Lebesgue measure played in integer representation. Indeed, a result by Bertrand says that, when g is
Pisot, if a real number x has a -expansion that is distributed according to Pg (this is the analogue notion to being “normal
in base B”), then (x8")nen is u.d. modulo one.

To see how this is useful for the proof of Theorem 1.2, let us say we have a number z such that (z8")pen is not u.d.
modulo one. Then, by Bertrand’s theorem, its S-representation would have some block o whose average occurrences do not
converge to Pg(o). We would then want to construct a polynomial time martingale that succeeds by betting on that block,
as is done in the integer base case.

However, this cannot be done in a straightforward manner, since the martingale condition as used in the algorithmic
randomness literature, assumes outcomes should be distributed according to the uniform measure.

We work with a generalized definition of martingales which captures the idea of a “fair” betting strategy when ex-
pansions are supposed to obey some non-uniform distribution P. Indeed, this definition of a P-martingale will capture the
broader sense of martingale as it is used in probability theory. In this setting, not only may the probability of the next
symbol be different from |=|~!, it may also show all forms of conditional dependence on the preceding symbols. It should
be noted that randomness notions under measures different from Lebesgue have already been considered in, for example,
[15].

Schnorr and Stimm [17] show that a sequence is normal in base b if and only if no martingale on the alphabet of b digits
whose betting factors are computed by a deterministic finite automaton (DFA) succeeds on the expansion of x in base b.
Our second main result is a generalization of this last statement in terms of P-martingales:

Theorem 1.3. A sequence is distributed according to an irreducible, invariant Markov measure P if an only if no P-martingale whose
betting factors are computed by a DFA succeeds on it.

The importance of Markov measures is that they exhibit enough memorylessness to make them compatible with the
memoryless structure of a DFA.

As regards p-representations, a second result by Bertrand establishes that for 8 Pisot Pg, the natural measure on
B-expansions, is “hidden” Markov. By extending Theorem 1.3 to hidden Markov measures we are able to construct a
Pg-martingale generated by a DFA that succeeds on the B-expansion of z. We use the polynomial time computability
of the B-expansion and of the measure Pg to show that an integer base (i.e. classical) martingale which succeeds on z can
be constructed from our Pg-martingale, following the same ideas used in [6].

1.1. Outline

The paper is organized as follows. In Section 2 we introduce some basics from symbolic dynamics, mainly the definition
of Markov and sofic subshifts, and the notion of sequences distributed according to invariant measures P over the shift. In
Section 3 we introduce the notion of P-(super)martigales and show the characterization given by Theorem 1.3. In Section 4
we introduce some definitions and results regarded to representation of reals in non-integer bases, in particular, Pisot bases.
Finally, in Section 5 we put all pieces together to get Theorem 1.2.

2. Subshifts and measures

Throughout this work ¥ will denote an alphabet of finitely many symbols, which will be denoted by a, b, c, etc. The
set of all words over the alphabet ¥ will be denoted by X*, and the set of all words of length k over the alphabet &
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will be denoted =¥ (so T* = Uk k). Greek letters o, T and so on will be used for finite words in £* Letters s, s’ will be
used for infinite sequences in V. The i-th symbol of the sequence s will be denoted s;. Concatenation will bear no special
symbol, so we may write o =ab, s =as’, p = o1, etc. For a word o and k € N we denote with o the string of length k|o|
which consists of the k-times repetition of o, and with o to the infinite sequence which consist of the repetition of o
infinitely may times. For any sequence s € ¥ we will denote by s|y the word that consists of the first N symbols of s,
and by (s: k) the same sequence s when regarded as a sequence in Z¥. For a word ¢ and a non-negative integer k, let
o |, denote the subword of o consisting of its last k symbols (in case [ < k then o | is just ). By 0 <t we will denote
that o is a prefix of 7, and by 0 < t we will denote that o is a strict prefix of . We will use the same notation (o <s
and o < s) for sequences s. By [o] we will denote the cylinder set consisting of all infinite sequences extending o, i.e.
[c]={sexN:0 <5s}.

Definition 2.1. Given a finite alphabet X, a subshift is a tuple (X, T) where

1. X is some closed (hence, compact) subset of ©N with the product topology
2. X is invariant under T (that is, T(X) C X); and
3. T is the continuous mapping defined by (T (s)); = Sp+1-

If X ==N we say that (X, T) is the full |Z|-shift. The language associated to (X, T), denoted L(X) C T*, consists of all
words appearing in the sequences of X.

Notice that L(X) is a factorial and prolongable language, that is, it contains all subwords of its words and, if o € L(X),
then there exists a non-empty word t in £* such that ot € L(X). Conversely, given any language, there is a corresponding
closed subset of sequences. For a language L € X* we define

X, ={se =V:VN, sy €L}.

Observe that X; is closed and that if L is factorial then X is shift invariant, hence, it is a subshift of =N. Moreover, if L is
factorial and prolongable, then L(X) =L.

Definition 2.2. A k-step Markov shift (also known as a subshift of finite type, or SFT) is a subshift (X, T) of N such that there
exists a set G (called a grammar) of admissible words of length k satisfying

X={se LT (Vi€ A) SiSit1...Sivk—1 € G}.

These are called Markov shifts by analogy with the Markov processes of probability theory. For these, looking back at
the last k values of the process (say, the last k flipped coins) is enough to know the probabilities of the next value (looking
further backwards does not change these conditional probabilities). In the case of Markov shifts, looking at the last k — 1
symbols is enough to know if the next symbol is admissible.

Definition 2.3. A probability measure P on £V is called k-step Markov for some fixed k € N if for all o, T € £*, |o| > k,
P([otlllo])=P(pt]|[p]) where p=o0 |i.

The above condition is actually called k-step homogenous Markov. A strict Markovian condition would read P([oT] |
[o]) = P(T~0(pt]) | T ([p])). Since we will never consider non-homogenous Markov processes, we can spare the
reader this extra terminology.

From now on we will simplify notation and write P(o) instead of P([o]) for any word o € X*. Given a 1-step Markov
probability measure P on =V we define its transition matrix (Pa,p)abex to be

Pab = P(ab|a).

An invariant measure on a subshift (X, T) is a probability measure P on X (with its Borel o-algebra B) such that
P o T~! = P. Notice that, by definition of T, Po T 1(0) = > ¢es, P(ao) for words o, and invariance need only be checked
for such word cylinders.

Let P be a 1-step Markov measure on £N with transition matrix M = (Pab)abex. Define the vector v e RZ, vq = P(a).
Then P is invariant if and only if v is a left eigenvector of M. Let P be a k-step Markov on V. Let ©) = {t € =¥: P(7) > 0}.
Then P induces a 1-step Markov measure P¥ on @EI with transition matrix (p’;yr)gyfe@k =P(ot|0).

A probability measure P on =N is called irreducible if for any words o, t such that P(o) > 0, P(t) > 0 there is some
word p such that P(opt) > 0. A nonnegative n x n matrix A is irreducible when the associated directed graph G4, which
has n nodes and in which there is an edge from node i to node j if and only if A;; > 0, is strongly connected. A 1-step
Markov measure is irreducible if its transition matrix is irreducible, a k-step invariant Markov measure is irreducible if the
matrix (pX o reo, is irreducible.
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The following is the Perron-Frobenius Theorem for Markov chains in the finite state case (see [7, Theorem 1.3.5] and
[11, Theorems 1.7.5-7 and Exercise 1.7.5]):

Theorem 2.4. Let P and P’ be two invariant, irreducible 1-step Markov measures on =X such that their transition matrices are the
same. Then P = P’.

Given two subshifts (X, T) and (X', T) with X € =4, X' € /4, a factor map is an onto map ¥ : X — X’ which commutes
with the shift operator, that is, ¥ o T =T o . Markov shifts are not closed under factor maps, but the following class of
subshifts is.

Definition 2.5. A sofic subshift is the image of a Markov shift under a factor map.

Example 2.6. Let us consider X to be the 2-step Markov shift on {0, 1}N with grammar G = {00, 10, 01}. For each s in X,
let ¥ (s) be such that (¥ (s)); =0 if s; =s;;1 =0 and (¥ (s)); = 1 otherwise. The image of v is the set of infinite sequences
such that all blocks of consecutive 1's are of even length (blocks of O’'s are of arbitrary length). This corresponds to the
regular expression ((11)*0*)*. Notice that this is not a Markov shift, since no matter how big k is, looking back at the last
k values is not enough to determine whether a 0 is admissible next.

Definition 2.7. Given a subshift (X, T), s € X and an invariant measure @ on X, we will say s is w-distributed if for all
continuous f: X — R we have

N-—1 n
lim W=/ﬂm'

N—oo

Notice that the above condition need only be checked on the characteristic functions of word cylinders (this is because
characteristic functions of cylinders are dense in C(ZN), since they form an algebra that separates points). Then it is imme-
diate that if X = X, the full k-shift for some integer k > 1, and w is the uniform or Lebesgue measure on X with (i) = k!
for i € X, then s is p-distributed if and only if the real number };_, sjk~J is normal in base k.

There is a notion of entropy for dynamical systems called metric entropy or Kolmogorov-Sinai entropy, which is a natural
extension of the Shannon entropy, and which assigns an entropy value h, (X) to any invariant measure pu* on a system X.
A measure p* has maximal entropy if hy«(X) > h, (X) for all invariant measures @ on X. An important result concerning
invariant measures for Markov shifts is the following, due to Parry [13]':

Theorem 2.8. Given an irreducible Markov shift (X, T) with a grammar of wordlength k — 1, there is a unique invariant probability
measure P on X of maximal metric entropy. Moreover, this measure is k-step Markov.

3. P-martingales and P-distributed sequences

In the algorithmic randomness literature, given a martingale f on X*, one often constructs a (semi)measure /f(0) =
f(o)|=|7!°!, which may be alternatively written as

py(o) = f(@)r(lo]), (1)

where 2 is the Lebesgue or uniform measure on TN, which is taken to be the natural or “fair” measure on sequences of
digits.

As was hinted in the introduction and by the mention of Theorem 2.8, we will be interested in measures different from
Lebesgue, i.e. we would like to substitute some arbitrary P for A in the right hand side of (1). This forces us to change the
definition of a martingale f, if we still want to make wt; an additive measure. Given an alphabet ¥ and a language L C X%,
a probability measure P on =V is called L-supported if P(6) =0 < o € £*\ L. Equivalently, P has full support on X;.

Definition 3.1. Given an alphabet ¥, a language L C £* and some L-supported probability measure P on XN,
a P-supermartingale on L is a function f:L — R satisfying

flo)= ) P(oalo)f(oa) (2)

aex
oael

for all o in L. The function f is called a P-martingale if the above inequality can be replaced by an equality for all o € L.
We say that f succeeds on s € £V if limsupy f(s[n) = co. The ratios f(ca)/f (o) are called betting factors of f.

1 An earlier and independent proof, in a somewhat different language, was already formulated in [18].
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Notice that the conditional probabilities in (2) are always well-defined since P is L-supported and o € L. Of course,
when P is A as in Definition 3.1, the classical definition of a martingale is recovered, since A(oca|o) = A(a) = |)3|‘1. This
generalized definition is somewhat more intuitive in the sense that it makes explicit the real-life fact that the odds offered
by a bookie at some gamble are the inverse of some implied probability (conditional on the available information) on
the outcomes of the gamble. Classical martingales then just capture the case when these probabilities are uniform and
independent of previous outcomes.

We define now the notion of P-martingale generated by a deterministic finite automaton (DFA). This is a generalization
of the notion of a classical betting strategy generated by a DFA, introduced in [17]. We will write automata in the usual
form M =(Q, X, 8,qo, Qf), where Q is a finite set of states, X is the input alphabet, § is the transition function, qo is the
initial state and Q¢ € Q is the set of accepting states. Also, we will use the notation §* for the natural extension of the
transition function § from symbols to words in X.

Definition 3.2. A P-martingale f on a language L is generated by a DFA if there is a DFA M accepting L, and a function
b:Q x ¥ — R such that

f(oca)=b(8"(o,q0),a) f(0)

for any word o and symbol a such that oa € L.

The main result of this section is that any sequence is distributed according to an irreducible, invariant Markov measure
P if an only if no P-martingale generated by a DFA succeeds on it. The rest of the section is devoted to show it. In
Section 3.1 we show the ‘if implication and in Section 3.2 we show the ‘only if implication. For the case of P being a
measure on a sofic shift, we extend the ‘if’ direction in Section 3.1.1. This generalization will be needed for Section 5.

3.1. P-martingales on a DFA can beat sequences that are not P-distributed

Theorem 3.3. Let X be an alphabet, (X, T) a subshift of =N, and let P be an L(X)-supported k-step Markov invariant measure on £
such that (p’f,‘f),,,te@k, the Markov transition matrix induced on ®kN, is irreducible. Suppose s € X is not P-distributed. Then there
is a P-martingale generated by a DFA which succeeds on s. Moreover, the only betting factors of this martingale are 1, (1 4+ 8) and
(1—68p*/(1 — p*)), where § is rational and p* = P(tp | t) or p* =1— P(tp | T) for some 7, p € X*.

Before proceeding to the proof of the theorem we present some useful notation and auxiliary lemmas. For words
o,T € X* we let occ(t, o) be the number of occurrences of T in o, that is

occ(t,0)=l{i:0<i<|o|—|t], T =0i...0itr -1}l
For k an integer, P a measure on =N, o € ©* and A C ©* we write
Precy (o) ={t € k. P(to) > 0}, and Precy(A) = U Precy (o).

oeA

We will also make use of the following functions Ms and mg defined on X*

M;(o) = limsup oce(@. ) rN), and ms(o) = liminfiocc(a’ S rN),
N—oo N N—o0 N

for some fixed s € =N, The subscript s will often be omitted from M, and ms when it is understood from context.
For the sake of simplicity, since the step k is fixed, we will write py = p’fm. To prove Theorem 3.3 we will first need
some auxiliary lemmas. For the rest of this section, the measure P is assumed to satisfy the conditions of Theorem 3.3.

Lemma 3.4. Suppose s € X is not P-distributed and that ms(t*) # 0 for some t* € ®y. Then there is some o * € L(X) with |0*| > k

and b € T such that
occ(o™*b, s
L N G )
occ(o*,S[N)

when N — oo. Moreover, o* can be chosen so that mg(o™*) > 0.

Proof. Let s € X not be P-distributed, and let M = Ms and m = m;. Let us define

occ(0T,S[N)

T,z = lim
N—oo occ(o,S[N)

for any words o, T € X*, whenever the limit exists.
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The proof follows by contradiction, so let us assume that for all words o with |o| >k and P(c) >0, and any b € ¥ we
have 15 , = P(ob | o). The core of our proof consists in showing that these assumptions imply that M is actually a Markov
measure with the same transition matrix as P. This will be carried out through the following Propositions 3.5, 3.6 and 3.7.

Proposition 3.5. For all words o with |o| > k, P(0)) > 0, and any word T =by...by, € £* we havers  =P(0T | 0).

Proof. Given 7, we first take the largest j such that P(oby...bj_1) > 0. Then, by an iterated use of r; = P(cb | o) we get

j—1

rU.b] ...b]' = l_[ rO'b]...bi,bpr]
i=1

=[] P@bi...biy1|oby...b)=P(obs...bj|0).

If j =m we are done. Otherwise, we have

0= P(Ob] ...bj+1) = P(Ob] ...bj+1 |O’b] bj) =rgb1__vbjybj+].
Notice that

occ(oby...bjy1,sIN) _ .. occ(obt...bm,sSIN)
im > limsup
N—oo occ(oby...bj,sIn) N oo occ(o, S[N)

0=Toby..bjbjy =
and hence =ry p,. p, exists and is equal to 0. Then

To.by..by =0=P(oby...bjy1) = P(oby...by) >0

implies P(ot | 0) =0, which finishes our proof of Proposition 3.5. O

Proposition 3.6. For any T € ©y we have

M@ = lim %ﬂ”) (4)

Proof. Fix some 7* € © such that m(t*) #0 and let ;... 7, be an enumeration of all the other words in ®. It should be
noted that if we define ®,’<V’ ={tr € =¥| M(z) > 0}, then from Proposition 3.5 and the fact that P is L(X)-supported and
s e X it is easy to deduce that @2/’ C O. This fact will be implicit in the following calculations. Then, for any i < ¢,

limsup

occ(Ti, S[N) occ(rrl, N)
f = limsup Z
N—oo 0CC(T*,S[N) N—oo

occ(T*,s|
TEO (

occ(T;Ti, S[N) occ(Tj, SIN)
= p¢*.¢, + limsup
R VA ; occ(tj, s[n) occ(T*,S[N)

4
<Prs7+ Zprj 7; limsup
e N—>00

occ(Tj, SN

)
3 (5)

occ(T*, SN

Notice that

oce(Ti, S occ(Ti, S .. .occ(t*,s -1
limsup ('—rN) < limsup M liminf g
N—oo 0CC(T*,S[N) N—oo N—oo0
_ M@
m(t*)
Hence can write
occ(Ti, S [N)
Xx; =limsup ——
N—oo OCC(T*,S[N)
and x = (X1, ..., X¢), and reformulate (5) in matrix form as follows

(id — R")x < p*, (6)
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where < is the product order on RY, R* is the transpose of the Markov transition matrix p,. ; restricted to @ \ {t*} and

p* = (pf*,‘f] R p‘[*,n)-
Similarly, if

.. occ(Ti, SIN)
yi =liminf ———=
N—oo occ(T*,S[N)
and y = (¥1,..., Y¢), then the same reasoning used in (5) shows
(id — R")y > p*. (7)

Let us write A = (id — R*) and show that Ax = Ay. Equations (6) and (7) imply Ax < Ay, so it suffices to show that
a contradiction follows from assuming Ax < Ay. Indeed, Ax < Ay means that, for all i, Zj Ajjxj < Zj Aijyj, where the
inequality is strict for some i. This, in turn, implies

I pOLTITED 36 RLTTED 36 SIS ol o 321
J i ij i J i
which is impossible since xj > y; for all j and }; Ajj=1~—3_; pr;;; > 0. Thus, Ax= Ay.
Now, if A were invertible then it would follow that x = y, which means limy_,», occ(z;, s[n)/occ(t™,s[n) exists for
all i, and this in turn implies that (4) is true for t*, that is, occ(t*, s[ny)/N converges (to M(t*), its limsup), since

. oce(Ti, SIN) .
lim ———+1= lim ——
— N—oo occ(T*,s[N) N—oo occ(T*,SN)

and from this convergence for t* we derive that of 7; for all i using

occ(Ti, S[N) . . . occ(Ti, S[N)
——— lim occ(t™,s[y) = lim ———.
N—oo occ(T*, S[N) N—oo N—>oo N
So it remains to show that A is indeed invertible. If it were not, then R* would have 1 as an eigenvalue, and the

Perron-Frobenius Theorem, together with the fact that the column sums of R* are smaller than 1, imply 1 has a unique
nonnegative eigenvector z=(z1, ..., z¢). That is,

14 L
> ziRy =) zipr.g =2j. (8)
i=1 i=1

Now, 7* € ®) is excluded from the enumeration (7;)1<i<¢ and the irreducibility of the matrix p, . implies that
Prec,(T*) N (O \ {t*}) is not empty. Hence, there is some t; € Precy(t*) and for each such i we have Zf-:l Prr <1,
so that if z; # 0 then (8) implies

14 Jé 14 4 l
Yozj= ) zpuy=).z4Y Puy <.
j=1 i,j=1 i=1  j=1 i=1
which is a contradiction.

Thus, z; =0 for all i such that t; € Preci(t™*). This in turn implies P = 0 for all j such that zj #0, since 0 =z; =
Zj Zjpr;,7- Equivalently, z; = 0 for all j such that 7j € Precy(t!).

We then repeat this reasoning to show z; =0 for all k such that 7, € Preci(t’) and keep repeating the same reasoning
until all entries in z have been shown to be 0 (this is guaranteed by irreducibility). Hence, z = 0, which contradicts the

assumption that z is an eigenvector of eigenvalue 1. It follows that A must be invertible. This concludes the proof of
Proposition 3.6. O

Proposition 3.7. M is equal to P restricted to ©.

Proof. Now, M is a probability measure on ®y, since

oce(T, s 9, 0cC(T,S[N)
Y M@ =) lim oce(®:sIN) _ iy Lreo, [ =1
N—oo N N—o0 N
TEO) TEO

Together with the Markov transition matrix ps r, M defines a probability measure v on @}f in a natural way. First, v is
defined inductively on word cylinders
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v([t]) = M(T)
v([ti...7iD =v(T1... Tj—1D Py 1

then extended naturally to all cylinders and finally to the Borel o -algebra B of ®kN via Caratheodory’s extension theorem.
As with P, we will drop the brackets for word cylinders. To show that v is invariant, it is enough to show it for word
cylinders, that is, it is enough to show

V(T o))=Y von...t)=v(T...T)).

g%
By our construction of v,
j—1
Yovet..t)= Y v o) [[ vt w
oeBy €Oy i=1
j-1 j-1
=Y M@poy [ [Pron=|[]Paun | D M©@)Nsy
oeB i=1 i=1 oeBy

i1
.S ) 7,S
= pri*fiﬂ Z lim oce(a, S [w) lim oce(@ T, S[n)
i=1

N—oo N N—oo OCC(O’,S[N)
k

i—1

! . occ(oTy, SIN)
=[P | 2 Jim ===

i=

oeBy

j—1
_ I occ(T1, SIN)
= ]_Epn,r,-ﬂ Jim ==
1=

j—1
=|[Ipuan | M@ =v...1). 9)
i=1

Thus, v is invariant, 1-step Markov and has the irreducible Markov transition matrix p, ;. Theorem 2.4 implies that P =v
and M is equal to P restricted to Oy, and this concludes the proof of Proposition 3.7. O

Finally, we will now show that s is P-distributed, leading to a contradiction. In (9) we show that

. occ(oT,SIN)
v(OoT)=M(O)ps,:=PO)rg,r= lim —

N—o0
for T € ©y. This extends trivially to T € =¥, for M(t) =0 if and only if P() =0 and P = v. Moreover, the same is valid if
we substitute any word p for 7 in the above equations, since all we need is that r; , exist and be equal to P(op | o). Since
o must be of length k, this means that

lim %‘Wﬂ@):mm (10)

N—oo

for all words p of length at least k. But then (10) must also be true for words p of length smaller than k, since

> te®, 0cc(T,S[N)

. oce(T,sN) ) <7 . occ(p,sIN)
(0 E (T) E im N N N m N
Ty Ty
pP=<T pP=<T

P-distribution need only be checked on word cylinders, so this completes the proof that some o* satisfies (3).

It only remains to show that such a o* can be chosen so that ms(o*) > 0. Again, we prove this by contradiction. That is,
let us suppose that for all o € L(X) (|o| > k) such that m(o) > 0, we have that r, j exists for any symbol b and is equal to
P(ob | o). As before, this implies r, ; exists for all words T and is equal to P(ot | 0).

Take some o* that satisfies (3). Then m(o*) = 0. Take some t such that P(ro*) > 0 (irreducibility implies this can be
done by finding some (7j)1<i<; € © such that 0* < 77...7 € L(X) and then finding some 7 € Preci(t;)). If m(t) > 0 then
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I'r,o+ exists and is equal to P(to™ | T) > 0. But this contradicts the fact that m(zo*) <m(o*) =0. So m(r) =0 for all
T € Precy(0™).

Similarly, for all o € Precy(Precy(0*)) we have m(o) =0 and the same reasoning can be repeated until m(o) =0 has
been shown for all o € ® (irreducibility guarantees this), which contradicts the condition that m(t*) > 0 for some t* € ©.
This concludes the proof of Lemma 3.4. O

Lemma 3.8. Given s € X, if there is some o * € ® that satisfies m(c*) = 0, then there are some d > 0, p € O, o € Preci(p) and a
strictly increasing sequence (Njj) jen of natural numbers such that lim_, oo occ(p, s [n;)/Nj = 0 and limsup;_, Zm@k\{p} occ(oT,
S fNj)/Nj >d.

Proof. Let 0* € O satisfy m(c*) =0 and let (Nj)jen be a strictly increasing sequence of natural numbers such that
limj_, o occ(o*, sn;)/Nj = 0. If for some o € Precy(c*) and some d > 0 we have limsup;_, o, Z,e@)k\{g*}occ(or,s IN;)/
N; >d, then we set p =0* and we are done.

Otherwise, we have, for € > 0, a jo such that for all j > jo,

Z OCC(GTserj) €
o €Precy (o) Nj |®k|
T€BO\{o"}

and since limj_, o 0cc(o0*, sn;)/Nj <limj_ o occ(c*, s[n;)/N;j =0, we conclude, for all j greater than some jo,

ZoePreck(o*) occ(o, § FNJ') +occ(a*, s rN}-)
Nj

Hence, if we write Bg = {0*}, Br+1 = Br U Preck(B;) and, for any finite A C ©*

oce(o, S|,
occ(A) = limsup L0 00 SIN,)
j—o0 Nj

’

then we have just shown that occ(B1) = occ(Precy (o ™)) =0.

Similarly, given t such that occ(B¢) = 0 we can use the same reasoning to show that either limsup;_, ., Zre@k\{p} occ(oT,
s {Nj)/Nj >d for some d > 0, p € B; and some o € Precy(p) C Bry+1, in which case we are done, or else occ(Bs+1) =0.

But irreducibility implies that, for some p, B, = ®, and we cannot have 0 = occ(Bp) = occ(®y) = 1. Hence, there is
some ¢ and some d >0, p € B; and o € Preci(p) such that lim;_, o occ(p, s[n;)/Nj <limj_ oo ZaeB[ occ(o, sIn;)/Nj and

limsup Y occ(oT,s[y;)/N;=>d.
17 red\(p)

This concludes the proof of Lemma 3.8. O

Proof of Theorem 3.3. We will split our proof in two cases.

Case I. There is some t* € Oy, such that m(t*) > 0.
From Lemma 3.4 we may assume that for some o € L(X) satisfying || > k and m(c) > 0, some b € ¥ and some rational
>0
. occ(ob,s
llmsup(—rN)>(1+5)P(0b|a), (11)
N—oo 0CC(0,S[N)
since (3) implies either (11) or

liminf &L 5pob o),
N—co occ(o,S[N)

but in the latter case it is easy to find some b’ such that (11) is true for ob’.
We define our P-martingale L by:

L@ =1
(1 +38)L(p) if pligj=0 andc=b;

L(pc) = (1 - 1‘3_1’;*) L(p) ifpljo;=0 andc#b;
L(p) otherwise.




1068 J.I. Almarza, S. Figueira / Journal of Computer and System Sciences 81 (2015) 1059-1087

for any c € ¥, pc € L(X), where p* = P(ob|o) and we further impose that § < (1 — p*)/p*. Notice that for all p such
that o |,s|= o the k-step Markov property and |o| > k imply that p* = P(pb|p). From this it is easy to see that L is a
P-martingale, and it is also clearly generated by a DFA, since at each step the betting factor depends solely on the next
symbol and the previous |o| symbols of p and since there are finitely many words of length o, it suffices to consider the
finite set of states Q = |X|/°!.

To see that L succeeds on s, we observe first that

(319* >occ(oc,p)

L(p) = (1 + 8PP T] (1 -

c#b 1- p*
and that
Zocc(ac, sIn) <occ(o,s|[n) —occ(ob,s[n). (12)
c#b
letr=14+68andg=1-— 1‘2";*. Equation (12) then implies
logL b )
llm sup M > llm sup M(]ogr _ logq) + M logq
N—oo N N—oo N N
, b,
= limsup 0ce(@. sn) [OCC(G SrN)(logr—logq) +logq]
N— 00 N occ(o,s[N)
b
> liminfw lim sup rw(logr —logq) +logq
N—o00 N N— oo occ(o, SIN)

>m(o)[rP(ob|o)(logr —logq) +logq]

*
= p'm() [(1 +8)log(1+0) + (p*™ = (1+0)) log <1 - ]Spp*)] (13)
Observe that p* > 0, for otherwise ob ¢ L(X), occ(ob,s[ny) =0 for all N and the inequality in (11) would not
be obtained. Hence, the multiplying factor on the left is strictly positive. Now if in (13) we make the substitution
x=p* 1 —1 we may notice that the function f(8) = (1 + 8)log(1 + 8) + (x — 8)log(1 — §/x) satisfies f(0) =0 and
f'(8) =log(1+8) — log(1 — §/x) > 0 for 0 < & < x. Then there is a ¢ > 0 such that limsupy_, ., logL(s[n)/N > ¢, and there
will be infinitely many N’s such that L(s[y) > 2N, which implies lim supy_, o, L(s [n) = oc.

Case Il. For all T € ® we have m(t) =0.
Lemma 3.8 implies that there are some d > 0, p € ®, o € Preci(p) and a strictly increasing sequence of natural numbers
(Nj)jen such that

occ(p, S|N; . occ(0T,S[N;)
lim oce(p. S1n;) =0 and limsup 2reouip) >
j—o0 N j—>00 N

(14)

Notice that (s: k) is actually a sequence in ® (and not just =¥) since s € X and all words of length k in s must belong
to L(X). Also, as mentioned in Section 2, P induces an irreducible Markov measure P¥ on 6}(\‘, so we will first construct a

P*-martingale on Oy. Let p*=1— P(oplo) < 1 (since o € Precy(p)), (1 — p*) > p*s, ¢ be a symbol of & and § > 0. We
define M as follows:

M@) =1,
A+8)M(t1...77) ify=0 and 741 # p;
M(ty...7141) = (1 — %) M(ty...7) ify=o0and 741 = p;
M(t1...77) otherwise.

It is easy to check that M is a PX-martingale generated by a DFA.
Observe that

l_[ ! +5)occ(ac,rli..q).

ceBy

c#p

Bp* )occ(ap,rl .T)

M(ty...t)=|1—
(T1...7) ( —pr
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Write q=1—-4p*/(1—p*) and r =144 and fix € > 0 such that € < dlogr. Then (14) implies there are infinitely many N’s
such that

occ(oT,(s:k)In) occ(op, (s:k)IN)
logr Z — N —I—logq# >dlogr —e.
TEO
T#P

Thus, for K =dlogr—e > 0 we have logM({s: k) [n)/N > K > 0 for infinitely many N’s. This implies the martingale succeeds
on (s:k).

From this martingale M on ®;; one uses the definition of a P-martingale to extend M to a P-martingale M on X* (it is
a routine exercise to check M is/yvell defined as a P-martingale and that it is also generated by a DFA), and the fact that M
succeeds on (s : k) implies that M succeeds on s. O

3.1.1. An extension to sofic shifts

We now extend Theorem 3.3 to a more general class of measures on sofic subshifts. In order to do so, we need some of
the standard results and definitions regarding sofic subshifts.

A labelled directed graph on alphabet ¥ is a tuple (G, £) where G is a directed graph with finite nodes A'(G) and finite
edges £(G) and L is a function assigning to each edge e in £(G) a symbol L(e) € X.

Given a labelled directed graph (G, £), a path on (G, £) through states ig, ...,i; € N'(G) is a finite sequence of symbols
ap...aq € ¥* for which there are edges ey, ..., e; € £(G) such that, for all 1< j </, i; is the destination node of ej, i;_1 is
the origin node of e; and L(ej) =a;. The set of paths on (G, £) is denoted Pg.

Notice that any labelled directed graph is equivalent to an automaton Mg on X without an initial state and with a
single absorbing non-accepting state. The accepting states of M¢ are given by the nodes of G, and a transition §(i,a) = j
whenever there is an edge between i and j labelled a. The following definition is then equivalent to this automaton being
deterministic.

A labelled directed graph G on alphabet X is called right-resolving if for any symbol a € ¥, and any node i € N'(G) there
is at most one edge e € £(G) such that e has i as its origin node and L(e) =a.

Labelled graphs may be used to represent sofic subshifts in the following way:

Definition 3.9. A labelled graph presentation of a sofic subshift (X, T) on alphabet X is a labelled directed graph (G, £) such
that L(X) =Pg.

Notice that, given a directed graph G there is a natural 1-step Markov shift (X¢, T) consisting of the admissible sequences
of edges. Furthermore, when a labeling function £ is defined on the edges of G, the one-block code that maps e to L(e)
induces a factor map £* from the Markov shift (X¢, T) to the sofic subshift represented by (G, £).

A labelled graph presentation (G, £) of a sofic subshift (X, T) on alphabet ¥ is called minimal if there is no other
presentation (G, £) of X with strictly fewer nodes, and it is called irreducible if the underlying directed graph is strongly
connected. We say that a sofic subshift (X, T) is irreducible if for any words o, 7 € L(X) there is a word p such that
opt € L(X).

Theorem 3.10. (See [9, Theorem 3.3.2].) Any irreducible sofic subshift has a unique (up to graph isomorphism) minimal, irreducible,
right-resolving graph presentation.

Given a labelled directed graph (G, £) on alphabet X, a synchronizing word for G is a word @ =ay ...q € ¥* for which
the set

{ije N(G) | (Fig, ..., i1 e N(G)) a is a path through iy, ..., i}

has a single node. We call that node the synchronizing node of «. That is, when regarding the graph as the equivalent
automaton Mg, a synchronizing word is one that leaves the automaton in one and only one state after being read, regardless
of the state on which its reading began. Finally, we have [9, Proposition 3.3.9 and Proposition 3.3.16]:

Theorem 3.11. A minimal, right-resolving labelled graph presentation of a sofic subshift (X, T) has a synchronizing word.
We are now ready to prove the extension of our previous result.

Theorem 3.12. Let X be an irreducible sofic subshift on alphabet ¥ and let (G, £) be its minimal, irreducible, right-resolving pre-
sentation. Let (X¢, T) be the Markov shift of edge sequences associated to G and let P be an irreducible, invariant, L(X¢)-supported,
1-step Markov measure on £(G)N. Let £*: X¢ — X be the natural factor map induced by £ and let v =P o £*~" be the pushforward
measure on =N, Let s € X be not v-distributed.
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1. If a synchronizing word appears as a factor of s then there is a v-martingale generated by a DFA which succeeds on s. Moreover,
the only betting factors of this martingale are 1, (1 + 8) and (1 — §p*/(1 — p*)), where § is rational and p* = P(tp | T) or
p*=1—P(tp| 1) forsome 1, p € X*.

2. If no synchronizing word appears as a factor of s then there is a v-supermartingale generated by a DFA which succeeds on s.
Moreover, the only betting factors of this martingale are 1, (1 — §*) and (1 + 8), where §* and § are rational.

Proof of item 1 of Theorem 3.12. Since any leftward extension in L(X) of a synchronizing word is a synchronizing word,
we may assume that some prefix of s, say p = s [y is a synchronizing word with synchronizing node ig. Denote by f (i, a)
the unique edge whose origin node is i and whose label is a, whenever it exists (uniqueness is guaranteed because the
presentation is right-resolvable). We construct by induction a sequence z in £(G)N that records the sequence of edges
followed by s after it reaches the synchronizing node:

e Define z1 = f(ip, Sn'+1) and let iy be the destination node of z;.
e Assume z; and i, are defined. Define z,y1 = f(in, Sn'4n) and let ip4q be the destination node of z,1q (notice that
f(in, Snv4+n) must exist because s € X and (G, £) is a presentation of X).

Notice that by construction £*(z) = TN'(s). We will use this fact to show by contradiction that z is not P-distributed, and
then use the martingale on a DFA that succeeds on z (guaranteed by Theorem 3.3) to build an appropriate martingale on a
DFA that succeeds on s.

For any word ay...a, € * let A(ay...a,) be the set of words eq...e, € £(G)* such that L(ej) =a; for 1 <i<n
(equivalently, A(e) = £*(a)). Clearly, we have v(x) = ZaeA(a) P (o) and, by construction of z,

occ(er, TN (s) [n) = Z oce(o, z|N).
oeA(a)

Then, if z is P-distributed, TN (s) must be v-distributed and TV (s) is v- dlstrlbuted if and only 1f s is so. Hence, z cannot
be P-distributed. By Theorem 3.3 there is a martmgale T generated by a DFA M= (0,£),5, do, Qf) and a function

b: 0 x £(G) — R, and such that limsupy L(s IN) =
GiveAn an edge e, we write d(e) for its destination node and o(e) for its origin noAde. Let M’ be a DFA on X having
Q' =(Q x N(G)) U{qg} (for some unused garbage state qg) as its set of states, Q/f = Qs x N(G) as its set of final states,

qp = (o, o) as its initial state and a transition function &’ defined by:

(g, f(,a),d(f(,a)) if f(i,a) exists;

dg otherwise.

§((q.D),0) = {

8'(qg,a)=qg foralla.
We also define b’: Q' x ¥ — R as

b'((q.1).@) =b(q. f(i.a))
b'(qg,a)=1.
Notice that, by construction, the function f defined by f(1) =1 and f(aa) =b"(8"*(qy. @), a) f () satisfies

limsup f(TN () [y) = o0, (15)
N

since the sequence of betting factors induced by TN (s) for M’ and b’ is the same as that induced by z for M and b.
Finally, write p =ay ...q; and define the DFA M =(Q, %, 8, ay, Q}), where Q = Q' U{ay,...,q} and

8@, a) ifqeQ’;

ar ifa=q=ay;

8(q.a) = { aj1 ifa=q=aq;, for2<i<Il-1,
90 ifa=qg=a;
ai otherwise.

This automaton waits until the synchronizing word p is read. Once it finishes reading it the automaton transitions to the
automaton M’ and stays there (see Fig. 1). The function b: Q x ¥ — R, computing the betting factors, must then be

1 ifg¢Q”;

b'(g,a) otherwise.

b(q,a) = {
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ay az
=
#a

£ q automaton M’

as aj—1 ap
— X

Fig. 1. The automaton M. p =aj ...q is a synchronizing word, and M’ “translates” M, which has inputs on the language of edges, £(G)* to the language
L(X) C =*.

From (15) and the construction of f, M and b, it follows that the function L defined by
L) =1

L(aa) =b(8*(a1, @), a)L(@) whenaa € L(X)

satisfies limsupy L(s [ny) = oo. Also, by construction, L has the same betting factors as I, which are 1, (1+6) and (1 —
ép*/(1 —p*)).

It remains to show that L is a v-martingale, i.e. that L(a) = Y5 v(@a | o)L(cea). By definition of L and b, this condition
is trivially satisfied when p is not a prefix of «, since in that case L(xa) = L(«) = 1. Hence, we only need to show

I:Zv(aam)b(é*(a],a),a) (16)

aex

when p is a prefix of «, say, p = o [n,.
Observe that

ZO’EA(O{) P(o f(d(o|s)), a))
ZaeA(a) P(o)
and we may define e = 0|5 and h = f(d(e), a), independently of o, since o is the path of edges followed by o and « has

a prefix that is a synchronizing word, so that o;, is the same for all o € A(«) when n > Ny. Thus, the fact that P is 1-step
Markov implies

v(aa|a) =

ZaeA(a) P(Uh | G)P(O) _ P(eh | e) ZO’EA(D[) P(G)
ZaeA(a) P(o) ZoeA(a) P(o)

and writing 7 =0 ||q|—n, (wWhich is the same for all o € A(«x) by the preceding remark) and T = £*(n) we have that (16)
boils down to

via | o) = =P(eh|e)=P(ch| o),

1= Y P(oh|o)b(s*(@r.a).a)

h:o(h)=d(e)
= Y. PMhInbE @y 1))
h:o(h)=d(e)
= Y PhInbG*@o.m. fd(e).a)
h:o(h)=d(e)
C L
= 3 PRI mbG* o ., -
hio(h)=d(e) L
L(nh
= Y Pt
h:o(h)=d(e) Lom

This last condition is met because [ is a P-martingale. O

When no synchronizing word appears in s, the conditional probabilities that appear in the martingale condition may
have infinitely many possible values, so that they will not be computed by a martingale generated by a DFA. Yet, we can
still find a supermartingale on a DFA to handle this case.
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Proof of item 2 Theorem 3.12. As before, define A(x) = £*~!(«). By Theorem 3.11 (G, £) has a synchronizing word «,
and « € X. Hence, A(x) is not empty, and since P is L(X¢)-supported we have P(o) > 0 for any o € A(«). Therefore,

v(ia) = ZaeA(a) P(o) > 0.

By hypothesis, o is not a factor of s, hence occ(c, s[ny) =0 for all N. Let N, = max{N:« [y appears infinitely many times
in s} U {0} and write nbc = o [n,+1, when Ny > 0 and ¢ =« [ when Ny =0.

Take any rational 0 < §* < 1. For any word y we have that

vynbelynby=Y_ | > P(oe|A(ynb) | P(ef le) (17)

efeA(bc) \oeA(yn)

when Ny > 0, and

vivelyy= > | Y. P@IAy) | PG flo)

feA(c) \o€A(y)

when N, =0.
Since there are finitely many ef € A(bc) we may set, in case N, > 0,

K =min{P(ef |e): P(ef | e) #0,ef € A(bc)},

and then, noticing (17) consists of nonnegative summands and choosing any f for which P(ef | e) #0

v(ynbc|ynb)>=K Y P(oe|A(ynb) =K.
oecA(ynb)

Taking any strictly positive rational § < §*K we get

8*v(pc
1—v(pc|p)
for any p = ynb.
In case Ny =0 we set K =min{P(o f |0): P(cf|o)#0; f € A(c)} (which exists because P is Markovian) and (18)
holds. Then, the function defined by

L) =1;
(1+8L(p) ifpln,=aln, anda#c;
L(pa)=1 (1 -8 L(p) ifp|n,=alN, anda=c;
L(p) otherwise,

satisfies the supermartingale inequality, since

12 (148)(1 —v(pc| p) +v(pc|p)(1— 8

follows from (18) for all p = ynb (in case Ny > 0) and for all p in case Ny =0.
Observe that

L(p) = (1 _ 5*)occ((t¥fNa)C,P) 1_[ 1+ 5)occ((ot[Na)a,p) )

aex

a#c
Since the word (« [y, )c occurs finitely many times in s, while o [n,+1 occurs infinitely many times in s, we conclude that
the above function goes to infinity when evaluated on increasing prefixes of s. O

3.2. P-martingales on a DFA cannot beat P-distributed sequences

Our next goal is to prove a converse to Theorem 3.3, thus providing a complete characterization of sequences that are
“normal” relative to some irreducible Markov measure, a characterization that generalizes the main result of Schnorr and
Stimm in [17]. Our proof will mirror their ideas closely. The main intuition is that a sequence where the average occurrences
of blocks converge to some measure on those blocks should also have the average number of visits to any state of a DFA
converge to some measure on the states. The main differences are that, in our case, some states are not final and that the
probability of symbols and states are not independent.

To ease notation, we will only consider 1-step Markov measures. The reader may check that there is no loss in generality
in this, since, as mentioned in Section 2, any k-step irreducible Markov measure on £ induces a 1-step irreducible Markov
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measure P¥ on ®kN and any P-martingale M generated by a DFA on alphabet ¥ that succeeds on a sequence s can be
regarded as a PX-martingale M’ generated by a DFA on alphabet ©j. This martingale may not succeed on (s: k) but it
must succeed on (Ti(s) : k) for some i < k. Since P-distribution is unaffected by the removal of finitely many symbols, this
suffices.

The main result of this section is an analogue of part a) of Theorem 4.1 in [17]:

Theorem 3.13. Let L C * be a prolongable and factorial language, let P be an L-supported irreducible 1-step Markov measure on
=N and let s € X|, be P-distributed. Then no P-martingale generated by a DFA succeeds on s.

Take some M =(Q, X, 8,qo, Q) accepting L. We may assume all accepting states in Q are reachable from the initial
state qp.

Definition 3.14. Let M be a DFA and q € Qy, then My is the DFA that has the same states, accepting states, alphabet and
transition function as M but which has g as its initial state.

Notice first that, since our language L is factorial, if a word o is such that there are states q,q' € Q¢ and §*(0,q) =¢/,
then o € L. That is, words that transition between accepting states must belong to the language. Also, factoriality implies
that transition to an accepting state is not possible once a state outside Qy is reached (hence, qo € Q). Thus, we may
assume that the complement of Q ¢ consists of a single state g. Similarly, the fact that the language is prolongable implies
that from any accepting state there is always a transition to an accepting state.

As in [17], we will define the relation ¢ — q’ when there is a word o € L(X) such that §*(0,q) =q’ and q <> ¢’ if both
q— q and q' — q. From the remarks in the preceding paragraph it is easy to see that < is an equivalence relation and
that it allocates accepting states q to classes [q] different from [g]. Also, it is easy to check that the relation — induces a
relation > in the equivalence classes of Q /<>, where [q] > [¢'] if and only if ¢ — g’ (we write [q] > [q'] when this holds
and [q] # [q']). We will call a class [q] ergodic if [q] # [q] and if there is no ¢’ € Qf such that [q] > [¢'] (i.e., [q] is minimal
among the classes of accepting states).

In order to prove the main result of this section we must make some considerations regarding the interaction of Markov
measures that are L-supported and a DFA that accepts L.

For any q’ € Q consider the maps ¢q: X| — oY and Gy X — (X x 0)N defined by the following rules:

g (01=q
bg Xn+1 = 8(Xn, Pg (X)n)
Dy (X)n = (Xn, pg (X)n)-

The invariant, L-supported, irreducible 1-step Markov measure P of Theorem 3.13 allows us to define some random pro-

cesses, that is, random variables indexed by natural numbers n. For any n> 1 let W,, Y and Z,?/ be measurable functions
(i.e. random variables) on the probability space (X, 3, P)

Whn(x) = xn
Y9 (%) = g (Xn
78 (0) = g ()n = (W, V).

As is customary for random variables, we will omit the specification of the element x of the probability space on which the
random variable is being evaluated. Also, when q' = qo, we will drop the subscripts and superscripts and write ¢, ®, Yy
and Z,.

It is a commonplace observation in the theory of Markov processes [11, Theorem 1.1.2] that the random process (Z,q]/)neN
is Markov of order 1 or, equivalently, that the measure P o @;1 on (X x Q)N is 1-step Markov. Moreover, while the overall

measure depends on the choice of ¢/, the transition matrix does not.
For any ergodic class [q*], write

A ={(a,q) €  x [q"]: 8(a,q) ¢ [q]}
for the tuples of “admisible” pairs in X x [q*]. And for any (a, q) € Ag~ we define a measure /P\a,q on (X x Q)N by letting

Pagzi...z)=P(x: V1<i<l, Zyii=z}|{x: Zy = (a,q)})

for any N such that P({x: Zy = (a,q)}) > O (equivalently, any N for which there is a word o such that || =N — 1 and
8*(0,qo) = q). This measure is the probability distribution of the process (Zyii)ieny conditioned on Z, = (a,q) and by
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[11, Theorem 1.1.2] it is a Markov measure independent of N and having the same transition matrix as P o d>‘;l regardless
of (a,q). When restricted to a given ergodic class [q*] we will denote this transition matrix by

o~k Aq*
PT = (Pz’z/)z,z’eAq*-

Observation 3.15. For z= (a,q) and z’' = (d’, q') we have

~ { P(ad' |a) ifé(a,q)=q’;
Pz,z’ = .
0 otherwise.

Lemma 3.16. Let [q*] be an ergodic class and (a, q) € Ag+. Then the measure ﬁa_q is supported on AqN* and has an irreducible transition
matrix.

Proof. Suppose that, for some N, ﬁa,q({z e (= x QN zn, = (@', q')}) > 0. This means that there are words 7, p € L such
that *(t,q0) =q, |p| =N1—1, §*(p,8(a,q)) =q' and P(tapa’) > 0. But since P is L(X)-supported this means tapa’ € L(X)
and therefore § = §*(tapd’, qo) is an accepting state and § = §(od’, q), so that [§] < [¢]. But since [q] is an ergodic class it
must be the case that [q'] = [q] = [¢*]. Hence, ﬁa,q is supported on Asi.

To see that the transition matrix of 'ﬁa,q is irreducible, take any z; = (a1,q1),Z = (', q) € Ag+. We want to find some
word p =23...z5 in A;‘* such that

Paq((@r1,q1)p(@, q)) > 0. (19)

Let g, = 8(a1, q1). Since ﬁa,q is supported on Aé\i it follows that gy is also in the ergodic class [q*], and since ¢’
also belongs to the same class [¢g*] by hypothesis, then there must be a word o € L(X) such that §*(o, q2) = q'. Write
0 =ay...ay and inductively define gj+1 = 8(a;,q;) for 2 <i < m. Let us show the word z;,...z5 for z; = (a;, q;) satis-
fies (19). Take any word t such that §*(t, qo) = q. Then §*(taai0,qo) = q' and since (a’,q’) € A%, then §(d’,q’) ¢ [q], so
that §*(taai04d’,qo) € Q5 and therefore Taa;oa’ € L(X). Since P is L(X)-supported, this means P(taa;oa’) > 0, and from
[taaioa’] € @1 (T71"![(a, q)(a1.q1)z2 ... zm(a’, ¢)]) we derive (19). O

Now, /ﬁayq is 1-step Markov with an irreducible transition matrix. Given a 1-step Markov measure with irreducible tran-
sition matrix, the ergodic theorem for Markov processes (Theorem 1.10.2 from [11]) ensures that the Cesaro averages of
cylinder characteristic functions converge almost surely to a constant that depends only on the transition matrix. In our
context, that result has to be restated in the following form:

Theorem 3.17. Let P and L be as in Theorem 3.13 and M be a DFA accepting L. Let [q*] be an ergodic class and (a, q), (@', q') € Ag=.
Then there is some constant ky o independent of (a, q) such that

N
o~ X o (Zi
Pag (z: 3 “’T)() . ka/’q/) _ 1

i=1
Moreover, the vector g« = (ka’,q’)(a’,q’)eAq* is a distribution on Ay (that is, it has nonnegative entries that add up to 1) and is a left
eigenvector of the transition matrix P thatis wq*ﬁq" =Yg+

At this point, we would like to prove an analogue of Lemma 4.5 from [17], which states a precise formulation of the
idea that if a sequence s is P-distributed then the joint sequence of visited states and symbols should also be distributed
according to some measure derived from P. If the sequence of visited states were eventually concentrated in some ergodic
class [g*], then kg4 would be the natural candidate for that derived measure. The following simple but useful result will
allow us to make that assumption regarding an eventual ergodic class [g*].

Lemma 3.18. Given a DFA M accepting a factorial and prolongable language L and a class of accepting states [q] € Q /<>, there is a
word o € L such that for all s € [q], the class [§* (o, s)] is ergodic or is equal to [q].

Proof. If [q] is ergodic then any word o € L will do, so let us assume [q] is not ergodic. Let us write [q] = {qo, ..., qm}-
The proof will show by induction on i that there are words o; € L such that, for all j <i, [§*(oi,q;)] = [q] or [6*(0i,q})]
is ergodic. For i = 1, since [q] is not ergodic there must be some ergodic [q'] such that [q] > [q']. Hence, we can choose a
word o1 € L such that §*(o1,q1) € [q'].

For the inductive step, if [§* (0}, qi+1)] = [q] or [8* (0, gi+1)] is ergodic then we are done. Otherwise, there must be some
ergodic [q'] such that [§* (07, gi+1)] > [q']. Hence, there is a word ¢ such that [§*(o, §*(0y, gi+1))] = [q'] is ergodic, and we
choose o1 = 00, which belongs to L because L is factorial and o, transitions between accepting states g;+1 and q’ (for
some representative of [q']). O
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We need some notation for the 2-tuples of letters and states visited by words of finite and fixed length. For this purpose,
let CD{;: Tk (T x Q)X be defined as

P4 (a) = (a.q)
it (oa) = Dk(0) (a. 8(Pf (o).

We now get the desired generalization of Lemma 4.5 from [17].

Lemma 3.19. Let L, P and s be as in Theorem 3.13 and M be some DFA accepting L. Then there is some ergodic class [q*] such that, for
all (@', q') € Ag+, we have

N

& X (Zas)

ny§;___ﬁ___=%w“ (20)
n=

Proof. Notice that, since s € X, M on input s [y, will never reach the garbage state g, since s € X; and L is a factorial
language. Moreover, we will show that there is some Ng such that, for all N > Ng, M stays within some ergodic class [q*]
after reading the first N symbols of s, i.e., [6*(s[n,qo)] = [q*] for all N > Npg.

Observe that if M > N, then [§*(s[m, qo)] = [6* (SN, qo)] or [6*(s[m.qo)] > [8*(s[Nn,qo)], and since there are only finitely
many classes in Q s /<> this means that there is some No such that, for all N > No, M stays in the same class, that is,

[8*(SINg» q0)]1 =[8*(S N, q0)]. (21)

We will call this class [q*] and claim it is ergodic.

Indeed, by Lemma 3.18 we could choose some word o € L(X) such that, after reading it from any state in [q*], M either
reaches the garbage state § or reaches a state within an ergodic class. Since s € L(X) and P is L-supported, we have
P(t) > 0, and since L is P-distributed, o occurs (infinitely many times) in s. Since § cannot be reached when a subword of
s is read as input, it follows that an ergodic class [q'] is reached at some N > Ng. By equation (21) it follows that [q*] = [q']
and [g*] is ergodic.

Fix some (a’,q’) € Ag+. Let us now apply Theorem 3.17 to [q*]. We have

N
-~ . X(a’,q/)(zi)
Pa’q (Z . 1111\']n E T = ka/’q/ =1

i=1

for all (a, q) € A+, which in turn implies that for all €, €’ > 0 there is ko such that for all k> ko and (a, q) € Ag~,

£\ Xa.q)(@1.q0)
mngann«m%wﬂsz%:};Jﬁﬂﬁii——MW/<%
i=
>1-—¢€. (22)
Notice that (22) can be rewritten as
k k
X .gn(P5(ao);)
P(aank: ;%—ka/,q/ <€e|/P@>1-¢€. (23)
i=

Write

K Xg.q) (@K (@o)n)

)

n=1

Bg*(e,a) = [aa ek (vgelq*l, (a,q) e Ag+)

These are just the words of length k for which the average occurrences of all pairs (a,q), € Ag+ are within an € distance of
their limit. Then it is a standard exercise in probability theory to see that (23) and the finiteness of Ag+ and [¢*] imply that
for all a (a,q) € Ag+ for some q, and for all €, €’ > 0 there kg such that for all k > kq we have

Bk*(e) = U BZ*(e,a).

aex

p (U{[a]:o e B (e, a)}) /P@>1—€. (24)



1076 J.I. Almarza, S. Figueira / Journal of Computer and System Sciences 81 (2015) 1059-1087

Let us see that this last inequality holds for all a, that is, for all a there is some q satisfying (a,q) € Ag+. Indeed, the
irreducibility of the transition matrix of the L-supported measure P implies that for all a € ¥ and all o € * there is some
p € X* such that opa € L. Take any o such that §*(o0,qp) € [q*] and then take some p such that opa € L. This implies
§*(opa,qo) ¢ [q] and since [q*] is an ergodic class this also implies that §*(op, qo) € [q*]. So (a,5*(00, Qo)) € Ag+.

Then from (24) we derive that for all €, €’ > 0 there is ko such that for all k > kg we have

p (U{[a]:a c BZ*(E)}) ~1-¢. (25)

Now, remember (s : k) is the sequence s read as a sequence in (Z¥)N, then the P-distribution of s implies that for all €’ > 0
and k € N there is Mg such that for all & € =¥ and M > max(Mo, 2/€”), we have

occ(o, (s: k) [m)
M

(26)

P )‘ 2|k
Take Np such that §*(s[n,.qo) = q* for q* some representative of [q*]. Since finitely many summands do not alter the
convergence of Cesaro limits, we may substitute s’ = TNis for s and rewrite (20) as
N qa*
. X q’)(Zn (s")
llm _— = k Il
N Z N a.q

Given €, €’,€” > 0 such that € + €'+ €” < n for some 1 > 0, take some k satisfying (25) and take some My satisfying (26)
for this k. For any M > max(My, 2/€”) we consider N = kM and notice that

i&ar,q/)(zz"(s/» ) LS X<afq><d>y],m<<s/:kmi)
N s

n=1 j=0 i=1

— ka/’q/ ,
where all Y4 are guaranteed to be in [q*] by our substitution of s. This implies (using first (25) and then (26)) that

N q* / /

Xy (28 () oce(, (s’ : k) ) oce(a, (s’ : k) [m)
Y ke <e Y} 2 )
n=1 UEBE* (€) oexk

o ¢B} (€)

occ(o, {s' 1 k) [m)

¢ 2‘ p ‘ 2 _p
<e+2| Y PO)|+2 Y. m (@)
oexk oexy
o ¢B( (€) o ¢B{ (€)

1"

<e+1—P( U [a])+2|2|k <e+e+€" <.

O’EBZ* (€)

2|z
For N=kM +1 (where 1 <I < k) we have

N *
3 Xa,g)(Zn (5))

Mk *
-y Xa.q)(Zn ()
N <

l
— ka/'q/ Mk — kﬂ’,q/ + N =+ |kM/N - ]|

n=1 n=1

<n+ 2 <n+e’.
M
This completes the proof. O

Proof of Theorem 3.13. Since our martingale is generated by a DFA with betting factors function b, states set Q and transi-
tion function §, we know it satisfies

fior =1 [ bla, (920 @), (27)

aex

qeQ
By the same reasoning used in the first part of the proof of Lemma 3.19 we know there is some N; such that §*(s [,
qo) € [g*] for all N > N7 and some ergodic class [g*], From (27) it is clear that success of f on s is equivalent to success of f’
on TN1(s), where f’ is the martingale that is generated by a DFA having Q' = [¢*] N [q] as its set of states, q; = §*(s )



J.I. Almarza, S. Figueira / Journal of Computer and System Sciences 81 (2015) 1059-1087 1077

as its initial state (notice [q1] = [¢*]), and the restriction of § and b to Q' as its transition and betting factors functions,
respectively. That is, we restrict our analysis to the case in which M starts and stays within a single ergodic class.

Since s’ = TN1(s) € X, we know s’ will only visit tuples (a,q) € Aq,, that is, for all N, <I>[’IV] (s’ In) is in Aj,- Then from
Lemma 3.19 and (27) we have

NV LG N
m =
N l_[(a,q)eAq1 b(av Q) @4

Ifr= I—[(a!q)eAq1 b(a, g)%ea <1, then f'(s'In) < (r +€)N for r + €' < 1 for large enough N. Hence lim f'(s' [y) = 0 and the
martingale does not succeed on s'.
Let us now show that for fixed q € [q1]

U= [] b@grs<t

acx
(a.g)€hq,

Indeed, by Observation 3.15, Theorem 3.17 and convexity of the logarithm we get

logUg = Z ka,qlogb(a, q)

aex
(a,q)€Aq,
— D
= Z ka'.q Z P@.a).0q'080@ @)
(@,9")€Aq, acx

(a,9)€Aq,

o
< Z kq g log Z P(J,,q,),(a’q)b(a,q)

/ ! E
(@,q")€Aq, @S5,
= Z kq ¢ log (Z P(d'a|d)b(a, q))
(@,9")€Aq, aex
8d.q)=q
= Z ka/!q/ log )= 0, (28)
(@,q')eAq,
8.q)=q

where the last line follows from the fact that b(a, q) are the betting factors of a P-martingale.
It follows that r = l_[q Ug <1 and equality is achieved if and only if Ug =1 for all q € [q1]. But, by strict convexity
in (28), logUg =0 if and only if b(a,q) is the same for all a. Then r = ]_[q Ug =1 if and only if the betting factors are

constant at each state, implying f’(oa) = f'(o) for all words o and all a. Clearly, a constant martingale cannot succeed on
any sequence, and the result follows. O

4. B-expansions and Pisot numbers

In this section we introduce some definitions and known results on the representation of reals in non-integer bases, and
Pisot numbers. All of this material will be needed for our result of Section 5.

4.1. B-expansions

Let us now introduce a way of representing real numbers in a non-integer base B. Most of the presentation and the
definitions are taken from [2]. Let [x] and [x] be the floor and ceiling of x, respectively, and let {x} denote the integer and
fractional part.

Let B be a real number greater than 1. Any real number x has a unique B-expansion sg, sf ,... such that

B
s
Xx=sh+ > /3—'; (29)
n>0

where sf are nonnegative integers, 0 < sf < B for n > 0 and any of the following equivalent conditions are met:
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1LVn>0Y /81 <1/8"

2. sﬁ is defined inductively in the following way:

sho= |, ro = {x)

iy = LBrl. st = (Bra)

This expansion coincides with the usual definition given for g an integer base. Notice that the S-expansion of the real
number B need not be eventually periodic, in particular, it need not be finite, that is, eventually 0 (of course it is when
B is an integer). It is easy to check from the definition of a S-expansion that if 8 had a finite expansion then it satisfies
B=aog+ %1 + -+ % and the periodic sequence apa; ... (as — 1)apa; ... (as — 1)... would also satisfy (29) (but not the
following two equivalent conditions, since the B-expansion is unique).

We will refer to such a periodic sequence as the periodic B-expansion of B and we will write it A (notice that the
periodic B-expansion may only apply to the base 8). We will also write s(8) for the g-expansion of 8 in case it is not
terminated by an infinite sequence of 0's and s(8) = 8 otherwise.

Example 4.1. The periodic 2-expansion of 2 is 1°°, whereas its 2-expansion is 20%°. Let ¢ be the golden number satisfying
¢% = ¢ + 1. The periodic ¢-expansion of ¢ is 101010..., whereas its ¢-expansion is 110°°.

Given a base g, let Xg ={0...[8] — 1]} and let pg:[0,1) — ZﬁN be the one-to-one mapping that sends each x € [0, 1)
to the fractional part of its S-expansion

s’fszﬁ...s,’?...

Notice that pg(1) =s(B) (strictly speaking, pg is defined on [0, 1) but it is trivially extended to [0, 1] by continuity).
If ¥ is a finite set of digits, as in the definition of the mapping pg, then the natural ordering of those digits induces a
lexicographic order <jex on the full shift.
Theorem 4.2. (See [2, p. 273].) If B > 1 is a real base then the image pg([0, 1)) is the set
{s€Zp: (V) T" <jex 5(B)).
Notice that the closure of the set above, that is,
{s€ gt (vn) T"s <jex 5(B)},
is a subshift of EE’. In fact, there is a nice converse to the above theorem.

Theorem 4.3. (See [2, p. 274].) Suppose that for some alphabet ¥ = {0, ..., k} we have that (X, T) is a subshift such that

X={se ENi (Vn) T"s <lex S*}

for some s* in =N which satisfies (Vn) T"s* <jex s*. Then X is the closure of pg([0, 1)) for some real base .
This allows us to define the following:
Definition 4.4. Given some real number $ > 1, the B-shift is the subshift (Xg, T), where
Xp={se€Ty:(vneN) T"s <jex 5(B)}.

Example 4.5. The 2-shift is the full shift {0, 1} (that is, the Cantor set with the shift operator). The ¢-shift is the set of
infinite sequences on {0, 1} such that no two 1's occur consecutively in them. In fact, this shift is Markov and it is the
Markov shift which had the sofic shift of Example 2.6 as a factor.

Theorem 4.6. (See [2, Theorem 1].) Let B > 1 be a real base. Then the B-shift is a Markov shift if and only if the B-expansion of B is
finite, and it is sofic if and only if the S-expansion of B is periodic.

A result similar to Theorem 2.8 for S-shifts was also proved by Parry in [12]:
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Theorem 4.7. Given a real base 8 > 1, there is a unique probability measure ﬁﬁ on [0, 1) such that Pg = 7’}; ) pfj] is an invariant
measure for the B-shift of maximal metric entropy on Xg. Moreover, ﬁﬁ has the closed expression

b
—~ > 1
Ps([a.b]) = / Zﬂlo,rg(m(x)ﬁdx, (30)

a n=1

and if (Xg, T) is a Markov shift with a grammar of wordlength k — 1, then P, called the Parry measure, is a k-step Markov measure.

Notice that the above expression implies that there are positive k and k’ such that

K'A(A) < Pg(A) <kr(A) (31)

for any Borel subset A of [0, 1), and XA the Lebesgue measure.
4.2. Pisot numbers

While constructive considerations make us think of rational numbers as the closest relatives of integers, the analysis
of real base expansions forces us to consider the “dynamic” properties of real numbers, and from a dynamical viewpoint
non-integer rational numbers are quite distinct from integers. The following definition will introduce us to the closest analog
of an integer from a dynamic point of view.

Definition 4.8. A real number g is a Pisot number if 8 > 1 and B is the root of a monic polynomial in integer coefficients,
such that all its conjugate values (that is, all the other roots of its minimal polynomial) have absolute values strictly less
than 1.

This purely algebraic condition is interesting for our purposes because of the next remarkable property. Let ||x|| denote
the distance from x to its closest integer

Theorem 4.9. (See [2, Lemma 1].) A real number B > 1 is a Pisot number if and only if ano IIB™|| converges.

Pisot numbers are then “asymptotically integer” in a strong sense. Notice that all integers n > 1 are Pisot numbers, but
no non-integer rational number is Pisot, since the only rationals which are roots of monic polynomials in Z are the integers.
The following results relate Pisot numbers and B-expansions.

Theorem 4.10. (See [2, Theorem 5].) If B is a Pisot number, s5(8) is eventually periodic and Xz is a sofic subshift.

Theorem 4.11. (See [2, Corollary 9].) Let B be a Pisot number, x be a real number with B-expansion s and assume that s is
Pg-distributed. Then (x™)n>0 is u.d. modulo one.

None of the above implications has a true converse.
5. Polynomial time randomness

In this section we will use the martingale constructed in Section 3 to show that if x € [0, 1] is a real whose binary
expansion is polynomial time random (i.e. no feasible martingale succeeds on it), then (x8")en is u.d. modulo one for any
Pisot .

The reasoning follows by contradiction: if x is such that (x8")n>0 is not u.d. modulo one for some Pisot base 8, we know
by Theorem 4.11 that there is some word ¢ in ¥% whose average occurrences in the g-expansion of x do not converge to
Pg(o). From Theorem 3.3 we then get a Pg-martingale on a DFA that succeeds on the B-expansion of x. Our task in this
section is to show that such a martingale can be translated to a base 2 martingale that is computable in polynomial time.
Base 2 suffices because of the (integer) base invariance of polynomial time randomness [6].

The rest of the section is organized as follows. In Section 5.1 we show a feasible method to approximate dyadic ratio-
nals with reals in base 8. In Section 5.2 we introduce the savings property for P-martingales and show that any feasible
P-martingale can be translated to one with the savings property, preserving the succeeding points. In Section 5.3 we derive
some useful properties of the Parry measure Pg and introduce the measure i over [0, 1] induced by any Pg-martingale M.
In Section 5.4 we show that the cumulative distribution function of wp; is polynomial time computable when restricted to
B-adic inputs. Finally, in Section 5.5 we show the main result via an ‘almost Lipschitz’ property, as in [6].



1080 J.I. Almarza, S. Figueira / Journal of Computer and System Sciences 81 (2015) 1059-1087

Algorithm 1: Approximation of a dyadic rational in base 8.

input : 0 €{0,1}*,ieN ‘
output: 7, a prefix of some sequence in Xg, such that [(t)g — (0)2| <27'

letr=(o)y and T =0
while [(t,i+2)s —r|>2"""1 do
let S={ae g | ta0™ € X}
let b € S be the greatest such that (tb,i+2)g <r
if b =max$S then
| T=71b
else
b=b+1
if (tb',i+2)p — 2771 <r then
| t=ctb
else
L t=1tb

5.1. Dyadic rationals to base

We derive some feasibility properties of -ary representation.
Proposition 5.1. If 8 > 1 is Pisot then the set L(Xg) = {T € 2; | TO% e Xg} is decidable in linear time.

Proof. Immediate from Theorem 4.2, the fact that s(8) is eventually periodic (Theorem 4.10) and the linear time complexity
of lexicographic comparison. O

Fix a finite alphabet X. We say that a function g: ¥* — R is computable if there is a computable function g: ¥* x N — Q
such that for all o and i we have |g(o,i) — g(o)| < 2~%. We call § a computable approximation of g. We say that g is
t(n)-computable if there is a Turing machine which on input o and i computes g(o, i) in time O(t(i + |o])). As usual, we
say that g is polynomial time computable if it is t(n)-computable for some polynomial t.

Observation 5.2. If f, g are polynomial time computable then f 4 g and fg are polynomial time computable.
For 8 > 1, let (-)g: E;; — R be the function (t)g = ,';'1 7(k—1)B*. Observe that in case 7 is a prefix of some sequence
in Xg then (1) is the only real x € [0, 1) such that pg(x) = 70*.

Proposition 5.3. If 8 > 1 is Pisot, then the function (-) g is polynomial time computable.

Proof. The number of summands in (t)g is the length of 7, which is computable in linear time. For each summand, 7 (k) is
computable in linear time, and g is an algebraic number, which is computable in polynomial time [8, Corollary 4.3.1]. Since
numbers computable in polynomial time form a field [8, Corollary 4.3.2], 87¥ is computable in polynomial time. Then both
7(k) and B~¥ are polynomial-time computable and Observation 5.2 applies. O

Given a real r € [0,1) and i € N, a word 7 € L(Xpg) is said to be an approximation of r in base B with error 2-1if
l(T)p —rl<27".

Proposition 5.4. If 8 > 1 is Pisot then the problem of finding an approximation in base f of a dyadic rational (o), (o € {0, 1}*) with
error 27" is computable in time polynomial in |o' | +i.

Proof. Let (-, -)g: Eg x N — Q be a polynomial time computable approximation of (-)g: 2; — R (which exists by Proposi-
tion 5.3). Consider Algorithm 1.

Notice that when the algorithm terminates, we have |(t,i+2)g —r| <27'~1; since |(t,i+2)p — (T)p| <2772 <2771,
we have [(T)p — 1| < 2-1, Observe also that by construction, T is always a prefix of some sequence in Xp. Hence the value
of T by the time the algorithm terminates satisfies the postcondition. After each execution of the loop body, either

1. [{t,i+2)p —r| <2771 (in which case it will immediately terminate), or
2. T <pg().

Let I; ={x€[0,1) | T < pg(®)}. If 1 does not hold then, by construction, r € I, and it is clear that in case Al; < 2-i-2
then it terminates (since |(t,i+2)g — (T)gl <2772 and (t)p —r| < Alr <2772, and so |(7,i+2)p —r| <27771). At each
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iteration the string T is extended in one symbol. We will later see (Corollary 5.15) that Al; < g~I7!, if =17 <2712 then
the algorithm terminates, and so |t| is O(i). By Proposition 5.1 and Proposition 5.3, the execution of a single iteration is
polynomial in |o| + i+ |t]|. Since both the number of iterations and |t| is O (i), the execution of Algorithm 1 on in input
0,1 is also polynomial in |o|+i. O

5.2. The savings property

We say that a P-martingale M on L C X* has the savings property if there is ¢ > 0 such that for all T,0 €L, if t >0
then M(o) — M(t) <c.

Proposition 5.5. Let L C ©* be a nonempty, factorial and prolongable language, let P be an L-supported probability measure on =N
such that there is a > 0 such that 1 — P(ob|lo) <a- P(ob|o) forall ob € L, and let M be a P-martingale on L with the savings
property viac. Then M(c) <c-d-|o|+ M) forallo € L.

Proof. As in [6, Proposition], proof is by induction on the length of o. For the inductive step, we only need notice that
P(oblo) is well defined and positive. Then

M(0) — X ges azp P(0dlo)M(od)

M(ob) = P(ob|o)
M — P(od M —
< @ Zdez’dib (odje)(M(o) ~ o) (M has the savings property)
P(ob|o)
:M(g)+C.M<M(G)+C.a
P(oblo) —

<c-a-|lo|+M@)+c-a=c-a-|ob|+ M(@) (inductive hypothesis).

This concludes the proof. O

Lemma 5.6 (Polynomial time bounded savings property). For each polynomial time computable P-martingale N there is a polynomial
time computable P-martingale M which has the savings property and succeeds on all the sequences that N succeeds on.

Proof. The proof of [6, Lemma 6] basically works in this case. The only difference is that here N is real-valued instead of
rational-valued. This fact is irrelevant for the polynomial time bound. One can verify that the same definition of M as in
[6, Lemma 6] yields a polynomial time P-martingale. O

5.3. The measure induced by P g-martingales

Recall that pg is the one-to-one mapping thit sends each real in [0, 1) to its unique B-expansion, and that /15,3 is the
Parry measure induced on the unit interval, i.e. Pg = Pg o pg. Let Tg:[0,1] — [0, 1) be the map Tg(x) = {Bx}.
We derive some useful properties of the Parry measure.

Theorem 5.7. (See [12].) Let 8 > 1 be a real base, then the Parry measure Pg is L(Xg)-supported.
We will use

E=hopy

for the push-forward of the Lebesgue measure on the g-shift. Of course, inequality (31) translates to

k'-&(0) < Pg(o) <k-&(0) (32)

for any o € L(Xg). Let us say that x € [0, 1] is B-adic if x has a finite B-expansion. Clearly, B-adic numbers correspond
bijectively to words in L(Xg) not ending in 0. For instance, if 8 is 2.5 we have that both 2/5 and 24/25 are -adic numbers,
since their fractional g-expansions are pg(2/5) =10 and pg(24/25) =210.

We will write I, for the interval of real numbers in (0, 1) whose fractional g-expansion begins with o. Observe that if
0 ¢ L(Xp) then I, =0.

Since we will be working with the Parry measure and with S-expansions, and since the Parry measure has a closed
expression in terms of Lebesgue measure, it will be helpful to know what kind of values A(I;) can take, given that in the
non-integer case it is no longer true that A(I5) = 8~1°1.
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For this purpose we introduce some new notation. For o € L(Xg), write

Suci(o)={be Xg| obe L(Xp)},

&7 =maxSuc (o),

next(o) = min{t € L(Xp): 0 <iex T},
=lex

L={obeL(Xpg):b#TT}.

Notice that, because of Theorem 4.2, Sucq(c) has the form {1,...,r} for some r=G* < [B] — 1. Also, given any b € ¥ we
have that ob € £ if and only if some suffix of o is a prefix of s(8).

Let us make a remark concerning s|; for some B-expansion s. When 8 is an integer and x € (0, 1), if Ig(x) =[a,b)
denotes the B-adic half-open interval of measure 8~" that x lies in, then the sequence (IE(X))neN cannot eventually consist
of the rightmost S-adic subinterval of the previous B-adic interval. In terms of its B-expansion, it cannot eventually consist
of an infinite sequence of 8 — 1, since the rules for the construction of 8-expansions mandate that ...a(8—1)* (a<pf—1)
be written ... (a + 1)0°°. The same observation is true for non-integer bases 8, when the symbol identifying the rightmost
B-adic subinterval of a g-adic interval is not necessarily | 8] — 1. In this case, ¥ is used to identify the rightmost g-adic
subinterval of I, i.e. I,5+, and our observation takes the following form.

Lemma 5.8. Let s be the fractional S-expansion of some real x € [0, 1) (that is, s € pg([0, 1))). Then for any natural number n, there

isi>nsuchthatsiz1 #s[iT.
Observation 5.9. £(0) = (next(o))g — (0)g.
Lemma 5.10. Let 0 = o’b € L. Then (o) = g~1°1.

Proof. Since b # &'" we have that o/(b + 1) € L(Xp), so that next(c) = o'(b+ 1) and by Observation 5.9, A(Is) = &(0) =
(0'(b+1)p —(0'b)p = =17 O

Observation 5.11. Let tc € £ and o be some prefix of s(8). Then next(rca) =t(c+1).
Define Ny = min{n: ony1...0\6| =5(B)1...5(B)jo|-n} U{lo|}.
Observation 5.12. Let 0 € L(Xg), No > 1 and tc=0 |y, then c £ T™.

The following lemma extends Lemma 5.10 when g is Pisot, in the sense that it completes the characterization of the
values that £(o0’) may take.

Lemma 5.13. Let 8 be a Pisot real, let 0 € L(Xg) \ £, and suppose s(B) =r1...Tm(ar...ay)*™ and ¢; = {(ay...aj)p for j <n.
Let tc =0 [n,. Then, £(0) = &(T0)é(ry...1) incase o =tcry...r, 1 <m), or (o) =&(T0)&(r ... Tmay .a) B in case o =
Tery...n(ag...ap)laq...ap k<n,0<l.

Proof. Since o ¢ £ some suffix of o is a prefix of s(8), which means either o = tcry...r;, for some | <m, or 0 =
Tcry...tm(ay ...ap)a; .. .ay, for some | >0 and k <n. Write v; = (r .. .Ti)p. One then has

1 1
1=(s(B))p=Vm+ ﬁ—mfl’nﬁ
In case o = tcry ..., we have (o) = (tc)p + BT+ Dy, and by Observations 5.9 and 5.11 we have &(0) = (t(c + 1)) —
(o), so that

£0)  (te+))p—(re)p—p UMDy E(xo) -y £(z0)
E(ry...m) 11— 11— ’
where we have used that £(zc) = ~U7*D (which follows from Observation 5.12).
For the case when o =tcry...rp (a4 ...an)’a1 ...a, we have

(33)

(0)p=(tc)g + B IV Y + B (1+ 7+ -+ 7D 4 g7

—In _
= (ze)g + 707D [wm A <¢(’27_1” ¥ ﬂ—’"qskﬂ ,

and from (33) and Observations 5.9 and 5.11
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E(ry...tm@r ... a) =1 = m+ B ") =p"" [% - ¢k]

so that (using Observations 5.9 and 5.11 again)
§(0)=(t(c+D)p—{o)p

—In -1
= &(r0) - D [wm rp <¢n(f;_,17_1) + ﬁ—’"qbkﬂ

=&(t0) [1 — W+ ") — (BT - 1) <¢k - %)}
=E(TOE(r ... Tmay ...a) ™.

This concludes the proof. O
Corollary 5.14. There exist positive constants d and d’ such thatd < &(ob | o) <d’ for any ob such that E(ob) > 0.

Proof. It suffices to see that £(ob | o) takes only finitely many values. First of all, in the case when ob, o € £ then &(ob |
o) =pA"1, by Lemma 5.10. When o € £ but ob ¢ £ then £(cb | o) = £(b), by Lemma 5.13. When ob € £ but ¢ ¢ £, write
Tc =0 [n,. As remarked above, either o = tcry...rj or o = tcry...1(aq ...ap)'aq ...ai. Then, by Lemma 5.13 either

ﬂ*(|fc‘+l+1) 137(I+1)
E(TOE...T))  E(ry...1))

(which can take only finitely many values, since | <m and m is fixed) or

§(ob|o) =

ﬂ—(lfd+m+ln+k+1) ﬂ—(k-i—l)
§(blo)=

ETOET] ... Tma1 ... @B~ E(ry...tmay ... ax)
(which can take only finitely many values, since k < n, and n is fixed).
When neither ob nor o are in £, Lemma 5.13 means the conditional probability £(ob | 0) may take the following values.

o £(r1...141)/&(r1...1), if o = (0 [n,)r1...17 for some [ <m —1
o £E(r...Tma1)/E(r1...Tm), if o= (O [N,)T1...Tm
o £(r1...Ta7 ... Aky1)/E@r1 ... Tma1 ... ay), if
0 =(0IN,)T1-..Tm(a1 ...an)la1 Qg
forO<lLk<n-1
o £(rp...1may))B Y JE(r .. Tmay .. .ay), if
0 =(0IN,)T1-..Tm(a1 ...an)la1 ...0ap
for 0 <.

Since these expressions may only take finitely many values (for fixed rq,...,r, and fixed ay,...,a,), the proof is fin-
ished. O

Corollary 5.15. If 8 is Pisot, then £(0') < g1°1.
Proof. It is enough to note that £(s(8) [x) < B~¥ (this is true for any B, Pisot or not) and then use Lemma 5.13. O
The following is a straightforward consequence of Proposition 5.5 and Corollary 5.14:

Corollary 5.16. If B > 1 is Pisot and M is a Pg-martingale on L(Xg) with the savings property, then there is ¢ such that M(o’) <
c-lo|+ M(@®) forallo € L(Xp).

Let B > 1 be Pisot. Each Pg-martingale M on L(Xg) induces a measure py on the algebra of word cylinders defined
by um([o]) =M(o) - Pg(0), for o € L(Xp). Via Carathéodory’s extension theorem this measure can be extended to a Borel
measure on =V, and if up is atomless (i.e. no point has positive measure), we can also think of it as a Borel measure on
[0, 1], which is given by up(I5) = M(o) - Pg(0).

We say that a martingale M is atomless if ) is atomless.
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Observation 5.17. If M is a Pg-martingale with the savings property then it is atomless.

Proof. Indeed, by (32) and Corollary 5.15, there is a constant k such that for any o € L(Xpg), Pg(0) <k- B~lol. By Corol-
lary 5.16, there is a constant ¢ such that for any o € L(Xg) of length n we have upy(Is) <k-B7"-(d-n+ M(¥)), and this
goes to 0 as n goes to infinity. Hence wpy is atomless. O

The cumulative distribution function associated with pp; will be written cdfy; (x) for x € [0, 1]. We now want to prove
an analogue of the left-to-right implication of Theorem 3.6 from [3] (which is used as Theorem 3 in [6]).

Theorem 5.18. Let M be a Pg-martingale with the savings property that succeeds on the $-expansion of z € (0, 1), a non-g-adic real.
Then

. . .cdfy(z+h) —cdfy(2)
liminf =0
h—0 h

Proof. The proof is essentially the same as in [3]. Let g = cdfy; and let r > 0. We will show that there is some € > 0 such
that if |h| < € then |g(z+ h) — g(2)| > rk’|h|, where k’ is the constant such that k'A(A) < Pg(A) from (31).

Let (Ziﬂ)iz] be the fractional g-expansion of z. Since M succeeds on (zg,;)i>1 and has the savings property, there is some
i such that, if p =z |;, then M(pt) > r for any T such that pt € L(Xp). Since z is not B-adic there is some j > i such that
27 #0, and by Lemma 5.8 there is some k > j such that sz £ 7zP | t. Let € = %=1, If 0 < |h| < € then the B-expansion

of z+h extends p. If h > 0 this is because z+ h < z+ g7*~1 and g**! has the same B-expansion as z, except that Zl/<3+l
is replaced with 1+ z,fﬂ, which at worst is z# [+, Similarly, if h <0, then z+h>z— %1 z—8=J and z— B~/ has
the same S-expansion as z, except that 27 is replaced with zf — 1, which at worst is 0. This means that, if W C L(Xp) is a
prefix-free set of strings such that | J, .y Io =(z,z+h) in case h >0, or | J, ¢y lo = (z+h, 2) in case h <0, then all strings
in W extend p. Hence,

gz +h) —g@)|= > M@)Pg(o)>1K Y &(0)=1k Y A(ly)=1K'Ih. O

oeW oeW oeW

In [3] it is shown that if f is a nondecreasing function with domain containing [0,1] N Q then mart:{0,1}* — R
defined by

fUr)2+27"h) = f((r)2)
2-ltl

is a classical martingale. It is also observed in [3, Fact 3.5] that if f(0) =0 then Cdfmart; = f. In the next lemma we use
these facts for f = cdfy, the cumulative distribution function of our Pg-martingale.

martf(7) =

Lemma 5.19. Let 8 > 1 be Pisot. Suppose M is a Pg-martingale with the savings property. Let N: {0, 1}* — Rx¢ be the following
(classical) martingale:

cdfy ((T)2 +27171) — cdfy ((1)2)
2-I7| ’

Suppose s € Xg and that there exists x € [0, 1] neither B-adic, nor a dyadic rational such that pg(x) = s. If M succeeds on s then N
succeeds on the fractional binary expansion of x.

N(7) = martegry, () =

Proof. Same proof as in [6, Lemma 11], with Theorem 5.18 substituting for [6, Theorem 10]. O
5.4. upy and cdfy are polynomial time computable
As in [6], we show an ‘almost Lipschitz’ condition for cdfy;:

Proposition 5.20. Let 8 > 1 be Pisot and let M be a Pg-martingale on L(Xg) with the savings property. Then there are constants
k, € > 0 such that for every x, y € [0, 1], if y — x < € then

cdfp (y) —cdfpy(x) < —k - (y —x) - log(y — x).
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Proof. We actually show that there are constants ¢ and d such that
cdip (y) —cdfy (x) <d - (y —x) - (¢ - (1 —logg(y — X)) + M(9)) (34)
for 0 <x <y <1.Let neN be the least integer such that 87" < y —x, and let

O ={0 cLl(Xp)|lo|=n,lIs N[x, y] #0}.

So we may write ® = {071, ...,0n}, with 0; <|ex 0i41 for all i <m. Let p be the left end-point of I, and let g the right
end-point of I,,. Clearly both p and q are -adic and [x, y1 € Uyce Io =[P, q].
We have

cdfm (y) — cdfy (%) < cdfm (q) — cdfm(p) = umlp.ql = Z Pg(o)-M(o)

oe®
<(c-n+M®) Y Pg(o) (byCorollary 5.16)
oe®
< ((c- (1 =logg(y =)+ M®)) Y _ Pgo) (B~ "V =y—x).
oed

Since for each o € ® we have Pg (o) =ﬁg(lg), from (31) we conclude Pg(c) <k-A(I5),and s0 >, .o Pg(o) <k-A([x, y])+
Pg(01) + Pg(om). From (32) and Corollary 5.15 we know that Pg(oq) and Pg(om) are at most 87" < y — x). Hence we
conclude (34) ford=k+2. O

Proposition 5.21. If 8 > 1 is Pisot then P is polynomial time computable.

Proof. Recall from (30) the closed expression for 75,3, the measure that Pg induces on the unit interval. As before, since g
is Pisot its periodic B-expansion can be written s(8) =1y...rm(ay...a,)%°.
Define

Bi=1{7 € T5: T iex T“(s(B)).

Notice that By is computable in linear time. Since x < T[’}(l) iff pp(x) <iex T"(s(B)) we have, for any o € L(Xp),

m—1 n
5 §Uo) 1 §Us)
Pﬂua):Pﬁ(o):Z(j] 57 18,0) + gy Zlﬂj_113j+m_l(o),
Jj= Jj=

which is polynomial time computable because it consists of fixed-length sums of products of polynomial time computable
functions, since £(-), 8 and the set By are polynomial time computable. O

Proposition 5.22. Let 8 > 1 be Pisot, and let M be a polynomial time computable P g-martingale with the savings property. Then both
um:L(Xg) = Rand f:L(Xpg) — R given by f (o) =cdfy({0)g) are computable in polynomial time.

Proof. We have (o) = M(o)Pg (o). By Proposition 5.21 Pg is computable in polynomial time and M is also computable
in polynomial time by hypothesis. So that by Observation 5.2 their product is computable in polynomial time.
For f we have

lo]—1

fo)=pm0, (@)= > > pum(© [)b).

i=0 beSuci(al;)

By Proposition 5.1 membership in Sucq(o) is checked in linear time and we have a sum of at most |o|- (1 4+ [8]) many
terms, each of which is computable in polynomial time. O

5.5. Polynomial time randomness implies normality to Pisot bases

Lemma 5.23. Let 8 be a Pisot number and M be a P g-supermartingale that is computable in polynomial time and succeeds on s € Xp.
Then there is a Pg-martingale M computable in polynomial time that succeeds on s.

Proof. Same as in [6, Lemma 4]. Define

d(o)=M(o) — P(a)’1 Z P(oca)M(oa)
aeXp
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for any o € L(Xp). Notice that P(ca)M(oa) is computable in gglynomial time by the same argument used to show in Propo-
sition 5.22 that @y is computable in polynomial time. Then M(c) = M(o) + ZRP d(o) is a Pg-martingale computable in
polynomial time. O

Lemma 5.24. Let § > 1 be Pisot. If s € Xg is not Pg-distributed then there is a polynomial time computable P g-martingale which
succeeds on s.

Proof. We know from Theorem 4.10 that Xg is a sofic subshift. Moreover, by Theorem 4.2 it is clearly irreducible (if o, T €
L(Xp) then 00T € L(Xp)). Let (G, £) be its minimal, irreducible, right-resolving presentation, whose existence is guaranteed
by Theorem 3.10) and let £*: X — Xg be the natural factor map induced by L. Of course, X is an irreducible, 1-step
Markov shift and it is shown in [9, Example 8.1.6] that £* is finite-to-one,” that is, for any s € Xg, L£*71(s) is a finite set.
It is also shown in [9, Corollary 8.1.20] that finite-to-one factor maps between irreducible sofic shifts preserve topological
entropy, where the topological entropy h(X) of a subshift (X, T) is defined as®

h(X)=sup  hu(X).

T-invariant p

Thus, h(X¢) = h(Xg). But from Theorem 2.8 we know that there is a unique invariant P such that h(X¢) =hp(Xg) where
P is an irreducible, 1-step Markov measure on X¢. Furthermore, from Theorem 4.7 we know that h(Xg) = hpﬂ (Xp). Now, it
is shown in [5, Theorem 1.1] that for any factor map between subshifts 77: X — Y and any invariant measure v on Y, there
is an invariant measure  on X such that v = o 7 ~'. Hence, there is some invariant ; on X¢ such that Pg=puo L1
and since factor maps cannot increase metric entropy ([19, Theorem 4.11]) we have that h, (Xc) > hp,(Xp) = h(Xp) =
h(Xg) = hp(Xc). But since P is the unique invariant measure of maximal metric entropy on X¢, it follows that P = pu,
and therefore Py is the push-forward of P. Thus, we are under the conditions of Theorem 3.12 and we have, according to
item 1, a Pg-martingale generated by a DFA which succeeds on s, and, according to item 2, a Pg-supermartingale generated
by a DFA which succeeds on s. In any case, we have a Pg-supermartingale generated by a DFA which succeeds on s and
whose two betting factors other than 1 are either rational or have the form (1 —ép*/(1 — p*)), where p* is the conditional
Pg probability on some fixed words. Since Pg is polynomial time computable, then all betting factors are polynomial time
computable.

Thus, our Pg-supermartingale is of the form L(o) = p™(@)r™2(®) where r is polynomial time computable, p is some
fixed rational and my (o) and my(o) are non-negative integers smaller than |o| and computable in time linear in |o|, since
a DFA reads its entry in linear time.

For rational p it is clear that p™) is polynomial time computable. Now, when r is not rational, r is strictly smaller
than 1, and is also computable in polynomial time. So, given n, we can compute a rational r, in time O (q(n)) (q some
polynomial) such that |r, —r| <27". Then, if €, =r — r,, we have, for m =my (o),

m
= < O e <2 (T)|en|frm*" <2"|en| =2"7"

i=1
Thus, given |o| and k, we can compute a rational r, in time O0(q(n)) for n=my(o) +k+1<|o|+k+ 1, and we can
compute my (o) in time O(q'(Jo|) for some polynomial q’. Therefore, since exponentiation by squaring has (strictly less than)
polynomial time complexity the number r(o, k) = r,TZ(‘T) can be computed in 0(q”(Jo| + k)) time for some polynomial q”,
and satisfies 1™ —r(o, k)| < 27¥. Hence, r™2(®) is computable in polynomial time and so is the Pg-supermartingale L. By
Lemma 5.23 there is a polynomially time computable Pg-martingale that succeeds on's. O

Theorem 5.25. Let 8 > 1 be Pisot and x € [0, 1] be a number such that a Pg-martingale computable in polynomial time succeeds on
the B-expansion of x. Then there is a polynomial time binary martingale that succeeds on the binary expansion of x.

The proof is the same as that of [6, Theorem 14| with [6, Lemma 15] replaced with the following:

Lemma 5.26. Let 8 > 1 be Pisot. For any polynomial time computable P g-martingale M: L(Xg) — Rxq with the savings property
there is a classic martingale N: {0, 1}* — Rxg such that N is polynomial time computable, and whenever M succeeds on s € Xg, and
x € [0, 1]is such that pg(x) = s then N succeeds on the fractional binary expansion of x.

Proof. By Proposition 5.22, there is a polynomial time computable function 5511\/122}‘; x N — Q such that |EEfM(r,i) -
cdfm((T)p)| <27

2 | thank Mike Boyle and Brian Marcus for pointing out this argument to me.
3 The topological entropy of a dynamical system has a different, intrinsic definition not depending on measures, and our “definition” is actually a theorem
known as the variational principle.
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Define the classical martingale N:{0,1}* — R>g as N(7) = (cdfm(p2) — cdfy (p1))/27 17!, where py = ()2 and py =
(t)2 + 27171, N has a polynomial time computable approximation N: {0, 1}* x N — Q, defined by

CdfM (12,14 2) — CdfM(‘L’1 i+2)
21Tl ’
where for j=1,2 the string 7; € Z; is an approximation of p; with error 272v=1 for v =i+ 2 + k. By Proposition 5.4

and the definition of N, we conclude that N is polynomial time computable. The proof that |N(t) — N(r, i) <27 is the
same as that of [6, Fact 16 in the proof of Lemma 15], using Proposition 5.20 instead of [6, Proposition 12] for the Lipschitz
condition. O

N(z,i) =

We finally arrive to the main theorem of his section:
Theorem 5.27. Let B > 1 be Pisot. If the fractional binary expansion of x € [0, 1] is polynomial time random then it is normal to base B.

Proof. We proceed by contradiction. Suppose that Y € {0, 1}Y, the fractional binary expansion of x, is not polynomial time
random to base B. By Lemma 5.24, there is a polynomial time computable Pg-martingale M which succeeds on s = pg(x),
and by Lemma 5.6 there is a polynomial time computable Pg-martingale M with the savings property that succeeds on all
the sequences M succeeds on, in particular on s. By Theorem 5.25, Y is not polynomial time random. O
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