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1 Introduction

Tachyon condensation in string theory is a long-standing problem, as it is a phenomenon
rather difficult to apprehend both from the conceptual and from the computational points
of view. On the one hand, this phenomenon has drastic effects on the spacetime itself,
which makes the whole picture difficult to capture. On the other hand, this demands to
deal with exact, time-dependent solutions of string theory, which are available only in a
few special cases.

The physics of tachyon condensation has been first and better understood in the context
of open string theory [1-4], as well as in some scenarios involving localized closed string
tachyons [5-8]. In the case of the bosonic open string, a method that resulted fruitful to
address the problem was resorting to exact conformal field theories (CFT) that admit the
interpretation of a string o-model on a tachyonic background. In the case of homogeneous
tachyonic background, this is typically given by a timelike version of Liouville field theory
coupled to ¢ = 1 matter; that is, by the theory governed by the action

1 _ _
S = &r/d%(axlaxl + 0Dy + (b+ 1/b)Re + 8y eﬂbw) (1.1)
analytically continued to ¢ — X% = —ip, b — b = ib, which has central charge ¢ =

2 —6(b—1/b)2.
For open strings, such CFT description in terms of timelike Liouville theory with
boundaries has been studied in references [9-12]; see references therein and thereof. Apart



from this continuous approach, the problem has also been studied with other formalisms,
like the matrix model approach [13, 14].

In the case of closed string theory, describing homogeneous tachyon condensation in
terms of exact time-dependent solutions of the worldsheet CFT is also feasible, and this has
been studied, for instance, in references [15-17]. This approach has made possible to achieve
important progress in understanding the physical process, as well as it contributed to get a
better understanding of the worldsheet CF'T itself, leading to very interesting discussions
about which is the adequate procedure to analytically extend the standard spacelike Li-
ouville theory in order to produce its timelike version. These technical discussions were
mostly in relation to the 3-point function [15, 16]. More recently, the timelike! Liouville
theory —and in particular its correlation functions— has been reconsidered in [18-25].

A worldsheet description is also available in the case of non-homogeneous tachyon
condensation, which is the problem we will be concerned with here. This has been originally
discussed in [8], where a CFT worldsheet description was proposed to be given by the
analytic continuation of the so-called Sine-Liouville theory; namely by the theory governed
by the action

S = 8i7r / d22<8X15X1 + 0pdp + bRy + 8T Vi Y cos(\/mxl)) (1.2)
analytically continued to ¢ — X° = —ip, b = 1/vVk—2 — b = ib. X here represents
the T-dual direction associated to X. The theory defined in this way has central charge
c=2—6b"2

The interpretation of the timelike version of the model (1.2) as describing a non-
homogeneous rolling tachyon of bosonic closed string theory has been reconsidered in [26],
where the model was studied in terms of its T-dual counterpart, the gauged H; =
SL(2,C)/SU(2) Wess-Zumino-Witten (WZW) theory.

Sine-Liouville theory (1.2) is dual to the gauged Hi WZW theory? with level
k = 2+ b2 This is known as the Fateev-Zamolodchikov-Zamolodchikov (FZZ) dual-
ity [27-29], which is a kind of T-duality [30]. If one extends the FZZ conjecture to negative
values of b?, which correspond to the values for which the timelike version of (1.2) is
defined, then one is led to state that non-homogeneous tachyon condensation is governed
by the WZW action at subcritical level k < 2; that is, values of the Kac-Moody level that
are below the Coxeter number. In particular, this implies that the problem of computing
string observables in the time (and X) dependent tachyon background would reduce to
the problem of computing correlation functions in the subcritical WZW theory. This
represents indeed an advantage because, for reasons we will comment below, computing
WZW correlators is simpler than computing them in presence of the Sine-Liouville

IThere is an abuse of terminology here: although the theory is usually referred to as timelike, what is
motivated by its Lagrangian representation, it was argued in [18] that a careful analysis of the spectrum
reveals that the theory with ¢ < 1 is actually spacelike. Moreover, the authors of [18] explained that a
timelike theory would lead to a ill-defined OPE. This, however, does not prevent one from analytically
continuing the theory to ¢ < 1.

*More precisely, the duality holds with the H5 /U(1) coset model. However, the relevant part of the
functional dependence of the correlators is captured by the ng model.



deformation.? Then, the idea is simple: extending the WZW 3-point function to k < 2.
The problem is similar to that of extending the Liouville 3-point function to values of
the central charge ¢ < 1; i.e. to solve the timelike model. The timelike Liouville 3-point
function was discussed in [19, 20, 31-34]. In particular, in [19] Harlow, Maltz, and
Witten showed that a proposal for the timelike 3-point function made by Zamolodchikov
in [31] can also be computed by the original Liouville path integral evaluated on a new
integration cycle. In ref. [20], it was shown that the expression found in [19] can also be
obtained in the Coulomb gas approach by means of the adequate analytic extension of
the Selberg type integrals involved. This reproduces the exact result, including the right
normalization. Encouraged by this, in this paper we undertake the type of computation
of [20] in the case of WZW 3-point function. This amounts to adapt the calculations of
reference [35-37] to the range* 0 < k < 2. This, as we will see, yields an unexpected result.

The main reason why the computation based on the WZW theory is more convenient
than the one in Sine-Liouville theory is that, in the former, as it happens in the undeformed
Liouville theory, a Coulomb gas realization of the 3-point function amounts to deal with the
multiple Selberg type integrals of the class computed by Dotsenko and Fateev in the context
of the Minimal Models [41], and it has been understood in [20] how to extend such formulae
to the timelike case. In contrast, the computation in the representation (1.2) requires
either generalizations of such integrals that are only known in some special cases [42], or
duality relations between different multiple integrals that make the calculation notably
more involved [43]. Here, we will solve the problem in quite efficient way: in section 2, we
will review the free field representation of the ng WZW model and the computation of
the correlation functions in the Coulomb gas approach. In section 3, we will perform the
analogous computation at the subcritical level £ < 2. This will demand a careful analysis
of the analytic extension. In section 4, we will rewrite our result in a convenient way, in
terms of Jacobi ;-function. This will enable us, in section 5, to perform a comparison
with other proposals for the subcritical 3-point function that appeared in the literature.
Section 6 contains our conclusions.

2 The H WZW model revisited

We start by reviewing the ng WZW model in the Coulomb gas approach. The purpose
is collecting the main formulae and introduce the ingredients for the computation of the
3-point function and its extension to values k < 2. In order to facilitate the comparison,
we will follow closely the conventions of refs. [35-37]. We refer to those papers for details.

3Furthermore, being the consistency of the Lagrangian representation (1.2) in the timelike case unclear,
this can be thought of as the very definition of what the timelike theory actually means.

1t is probable that our result is still valid for negative level k. The reason why we mention the lower
bound here responds to our believe that stating the validity for values & < 0 would demand a better
understanding of the limit & — 0, which seems to be peculiar in many respects [38]. However, it was
argued by Sylvain Ribault [39] that there is no obvious obstruction to consider the result also in the range
—o00 < k < 2; see also [40].



In a particular representation, the action of the WZW theory is given by

S“:817r/d22 V2

_ 2 _ _ _
00pdp — ~— R + B0y + B0y — 8mupBBe” /)9 | (2.1)
o4
where® a2 = 20(k — 2). The introduction of ¢ = +1 in the Lagrangian enables us to

switch between the standard (spacelike) version of the model, corresponding to k > 2, and
its timelike version, which is equivalent to considering 0 < k£ < 2. The sign of ¢ is such
that the dilatonic background charge and the exponential potential remain real for both
ranges. In this sense, the transition from k > 2 to k < 2 is equivalent to a change in the
signature of the field ¢, which in the free theory (u = 0) has the correlator

(9(2)p(w)) = —oIn(z — w). (2.2)

In other words, the case k < 2 corresponds to o = —1, while the case k > 2 corresponds
to 0 = +1; and the WZW model with ¢ = —1 can be obtained from the standard case,
o = +1, by going to imaginary values of the background charge oy — ia4 and, at the
same time, Wick rotating the field as ¢ — i¢. The theory also involves a g — v ghost
system, which is unaffected by the Wick rotation and in the free theory yields

1
= ) 2.
B =~ (23)
The holomorphic component of the stress tensor of the theory is given by
1 1
T(z) = —5006(:000(2) ~ —0%0(2) + B(2)N (=), (24)

and analogously for its complex conjugate counterpart 7(Z).

The vertex operators, Vj, m(z,Z), are in correspondence with Kac-Moody primary
states |7, m,m) = lim, o0 Vjm.m (2, Z)|0), which are labeled by SL(2,R) x SL(2, R) unitary
representations.® These operators are Virasoro primaries with respect to (2.4), and are es-
sential elements of the theory. We will be interested in computing their correlation functions

n n
Attt = ([ Vimemi2) . = [ 01080 & [[Viememi(ai,2), - (25)
i=1 S i=1

defined with the action (2.1). A suitable representation of the vertex operators is given by
. . 2 _
Vimm(z:2) = y(zf"™q(z) emrPEF. (2.6)

In the Coulomb gas formalism, the n-point correlation functions (2.5) are defined by
adding, apart from the n operators (2.6), extra operators that play the role of screening
the background charge in (2.1). These screening operators are given by

2

S = / PwB(w)B@)e =+, (27)

5The reason why the level k does not appear as an overall factor here is that the field ¢ suffers a
renormalization by a factor vk — 2 and absorb a shifted & — k — 2 factor emerging through quantum
corrections. See [46] for details.

In defining the H; model, the isospin index j takes the values of the continuous principal series,
j=-1/24+4\ with A € R and m € R.



and

S = [ (st esiesstnm), 28)

These are marginal operators, meaning that they commute with the Kac-Moody currents
that generate the affine symmetry of the theory and have conformal dimension (1,1) with
respect to the stress tensor (2.4).

There are some advantages in considering Ss over Sp, and the use of any of them leads
to the same result [37]. In particular, when one faces the problem of extending the WZW
model to k < 2, the advantage of using the operator Sy is that the amount of them to be
inserted in such case, say s, is a function of the states momenta j; and k that does not
depend on whether the level is grater or lower than the critical value 2. This is given by
s=(1+j1+j2+73)/(k—2).

The situation is similar in Liouville field theory, where there also exist two dimension-
one operators that can be used as screening charges. From the instrumental point of view,
the use of either (2.7) or (2.8) should merely be regarded as a computational trick since, as
said, it has been explicitly shown in [37] that the use of any of them eventually leads to the
same result. This is a consequence of the weak-strong duality that the theory exhibits under
the interchange k — 2 <+ 1/(k — 2) at quantum level.” From the conceptual point of view,
however, the interpretation of the screening operators (2.7) and (2.8) is quite different,
being that of the latter more subtle due to its dependence with k in the exponential and
the higher-order form its S-dependent part takes when bosonizing the ghost system. The
physical interpretation of the operator (2.8) in the k& > 2 WZW theory has been given
in [44], where it was identified as the operator responsible for finite-k effects associated to
worldsheet instantons [45].

These non-perturbative operators (2.8) in the timelike theory happen to scale in the
same manner as how the dual cosmological constant operator of Liouville theory, eV2¢/ b,
scales in the ¢ < 1 case: while under the Wick rotation (b, ¢) — (ib, —i) the operator V2%
transforms into itself, the dual operator etV20/b changes to e~V20/b That is, in the timelike
case both operators blow up in opposite directions of the field space. The same occurs in the
WZW through the Wick rotation (o, ¢) — (icey,i¢), where the operator (2.8) takes the
form (,83)7‘&/ 2etat+® This sign difference in the exponential with respect to the spacelike
case is relevant for the spacetime interpretation and for the validity of the perturbation
theory. Typically, the presence of the Liouville type potential barriers prevents the strings
to explore the zone of strong-coupling, where the linear dilaton grows dangerously. Unlike
what happens in the theory with £ > 2, in the subcritical WZW theory the operators (2.7)
blows up when ¢ — —oo while (2.8) blows up in the opposite direction ¢ — +oo. It is
the operator (2.8) the adequate one to perform the Coulomb gas computation of the k < 2
correlators perturbatively.?

TAlthough connected, this strong-weak duality is different from the duality of Liouville theory under
b <» 1/b, for instance in that the former does not leave the WZW central charge invariant. Still, the
observables exhibit such a symmetry, which is usually regarded as Langlands duality.

8The situation of the two screening operators in the subcritical WZW theory is totally analogous to that
of timelike Liouville field theory. In fact, it is worth mentioning that the relation between the coupling
constants of operators (2.7) and (2.8) is not arbitrary in the WZW theory, but is given by a formula



In the Coulomb gas approach, s is the amount of integrals to be solved. Therefore, the
resulting expressions in principle only make sense for s € Z>(, and an analytic extension is
needed in order to gather configurations that correspond to other values of s. On the other
hand, s being an integer number, such analytic extension is not unique. Here, we will give
a precise prescription. The standard procedure to deal with this problem, which has been
shown to work well in diverse setups, is to first assume kinematic configurations yielding
s € Z>o, perform the integration over the worldsheet variables, and eventually extend the
final result to more general values of s.

Using the vertex operator (2.6) and the screening operator (2.8), for n = 3 we can
write

A;sz,j:s =T (— /Hd2 <62j1¢~5(0)/a+62j2¢~>(1)/04+€2J'sd~>(00)/a+ﬁe—d(aﬁg(wt@t))>
1,M2,Mm3
So

t=1

><<7j2_m2( J3— ma( Hﬁ we) (k 2> <:yj2—m2( ~J3— ma ( H@ k 2)> (2.9)
So

So

where, invoking projective invariance, we have fixed the insertions as (z1, 22, z3) = (0, 1, 00).
The tilde over ¢ refers to the fluctuations & = ¢ — ¢p around the zero-mode ¢g. The
subindex in Sy refers to the fact that the expectation values are defined by the action (2.1)
with u = 0. For simplicity, we have chosen j; = m; = m;. This is merely to simplify
the combinatorics when Wick contracting the ghost fields. The factor p*I'(—s,) in (2.9)
arises through the integration over the zero mode ¢q [51].

Let us briefly comment on the spacetime interpretation of a given amount of screening
operators in a correlator that is meant to describe a string scattering amplitude. This has
been lucidly discussed in reference [52] by di Francesco and Kutasov for the case of string
theory in 141 dimensions, which involves a spacelike Liouville part. Also there, the n-point
amplitudes exhibit a prefactor I'(—s), with s being the amount of screening operators to
be inserted when realizing the worldsheet correlators in the Coulomb gas approach. Such
factor has exactly the same mathematical origin as the one we obtain here in (2.9), i.e
it appears through the zero-mode of the field ¢. For s > 0 the Liouville amplitudes are
dominated by the region ¢ — —oo in the zero-mode integral, which is in the region far
from the Liouville wall. In contrast, those with s < 0 receive their main contribution
from the region where the presence of the wall is felt. From the spacetime point of view,
amplitudes corresponding to values s € Z~( represent scattering processes that take place
in the bulk and, as such, are not very sensitive to the details of the wall. Such processes
can be interpreted as resonances with the Liouville wall tachyonic composites. A similar
interpretation holds in the WZW theory and, likely, it also applies in the case of the
timelike theory, although the spacetime picture in the latter is substantially more elusive.
In any case, the I'(—s) prefactor in (2.9) has an analogous origin and one can think of the

analogous to the one that relates the standard and the dual cosmological constants in Liouville theory.
This has been derived in [37]. Therefore, the interesting discussion of [23] about the presence of the dual
operator for special values of b applies here as well. We will not repeat the discussion here because we are
interested in generic values of the central charge. We rather refer to section 8 of reference [23].



correlators with kinematic configurations such as s < 0 as representing processes that take
place in the bulk when the tachyon condensate is not dominant.
Computing the Wick contractions using the free field propagators (2.3), one finds [35]

So
. . B )
Aﬁ:ﬁiind = MSJF(_SU)/Hd2wt|ZUt|4J1ll—wt|4j2H|wt_wr’ 2005
t=1 t<r

8(k_2)50’P
X lim Pt
wgn)—mugl):wt 8w§1) .. .8w§k_2) .. ngi) .. .nglj_Q

jx cc (2.10)

where o)
P= H IT - wf)ym le—"[ H H (2.11)
t=1 n=1 t<r p=1 g¢g=1

and where c.c. stands for its complex conjugate counterpart?

So

=11 H 1 — ;") ”ﬂ H H (2.12)

t=1 n=1 t<r p=1 g¢g=1
This yields
. Hk—2)sop ~ D(—jo+ma+ (k—2)s,) 15—"[(1 )
ﬁwg) e 8w§k_2) .. .Owg) . 8w£k 2 L'(mg — j2) =1
(2.13)
Putting all together, and assuming for simplicity that mg 3 = ms 3, one finds
o ) . '
AT = 15T (—55)(—1)7%7 % 2y (ja — ma + 1)y(js — m3 + 1)
So
. /Hdzwt |wt|431 ‘1 . wt’4j2—aai H ’wt . wH—Qaai : (2'14)

t=1 t<r

where we have defined!? v(z) = T'(x)/T'(1 — z). See [35] and [37] for details.
The integral in (2.14) can be performed by using the Fateev-Dotsenko formula [41]
(see formulas (B.9) and (B.10) therein). The result reads

AT 2wt D (=5 )T (1 + 50) (—1)7%7°% 2y (jy — my + 1)y (js — m3 + 1)

J1,m2,ms3
Y(=(t+1)oa? /2)y(—1 — 241 — 2jo + (8o + t)oa? /2)
(=241 + toat /2)y(=2j2 + (1 + t)oa? /2)

So—1

x (y(=0a?/2)) " ]

t=0

(2.15)

Let us now recall how to compute this 3-point function in the standard case k > 2.
We do this with the purpose of spotlighting the steps in the analytic extension in s, which
is the key point to understand the difference with respect to the subcritical case k < 2.

When k > 2, we have to calculate (2.15) for the case o = +1. The strategy is, as said,
starting with the assumption s; = 2(1 + jo + jo2 + jg,)/oz?F € Z~o and, then, analytically

9To be precise, this is not exactly the complex conjugate part as it involves m instead of m.
Do not mistake this function for the ghost fields v(z).



extend the result to complex values s; € C by a controlled systematic procedure. The
assumption sy € Z~ is of course necessary to make sense out of the products appearing
in (2.15). This is at the root of the difference with the case k < 2, where we have to deal
with expressions with s_ = —s;. More concretely, when going from k > 2 to k < 2 the
products that appear in the Coulomb gas realization transform as follows

—s4

Hf(i) - H 1) . (2.16)

The analytic extension of (2.15) to other values of sy demands to take care of the
different factors appearing in that expression, one by one. A first simple observation is
that, assuming sy € Z~o,

sy—1 sy—1
[T 71+ 250 = ta?/2) = v(1 +250) [ v (=251 + tad/2), (2.17)
t=0 t=1
and
sy—1 s+—1
H Y(L+ 22 — (t+ D)ot /2) = y(j2 — j1 — J3) H 7 (=242 + tat /2). (2.18)
=0 t=1

Next, using basic properties of the I'-function and the definition of the function Gy
given in appendix A, one can write

S4 . . . 2 mn—
o1 . G =g —J3—2) [af
—ta? /2) = lim ——(—1—j1 — j2 — =] . (219
tl_[l'y (—ta}/2) = lim ORI ) o) 5 (2.19)
with n_ = —s4 — sy (s — 1)a? /2. The divergent factor I'(0) appearing in the denominator

eventually cancels out with other contribution when assembling the different pieces.
One also finds

S+71 2 3 . . . . 2 N+

L . Gp(27i —j1—Je—Js— 1) [«

T 2(—jr—detis+ta? /2) [[v(1+2ji—ta? /2) = ]| ( e : ) (o
B(—1 = 27;) 2

t=1 =1 =1
(2.20)

with ny =1 — sy + s (sy — 1)a? /2.
Putting all together and considering other properties of the I'-function, in particular
that for n € Z> one has

lim INl1—n+el(n—e¢)

P T(—e) = (=% (221)

one finally obtains [37]

A e (<1)73/2 (2 /2) (1(03/2)) (2 — ma + Dy(Gs — ms + 1)

J1,m2,m3
xy(—=1 = j1 — j2 — J3)y(1 + 2j1)v(—j1 — j2 + j3)Y(j2 — j1 — J3)
Gr(=2—j1—J2—J3) H Gr(2ji —j1—j2—Jjs— 1)
Gr(—1) Gr(—1 —2j;) ’

(2.22)
i=1



which is the k£ > 2 H;r WZW 3-point function involving a highest-weight state of the
SL(2,R) representation in the so-called m-basis.

It is convenient to write expression (2.22) in terms the function Y, which is usually em-
ployed to write the Dorn-Otto-Zamolodchikov-Zamolodchikov (DOZZ) formula of Liouville
theory [47, 48]. This is achieved by considering the relation

Gr(z) = bV =P+ Doy (), (2.23)

with b~2 = k — 2; see appendix A. In terms of this function, the result reads

A (—1)P (14 jo —ma)y (14 s —ms) T(j1,2,53,b2). (2.24)
I(j17]27.737b 2) - :u8+7rs+b74 (7<b72))8+pb(j17j27j3)' (225)
Db(j17j2aj3)_7(_1_j1_j2—j3)7(1+2j1) (jZ_jl_j3)7(j3_jl_jQ)Cb(jlaj%jS), (2.26)

b= 20 (gt D37, ()
Ty(b(2+71+72+73))

Co(J1:J2,J3) = H L7, (b(2j: +1)) (2.27)

(J1 +J2 +Jj3—27;+1))

This expression for Cy(j1, j2, j3) exactly reproduces the formula for the WZW structure
constants obtained in ref. [49]. To see this explicitly, one has to take eq. (64) in [49],
consider the Weyl reflection j — —1 — j, and perform the Mellin transform from the
x-basis to the m-basis. This exactly reproduces (2.22); see [37] for details.

3 The subcritical theory

Consider now the continuation of the 3-point function to values k < 2. As we will see,
the answer is far from being obvious. In fact, we will observe here a phenomenon similar
to what happens in Liouville field theory, where the spacelike and the timelike 3-point
functions are, roughly speaking, one the inverse of the other.

Let us go back to expression (2.15) and consider now o = —1. Namely, consider

AILI2Is = st D1+ s )D(—s2)(—1) 7% 2y (jy — ma + 1)y(js —ms + 1) (3.1)

s——1

2 /9)) 5~ v ((t+1)a? /2) (=1 = 2j1 — 2j2 — (s— +1)a? /2)
<t /2) g V(=251 — taZ /2)y(=2j2 — (t +1)aZ /2) ’

with s_ = =2(1 4 j1 + j2 + j3) /2.

The 3-point function (2.24)—(2.27) for a k > 2 theory was obtained by starting from
the case sy = 2(1 + j1 + jo + j3)/a% € Zso. In the case k < 2, taking into account
that s_ = —2(1 + j1 + jo + j3)/a% = —s4 € Z<p, a natural proposal would be trying to
analytically extend the multiple products appearing in expression (3.1) to negative integers
values of s_ = —s; € Z<g. This proposal is similar to the one used in [20] to solve the
timelike Liouville theory, which was shown to reproduce the correct expression [31]. Then,
the question reduces to that of how making sense out of the products in (3.1) for negative
values of s_. This question is actually not new in the context of CFT. A similar problem
appears, for instance, in Minimal Models coupled to 2D gravity. In ref. [50], Dotsenko



proposed a trick to making sense out of the product of a negative amount of screening
charges. This follows from extending the basic property

2, /6) __ P(o) 52

PO =120 = =50 = 1, s

which is obviously valid for positive integer [ € Z~¢, to negative values of [ by simply ex-
trapolating the functional properties of P(l). Then, as in [50], one may consider extending

the definition of the function P(l) to values [ = — |l| by defining
=t
P(l) = — forl € Zy. 3.3
=11 75 0 (33)

This trick, which has been used in many different examples before, can also be applied
succesfully to our case. In this way, we can give meaning to the Coulomb gas formulas for
the subcritical 3-point correlation function.

Making use of (3.3) and iterating the shift properties of the I'-function and Gj-function,
we can rewrite each of the factors in (2.15) in terms of the latter function. For instance,

using

. _ ﬁ —2z—1
Gr(r —a?/2) = y(1 + 2)Gi(x) 5 , (3.4)

the first multiple product in the numerator of the second line of (2.15) can be written as
s_—1

_ o Gr(-1) od )"
E) Y(t+1)a7 /2) = y(=1— j1 — ja —JB)Gk(ﬁ +Jj2+J3+1) <2+> o

with ny = (a%/2)(s> — s_) — s_ + 1. Analogously, we can write

s_—1 . .
_ (1 +251)Ge(241) (043>m
2

v(1 + 251 + tat /2 : : :

g) ( +?) Gr(—J1 + j2 + J3)

with 1 = s_ +4j1(s— —1)+ (a3 /2)(s2 —s_) — 1. Considering that v~ (1 —j2 + j1 +j3) =

v(j2 — j1 — j3), one can express
s_—1

IT 2+ 22+ (t + 1)ad/2) =
t=0

v(J2 — J1 — j3)Gr(2j2) (a%r)m

Gr(—j2 + 71+ 7J3) 2

with 7o = s_ +4ja(s— — 1) + (a2 /2)(s% — s_) — 1; and using that v~ 1(1 — js + j1 + j2) =
v(j3 — j1 — j2), one finds

s_—1

I ~(~1 251 —2jo — (s— +t)a?/2) =
t=0

(j3 — J1 — j2)Gr(2]3) (a%r)%

Gr(—7j3 + 71 + Jj2) 2

with 3 = s_+4j3(s— —1)+(a? /2)(s%2 —s_)—1. Notice that no+m1 +n2+n3 = —2(s_—1).
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Combining all this, we eventually find

s s s_(1—a? 2 S—
A = D (=)D 4 s )(<1) 072 (o /2) (v(-a? /2)
xy(j2 —ma + 1)y(js —m3z + 1)y(—1 — j1 — Jo — j3)v(1 + 251)v(j2 — j1 — j3)

o Gi( Gr(2ji)
y o : / —, 3.6
(s — 1 j2>Gk(]1+]2+]3+ HGk (J1 + jo + j3 — 2ji) 30

which is our main result: this is the 3-point correlation function for the subcritical WZW

theory.
As we did for the case k > 2, we can easily express (3.6) in terms of the Tj-functions.
Denoting b = ib, which means §_ = —b2(j1 + jo + js + 1), this yields
Aﬁ’ﬁé{i’ns = (=1) 0y (Lt jo—m2)y(1+js —ma)L (G, 2,55, —b2). (3.7)
L(jr,jaras =072 = u* =7 b7 (1(=572)) " Dy(jnsiauds): (3.8)

ﬁg(jbjz,j?,) = Y(—=1—j1—Jjo—73)v(1+251)y(J2 —j1—43)7(j3 *jl *Jé)C‘ (J1,d2,73),  (3.9)

_ 226267 (S8, 5i) Zb Ty (- b(]1+]2+]3+1 HT 2]1 N—J2— jg)), (3.10)
() o Ta(=b(240)
where we have used (2.21) and have excluded the divergent factor I'(0). The same type of

C; (51, J2:43)

divergence appears in timelike Liouville field theory [20].
The remarkable fact is that (3.10) is, roughly speaking, the inverse of (2.27) and not
the simple extension b — b that one could have naively expected. In fact, one observes the

remarkable factorization!!

. . . ~ . . . _ _ 3 ;.
Co(j1, g2, 33)Co(—1 — ji1, =1 — jig, =1 — jig) = BP0V ~4* Lz i, (3.11)

This type of inversion phenomenon had already been observed by Zamolodchikov in
the case of Liouville theory coupled to Generalized Minimal Models [31], where the 3-point
functions also factorize in a similar way. This is also behind the surprising cancellation
that superstring amplitudes'? in AdSz x S? backgrounds exhibit [53-55].

Expression (3.11) manifestly shows the non-trivial form that the 3-point function takes
when analytically extending from b € R to ib. At classical level, the extension to imaginary
values of b is straightforward, but this is not the case at quantum level where the problem
of defining the correct integration cycle in the path integral is subtle [19]. In contrast to the
3-point function, the 2-point function does admit a straightforward extension from real to
imaginary values of b. Consequently, this raises the question as to how the 2-point function
can be recovered from the timelike structure constants (3.10) in the appropriate limit. In
the case b € R this smoothly follows from the functional property

r<1+k—£2)
—omi "2

lim Gr(jo — J3 +¢)Gr(jz — jo +¢) ) 8(ja — js) (3.12)

= 2m
e—0 Gk(—l)Gk(l — 28) F(l _ k;iiQ

HThe b-dependent contribution on the right hand side is irrelevant, as it can be absorbed in the normal-
ization of the vertices.

1275 explained in [53], supersymmetry is crucial for this simplification to occur in string theory on
AdS3 x S% x T* NS-NS backgrounds.
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which leads to reobtain the reflection coefficient' A%2:7%, . ~ B(j2)d(ja — js) as the limit of

the structure constant lim;, _,o C(j1, jo2,j3). In the timelike theory, in contrast, and due to
the special dependence of the Gi-functions in (3.6), the relation between the 2- and the 3-
point function is different and somehow arbitrary, exactly as it occurs in the Liouville theory
with ¢ < 1. In particular, this arbitrariness manifests itself in that the timelike Liouville 3-
point function evaluated on momenta a; = 0, ag # 0 # a3 does not develop a delta function
~ 0(ag — ag) (see appendix B). This peculiar feature has been discussed, for instance, in
reference [19] (see discussion in section 7.1 therein), and this had been previously discussed
in references [15] and [23]. In [23], this feature was taken as evidence that in the ¢ < 1
Liouville theory the 2-point function is genuinely non-diagonal in the conformal dimension.
This raises the question as to whether or not the theory should be regarded as an actual
CFT. In [19] a possible interpretation for this phenomenon was given: it was suggested
there that the limit aq; — 0 of the 3-point function should probably not be interpreted as
the limit in which one of the vertex operators tends to the identity operator, but rather as
the limit in which an alternative dimension-zero operator emerges in the correlator. For a
non-unitary CFT this is certainly a possibility, and the same interpretation is possible in
our sine-Liouville computation. On general grounds, and even when we are unable to give
a final resolution of this problem, we certainly expect that the explanation to this peculiar
feature in sine-Liouville theory will be the same as in Liouville theory. Notice that in sine-
Liouville theory, as well as in its FZZ dual, there are natural candidates for such non-trivial
dimension-zero operator, given by the conjugate identities j = +m = +m = —k/2 that,
according to Fateev, Zamolodchikov, and Zamolodchikov are essential elements to construct
the spectrum of the theory [27]. In any case, the non-diagonal form that the 2-point function
takes in zero-momentum limit of the 3-point function requires further investigation.

4 Modular functions

With the intention of comparing our result (3.10) with what happens in the process of
analytically extending Liouville theory to values ¢ < 1, let us express the 3-point func-
tion (3.10) in terms of the function

Hy(x) = Yp(x)Yip(—iz + ib), (4.1)

introduced in [31]. This will allow us to write, as it happens in Liouville theory, the quotient
of the timelike and spacelike formulas in terms of Jacobi functions.
Given the relation b = b, one finds

3
i-rr(l—bz—b2Z?leq,)b2—2b2—2b2(2?zljj)Hb ZJZ+2 HHb 2J1+J1+J2+J3+1))

5(b(27i+1))

éb(jlaj27j3) =€

i=1

T,(0) = 14(b(24i+1))
8 Ty(b(24j1+Jj2+73)) };[1 Yy (b(—24;+j1+j2+j3+1)) (4.2)

13To be precise, the physical interpretation of the 2-point function in the timelike case is not that of
a reflection coefficient, but that of the quantity whose modulus gives the particle production rate in the
time-dependent background [15, 26].
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where we have reinserted the divergent factor I'(0) that combines with a Y4(b) factor and
the number Y;(0) that appear in the calculation. Notice that Yy(b) = I'(0)Y(0) and

T,(0);(6) = Hy(0).
On the other hand, the following relation holds

i — — 6 (xbil 672)
H _ (2 ab T —ab4b? /4372 [4—1/4) 1 ) 4.3
o) = e 01(1/2 +b-2/2,0-2)° (4:3)
where 607 is the Jacobi function, whose definition can be found in the appendix A. Com-
paring this with the formula for Cy(j1, jo, j3), we find

Civ(j1,d2,43) 01 (J1 +j2 +js +1,072) ﬁ 01 (—2ji + j1 + jo + js, b72)

Cy(j1,j2. j3) b61(—1,072) 61 (27i,072)

(4.4)
i=1
where we have used the modular properties of the Jacobi function, namely 0;(x + 1,7) =
e 0y (x, 7).

We observe that expression (4.4) is analogous to eq. (7.42) of ref. [19] for the timelike
Liouville theory (see appendix B).

5 Other proposals

Before concluding, let us comment about the comparison of our formula for ég(jl, J2,j3)
with other proposals made in the literature for the subcritical WZW 3-point function.
In [26], Hikida and Takayanagi gave such a formula by extrapolating the expressions ob-
tained by Schomerus in [16] for the ¢ < 1 CFT. The expression of [26], however, has been
written in terms of the Hj- and Ys-functions introduced in [16] and, thus, a little of extra
work is necessary to compare with (3.10) (see appendix A). An efficient way of verifying
the consistency between our result (3.6) and the formula for the 3-point function of [26] is
to compute for the latter the quotient between the k > 2 and the k£ < 2 cases and compare
this with (4.4). One might start from the 3-point function for k£ > 2, which corresponds
to expression (4.15) of reference [26]. Performing b — b = ib, and considering (4.3) that
relates the Hp-function with the Jacobi #;-function, one can write the ratio of the 3-point
functions as a quotient of #; functions. In order to compare with [26] it is necessary to
take into account the dictionary between their parameters and ours; namely, to consider
b= —ﬁ, ji = —1 + iv/aw;. (5.1)
It is also convenient to shift the zero mode ¢q in order to set p = I'(1 — b%) /(7L (1 + b?)),
which set v(k) of [26] to 1. These definitions lead to the expression (4.17) in [26], namely!'4

(w) (5.2)

where the function Y, which is defined in appendix A, satisfies the relation

H(w) =014, ) Yﬁ

Ya(w) = Y5 (iw + B). (5.3)

M1t is also needed to take into account an extra factor 1/2 in the convention used in eq. (4.16) of [26]
when writing the function H.
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Considering these functional relations, a careful examination of the expressions revels
that our result (3.6) relates to the Hikida-Takayanagi result for the & < 2 WZW 3-point
function [26] in the same manner as how the Harlow-Maltz-Witten result for Liouville
timelike 3-point function [19] relates to the formula proposed by Schomerus in [16] for the
¢ < 1 theory. Actually, this is not a surprise since the expression proposed in [26] has been
constructed by following the procedure described in [16].

6 Conclusions

In this paper we have revisited the problem of non-homogeneous tachyon condensation in
bosonic closed string theory. A worldsheet theory describing this phenomenon is given by
the Lorentzian continuation of the Sine-Liouville model. We solved this model exactly, in
the sense of having provided a closed expression of the 3-point correlation functions on
the Riemann sphere at finite o’/. The strategy was resorting to the T-dual description in
terms of the gauged H? /U(1) Wess-Zumino-Witten model at subcritical level k < 2. Using
the same Coulomb gas techniques which in the case of timelike Liouville field theory have
shown to reproduce the correct 3-point function, we derived here a formula for the WZW
correlation functions within the range 0 < k < 2. This result is given by expression (3.6),
which is our main result; see also (3.7)—(3.10). This represents an exact solution to string
theory on a time-dependent background.

Remarkably, our result for the subcritical WZW 3-point function turns out to be,
roughly speaking, the inverse of the standard (i.e. & > 2) result and not the simple
extension vk — 2 — iv/k — 2 of it that one could have naively expected. This phenomenon
is, mutatis mutandis, the same that what happens in timelike Liouville theory, and which
had already been noticed by Al. Zamolodchikov in the context of Generalized Minimal
Models. In other words, our expression (3.10) relates to the standard WZW 3-point
function in a similar way as how the Harlow-Maltz-Witten 3-point function of timelike
Liouville theory relates to the analytic continuation of the Dorn-Otto-Zamolodchikov-
Zamolodchikov structure constants. On the one hand, the ratio between both correlators
admits a simple expression as a quotient of Jacobi’s #;-functions. Their product, on the
other hand, exhibits a remarkable factorization.
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A Special functions

The Gi-function. The Barnes’ double I'-function is given by

/

logf‘g(a:\l,y)zlg%ﬁe Z (x+n+my) - Z (n+my)~° |, (A.1)

n,mEZzO n,mEZzO

where the prime on the second sum means that the step (m,n) # (0,0) is omitted.
The function Gy, is defined in terms of I'y as follows

z(k—14x)
Gr(z) = (k—2) 2:-2 To(—z|l,k —2)T9(k — 1+ z|1,k — 2). (A.2)
This function obeys the reflection relation
Gi(x) = Ge(—2 — k + 1), (A.3)

and the translation (shift) relations

Grlz+1) = y(=(z+1)/(k = 2))G(x) (A.4)
Grlz —k+2) = (k—2)7 1y (z + 1)Gy(x), (A.5)

where the function ~ is defined in terms of the I'-function as follows

I'(z)

== A.
@) = Fp s (A6)
and, thus, obeys
eyl —2) =1,  A@)y(-z) = -2, (A.7)
because of the property I'(1 + x) = zI'(x).
The Yp-function. Function G- relates to the Yp-function as follows
Tb(—bl’) — b—b2g;2_(b2+1)zG];1(m)’ (AS)
with b=2 = k — 2. Therefore, from (A.2) it follows that
Ty(x) = Ty (2|b, 6 HT b+ 071 — z|b, b7 ). (A.9)

Function T3 can also be defined by

dt et sinh?((b/2+b71/2 — 2)t/2
log Yp(z) = np + /R>o " ((b—i— bt - 236)27 — sinil((b/t/;; sinh/(b—lt/)2)/ )) . (A.10)

with the constant n, = —2log Fg(%ﬂ), b~1). It obeys the following shift relations

Yol +b) = v(bx)b' 2Ty () (A.11)
Ty(z+b1) = A0  2)b T2 I, (1) (A.12)
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together with the reflection relations

Ty(z) = Ty-1(z) (A.13)
To(z) = Tp(b+ b1 — ), (A.14)

which follow from (A.3)-(A.5) and the definition (A.10).
A useful property of Yj-function, which comes from iterating (A.11)—(A.12), is the

following
x

[[rt) = T2 LD etas-n

0 , (A.15)

r=1
provided x € Z~y.
Function Y3 has poles at 2 = mb + nb~! with m,n € Z~q and m,n € Z<p.

The Yg-function. Interested in the case of imaginary values of b = i (i.e. 8 € R, which
is also a convention frequently employed in the CFT literature to express these functions),
one finds convenient to define the function

Yg(z) =To(B+iz | 8,87 )28 —iz | B,87"), (A.16)
which also admits the definition

et sin? “2/9 2
et s [ & (oot SRy

with hg being a S-dependent constant. This function obeys

Vo(z +i8) = B (2)y(izB) (A.18)
Ya(x —ip~") = B2 PYy(x)y(—izp ). (A.19)

The Hp- and 0;-functions. Define the function

Hb(x) = Tb(.%)Tib(—il‘ + ib), (A.20)

which obeys the relations
Hy(z +b) = e3 @D g () (A.21)
Hy(z+b71) = e (-2 0 f, (1), (A.22)

This function can be written in terms of the Jacobi’s #;-function, namely

in —1_ _ap— _ 0 ([Ebil b72)
H _ (x2+ab~ 1 —xb+b2/4—3b2/4—1/4) 1 ) A9
o) = e 0 (1/2+b2/2,b2) (4.23)
with
6, ($, 7.) _ Z'Z(_1)nei7r7'(n—1/2)2+27ri;t(n—1/2) (A24)
nez

with Im(7) > 0. Properties (A.21)-(A.22) follow from the well-known modular properties
of the Jacobi’s function, namely

01(x +1,7) = e ™0y (z,7), (A.25)
O1(x+7,7) = em(l_T_h)Ol(x, T) (A.26)
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B The timelike Liouville theory

Consider the DOZZ Formula for the standard (¢ > 25) Liouville theory

bez} (@-3;0)/b Yo 13[ Yy (20%)
(

Cla,az,a5) = |my (¥ ’
(a1,ag,a3) = | Ty (b7) Ty(a1+astaz—Q) 11Ty (an+az+as—20)

where Q =b+b"', b € R, and where Y is a constant.
The timelike DOZZ formula proposed in [19] reads

N ~ ~ 21 N
C(a1, do, d3) = : — 7y (—b?)

,;2+252}<Z?=1 GO _in53 a-Q)/fb

By (a1+a2+fx3—Q+l§ H a1+a2+a3—2az+b)’ (B.1)
Y;(b) Pl T;(24; +b)
where the parameters are defined as
& = —iag, b2 =-b, Q=—iQ. (B.2)

Writing (B.1) as a function of the spacelike parameters, one obtains

C(an,a9,63) _, 61(b~ (a1 +z + a3 b=2) ﬁ 01(b~ (a1 + a + a3 — 20),b72)
C(al,ag,ag) 9/1(0,5 i1 01 2b— 1041,1) 2)

(B.3)
with 0] (z,b72) = & 9.9, (x,b=2). This is equation (7.40) of [19] and is the analog of (4.4) for

Liouville field theory.
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any medium, provided the original author(s) and source are credited.
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