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Relative vibration between two flexible subsystems can be detrimental to the performance of many engi-
neering applications, such as optics-based instruments, machine tools, or adjacent industrial structures
sharing piping. For the purpose of controlling this particular vibration, this paper presents two control
approaches based on the passive and semi-active isolation at each subsystem: the indirect controlmethod,
consisting in the reduction of the individual vibration of each subsystem, and the direct control method,
which aims to reduce the relative vibration between both subsystems. Necessary conditions for the fea-
sibility of the direct control method are found, thereby reducing the universe of possible design configu-
rations. From the traditional ground-hook and sky-hook control laws, which simulate, respectively, a
damper between the body to be controlled and the support or the reference framework, it is generalized
a control law called body-hook-body, which simulates a damper between both bodies to be controlled.
Taking into account the performance and cost/complexity of the whole system, different alternatives
for each vibration control method are numerically and experimentally studied. From the results, it is
inferred that the proposed direct control method, using body-hook-body, is as effective as the traditional
indirect control method, using ground-hook or sky-hook, but with lower cost and complexity.

� 2017 Published by Elsevier Ltd.
1. Introduction

In some engineering applications, the relative vibration
between points of a structure (or structures) is more problematic
than the individual vibrations of such points; especially if the
relative vibration cannot be reduced through a linking damping
element due to architectural considerations [1] or physical con-
straints [2]. This particular problem is typical of multi-element
antennas and in many optical arrangements or instruments such
as telescopes, cameras, etc. For example, camera-in-hand robotic
systems [3] are affected by the relative vibration between the
camera and the target [4]. A distortion in the relative positions of
optical elements of a telescope cause aberrations such as wave
front error or defocusing [5–7]. Relative vibration between
Automatic Optical Inspection (AOI) devices and the associated
workpieces is critical in the inspection throughput [8]. In particle
colliders [9] and interferometers [10], relative very small vibra-
tions may result critical. The performance of machine tools is
highly affected by the vibration of subsystems because affects
the quality and precision of the machining [11,12]. On the other
hand, in civil and industrial facilities, vibration in adjacent struc-
tures can cause pounding [13,14] or damage in piping connections
[15].

In order to reduce vibrations, many control system have been
proposed and are generally classified into passive [1], active [16],
or semi-active [17–20]; although hybrid combinations are also
common [21]. In a semi-active vibration control system, the prop-
erties of a passive device (e.g., a viscous damper) are conveniently
adjusted in real-time by a controller through an auxiliary actuator
(e.g., a valve) [22]. These systems are attractive because they offer
the reliability, stability and simplicity of passive systems; while
approaching the adaptability and performance of active systems
with lower power demand [17].

Despite the large amount of available vibration control meth-
ods, there are only a few papers addressing the control of relative
vibrations in general terms and explicitly [11,12]. This is attributa-
ble to the fact that relative vibration is commonly controlled, in an
indirect way, by implementing systems that reduce the individual
vibrations of each subsystem; e.g. by using an isolator at the vibra-
tion source [6] or isolators at the payloads [16,23]. Alternatively,
when higher performance is required, active systems can be
designed to control relative vibration in a direct way [8,10]; i.e.
by formulating the control objective as the minimization of a speci-
fic relative vibration.
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Performance of semi-active control systems tends to that of
active ones, mainly because both of them can use information
sensed in points other than those in which control forces are
exerted. This setup, which is usually referred to as non-
collocated control [16,21,24], has shown to be effective in
mitigating relative displacement, in a direct way, by using a
properly-tuned semi-active controller [25,26]. However, these
types of controller are model-based and consider full-state feed-
back, requiring a large number of sensors or a state observer
[16]. On the other hand, controllers based on sky-hook [22] and
ground-hook [27] control laws are easier to implement since they
are model-free and only 2 variables have to be sensed [18].
Moreover, they are non-collocated control laws that can control
individual vibrations very effectively.

This paper presents a simplified framework for the problem of
relative vibrations mitigation, based on passive and semi-active
isolation systems, using two approaches: an indirect control
method that aims to reduce the relative vibrations, by reducing
the individual vibrations; and a direct control method that aims
to reduce relative vibrations, without necessarily reducing individ-
ual vibrations. While the indirect control method can be imple-
mented with state-of-the-practice tools, the ability and technical
advantages of semi-active control to reduce relative vibrations
between structures has not been studied previously.

For the direct control method, necessary conditions of feasibility
are found from a simplified model of the system response. This
method is implemented through a simple control law called
body-hook-body, obtained by the generalization of the sky-hook
and ground-hook control laws widely known. To validate the new
concept, an experimental and numerical comparative study on
the performances of feasible semi-active realizations of the direct
and indirect control methods is conducted.

From the results, it is concluded that the direct control method
has practically the same performance in controlling relative vibra-
tions as the indirect control method but with more versatility and
less hardware complexity.

2. A brief theory of relative-vibration control

A simplified theoretical framework on relative vibration mitiga-
tion based on passive and semi-active control systems is presented
in this section.

2.1. Problem statement

Consider the structure illustrated in Fig.1, which is comprised of
two uncoupled flexible appendages that share the same support
and can be modelled by a 2-degrees-of-freedom (DOFs) system.
The individual displacements, measured with respect to an inertial
reference frame, are denoted as d1ðtÞ and d2ðtÞ; where t is the time.
Fig. 1. A general structure with
Assuming that the excitation is induced by broad-band acceler-

ation €dgðtÞ at the structure support, the structural damping is low,
and the response of each DOF (located at the payloads) is domi-
nated by a single vibration mode of the corresponding appendage,
the displacements of each DOF, measured with respect to the sup-
port, have the following approximate solutions [28]:

d1gðtÞ ¼ d1ðtÞ � dgðtÞ ¼ A1 sinð2pf 1t þ h1Þ; ð1Þ

d2gðtÞ ¼ d2ðtÞ � dgðtÞ ¼ A2 sinð2pf 2t þ h2Þ; ð2Þ
where d1ðtÞ, d2ðtÞ, dgðtÞ are the absolute displacements of each DOF
and support respectively; A1 and A2 are amplitudes that depend
on the excitation and the properties of the system (damping ratio,
mass and static stiffness); f 1 and f 2 are frequencies that, in the
uncontrolled case, are equal to the natural frequencies of the appen-
dages f s1 and f s2; and h1 and h2 are offset phases. The arguments of
the sine functions, 2pf 1t þ h1 and 2pf 2t þ h2, are the instantaneous
phases.

By convention in this paper, d1, d2, d1g and d2g are all referred to
as individual displacements. The relative displacement drðtÞ between
both DOFs is the difference between Eqs. (1) and (2), which can be
recast as follows:

drðtÞ ¼ d1gðtÞ � d2gðtÞ ¼ d1ðtÞ � d2ðtÞ

¼ 2A1 sin
2pDf t þ Dh

2

� �
cos

2pRf t þ Rh

2

� �
þ DA sinð2pf 2t þ h2Þ ð3Þ

where Df ¼ f 1 � f 2, Dh ¼ h1 � h2, DA ¼ A1 � A2, Rf ¼ f 1 þ f 2 and
Rh ¼ h1 þ h2.

2.2. Control methods

From Eq. (3), two main control methods can be devised to attain
the objective of reducing drðtÞ (denoted as min jdr j for briefness):

(1) indirect control method, classical approach, which seeks to
control the relative vibrations through the reduction of indi-
vidual vibrations, i.e. min jd1j and min jd2j or, alternatively,
min jd1g j and min jd2g j;

(2) direct control method, proposed in the present paper, which
seeks to reduce the relative motion without necessarily
reducing individual vibrations, i.e. min jd1 � d2j or, alterna-
tively, min jd1g � d2g j.

Tools for feasible implementation of the indirect control method
are well-known [16,18,29]. For example, the objectives min jd1j
and min jd2j can be reached by implementing, in each end of the
appendages, 2 independent passive isolators or 2 semi-active
isolators under the sky-hook control law. On the other hand, the
two flexible appendages.
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alternative objectives min jd1j and min jd2j can be implemented
using 2 passive dampers (if physically possible) or 2 semi-active
isolators under the ground-hook control law.

In this paper, an implementation, method or alternative for con-
trolling vibration is said to be ‘‘unfeasible” if bad performance can
be predicted a priori without previous studies.

In order to implement a feasible direct control method where
A1 6�0, the following three necessary conditions are derived from
the right-hand side of Eq. (3):

Dh � 0 ð4Þ
Df � 0 ð5Þ
1 Such emulated hook dampers can be quantified numerically in an average sense
[40].
DA � 0 ð6Þ
Regarding condition (4), offset-phases difference, Dh; is a con-

stant that depends on the spatial influence of excitation on the
appendages, such as e.g. when the appendages move in counter-
phase due to a support rotation: Dh ¼ p rad. Therefore, condition
(4) is useful to determine whether the direct control method is
unfeasible and discard it early as in the example given.

Neglecting the appendage masses with respect to payload
masses, condition (5) can be satisfied by providing passive isolators
on one or both appendages, thus reducing the natural frequencies
from those of the appendages (f j ¼ f sj) to those of the passively-
isolated subsystems (f j ¼ f pisj) aiming to tuning them. Another
alternative would be replacing passive isolators by semi-active iso-
lators with increasable effective damping in which the frequencies
f j can be finely adjusted automatically during operation between
fminj and fmaxj; where f pisj 6 fminj 6 f j 6 fmaxj 6 f sj.

For example, assuming that f s1 < f s2, there are only two feasible
passive-control alternatives using the direct control method: (1)
providing the appendage 2 with a passive isolator such that
f s1 ¼ f pis2 or (2) providing both appendages with passive isolators
such that f pis1 ¼ f pis2. On the other hand, there are only three feasi-
ble semi-active control alternatives using the direct control
method: (1) providing appendage 2 with a semi-active isolator
such that fmin2 6 f s1 6 fmax2; (2) providing appendage 1 with a
semi-active isolator and appendage 2 with a passive isolator such
that fmin1 6 f pis2 6 fmax1; and (3) providing both appendages with

semi-active isolators such that ½fmin1; fmax1�\½fmin2; fmax2�–£.
It is interesting to note that, if jDf j is small but not identically

equal to zero ðDf � 0Þ, as expected in practice, the first term of
Eq. (3) will eventually increase after a long time; i.e. phase-shift
cumulates (pDf t). Hence, direct control method using passive con-
trol is feasible only for intermittent vibrations significantly shorter

than ð2Df Þ�1; since f 1 and f 2 are constant over time. In contrast,
semi-active control can compensate cumulative phase-shift; since
it enables Df to change sign in real time by tuning f 1 and/or f 2.The
closeness between frequencies might be estimated by their
absolute difference normalized with respect to their average

(2jDf j
Rf

Þ. This is a representative figure because the normalized corre-

lation between sine functions having the same amplitude and
offset phase but different frequency is monotonically decreasing

with 2jDf j
Rf

if 2jDf j
Rf

6 50%, as shown in Appendix A.

Finally, a priori, no general conclusion can be made for condi-
tion (6) since vibration amplitudes depend on several parameters.

The usefulness of these three necessary conditions is that any
implementation case, in which one or more of such conditions
are not satisfied, it is expected to be ineffective (unfeasibility)
and, therefore, can be discarded a priori.

These results, valid for the structure previously presented,
are generalizable to two n-DOF structures through modal
decomposition. Namely, a set of three necessary conditions is
obtained for each pair of vibration modes.

3. Control laws

Since their introduction in the 1970 s [22], sky-hook and
ground-hook semi-active control laws have been broadly studied
and applied [18,27,30,31]. In the present section, these control
laws are first briefly revisited and then generalized under a new
concept called body-hook-body.

As illustrated in Fig. 2(a), ground-hook simulates a ‘‘hook”
between the body to be controlled and the ‘‘ground”, where
‘‘ground” is actually the possibly-moving structure support (e.g.,
a building foundation, vehicle wheels or a satellite central hub).
Similarly, sky-hook simulates a ‘‘hook” between the body to be
controlled and the ‘‘sky”, where ‘‘sky” is actually an inertial refer-
ence frame. 1

In both control laws, the control force is effectively exerted by a
vibrating near body (part of the structure, as shown in Fig. 2(a); or
an auxiliary mass, as in semi-active tuned mass dampers
[27,31,32]) that pulls or pushes adequately the body to be controlled
through a variable damper [18,27,31,33]. This is done by adjusting
its damping force (see Fig. 2b) through its characteristic (e.g.
damping coefficient or normal force) according to the following
expression:

Fð _xRDÞ ¼
Fmaxð _xRDÞ; _xC _xRD > 0
Fminð _xRDÞ; _xC _xRD 6 0

�
ð7Þ

in which: _xRD is the relative velocity between ends of the variable
damper; _xC is the velocity of generalized coordinate to be con-
trolled, as shown in Fig. 2(a). Displacement-based [31] and
acceleration-based [30] versions replace _xC with xC or €xC ,
respectively.

As shown in Fig. 2(a), the only difference between both control
laws is the reference from which _xC is measured. Therefore, in
order to control the relative vibration between two DOFs by means
of the direct control method, it is proposed a simple control law
called body-hook-body where _xC is defined between those DOFs.
Thus, Eq. (7) defines the force for the generalized body-hook-body
control law which has three particular cases depending on the def-
inition of _xC: (1) ground-hook, (2) sky-hook, and (3) body-hook-body
(Fig. 2(a)).

Although, as with ground-hook and sky-hook [22] the effective-
ness of body-hook-body must be assessed through simulations
and/or experiments, conditions stated in Section 2.2 can be
assessed to discard, a priori, unfeasible implementation cases.

4. Experimental setup and instrumentation

As a proof-of-concept, an experimental setup is proposed to
compare the control alternatives which spring up from the con-
cepts outlined in Sections 2 and 3. It is considered a structural
typology frequent in artificial satellites that consists of a central
rigid hub with long flexible appendages [34–37]. Commonly, the
payloads of these space structures are devices whose performance
can be affected by relative vibration between them (e.g., [10,16]).

Fig. 3(a) shows a panoramic view of the experimental setup,
which comprises the following elements: two steel cantilever
beams representing the flexible appendages; a shaking-table rep-
resenting the supporting rigid hub (i.e., the ‘‘ground”); two pairs
of masses as payloads; an isolator between the end of each appen-
dage and its respective payload (see detailed view in Fig. 4); a



Fig. 3. (a) Panoramic view of the experimental setup. (b) Schematic diagram.

Fig. 2. (a) Ground-hook, sky-hook and body-hook-body control laws. (b) Variable damper model.
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data-acquisition system to record displacements; a digital signal
controller; and three laser sensors for control and evaluation pur-
poses, one measuring the displacement of the support (dg) and two
measuring the individual displacements of the payloads (d1 and
d2), all of them with respect to an inertial reference frame (i.e.,
the ‘‘sky”). Although, in real-life applications, the measurement
of absolute displacement can be difficult, absolute-velocity and -
acceleration can be easily measured for control purposes by means
of inertial sensors.
For its part, Fig. 3(b) represents the structure, isolators, and pay-
loads, in a simplified form. Besides, possible semi-active control
laws are symbolized as ‘hooks’ in dashed lines.

Fig. 4 shows a detailed view of one of the isolators (both are
identical). This device isolates in the horizontal direction the pay-
load displacement (d1 or d2) from the appendage displacement (ds1

or ds2) by using linear bearings. Two springs provide a restoring
force, whereas damping is caused by two sources of friction: (1)
the bearings and (2) a variable-friction damper consisting of



Fig. 4. Detailed view of an isolator placed between appendage and payload.
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friction pads whose variable normal force is exerted by electro-
magnetic actuators. Besides for control purposes, analog encoders
measure the relative displacements between the payloads and
the respective appendage ends; i.e., xRD1 ¼ d1 � ds1 and xRD2 ¼
d2 � ds2. Velocities are calculated by the digital signal controller
through the two-point finite difference method with a time step
of 10 ms.

The described isolator has three modes of operation: (1) as a
passive isolator, de-energizing the actuators; (2) as a semi-active
isolator, driving the actuators in real-time; or (3) as a locking joint,
blocking the isolation by means of a fixing plate and applying the
maximum normal force.

5. Mathematical model

Assuming that each appendage can be modelled by a 1-DOF lin-
ear system and using the Coulomb model for the isolator friction
forces, the whole mechanical system can be represented by the fol-
lowing nonlinear equations of motion (see Fig. 3(b)):

m1
€d1ðtÞ þ ðFf1 þ lN1Þsignð _d1ðtÞ � _ds1ðtÞÞ þ k1ðd1ðtÞ � ds1ðtÞÞ ¼ 0

ð8Þ

ms1
€ds1ðtÞ þ ðFf1 þ lN1Þsignð _ds1ðtÞ � _d1ðtÞÞ þ cs1 _ds1ðtÞ
þ k1ðds1ðtÞ � d1ðtÞÞ þ ks1ds1ðtÞ ¼ ks1dgðtÞ þ cs1 _dgðtÞ ð9Þ

m2
€d2ðtÞ þ ðFf2 þ lN2Þsignð _d2ðtÞ � _ds2ðtÞÞ þ k2ðd2ðtÞ � ds2ðtÞÞ ¼ 0

ð10Þ

ms2
€ds2ðtÞ þ ðFf2 þ lN2Þsignð _ds2ðtÞ � _d2ðtÞÞ þ cs2 _ds2ðtÞ
þ k2ðds2ðtÞ � d2ðtÞÞ þ ks2ds2ðtÞ ¼ ks2dgðtÞ þ cs2 _dgðtÞ ð11Þ
Table 1
Isolation alternatives.

Case description

None of the appendages have isolation

Both appendages have passive isolation
Both appendages have semi-active isolation using ground-hook

Both appendages have semi-active isolation using sky-hook

Both appendages have semi-active isolation using body-hook-body

Appendage 1 has semi-active isolation using body-hook-body and appendage 2 has p

Appendage 1 has no control and appendage 2 has semi-active isolation using body-h

*SI units.
in which:m1 andm2 are the payload masses; Ff1 and Ff2 are the fric-
tion forces of isolator bearings; l is the damper friction coefficient;
N1 and N2 are the variable damper normal forces exerted by the
actuators; k1 and k2 are the isolator spring stiffness coefficients;
ms1 and ms2 are equivalent lumped masses that represent the
appendages distributed masses and accessories of the isolators;
cs1, cs2 and ks1, ks2 are the inherent damping coefficients and the
overall stiffness coefficients of the appendages, respectively; and
signð�Þ is the standard sign function. The excitation source is given
by the displacement dgðtÞ imposed by the shaking-table and the

corresponding velocity _dgðtÞ.
The system parameters were experimentally determined. Those

that are invariant for all the studied cases are: ms1 ¼ ms2 ¼ 5:5 kg,
ks1 ¼ 2050 N m�1, ks2 ¼ 1:5ks1, ns1 ¼ 0:066, ns2 ¼ 0:038, m1 ¼
m2 ¼ 7:73 kg, Ff1 ¼ 2:5 N, Ff2 ¼ 3:2 N, and l0:5. The rest of the
parameters for each isolation alternative are displayed in Table 1.

The natural frequencies of the uncontrolled appendages with
their respective payloads (original state) are f s1 ¼ 1:98 Hz and
f s2 ¼ 3:43 Hz. The stiffness coefficients of each passive isolator
are k1 ¼ k2 ¼ 500Nm�128 are equal for all the studied cases sesook�
body effectiveness must be assessed through simulations and=or
experiments:test. Consequently, the natural frequencies of the
passively-isolated subsystems are f pis1 � f pis2 � 1:3 Hz. Thus, the
necessary condition (5) of Section 2.2 (Df � 0) leads to the six fea-
sible control alternatives summarized in Table 1: three of them use
the indirect control method (2P, 2GH, 2SH); other three use the
direct control method (2BHB, 1BHB_1P, 1NC_1BHB); and the
uncontrolled case (2NC) is considered as a baseline for comparison.
The trivial case 1NC_1P with an ideally-tuned passive isolator in
which f s1 � f pis2 was omitted because numerical simulations
showed it leads to a slight improvement over the case 2NC, so a
small detuning would make it underperforming in practice.

When using semi-active control, normal forces N1 and N2 are
adjusted in real-time according to Eq. (7), which reduces to:

Nj ¼
Nmax; _xCjð _dj � _dsjÞ > 0

Nmin; _xCjð _dj � _dsjÞ 6 0

(
; ð12Þ

where: j ¼ 1;2 is the appendage number, lNmax ¼ 10 N and
lNmin ¼ 0 N are the maximum and minimum damper forces, and
_xCj is defined according to Table 1.

Since the aim of this research is to evaluate the performance of
different control isolation systems, two records lasting T ¼ 200 s
each, whose acceleration spectra are constant in the range 0.5–3
Hz, were used as excitation: a random Gaussian White Noise
(WN) and a sine linear Frequency Sweep (FS). WN is the most gen-
eral type of excitation while FS excitation was included in the
study because it allows to assess the worst scenario (system at res-
onance) as in the case of car suspensions subjected to particular
combinations of speeds and road wavelengths [38], satellites using
Reaction Wheel Assemblies which can rotate in either direction
[16] and structures excited by variable-speed rotating machinery.
Case name k1 k2 lN1 lN2 _xC1 _xC2

2NC 105 105 10 10 – –

2P 500 500 0 0 – –
2GH 500 500 0–10 0–10 _d1 � _dg _d2 � _dg
2SH 500 500 0–10 0–10 _d1 _d2
2BHB 500 500 0–10 0–10 _d1 � _d2 _d2 � _d1

assive isolation 1BHB_1P 500 500 0–10 0 _d1 � _d2 –

ook-body 1NC_1BHB 105 500 10 0–10 – _d2 � _d1
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In order to use the same excitation on both, numerical and
experimental models, the record measured by the laser sensor on
the shaking table (Fig. 3) was used as displacement time history
for loading the numerical model, i.e. dgðtÞ in Eqs. (8)-(11).
6. Results and discussion

The seven cases defined in Table 1 were experimentally tested
by means of the setup shown in Fig. 3 using both excitation records
and numerically simulated from Eqs. (8)–(12). Simulated results
should be interpreted as the response of an ideal physical imple-
mentation because imperfections such as time delays, modal spil-
lover and construction tolerances were assumed to have a
negligible effect and therefore they were not taken into account
in the numerical model. On the other hand, experimental results
show the actual performance achieved in practice. Hence, the
numerical model has been kept as simple as possible to capture
the essential behaviour the proposed method to reduce relative
vibrations in contrast to existing alternatives.

For the sake of clarity and briefness, system responses under FS
are shown in frequency-domain (based on the whole 200 s
response) while responses under WN excitation are shown in
time-domain for a reduced time interval of 10 s only.

6.1. Case 2NC

For the uncontrolled case (2NC), Fig. 5(a, b) shows that the
numerical model, in spite of its simplicity, acceptably matches
the experimental results for both excitation records.

Fig. 5(b) displays that the relative displacement is large (yellow
curve), when compared with individual displacements, due to two
reasons: individual displacements amplitudes are large and the
instantaneous phases are non-coincident most of the time because
of the difference between frequencies, i.e. f 1 ¼ f s1 ¼ 1:98 Hz–f 2 ¼
f s2 ¼ 2:43 Hz (2jDf j

Rf
¼ 20%). This is the main cause of poor
Fig. 5. Case 2NC, individual and relative displacements: (a) response in frequency-dom
excitation.
performance, concerning relative vibration of the uncontrolled
case, i.e. differences between dynamical properties of appendages.

6.2. Case 2P

Fig. 6(a) demonstrates that the incorporation of passive
isolators (2P, indirect control method) drastically reduces the indi-
vidual and relative displacements in the frequency range where
the uncontrolled systems exhibit resonance (above 1.5 Hz).
However, resonances are shifted to lower frequencies
(f 1 ¼ f pis1 ¼ 1:15 Hz < f s1, f 2 ¼ f pis2 ¼ 1:27 Hz < f s2). As a result,
the effectiveness of the indirect control method for controlling rel-
ative displacement is poor in low frequencies as in any isolation
system. The ineffectiveness is mainly because the necessary condi-
tion (6) of Section 2.2 (DA0) is not satisfied in low frequencies (yel-
low curves in Fig. 6(a)). This is problematic only if the actual
excitation has significant frequency content in that band; for
example, in satellites using Reaction Wheel Assemblies which
can rotate in either direction.

As can be seen in Fig. 6(b), individual displacements are more
correlated than in the previous case (Fig. 5(b)); which is because

the natural frequencies are closer to each other (2jDf j
Rf

¼ 10%) and,

consequently, the relative-displacement amplitude is reduced
(see yellow curves in Fig. 6(b)).

6.3. Case 2GH

For the case of using ground-hook control law in both appen-
dages (2GH, indirect control method), Fig. 7(a) evidences the
well-known benefit of adding semi-active control to isolation sys-
tems: individual displacements are controlled through the whole
frequency range [18]. Fig. 7(b) shows that relative displacement
is drastically reduced mainly because individual vibrations are
low, despite differences in amplitudes and instantaneous phases.
Thus, this is a trivial realization of the indirect control method.
ain for Frequency-Sweep excitation, (b) response in time-domain for White-Noise



Fig. 6. Case 2P, individual and relative displacements: (a) response in frequency-domain for Frequency-Sweep excitation, (b) response in time-domain for White-Noise
excitation.

Fig. 7. Case 2GH, individual and relative displacements: (a) response in frequency-domain for Frequency-Sweep excitation, (b) response in time-domain for White-Noise
excitation.
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The main cause of mismatching between the experimental and
numerical results of Fig. 7(a) is attributed to construction inaccura-
cies, which were not considered in order to keep the model as sim-
ple as possible.
6.4. Case 2SH

For the case of isolators semi-actively controlled by the sky-
hook control law (2SH, indirect control method), Fig. 8(a) and (b)
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show that individual and relative displacements are also controlled
through the whole frequency range. As in the previous case, exper-
imental results show a marginally lower reduction than simulated
results, also attributed to construction inaccuracies.

A noticeably fact is that sky-hook, whose control objective is
min jdjj, is as effective in reducing dj � dg as ground-hook, whose
control objective is min jdj � dg j. This has been previously observed
in vehicle suspension systems [33], where sky-hook, which is
comfort-oriented, has a similar road-holding performance to that
of ground-hook, which is road-holding oriented.

6.5. Case 2BHB

In this case, the two isolators are semi-actively controlled by
the body-hook-body control law (2BHB, direct control method).
In simple words, it is an implementation in which both payloads
attempt to follow each other.

Assuming the isolators can be fully released or blocked,
frequency f 1 can be semi-actively adjusted between
fmin1 � f pis1 ¼ 1:15 Hz and fmax1 � f s1 ¼ 1:98 Hz, whereas f 2 can
be adjusted between fmin2 � f pis2 ¼ 1:27 Hz and fmax2 � f s2 ¼
2:43 Hz. Since ½fmin1; fmax1� \ ½fmin2; fmax2� ¼ ½1:27 Hz;1:98 Hz� –£,
the necessary condition (5) of Section 2.2 (Df � 0) can be satisfied;
i.e., control through the direct control method is feasible. Moreover,
it is expected that f 1 ffi f 2 2 ½1:27 Hz;1:98 Hz�.

Fig. 9(a) shows that the simulated responses display coincident

resonances at approximately 1:28 Hz (2jDf j
Rf

� 0), while in the exper-

imental ones, resonances are not so clear. Although experimental
performance of 2BHB lightly differs from the simulated in the fre-
quency range ½1:27 Hz;1:98 Hz�; particularly around 1.5 Hz, it can
be seen a slight local maxima of individual-displacement spectra
(red and blue curves in Fig. 9(a)), both coincident with a local
minimum of relative-displacement spectrum (yellow curve in
Fig. 9(a)).
Fig. 8. Case 2SH, individual and relative displacements: (a) response in frequency-dom
excitation.
As shown in Fig. 9(b) for random vibration, the body-hook-body
control law makes both individual displacements practically
coincident in simulated responses while in the experimental ones,
are only similar to each other.

6.6. Case 1BHB_1P

Fig. 10(a, b) shows the responses of the system with an imple-
mentation simpler than the previous one, in which one isolator is
semi-actively controlled by the body-hook-body control law and
the other one is passive (1BHB_1P, direct control method). In this
case, the semi-actively controlled payload 1 attempts to follow
the passively-isolated payload 2.

Assuming the semi-active isolator can be fully released or
blocked, natural frequency f 1 can be adjusted between
fmin1 � f pis1 ¼ 1:15 Hz and fmax1 � f s1 ¼ 1:98 Hz; whereas, natural
frequency f 2 is constant and equal to f pis2 ¼ 1:27 Hz. Since
f pis2 2 ½fmin1; fmax1�, necessary condition (5) of Section 2.2 (Df � 0)
can be satisfied, and therefore, this direct control method is feasi-
ble. Moreover, it is expected that f 1 � f pis2.

As can be seen in Fig. 10(a), semi-active control makes
individual-displacement spectra (numerical and experimental) of
payload 1 deform from light blue curves (payload 1 of case 2P)
to adopt the shape of those of passively-isolated payload 2 (red

curves) between 1 and 1.7 Hz (2jDf j
Rf

� 0).

As regards to random vibration, Fig. 10(b) shows that the rela-
tive displacement is drastically reduced despite individual dis-
placements remain large. This is because the three necessary
conditions stated in Section 2.2 (i.e., Dh � 0, Df � 0 and DA � 0)
tend to be fulfilled.

The numerical approximation of this case is better than
that of 2GH, 2SH and 2BHB because the individual displace-
ments are larger so mechanical imperfections are less
significant.
ain for Frequency-Sweep excitation, (b) response in time-domain for White-Noise



Fig. 10. Case 1BHB_1P, individual and relative displacements: (a) response in frequency-domain for Frequency-Sweep excitation, (b) response in time-domain for White-
Noise excitation.

Fig. 9. Case 2BHB, individual and relative displacements: (a) response in frequency-domain for Frequency-Sweep excitation, (b) response in time-domain for White-Noise
excitation.
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6.7. Case 1NC_BHB

Fig. 11(a) and (b) show the responses of the system in which the
appendage 1 has no isolator and the appendage 2 has a semi-active
isolator, also under the body-hook-body control law (1NC_BHB,
direct control method). Thus, payload 2 attempts to follow non-
isolated payload 1.
Assuming the same as in the cases 2BHB and 1BHB_1P, natural
frequency f 2 can be adjusted between fmin2 � f pis2 ¼ 1:27 Hz and
fmax2f s2 ¼ 2:43 Hz, whereas natural frequency f 1 remains constant
and equal to f s1 ¼ 1:98 Hz. Hence, necessary condition (5) of Sec-
tion 2.2 (Df � 0) can be satisfied since f s1 2 ½fmin2; fmax2� and there-
fore, this direct control method is feasible. Moreover, it is expected
that f 2 � f s1 ¼ 1:98 Hz.



Fig. 11. Case 1NC_1BHB, individual and relative displacements: (a) response in frequency-domain for Frequency-Sweep excitation, (b) response in time-domain for White-
Noise excitation.
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As shown in Fig. 11(a), individual-displacement spectra of semi-
actively-controlled payload 2 deform (from the passively-isolated
payload 2, light red curves) to adopt the shape of those of uncon-
trolled payload 1 (blue curves, f s1 ¼ 1:98 Hz). In this case, body-
hook-body is effective in matching resonant frequencies

(2jDf j
Rf

� 0), as expected. However, the large change of frequency

(from 1.27 Hz to 1.98 Hz) also leads to an important relative vibra-
tion reduction, though only partially in this case.

Summarizing, while necessary condition (5) of Section 2.2
(Df � 0) is satisfied (good correlation between individual displace-
ments), as can be seen from Fig. 11(b), condition (6) (DA � 0) is not
(individual displacements have different amplitudes).

7. Cost-effectiveness comparison

In order to quantify the effectiveness of each control alternative,
two performance indices denoted by JDIS peak (normalized peak
relative-displacement under FS excitation), and JDIS RMS (normalized
root-mean-square (RMS) relative-displacement under WN excita-
tion) are defined as follows:

JDIS peak ¼
max0<t<T jdrðtÞj
max0<t<T jd�

r ðtÞj
ð13Þ

JDIS RMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR T

0jdrðtÞj2dtR T
0 jd�

r ðtÞj2dt

vuut ð14Þ

where drðtÞ and d�
r ðtÞ are the relative displacements for the con-

trolled and uncontrolled cases, respectively.
These performance indices are selected because peak value cap-

tures the worst scenario under FS excitation, while RMS value
characterizes the average behaviour under WN excitation. Cer-
tainly, some applications are more sensitive to relative velocities
than to relative displacements (e.g., motion blur in images [4]).
In this regard, velocity-based performance indices were also eval-
uated. However, similar trends to JDIS peak and JDIS RMS were
observed, so they are not displayed.

Fig. 12(a) shows the performance index, JDIS peak, for all cases
studied under FS excitation. It can be seen that case 2P under-
performed the uncontrolled case, which is due to the resonance
of isolation system at low frequencies. In the remaining cases,
which displayed improvement over the uncontrolled case, the
performance in numerically simulated cases was better than
the experimental ones, because of construction inaccuracies as
mentioned. In general, all the semi-active cases, excluding
1NC_1BHB, have similar performance: relative vibration is
reduced to less than a half.

Under WN excitation, Fig. 12(b) shows that all the cases have
lower RMS relative-displacement than the uncontrolled case
(2NC); being the 1NC_1BHB the least effective. Moreover, case 2P
was almost as effective as any of the semi-active cases.

Because of the small differences among the best cases (<20%), it
is proposed to improve the assessment of the effectiveness of each
control alternative by including the cost and complexity of each of
them following an approach similar to that used in [33].

Costs were estimated, in relative terms, from the experience
gained in the development of the experimental setup. Thus, arbi-
trarily choosing a relative cost C of a passive isolator as 1 (without
loss of generality) and on the assumption that a semi-active isola-
tor costs twice as much as a passive isolator does, since converting
a passive isolator into a semi-active one is approximately as costly
as implementing the original passive isolator, the seven studied
cases have the following relative costs: Cð2NCÞ ¼ 0, Cð2PÞ ¼ 2,
Cð2GHÞ ¼ 4, Cð2SHÞ ¼ 4, Cð2BHBÞ ¼ 4, Cð1BHB 1PÞ ¼ 3, and
Cð1NC 1BHBÞ ¼ 2.

Evidently, as effectiveness is always desirable in a control sys-
tem, the following two cost-effectiveness ratios are defined only
for the useful cases (indices JDIS peak or JDIS RMS lower than 1):

rDIS peak ¼ C
1� JDIS peak

; JDIS peak < 1; ð15Þ



Fig. 12. Performance indices for the different studied cases under: (a) Frequency Sweep and (b) White Noise excitation.
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rDIS RMS ¼ C
1� JDIS RMS

; JDIS RMS < 1; ð16Þ

Cost-effectiveness ratios obtained from simulations and exper-
iments are displayed in Table 2. To organize the information and
summarize it, cost-effectiveness ratios in cells of each column were
classified by k-means clustering analysis [39] into the following
three groups (k = 3): ‘economical’, cells shaded in dark grey; ‘inter-
mediate’, in light grey; and ‘uneconomical’ in white.

From simulated and experimental results, Table 2 displays that
2P is ‘economical’ under WN excitation, but it becomes ‘uneco-
nomical’ under FS excitation. Conversely, from simulated results,
the other indirect control method alternatives using semi-active
control (2GH and 2SH) are ‘economical’ for FS excitation but they
Table 2
Cost-effectiveness comparison.

Cost-effectiveness ratios based on 

simulations (achievable performances)

Cost-ef

experim

Method Case name rDIS  peak

(FS excitation)

rDIS  RMS

(WN excitation) 

rDIS  peak

(FS exc

Indirect

“ 

“ 

2P -* 3.12

2GH 5.71 5.58

2SH 5.66 5.59

Direct

“ 

“ 

2BHB 5.24 5.15

1BHB_1P 3.94 3.77

1NC_1BHB 11.70 5.06

Reference for shading: ‘economical’ in dark grey, ‘intermediate’ in light grey,

Reference for shading: ‘economical’ in dark grey, ‘intermediate’ in light grey, and ‘uneco
*Not evaluated, JDIS peak > 1, see Fig. 12.
become ‘uneconomical’ for WN excitation because case 2P has sim-
ilar performance but at lower cost. Cases 2BHB and 1NC_1BHB,
which are based on the direct control method, are ‘economical’ or
‘intermediate’ in terms of both performance indices. For its part,
the case 1NC_1P using an ideally-tuned isolator (studied only
numerically, not shown) displayed JDIS peak ¼ 0:8 and rDIS peak ¼ 5:1,
so it would be ‘economical’ in ideal conditions though not as much
as 1BHB_1P. Finally, it can be concluded that 1BHB_1P is ‘econom-
ical’ in terms of both performance indices as it was confirmed by
the numerical and experimental assessment. Therefore, 1BHB_1P
is the best of the studied control alternatives when costs and dif-
ferent excitation types are considered.

Despite costs assigned are true for this testbed, values can vary
in actual implementations. Nevertheless, the main conclusion of
fectiveness ratios based on 

ents (achieved performances)

itation)

rDIS  RMS

(WN excitation) 

-* 3.88

6.51 5.58

7.08 6.13

8.17 6.10

4.99 3.85

- 7.96

 and ‘uneconomical’ in white.

nomical’ in white.
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this work remains qualitatively true even if different, but realistic,
costs are assumed, and both excitation types are considered. This is
because, as shown in Fig. 12(a), the only competitors for 1BHB_1P
are 2GH, 2SH and 2BHB but with higher cost.
8. Conclusions

For the problem of controlling relative vibrations between two
subsystems, two control methods based on passive and semi-
active isolation systems are presented: the indirect control method
(classical), which seeks to control the relative vibrations through
the reduction of individual vibrations; and the direct control
method (proposed), which is based on the reduction of relative
motion. Moreover, three necessary conditions were found to assess
the feasibility of implementing this last method: individual dis-
placements must have the same offset phases, frequencies, and
amplitudes. Violations of the first two conditions can be easily
identified a priori, thereby reducing the universe of possible design
configurations. A control law called body-hook-body, obtained
from the generalization of traditional ground-hook and sky-hook
control laws, was proposed for the semi-active isolation system
classified as direct control method.

In order to explore the capabilities and limitations of different
methods for controlling relative vibrations, 7 cases that combine
passive and semi-active isolators were numerically and experi-
mentally studied: 3 control alternatives implementing the indirect
control method, 3 control alternatives implementing the direct
control method, and the uncontrolled case for reference.

The main conclusion of this work is that the proposed 1BHB_1P
implementation (direct control method scheme) which uses a pas-
sive isolator and a semi-active isolator is slightly more effective
than the traditional indirect control methods (2GH or 2SH), but
with three-fourths the cost of them; which means a 30% reduction
of cost-effectiveness ratio.

The particular behaviour in frequency-domain of this configura-
tion is that the semi-actively-isolated subsystem finely tunes their
properties attempting to imitate the motion of the other passively-
isolated subsystem resulting in two subsystems with similar spec-
tral characteristics.
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Appendix A

When comparing sine functions with different but close offset
phases, their absolute difference (jDhjÞ can be considered as an esti-
mate measure of the closeness between them. This is a representa-
tive figure because the normalized correlation between sine
functions having the same amplitude and frequency but different
offset phases equals cosðDhÞ, which is monotonically decreasing
with jDhj if jDhj 6 p rad.

Similarly, if frequencies are close but different, their absolute

difference normalized with respect to their average 2jDf j
Rf

� �
can be

considered as an estimate measure of the frequency closeness. This
is a representative figure because, as shown below, the normalized
correlation between sine functions having the same amplitude and

phase but different frequency is monotonically decreasing with 2jDf j
Rf
if 2jDf j
Rf

6 50%.The normalized correlation between sine signals with

different frequency strongly depends on the particular time period
chosen for the evaluation. This is because the frequency difference
leads to a time lag that increases with time and then decreases.
However, if signals are forced responses of vibrating systems under
correlated excitation, correlation must be evaluated in a short time
because the excitation drives them to be in phase.

Consider two sine signals having the same amplitude and offset
phase (h1 ¼ h2 ¼ 0 rad, without loss of generality) but different fre-
quencies, namely:

x1ðtÞ ¼ sinð2pf 1tÞ ðA:1Þ

x2ðtÞ ¼ sinð2pf 2tÞ ðA:2Þ
Their normalized correlation in a time period equal to the aver-

age period is calculated as:

cN ¼ 1
kx1ðtÞkkx2ðtÞk hx1ðtÞ; x2ðtÞi ðA:3Þ

where �; � is the truncated inner product between continuous func-

tions on the interval 0; Rf

2

� ��1
� 	

and k � k is the norm induced by that

inner product. On one hand:

hx1ðtÞ; x2ðtÞi ¼
Z ðRf2 Þ

�1

0
sinð2pf 1tÞ sinð2pf 2tÞdt

¼ 1
2p2Df

sin 2p
2Df

Rf

� �
ðA:4Þ

On the other hand:

kx1ðtÞk2 ¼ hx1ðtÞ; x1ðtÞi ¼
Z f�1

1

0
sin2ð2pf 1tÞdt ¼

1
2f 1

; ðA:5Þ

kx2ðtÞk2 ¼ 1
2f 2

ðA:6Þ

and, therefore:

1
kx1ðtÞkkx2ðtÞk ¼ 2

ffiffiffiffiffiffiffiffiffi
f 1f 2

q
ffi Rf ðA:7Þ

since the difference between arithmetic and geometric means is
less than 6% when the difference between frequencies is less than
50%.

Then, combining Eqs. (A.3), (A.4) and (A.7) yields:

cN ¼ 2
ffiffiffiffiffiffiffiffiffi
f 1f 2

q 1
2p2Df

sin 2p
2Df

Rf

� �
1

2p 2Df

Rf

sin 2p
2Df

Rf

� �
ðA:8Þ

Besides, in the particular case in which Df ¼ 0 it is trivial that
cN ¼ 1 (perfect correlation). As a result, it can be stated that:

cN � sinc 2p
2Df

Rf

� �
ðA:9Þ

where sincð�Þ is the cardinal sine function, which is monotonically

decreasing with 2jDf j
Rf

if 2jDf j
Rf

6 50%.
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