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Abstract

In this paper, we study the existence of local o global center of Liénard type system (1), under non-usual assumptions.
The boundedness and the oscillatory nature of solutions of that system are also obtained.

INTRODUCTION

1. Preliminares. We consider the generalized Liénard equation:

x+f(x)x" +alt)glx)=0 )

various issues on the prolongabilidad, boundedness, frequency and oscillation of the solutions of the above equation,
autonomous o not, have been considered in the past 50 years; many of these attempts have been made to obtain
sufficient conditions on fand g for solutions of this equation possess certain qualitative properties

We recommend the reader to an extensive bibliography of the results appeared to 1962, Reissig, Sansone and Conti
[52], cherkas [8] and Graef [13] for references to 1976, Staude [60], Villari [64], zhifen [71] until 1987 and
recently, the works of Nagabuchi and Yamamoto [30] and of Napoles [3"5]. Additonal literatura, and others qualitative
results, can be found in Burton and Townsend [6 — 7], Elabbasy [10], Furuya [12] y Hricisakova [23].

The Lienard equation, as natural generalization, has become a source of humerous investigations in recent years, we
refer the reader to consult[z], [6 — ?], [15 — 1?], [18 — 22] , [29], [33 — 34], [38], [45], [49], [51],

[55 —56], [57] [59], [61], [62 — 63],[65], [72] y [73] and references cited therein, for a small sample of the
qualitative research concerning global stability, boundedness and existence of periodic solutions.

This qualitative study of the solutions of this equation, often requires the use of appropriate Liapunov functions and
community functions involved in it. To apply the direct method of Lyapunov equation (L), usually a Liapunov function is
defined by

"
r

v X
veny) =2+ [ 9@)ds.
2 ]
As the derivative of V, along solutions (L) is
V.{;L} = —g(x)F(x),

being F[x:] = f[-‘xl requires that g[x]F[x] = ﬂforx # 0. Furthermore, non-positivity of (1) implies that any
solution with initial conditions in the region enclosed by the curve V[x,}r] = constant, remains in this region as t

increases, that is, the stability of the null solution. Moreover, the curve V(X,}T:] = constant js exactly one orbit in the
phase space of the system

x =y,

y =—gl(x),
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and the origin is a local center of such a system. If, in addition, is fulfilled f; g[x]dx = 002, then the origin is a global
center of the system and the solutions are bounded.

Using this idea, in our paper we study the existence of a center (local or global) of a natural generalization of the above
equations, namely:

x"=a(y) — B(y)F(x),
(1)

»

vy = —a(t)g(x),

where the functions involved, satisfy unusual conditions to be defined later, being F({x) = _Ir; f(s)ds, with feL*(R).

The boundedness and the oscillation of the solutions of the system considered, will be studied in connection with the
above problem.

It mustbe added thatitis an old problem the authors establish under what conditions the system (1) has a center, unique

or not (see [35], [39 — "-1-']] ¥ [58])
In the last 50 years, they have made multiple attempts (see [1], [3-4], [5], [9], [14-17] [19-20], [22], [24- 25], [26-27], [28],

[46-47], [50], [67], [68], [69-70]) to obtain sufficient conditions for the existence and unigqueness of a center in particular
cases of the system (1).

2. The existence of a local center and the oscillatory character of the solutions of the system (1).
In our paper, play a special role the following functional classes (see [3 1]):
CS(D) :=={heC(D):xh(x) = 0,¥x € D},
CcC(D) ={heC(D): h € C5(D) strictly increasing ,¥vx € D},
CP,(D) = {heC(D):h(x) = b > 0,¥x € D}, CP,(D)= CP(D),
C5(D) = {heC(D):h(x) = B,¥x € D},
defined on a real interval nondegenerate.
We consider then the system (1) subject to conditions:

a) @€ CC(R),suchthatla(y)| = |yl,

b) B E€CR(R),

¢ F(0)=0,

d) g€ CSR),

e) The functions involved in the system (1) satisfies a certain condition of uniqueness of solutions.

Under the conditions a, b, c and d, the system (1) admits the trivial solution and the only critical of this pointis the origin.
Itis clear that if rx[}r:] = }’,}9(}’) =1and Q’(le = X, the system (1) is the "classical" Liénard:
x4+ flx)x"+x =0. @)

For this equation, the first sufficiently general results, the study of a local center, were obtained in [11] and [49]. The
conditions of Opial are more general than Filippov, although in [11], it considers that F and g are odd and even functions,

respectively, and Fis class '~ In our work, this condition is automatically hold, under the definition of the function F.

In this section, we detemine conditions necessary and / or sufficient, under which all solutions of the system (1) are
osdillating, additional conditions on the functions involved in the system, allowing affim the existence of a local center at
the origin are detemrmined.

Definition 1. A critical point of a two-dimensional autonomous system is called a local center, if all the system orbits in
some neighborhood of the point, are ovals (periodic solutions) surrounding the point.

Considering what is stated in the preliminaries, we assume that:

G(x) = [ G(r)dr — oo when x| — oo. @)
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In view of the proposition, it seems reasonable to maintain the above consideration throughout the work.

Lemma 1. Suppose that:
i f;gfﬂtix < 00 and SUP,zp F (x) < co.

Then there is a bounded solution of system (1).

Proof. Suppose 3M == 0/F(x) = M forx = 0.
Condition (1) itis obtained there L = 0/ f: g(x)dx < 1.

We consider the solution (x (), ¥(£)) the system (L) with initial conditions (L, M + 2) att = 0.
Suppose there exists t; = 0 such that ¥(t;) = M + 1, waywe will have:
M+1<y(t)=M+2,0=t=<t,.

Where we get that ﬂ![}?[l‘]) =M+ 1,for 0=t =<t;. Hencex(t) = L, for 0 = t = t; and takingB = 1 we
have x"(£) = a(y(8)) — By(D))F(x(0)) =M +1 —M = 1.
Thus

4 oo

_g(x]rix =M+ Z—J g(r)dr = M+ 1,

L

}r[t1]=M+E—J

0

which contradicts the initial assumption. Then we have X" (t) = 1,and (t) = M + 1 for all values of time in which
they are defined, this shows that the solution (x(t), v(t)) is unbounded. ™

Remark 1. Asimple, but tedious process, allows the same conclusion taking B =1
Remark 2. Similar to (i) condition, can be given to X = 0, which would extend the result to the entire plane.

Remark 3. If the condition (i) of Lemma,; holds that G [:im:] < 00 butF[x:] is unbounded, is shown in Remark 10, the
system (1) has a global center at the origin as is showed.

Let us admit, as in [31] (see also [53]), the existence of a function h: R — R which will allow us to divide the phase
plane, in several useful regions in our study.

Lemma 2. Any solution of (1) passing through a pointP[x.},h(x.}:] ),x,} # 0,0n the cune v = h(x] crosses the
axis and two poimsf'l(':', Y1) ¥1 = 0,and C(0,¥-),¥- = 0. More precisely, if £y == 0 the solution (x(t), ¥(t))
of (1) of the pointP att = 0 or crosses the axis 0¥ in a finite time —t, < 0 when itdecreases, or tends to the origin
as t —* —0O0, remaining in the region:

D, ={x,y:x =0,y = h(x)}

and traverses the negative axis OV in afinite ime t- = 0 when it grows or tends to the originas & —* +oo, remaining
in the region:

D,={x,y:x =0,y < h(x)}.

Proof. We will consider only solutions in the region X == 0, then the argument is the same in the region* <= 0.

Let (x(t), ¥(2)) the solution of (1) that part of the pointP int = 0. suppose that(x(t), ¥(t)) does not cross the
axis y. Then (x(t),¥(t)) remains in the region Dz hence x(t) < 0,¥(t) <0 and, then,
x(t) < x,y(t) = ¥

891 |Page editorgim@gmail.com



Global Journal of Mathematics Vol. 8, No. 2, November 11, 2016
www.gpcpublishing.com/wp ISSN: 2395-4760

We consider curves:

-

(y—4)
2

Wi(x,y,4) = i + G(x).

The total derivative of W is given by:
Wiy (23,4 = —[BO)F(x)g(x) + g(x) (2(3) — V)],

being z(¥) = ¥ — a(y). LetM = maxy_,.,. |z(3)], then we have:
Wiy (x,y,—M) < 0.

Therefore, the solution (x(t), ¥(t)) does not cross the curve W(x,v, —M) = W (x,,h(x,),—M) when t
increases. Thus the solution (x(t), ¥(t)) crosses the axis y in C{0,¥-). Asx" =0 and ¥ <0 on the
characteristic curve in the region X = 0, h(ﬂ] = 0 implies ¥e = 0. Hence the solution through the negative axis and
in a finite ime or tends to the origin as £ —* +02, since the origin is the only critical point (1). The proof of the existence

of Ais similar to C, replacingt by — tin (1).H
In [37] we use the following altemative conditions on the function ¥ = h[x:], we shall call condition (h).

(hy) h[x] has a sign not defined in a right semi neighbodhood of 0, that is, there is a decreasing sequence of numbers
positive {xn},’xn —= 0 as 1. —+ C0 and h[:xn:] = 0.

(h2) h[x] has a definite sign in a rightsemi neighbodhood of O, that is,
Ja = 0 such that, for 0 < x < a, |h(x)| = 0,

1
and exist¥ such that¥ = T and the inequality

1 [*g(s)
%J; F[S]dSE}",ﬂ <X =a,

holds.

Definition 2. We will say that the system (1) is of type (F) if the condition:
F[G_i[—w:])= F[G_i(w]),fo’rwzﬂ. )
We are now able to studythe existence of a local center.

Lemma 3. Under the conditions (h) and (4), the system (1) has a local center at the origin.

Proof. We can consider only the region X = 0. Note that x° =0,y <0 jn Dy , x’ =0,y <0 on
{2,712 =0, y=h(x)}andx < 0,y < 0inD,. From Lemma 2 we have, that any solution passes through a
point [xg;h(xg]l 0 < x5 = @ crosses the axis ¥ at (0, ¥:) and (0,¥4) with Vo < 0 and v, = 0.

Case (hy): ltis trivial.
Case (h2): We will work only with the region D5. 1fh(x) < 0 for 0 << x < a s clear thatVy < 0. Suppose that
h{x) = 0for 0 < x < aand¥e = 0. Then the solution (% (), ¥(£)) of (1) passing through the point [xg.; h[xg.:])

defines afunction}’(x] on0 =< x =< X which is a solution, about0 = x = Xy, the equation:

dy g(x)

dx  a(y)—BO)F(x)
As ¥e = Othen ¥(x) = 0or 0 << x <X x5 Forany € = 0 we have:
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£,

v -y = | ) 9() . fgts)

= - -
F(2)B(y(e)) — a(y(e) bly F(e)
for £ < x < x4 Thus, ¥(x) = %‘I} , EZ X< x5 f ¥ = b, then we have a contradiction. Suppose that

41_1-.- <y = i, hence h(x) — v (x) < 13 h(x), wherey; = 1 — %- Similardy we have:

1% 1g(e) }1 h(x)
Y@ -y =3[ ~ESdez 2y 2

b &
for£ = x < x, Thush(x) — v (x) <y h(x) withy; =1 — ﬁ_

By repeating this procedure, we obtain a sequence {}"n ]' such thaty,, = 1-— }r}r and h(x:] - }F[x:] = ¥n h[xj for

b -1
E= X< X5 If ¥, = 0, then {}’n} is decreasing, and therefore {}’n}converges to some real numberA . Moreover,

¥ 1
A=1— 1 and ¥ = Eshow that 4 is complex, which is a contradiction. The same argument can prove that ¥y = 0.1

Remark 4. In [26, Example 4.2], Kooij and Jianhua study the system (1), takingﬁ =k = 0and considering that the
following conditions are fulfilled:

i.  h(0) = 0,h(x) strictlyincreasing and h{Fo0) = +oo,
i. xg(x) >0,x% 0yG(+e) =00,

iii. Q(—I::' = —Q'l:x} not decreasing as xincreases,

on the basis of Theorem 2.6, they affirm the existence of a center in such a system; itis clear that Lemma 3 obtained our
under weaker conditions.

The same observation is valid in the case of Examples 4.3 and 4.4 of that work, where they present other particular cases
of the system (1) and, on the basis of Theorems 2.7 and 3.2, obtain the existence of a local center.

The corollary 8 of [9] is applied to the system

»

x" =y — (azgx® + a;x* + a;x),

y =-—x,

with |f12 | small enough, to obtain the same conclusion of Lemma 3, this assumption is not used.
In [27], the system (1) withﬁ =1, under very strong analyticity is studied.

Itis easyto see that considerations of Lemma 3 are less demanding.

Remark 5. Odani’s results [46] are consistent with Lemma 3 as shown by the example of this work [.Hl = 1]:

3
x'=y—|——x|

xi(x?—4)
= x|+ ——
v x[ + 16 l

Remark 6. The condition (h) has certain "overtones of necessity," because there are systems that do not comply, and
have Unbounded solutions, let's take as an example (see [23]):

B 3x-°
xX'=y——,
2

v = —x3

Also see recommend [67] (on a result of [51]), where is presented the system
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x" =y 44 2x°?
vy =—x?,

. . a4
having the integral curve ¥ = _"~.||| -

Remark 7. Our results are consistent with some reported in the literature (see [7] for example), and the equations

3
. x
4+ 2x"(2+x%) + 2x +? = ksent,

and
x4+ (™ + 1)x"+ 10x = ksent

of this work, which are covered by our results (Figures 1, 2, 3 and 4 illustrate the abowe). We also recommend [50,
Theorem 1], [61, Theorem 4.1] and [67, Example 3].

Lemma 4. Suppose that:

= gix) _
fD 1—F_|:x}dx =W (5-)

where F_(x) = max(l], —F’(x]).

Let (x(t),¥)t)) the maximal soluton of (1) extended to the interval [0,T).T = 400 | with initial
COﬂditiOﬂS(x[:.r}rD] E D, If (x(t],}?]t:]:] is in the region D4 for t € [0, T, then x(t) = o0, ¥(t) = —00  when
t—=T".

Proof. Note that () = 0,¥°(t) < Qin the region D4, therefore have to be X(t) is monotonically increasing and
¥(t) is monotonically decreasing. Suppose that *(t) is bounded. Then (x(t),¥(t)) remains in the region
{,7:0 <x < K,y = h(x)] for some K = 0, and therefore traverses the curve ¥ = h(x) , which is a
contradiction. Hence X(t) = 2 ast = T~ Suppose now thatV(t) = —¢ forsome ¢ = 0. so:

o rxs _ [ g(x(s))
¥(t) — ¥ J;g[ ())ds _L a(y(s)) = B(y(s))F(x(s))

x0(E)
= —f 9() de — —oo,
%0 a(y,) — BF_(=)

whent —* T ™. This contradicts the assumption that}’(l“] = —c. i

x'(s)ds

Similarly, it can be proved the following result.

Lemma 5. Suppose that:

= gix) _
fD 1+F+|::r}dx = (5+)

with F+[:x:]=max[l],F[:x:]). Let (x(t)),¥(t)) the maximal solution of (1) extended to the interval

(—T,0],T < 4+, with initial conditions (%g ¥g) € Da.1f (x(£)),¥(t))is in the region D2 to t € (=T, 0], then
x[_tj —* m,}?'(—t:] —* _mxwhent —* T_-

Remark 8. The condition (5_) — (5+:L which we call (5), implies G (o) = co.

Lemma 6. Suppose that (3) is satisfied and the condition:
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3¢ € R (cte) and a succession {x,, } such that x,, = @@ whennt = @ and h(x,) =0 (6)

is fulfilled. Then every sequence (x(t:]:],}r(tjj of (1) that part of a point (IC.},}?.}:] €D, (ng crosses the curve
y= h[x] when t increases (decreases).

Proof. By Lemma 4, if [xg.,}FD] S Dl and the solution in Dl for all finite time, then }F[t] —+ — 00 Therefore it follows
immediately from (6) that the solution crosses the curve ¥ = h[x:] when t increases. Similarly, by Lemma 5, if
(%9,¥5) € D5 and remains in D for all finite time, then the solution crosses the curve ¥ = h(x). ®

For our next result, we need to return to the condition (F) given in [37].

(F) |F[3€]| = 0forx large enough and for any b= 0, exista numberbl, such that the inequality

g(s ]
F(x]f F(s] = K,

1
is satisfied for X = bl, where K = ; and itdoes notdepend on b,.

Lemma 7. Suppose that (3) and (F) holds. Then every solution (x(tjj,}f[t]] (1) that part of a point (xg.,}’g.:] €D,
(Dg:] crosses the curve ¥ = h[x] whent decreases (increases).

Proof. Consider only the case where -Il(x] = 0for sufficiently large x. The proof in the other case is essentially the
same. Now consider(xg,}ﬁ}] £ D, Suppose that there is a solution [x[t]j,}f(tjj the (1) passing through a certain
point (xg.,}’g.] which does not cross the curve ¥ = h[x] Then the trajectory of this solution can be considered a
function }’(x] which is solution of the equation (4). By Lemma 5, we have x[t] — 00 and }F[l“] —+ +00 when t
decreases and }F[l‘:] — +00 | therefore exist £ = 0 such that ¥(x) =0 for all x =k , so we hawe

h(x) —v(x) = h(x).

As }’(RI:] itis a solution of (4) follows from (F) existskl > K such that;

o [ g(=) . g8, 1
Y=y Lmsm(}r(s))—a@(snd ‘bf O

Jﬁll-
for X = Ky Therefore, h(x) — ¥(x) = Nyh(x) for x = ky, where N, = 1 — - By a similar argument, exist

Nh(x),

k, = ky such that:

——h( ),

* g(e) - E(EJ
ds _bf F’[] “=Wn,

Y =)= L._F(sm(y(sj) — a0 (@)
for x = ky.

Thus, h[x:] _}F[x] = Nih(x] for x = ka , Where Ng =1 —ﬁ- Repeating this procedure, we obtain two
and h(x) = ¥(x) < Nph(x), forall x = k.

N
sequences 1K, J and {N,,} such thatN,, = 1 — .

-1

As in the proof of Lemma 3, N =1 implies N,; = 0 for some n, and this is a contradiction.

ap’
Similarly in case (xu,,}?u,:] € D4 we can show that the trajectory that passes through the point (xﬁ!}r[!-:] intersects the
curve ¥ = h[x:] This completes the proof. B

2.1 Oscillation of solutions. In this section we study the oscillation of the solutions of the system (1), make use of

the Second Method of Liapunov.
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Let Hy is the set of functions F(x) defined onx = 0 with (@) = 0 such that:
(i), h(x) satisfies (R, ),

(if); 3a = 0/h(x) < 0for0 < x < g,

or

1 1 x g(=5)
-:"_: —_—
(iif); 3a = 0/h(x) < Ofor 0 < x < @andto¥ = prediedl Mier y.

Let H, is the set of functions F(x) defined onx = 0 with A(0) = 0 such that:
(1) h(x) satisfies (6),
(i), h(x) = Ofor X large,

or

(iif), h(x) < O for X large and (x) satisfies the condition

h(x) €H,y—h(—x)EH; x= 0. @)
In addition to the above condition we consider that:
h(x) € Hy and —h({—x) EH, x = 0. ®)

Note that ((h)) and ((6) F)) correspond to (7) and (8), respectively.

Remark 9. Prolongability for solutions, we refer the reader to [42-43] (F has a definite sign) and [32-33] (when F has a
behavior any).

Theorem 1. Under considerations (3), (7) and (8) all solutions of the system (1) are oscillating.

If we omit (3) and (8) we obtain:

Theorem 2. Under consideration (7), suppose:

Existsequences 1%, = +00 y{x" } = —o0 such thath(x,) = +oo yh(x",) = —0 whenn — @

9)
then all the solutions of (1) are osdillating.

For the proof of these theorems, we take:

{x,} = +0 and {x .} = — such that h(x,) + G(x,) = 40 and h("x,) + G(x",) = —0  when
T — OO (10)

so we get our final result.

Definition 3. Acritical point of a two-dimensional autonomous system is called a global center, if all the system orbits
are ovals (periodic solutions) surrounding the point.

We will use again the curve ¥ = h(xj and the regions 5'1 and Dg.

1
Remark 11. Letus return to the condition (h). Suppose da = 0andy = ;such that:

0< (F[:x:]jz < 2y 16 (%), for 0 < |x| = @ Then (h) is satisfied. In particular, consider the case that the
system (1) is linear (see [19]), putting:

a(y) =y,B = 1,F(x) = ulxly g(x) = Ax.

We see that (h) is only true if .H»: < 44 and the origin is a local and global center if and only if the condition (h) hold
(see Lemma 3). You can see examples of less "trivial" local or global in, [38-39]
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Let the functions F (1) y ¢(x) defined above for R:

F(G_l (‘;_1))’ uz0, 2T v =
F*(u) = () :{ J26(x), x =0,

—_—
F(G—l{_i_z))’ w = ﬂ! _'\I'I_EG (x:]! x = D:

and application ®: (x, ¥) = (w, v) by ®(x,v) = (@ (x),¥).
Then F*[u],;;; [x] and 'i*[x,}r] are continuous. We should note that F*[u] is an odd function if (11) holds.
We consider the system:

u' = a(v) — B(w)F*(u),

11)
v = —u.

In [31] the author recommended, given the topological similarity of behavior of the trajectories of the system (1) and
Liénard Equation (2), finding an isomorphism between them, which would be a result of undoubted theoretical and
practical interest.

Lemma 8. If (4) holds, @ is an isomomhism of the plane [SC,}F:] on the plane [u, 19:] which is a one to one
correspondence between all orbits (1) and those of (11). Without the condition (4), Pisa correspondence between
all orbits in a neighborhood of the plane origin (3'5, }T:] and those of the plane (Uu ’i?]

Proof. Itis obvious that @ is a homeomorphism on the entire plane and a diffeomorphism half-plane (it, }F] right (left)
on the (u, t’j right half-plane (left).

Consider an orbit T(,¥) of (1) and curve € (1, 77) which is the image of T by the application ¥ . We show that C
is an orbit (11). In the region 1t = 0 ifa point [:H, 13’:] belongs to the curve C, then:

du___g(x) a()=BOIFE) _ al) = BWF ()

dv wﬁm —g(x) —u

A similar result is obtained in the regionu < 0. Therefore the curve C in the regiont = 0,1 < 0 is on an orbit
solution (11). If the orbit crosses the axis ¥ in [ﬂ;}’l:], then the curve C also crosses the axis ¥ in [ﬂ;}’l:]. Let
C"(u,77) of the orbit (11) passing through the point (0,33 ) and T"(%, ¥) of the inverse image the C~ by the
application €. Since the solutions of (1) are unique, T and T~ coincide and € and € therefore also coincide by
injectivity of D Thus @ applies injective orbits (1) those of (11). B

Some of the results of the previous section, we can rewrite as follows.

Lemma 9. Suppose that conditions (3) and (4) hold. If ¥4 = 0 and Ve = 0 are satisfied as in the previous lemma
and if:

The functions a and B are odd and pair functions, respectively, then all orbit (1) passing through the curve ¥ = h(x]
is an oval surrounding the origin. 12)

Remark 12. If consideration (3) is omitted, this resultis true in a neighborhood of the origin.

Proof. By Lemma 8, we can assume Q’[x:] = X in the system (1). Thus, (4) shows thatF(x] is an odd function.
Therefore, if (x(t), ¥(t))is a solution of (1), (—x(—t),—¥(—t)) so s, that is, the omits defined by (1) have
symmetry about the axis Y. Thus, every orbit is an oval surrounding the origin. Il

The following resultis a consequence of the results of the previous section and Lemma 9.
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Lemma 10. Under the considerations (3), (4), (h) and (12), all orbit the system (1) passing through the curve
y= h(xj is an oval surrounding the origin.

Lemma 11. Suppose (5) and (6) are fulfilled. Then, any solution (x(t],}r(t]j of (1) with initial conditions
[xg;}Tu.] € D, crosses the cune ¥ = h(xj when tincreases (decreases).

Proof. By Lemma 10, if (xu:}’u.] € D, and the solution remains in [’y then }F(L‘] —+ —00 as t increases.
Therefore it follows from (5) that the solution crosses the curve ¥ = -Il[:x:] as tincreases. Similarly, by Lemma A, if
[xg.:}Tu.j € D, then the solution crosses the curve ¥ = h[x] when t decreases.l

Theorem 4. Under considerations (3), (4), (h), (5), (12), the system (1) has a global center at the origin.
Proof. This theorem is an immediate consequence of the previous two theorems .l

Remark 13. It is sufficient to take @(¥) = ¥, 8 = 1,F (x) = —x*|senx/| and g(x) = x (see [19]), to ensure
that the condition (12) in the previous theorem, can not be weakened.

Theorem 4 shows that the system (1) has a global center at the origin if F (x) is "oscillating”. We will now discuss the
case when F (X) keeps the sign on an interval not bounded. We must return some results proved in [37].

Lemma A (B). Suppose that (5_)[(54.:]:] hold. Let [x[f:],}T[f]:] the maximal solution of (1) extended to the
interval [0,T) ((—=T,0]).T =< 400 with initial conditions (Xp. ¥ ) € Dy (D5). 1f (x(2), ¥(t)) it is in the
region Dy (D3) for t € [0,T) ((—T,0]), then x(£) — 0, y(£) = o0 (x(—t) = o0, y(—t) = ) when
t—=T" (T

Lemma C. Let H(x,7) and H; (%) continuous inD = R*. suppose the solution of the equations

d -

== Hy(%) (13,)
and

@y _

dx H,(x,y) (13;)

are unique to the right and Hl[x,}rj = Hg (-’L}’] for all [x, }’] ED. Let }’1(%];}’; [x] solutions (131] and
[132:] respectively, defined on [xi,xglwith ¥y (xij = Va2 (xij Then ¥y [x] = Va2 (x] forall X € [Iiyxg]-

Lemma 12. Suppose (5) and (F) are satisfied. Then, any solution [x[t],}r(t]] of (1) with initial condition
(x[;.;}’g] = Dg [:Dl:]:] crosses the curve ¥ = h[x] when tdecreases (increases).

Proof. We consider only the case F'[x] = 0 for x sufficiently large. The proof in the other case, is essentially the
same. Take (Xg.¥y) € D5, Suppose there is a solution (x(t), ¥(t)) of (1), with such initial conditions, which

does not cross the curve ¥ = h(xj Then the orbit of such a solution may be considered a function }’[:x] solution
of the equation:

@y _ g(x)
dix a(y)—B(yIF(x) (14

By Lemma B, we have X (t) — 00, ¥(t) = —02 as tdecreases and ¥(x) = +00 whenx — +00.
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Therefore, existh = 0/¥(x) = 0 t0 x = b, sowe have que (V) F(x) —al(y) < B(y¥)F(x).
Since}’(x] is a solution of (14), it follows from (F) there bl = b such that:

: g() 2[00 5, P

y(x) —y(b) =

—_— r

F(r)" B

T
» B(y(r))F(r) —a(y(r)) B
forx = by. Thus, B(V)F(x) —a(¥) =< ¥ F(x) forx = by, where ¥y, =1— ;j. n a similar way we get there
b, = by such that:

y(x) — y(by) =

x

) g(r) 1 (% g(7) F(x)
dr = — dr = Y
b, B (y(r))F() —a(y(r)) B _L: F(r)y = g

forx = b, Thus, B(V)F(x) —a(v) < ¥, F(x) for x < b,, where ¥, =1— %. By repeating this process,

we obtain two sequences {8,y {¥,} such thaty, =1 — PL y, B(y)F(x) —a(y) < y,F(x) for all
n—4i

x=b,.

1
As in the proof of Lemma 3, ¥ = : implies ¥, = 0 for some n and this is a contradiction. Similarly, in case

[xu.,}ru.j € D, we can show that the orbit of (1) with these initial conditions, crosses the curve ¥ = h(x] This
completes the proof. B

Theorem 5. Under the considerations (3), (4), (h), (5) and (F), the system (1) has an overall center at the origin.

Proof. This resultis an immediate consequence of Lemmas 10 and 11. B

If assumption (5) is no considered then we have.

Theorem 6. Under the considerations (3), (4), (h), (13) and
3{x,} = +oo y{x' } = —o0 such that F(x,) = 400 y F(x',) = —w0 whenn — w0 (15

the system (1) has a global center at the origin.

Proof. It is clear that the orbit of (1) with initial conditions (xg.,}’g.:] cuts the curve ¥ = h[x] The use of Lemma 10
completes the proof of the theorem. B

Remark 14. If conditions (3) and (4) are omitted in this theorem, but F and g are odd, then the system (1) has a local
center at the origin. This can be demonstrated, using Lemmas 2 and 3, as in the proof of the previous theorem (see
[35] for another demonstration). We recommend consulting [42,54,58] for other results in this direction.

2.1 Stability and bounded. The definitions required for this section can be found in [66}

Consider the system:
x" = a(y) — B(y)F,(x),
(16)
v =—a(t)g(x)
where F'1 is a continuous function that satisfies condition initial (c).

Denote by T.:;LE.} (F:J orbit system (16) having as an initial condition point P. If this orbit is an oval surrounding the
origin, denote by R(m} (F':'J in the closed region contained orbit.

The following result, will play a key role in this section.
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Lemma 13. Suppose that R4 (P) to a P (different origin) is defined and
Fi(x) < F(x) forallx = 0. (17)

Then for any (xg,¥,) € Ry1g) (P) with X5 = 0, the solution (x(t), ¥(£)) does not cut the curve Ty4 (P) in
the half-planex = 0.

Proof. Consider the following cases.
1. xg=0,y =0
The proofis trivial.

2. g 0orxg=0,v =0
We assume that the Lemma is invalid and letty = iﬂf{t: [x[t],}’(t]) & Ry (P), x(t) = l:l}.
Then (x(£), ¥(£)) € Ty (P) and for some 7 will have:
(x(t), ¥(t)) € Ry (P) and x(t) > 0 forall t € (ty,t; +7]. (18)
Is (x4 ()., (£)) the solution of (6) having initial condition in (P) such that
[xl(tljr}’l(tﬂ} = (x1(t]:}’1(tj)-
Consider first the case (xl(fl:],}?’l[tl:]) ED,.

Then [x[tj,}r(t:]) and [xlﬁl‘j,}ﬁ (l‘:]) defining solutions ¥ (), ¥; () of equations defined on Dy:

dy _ gix)
dx  BlIFlx)—aly) (19)
and
ay _ gix)
da EI:}-:IF‘_EI}_EI:}.}’ (20)
which exist on [x1,x1 + tl] forsomea = 0 and satisfy:
y(x) = v, (x) para x € (xy,%, + al, (21)

where X = x(t1j-

Conversely, for a solution }’(I] of (19) on [Ilyxl + ﬂ], the solutionx[f] of the equationx, = CI[:}’] - ﬁ(}’jF(-ﬁ]
with 2(0) = %, and the solution ¥(t) of the equation ¥" = —g(x(t)) with ¥(0) = ¥(x,) define a solution (1).

Therefore, the uniqueness of solutions of (1) allows us to affirn the uniqueness of the solutions of (20) on Dl. Similarly,
solutions (20) are unique. Thus, it follows from the C and (17):

v(x) <y, (x) forx € [x,x; +al,
which contradicts (21). Therefore, in this subcase, [x(t:],}?(tj) not short Tiy¢(P) . Consider now that
[x[tij!}r(tij) € D;. The proof this subcase, is performed similar to the above, it suffices to consider the equations:
dx _ PlyIF(x)—a(¥) dx _ PlyIF(x)—a(¥)
a a= e T gwm
This completes the proof. B

In [43] and [53], we provide results on stability of the null solution (1) and the boundedness of solutions, using the Second
Method of Lyapunov. In such cases, if considered the following assumptions:

g(x)F(x) =0 forx+0, (22)
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because use of a certain Lyapunov function whose derivative along the system (1) was defined negative under the
condition becomes (22).
In this section, we are interested and study the system (1) when the condition (22) is not fulfilled. Note, moreover, that
there k = 0 such that G+ (W) is defined for [w| <<k, provided that (22) is not met.
Theorem 7. Suppose — F(—x) and — g —x) satisfy (h) for x = 0 and

F(G™*(—w)) = F(6™*(w)) foro=w < k. 23)
Then the null solution of (1) is uniformly stable.
Proof. Define the function ['(x) as I'(x) = F(x) for x < 0 and F(G_l(x:]) = F(G™(x)) forw = 0. Then
Lemma 3 shows that the source is a local center system:
x"=a(y) — BT (x),

(24)

v =—g(x).
Therefore, there is a neighborhood V of the origin such that for any (xg.,}’g.] €V, orbit T|:24} [xg.,}’.;.] of the solution
(24) is an oval that surrounds the origin. Let 4(0.,4) and € (0, ¥¢ ) points in which T;24 (%q, ¥ ) crosses the y-axis,
with ¥4 = 0,z < 0. For him Lema C and (22) any solution (x(£), ¥(£)) of (1) with initial conditions Ry 24) (%4, ¥ )
and (0} = 0 not cross the curve Ty24)(%p.¥5) in the right half plane and therefore the solution intersects the axis
and at a certain instantty = 0 or tends to the origin as & —* ©2. In these cases, [x(t:],}?(tj) is a solution of (24) for

t > ty and therefore intersects the positive axis and at a certain instant £5 = £ . The uniqueness of solutions of (24)
implies that ¥4 = ¥(t;). Thus, the solution [x(t:],}r[t]) is defined for all later time and remains in the region

R4y (x4, ¥5) for all t = 0. By the same argument, it is clear that any solution [x[f:],}F(l‘:]) of (1) with initial
conditions R 243 (%5, %) and (0} < 0 remains in R(24) (%4, ¥5). Since the choice of the neighborhood is arbitrary,

the null solution of (1) is uniformly stable. B

Corollary 1. Suppose F(—x) = Ofor 0 < x < k F(x) and g(x) satisfy (11) for 0 << x <X k and conditions (12)
and (23) holds. Then the null solution of (1) is uniformly stable.

Proof. Through the transformation (u, 1?] = (—X, —}’], the system (1) becomes the system:

x" = '5‘1(19) - ng(vjfrj_[ujr
(25)

»

y =—g,(u),

where a:l[v:] = _fx1(_1?‘:]: 1'91(1“] = 181(_1”:]:F1(Uj =—F (—u) th(uj = _H1(—u:]- It is easy to verify
that the system (25) satisfies the conditions of Theorem 7. This completes the proof. B

The following results are referred to the boundedness of the solutions of the system (1).

Theorem 8. Suppose — F(—x] and —g[—x] satisfy (5) and ((6) or (F)) for X = 0 and also satisfy the following
condition:

F[G_l[—w])i F[G_l(w]}fm" allw = 0. (26)
Then the solutions of (1) are uniformly bounded.

Proof. Define the function I'(%) as T'(x) = F(x) for x =< 0 and 1_'[5_1(3'5]) = F(G7*(x)) for w = 0 and
consider the system (24). Note that (4) holds for this system.

First we show, that for any Xy = 0 large enough, there exist ¥y € R such that the orbitT.::4} [xc-r}’uj encircles the
origin. By Lemmas 11 and 12, for any ¥y € R T.:gq,;. [xu,}:'u,] intersects the curve ¥ = h[.‘xj Therefore, under Lemas
4 and 11, itis sufficientto show that ¥4 = 0, ¥ < 0 forsome ¥y € R.
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But this is obviously the case thatl_'(x] is oscillating, that is, there is a sequence {xn}, ending to ©, such that
I'(x,)=0.

Suppose there is K = Osuch thatT'(x) < 0 (T'(x) = 0) for x = K.

Choose ¥y = 0 such that (%g.¥5) € Dy. Then it is easy to obtain that ¥4 = 0,¥%, < 0. Thus in any case,
Ti247 (%, ¥p) is an oval, for certain ¥y € R.

Of the latter, easily get there M = 0 such that for any (X, ¥,) with x5 + v = M, T24y(%g. ¥5) is an oval that
surrounds the origin.

The rest of the show is similar to the Theorem 8. B

Corollary 2. Suppose F(—x) =< Oforx = Qlarge, F (X) and g (X) satisfy (5) and ((12) or (F)) to ¥ = 0 and that the
condition (26) is met. Then the solutions of (1) are uniformly bounded.

Proof. By transforming (-’L}’j —* (—x;—}’j , this reduces to Theorem 8.

3. Concluding remarks. Take the system

»

x:

—x(x—1)(x+1.1),

Ln | =

Yy =—-x,
itis easyto see that the condition |rx(}?j| = |}F| it fails, however it has a center at the origin (see [26]).

On the other hand, if the system (1) weg(x:] = F(xl you can easily check the condition (h) is not always true.
Thus, the question arises:

Under what additional conditions, we obtain the existence of a center (local or global) in these systems?.
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