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CrossMark
Abstract
We study a large family of metric-affine theories with a projective symmetry,
including non-minimally coupled matter fields which respect this invariance.
The symmetry is straightforwardly realised by imposing that the connection
only enters through the symmetric part of the Ricci tensor, even in the
matter sector. We leave the connection completely free (including torsion),
and obtain its general solution as the Levi-Civita connection of an auxiliary
metric, showing that the torsion only appears as a projective mode. This
result justifies the widely used condition of setting vanishing torsion in these
theories as a simple gauge choice. We apply our results to some particular
cases considered in the literature, including the so-called Eddington-inspired-
Born—Infeld theories among others. We finally discuss the possibility of
imposing a gauge fixing where the connection is metric compatible, and
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comment on the genuine character of the non-metricity in theories where the
two metrics are not conformally related.

Keywords: modified gravity, metric-affine theories, torsion,
non-minimal couplings

1. Introduction

The remarkable properties of Born—Infeld electromagnetism [1], originally aimed at resolv-
ing divergences of point-like charged particles, motivated the search for a similar route to
resolve the singularities of general relativity [2]. Among the different proposals, the so-called
Eddington-inspired-Born—Infeld (EiBI) theory [3] has attracted a lot of attention in recent
years due to its extraordinary ability to get rid of cosmological and black hole singularities,
and numerous works have been devoted to constrain the model using different types of obser-
vation [4]. Extensions and modifications of that model also lead to interesting results in cos-
mological and black hole scenarios [5—8]. The exploration of these theories showed that their
natural habitat is the framework of metric-affine geometries, and precisely this formulation
permitted the aforementioned progress (see [9] for a review). The reason for the necessity of
considering these theories in the metric-affine approach is the avoidance of ghost-like insta-
bilities that would otherwise be present in the metric formulation of theories with non-linear
curvature terms in the action [10]. The metric-affine (sometimes also called Palatini) for-
mulation is characterised by unlocking the affine structure and disentangling it from the metric
structure, which amounts to assuming that the geometry is not Riemannian a priori, but of
metric-affine type, where the metric and the connection are regarded as fully independent
objects. The spirit of this approach is that only the resulting field equations should specify
the full geometrical structure of the spacetime and, in particular, the relation between the
metric and the connection with the matter fields. In this regard, it must be noted that the EiBI
theory has been systematically analysed for a constrained family of connections by assum-
ing a vanishing torsion tensor’. Given the growing interest in this theory and its applications,
we find expedient a careful analysis of the role of torsion in its field equations, and—with a
little extra effort—extend the analysis to a much larger class of affine theories. This issue has
been treated with care in [9] for minimally coupled fields, which corresponds to the case in
many practical applications. In the present work, we will extend the analysis to more general
cases that include non-minimally coupled matter fields. We will see that the structure of the
equations remains essentially the same, but some differences arise that could have interesting
phenomenological consequences.

The role of torsion in metric-affine theories of gravity has been previously considered in
the literature in the context of e.g. f(R) and f(R, R, R*") theories of gravity [17-23]. The
case of f(R) theories is particularly relevant to our discussion because a degeneracy between
different formulations of those theories was observed when torsion was explicitly considered
in the dynamics [17, 21, 24]. To make a long story short, one can say that (i) the torsionless
Palatini formulation of f(R) theories and (ii) the metric compatible (Vgga g = 0) formulation
of these theories with torsion yield the same field equations. This result, non-trivial at first
sight, suggests an intimate relation between torsion and non-metricity in metric-affine theories
of gravity. The question of whether an analogous relation also exists in the EiBI theory is an

9 We refer here to the most widely explored Born-Infeld inspired theories of gravity—the EiBI model being the
paradigmatic example. A noteworthy exception is the class of Born—Infeld theories based on the teleparallel
formulation of gravity, where the torsion is actually the fundamental object [11-16].
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issue that we will explicitly address and clarify in this work. As we will see, the non-metricity
structure of the EiBI theory is much richer than in the f(R) case, while their torsional proper-
ties are much closer. As a consequence, there is no possible trade between the torsional and
the non-metricity properties, making it impossible to find a metric-compatible representation
of the theory with torsion. This result is rooted in the existence of a projective symmetry in the
theory, and the fact that the torsion only enters as a projective mode, which can then be gauged
away. This symmetry will also explain the different non-metric structure of f(R) and EiBI, as
a consequence of the existence of a gauge where the non-metricity vanishes.

Animportant step forward that we make in the present work is the inclusion of non-minimally
coupled matter fields. However, these non-minimal interactions must be introduced carefully,
in order not to give rise to inconsistent equations. Since the projective invariance proves to
be a crucial ingredient, we will only allow non-minimal couplings respecting this symmetry.
The most straightforward procedure to realise it is by simply allowing non-minimal couplings
only to the symmetric part of the Ricci tensor (which is exactly projective invariant). Although
this might seem like a severe restriction, it is actually quite natural, and permits a large class
of couplings. In fact, very much like the metric-affine formalism opens up the possibility for
much more general gravitational actions than the metric formalism allows, the same applies
for non-minimal couplings. Within the metric formalism, it is known that derivative couplings
of scalar fields to the curvature must be of a very specific form, in order to avoid ghosts [25].
For vector fields, non-derivative couplings to the curvature already need to be carefully con-
structed, but non-minimal derivative couplings are even more contrived [26]. On the other
hand, we will show that, within the realm of the metric-affine theories with a projective invari-
ance considered in this work, the allowed couplings of matter fields to the curvature without
Ostrogradski instabilities are much more general and, in fact, they will not be subject to any
additional constraints. For all these theories, the torsion will still enter as a projective mode—
and, therefore, with no physical consequence. Our results thus provide a solid and safe justi-
fication for the widely adopted condition of setting the torsion to zero, simply amounting to a
choice of gauge, for a very large class of theories.

The content of the paper is organised as follows. We present in section 2 a derivation of the
field equations in a general class of metric-affine theories and apply it to the EiBI and the so-
called f(R) and f(R, T) theories. We then generalise the formalism to include non-minimal
couplings in section 3, and we discuss the Einstein frame representation of the theories in
section 4. In section 5 we discuss the conditions for the existence of metric compatible gauge
fixing. We conclude in section 6 with a summary and discussion of our results.

2. General field equations for metric-affine theories

For the sake of generality, in this section we derive the field equations of a general family
of theories whose gravitational sector Lagrangian is a function of a metric and the Riemann
tensor of an independent connection. This will allow to set-up a general formalism and make
direct contact with previous results. In order to avoid unnecessary notational complications,
we will assume minimally coupled fields for the moment. We will come back to this point in
section 3, to straightforwardly add non-minimal couplings complying with our requirements.
Our starting point is thus the action [27]

_ 1
2K

where S, is the matter action, v represents the matter fields collectively, k2 is a constant with
suitable dimensions, g is the determinant of the spacetime metric g,., F(gu, R guv) is an

N d*x\/=gF (81 R gy ()] + Sin[8pu0, ¥, M
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arbitrary scalar function constructed with the metric and the Riemann tensor, the field strength
of the connection Ffj 5 with components
A by
Raﬂl“, - 6MF35 - &,Fzﬁ + Fz)\ryﬁ - Fg)\FH,B (2)

We assume a symmetric metric tensor, g,,,, = gy, and the usual definitions for the Ricci ten-
sor, R, = R”,pu, and the Ricci scalar, R = g""R ..
The Palatini variation of the action (1) leads to

1 OF F
el e Kag - 2gw) 88" + Po M 6R® gy | + 08,
(3)
where we have introduced the tensor
OF
POLBMU = k)
TR 5 @)

whichinherits from the Riemann tensor the antisymmetry in the last two indices. Straightforward

«
Buv

SR g = V,u (0T55) = Vo (0T55) + 255, (5T%5). )

manipulations show that R can be written as

where Sf‘w = %(Fﬁy — Fiu) is the torsion tensor. Integrating by parts, and introducing the
current J# = P, B “"M‘fjﬁ, the sector of the action that concerns the variation with respect to
the connection takes the form

1
Ir=— / d*xy/=gPo " (V,u6T55 + Sp, 6T%5)

1
2 / d'x {V,u(V=87") = [V, (V=8P ) — v/=gPa""S}5] 6155} ©6)

where we can isolate a boundary term as follows
1 v leg v «
I = [ {0,780 - [V (VTP ) - 257,/ 0TS ()

Using this result, the complete variation of the action (3) reads

68 = ﬁ d*x {\/?g (8?;” — ’;g,w> 68" 420, (V—g8J")
+2v/—¢ {—J%vu (V=8Pa""") + 84 ,P."7" + 2sgupaﬁﬂ”} 61“;5} + 6Sm, )
with associated field equations
T = o~ ©)
K2H,VP = _\/%VM (\/jgpaﬁw) + Szppaﬂﬂp + ZSZMPQB‘“’, (10)
where T, = —\/%—g 6‘?;2; isthe energy-momentum tensor of the matter and Ha”ﬁ = fﬁ 5‘;55“/3

is the hypermomentum that results from the coupling of matter to the connection. As

4
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commented above, we will assume that the matter fields do not couple to the connection, so
that H,"? = 0, and discuss the effects of non-minimal couplings later on. The first of these
equations represents the generalisation of Einstein’s equations, while the connection field
equations will fix the relation between the affine and metric structures.

In order to disentangle the symmetric part Cj;, of the connection from the antisymmetric
one—namely, the torsion S};,—we write the connection as

Fﬁ,,:CﬁV—I—Sfju. (11)
Then, for any vector V,, we have V,V, =0,V, — CﬁVVa — SZ‘,,VQ = V/SVV — SgVVa, and
for the squared root of the metric determinant we have V ,\/—g = ng /=& — SjiaV/—§&, Where

VS denotes the covariant derivative associated to the symmetric connection Cy;,,.. Accordingly,
equation (10) reduces to

1
—Tgvﬁ (V=gPa1) = S}, P\1 — SﬁAPaM‘” ) (12)
After deriving the equations for a general case, we will proceed to consider the class of theo-
ries of interest for us in the present work.

2.1. Connection field equations for Ricci-based theories

We now restrict our initial family of gravity theories to those in which only the Ricci tensor
appears. A general analysis of these theories can also be found in [9]. The action that describes
these Ricci-based theories is a particular case of (1) where the dependence on the Riemann
tensor is replaced by the dependence on the Ricci tensor:

_ 1
2K

For this kind of theory, the P-tensor introduced in (4) takes the following form

S d*xv/=8F [0 Ry (T)] + Sm[gpuw- ¥] - (13)

Pa#ﬂl’ — Zﬂpdgz’ (14)

where the Z-tensor is defined as the derivative of the gravity Lagrangian with respect to the
Ricci tensor,

y OF
™ = TR (15)
and 5§Z = % (5(265 — 55(5;). In terms of the Z-tensor, equation (12) reads
1 C v A v B A v
\/—_?vu (V=8Z%) okt = $), 27 64" — Sp,Z 6k, (16)
which, once traced over va, provides the relation
1 2 y
g Ve (VTR Z) = 3R - 8,2 a7
Using this result, equation (16) turns into
1 2
—=VS (V=82%") = =5 65218}, + 2783, — SU ZP" + S8 2.
\/Tg « 3o yn « Qo Qo
(18)
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It happens that this equation can be further simplified by performing a projective transforma-
tion of the form'”

- 2
A A A
Fuuzruv+§A#5V’ (19)
with the symmetric and antisymmetric part of f‘f‘w related to those of Ff‘w by
- 2
A X A
Cp,l/ = Cl“’ + g 5(1/A1L)’ (20)
B, =5 2 6A 21
uv MV+§[V ImB ( )

The vector A, = S§ . 1s chosen in such a way that S&u = 0. Using these new variables, equa-
tion (18) reads

1 C v < v v
—\/jgvg (V=g2°) =8}, 2" — 8, 2°". (22)
Whenever it is possible to define the inverse of Z#”, which we denote as Z,,,, an immediate
consequence of (22) is
1
V=8

Expanding this expression, one finds the useful relation

Ve (V=52%) 2,5 =0. (23)

~ 1

Chy=0a(Inlg| — ;I 1Z), (24)
where |Z| = | det Z,,, |. This last equation can be used to simplify (22), yielding

(Vo b V) 27 =280,27, @9

where we introduced V, = %5@ In ‘ f ‘ and we used @a referring to the covariant derivative of

the connection f‘g 5= C " s+ S‘Z s defined in (19). In order to remove the vector V,, from the
above equation, we redefine the Z-tensor as follows

7 =\ J|£] 2, (26)
which leads to
Vo2 =280, 7P (27)

Guided by the standard approach of general relativity to derive the expression of the connec-
tion, we properly sum cyclic permutations of the last equation with lowered indices,

VaZu =25)020. (28)
to finally obtain
Oa Z,uu +0, Zozu - 6u Zua = Zf‘ﬁaz[ku] + 2f‘2u2(/\u) + Zfi\uz[a)\]~ (29)

10 This shift in the connection is known as projective transformation because it leaves the geodesic paths invariant
up to a redefinition of the affine parameter.
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Symmetrising and antisymmetrising this equation in a’ one obtains, respectively,

~ 1 - ~ - -y o~ oy~
A A A
CovZom = 5 Oa Zgu) + 00 Ziapy = O Ziva)) + SapZin) + S0uZirals (30)

5 (90 Zju) + 0y Zjayp) = O Zjow)) = ConZinn + CauZian) + SauZiun)- (3D

The above two equations are key elements of this paper, as the following application shows.
From the definition (15), it is immediately seen that if the Lagrangian only depends on the
symmetric part of the Ricci tensor, then Z“”, and its inverse Z,W, must also be symmetric. As
a result, for such theories we have Z[W] = 0, and equations (30) and (31) boil down to

- 1~ - ~ ~ -
C), = 5 "2 (0o Zyuw + O Zayy — Op Zuar) A, =0. (32)

This implies that the symmetric part of the connection ffjl, coincides with the Levi-Civita
connection of the (inverse) auxiliary metric Z*¥, while its torsion tensor Sg‘“/ vanishes. The
connection I' 5 can thus be written as

a2
A /A A
s = Cls = 3Aad), (33)

with its torsion fully determined by A, as S;\w = %(@AV — (5{}A,L). Note that the resulting
connection corresponds to a particular case of the general family of connections with vector
distortion introduced in [28].
Let us now return to the definition of the Ricci tensor and its representation using the above
variables
Ruv(I) = Ry (C) + %VCAN] + VS8, — SuSe (34)

v s DN

From this expression, it is immediately seen that with this choice of connection variables,
namely I", split in a symmetric part C‘fjw an antisymmetric traceless part §fjv, and a vector

A, representing the projective freedom, the symmetrised Ricci tensor takes the form
R(;LV)(F) = R(,uu)(é) - S:/:(;LS'S))\’ (35)

which is manifestly independent of the projective degrees of freedom A,. Theories of gravity
based on the symmetric part of the Ricci tensor'!, therefore, are insensitive to this projective
mode, which remains undetermined by the field equations. To further reinforce this point,
note that, as we have shown above, when in such theories the matter is not coupled to the con-
nection one also finds that S}, = 0, which implies Ry (T) = R (C). The equations of
motion that follow from variation of the metric, therefore, must only depend on Cl‘i‘y, having
no trace of A,.

The impossibility of determining A,, is simply a reflection of the fact that theories based on
the symmetric part of the Ricci tensor are projectively invariant and A, precisely corresponds
to the projective mode that was expected to remain undetermined by the field equations. This
can be clearly seen from the variation of the Ricci tensor under a general projective transfor-

mation I3 — I'}j5 — %Aﬂég that is given by
"'In particular, any theory depending on the Ricci scalar, as R = "Ry = 8" R () for gy, symmetric.

7
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4
Ry (1) = Ry (1) = S0, (36)

where we confirm that the projective mode does not contribute to the symmetric part of the
Ricci tensor. Note that theories containing the full Ricci tensor will still have a pure gra-
dient projective symmetry, i.e. they are invariant under a projective transformation where
A, = 0,0, with 0 an arbitrary scalar. This already suggests that giving up on the projective
symmetry, and allowing for the general Ricci tensor, will make the projective mode become
a Maxwellian field.

The arbitrary local character of the projective invariance has a direct consequence on the
field equations, by enforcing an off-shell constraint on the theory given by the vanishing of the
trace of the connection field equations; i.e. these theories will satisfy

oS
/8 =
5Fffg ok =0. (37)

This constraint is unaffected by the matter sector because we have assumed it to be minimally
coupled so that the corresponding hypermomentum is identically zero. We will see later how
to add non-minimal couplings to the matter field such that the hypermomentum also satisfies
this constraint. Before proceeding to that we will first consider two specific cases that will
serve us as proxies for our discussion on the possibility of getting rid of the non-metricity by
a suitable choice of the projective mode.

2.2. EiBl theory

In this section, we specify the approach of the previous section to the EiBI gravity theory,
which is defined by the action [3]

1
SEiB1 = -2 /d4x [\/*Lguu + €R ) ()| — Ay *g} ) (38)

where x* = 87G/c* is the usual Einstein coupling constant, € is a parameter with dimen-
sions of length squared, the Ricci tensor is a function solely of the affine connection, which is
a priori independent of the physical metric g, and the parameter A is related to an effective
cosmological constant as A = 1 4 eA.¢. Note that we have made explicit the fact that the
Lagrangian only depends on the symmetric part of the Ricci tensor. Recall, in this sense, that
in the metric-affine formulation the Ricci tensor is not necessarily symmetric by construction,
as can be seen from (34). The non-symmetric case will be considered elsewhere (see also the
discussion at this respect in [9]).

In order to take advantage of the general approach to Ricci based theories, one just needs
to identify the Z-tensor (15). Therefore, we need (38) to match the form of expression (1). To
this end, we identify the argument of the square root as an auxiliary metric

Quv = 8uv + €R(uy (1), (39)
which is manifestly symmetric, and we introduce the deformation matrix
Qf, =07, +€g’Rou, (40)

such that g, = g, 2%, (or (g7 = g = (Q~ 1) g°%). This allows to rewrite action
(38) as

1
SEiBI = o /d4x\/jg (\/ﬁ— A) , (41)

8
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where Q = det 2,. Thus, for the EiBI gravity we can identify F(g,,,R..) = (VQ —))
leading directly to the Z-tensor

7" =\Qg". (42)
With this result at hand, the traceless field equation for the connection (18), assumes the form

2

Ve (V=44"") =v=4q {—261”“55& + <52q"ﬁ - 35qu> Ax] SN

Upon substituting the set of variables (19), equation (43) takes the simplified form
1 ; v - -
= Ve (Ve (@) = S = St 44
\/jq ( ) A A (44)
Following the general procedure worked out in the previous section, it is not difficult to

verify that this equation can be put as

. - 1
(Vatve) (VIQIg™) =23000™,  Va=—30.1n9]. (45)
This can be further simplified using the redefinition (26), which in the present case reads

v =VQgr=VQzr = 2" =g (46)

Note that this last result, namely that Z*¥ = g¥*, is consistent with our interpretation of Z**
as the inverse of the proper auxiliary metric. Finally, we are left with the analogue of (28)

Vg’ =28%,q™ . (47)

Now, following the same steps as in the previous section, we end up with equation (32) par-
ticularised to the EiBI symmetric case

~ 1 -
ng = E qlM (aa Quv + Oy qap — 8u ‘IVoz) s SQV =0. (48)

Actually, there is a shortcut to obtain the same result starting from (44) and noticing that
we assumed the Ricci tensor to be symmetric, which implies that g"* is symmetric as well.
Therefore, for consistency, the equation (44) splits into two equations

V< (V=q4¢"™) =0, Qs —o. (49)

Recalling that for any tensor a,, with determinant a and inverse a*”, the following identity
holds

— 1
804 |(l| = _E |a|awaaaw’ (50)

it is straightforward to prove that the first equation of (49) is the analogue of the metricity
condition for ¢g"¥, leading directly to

~ 1
Chiv = 59" Dudpw + 0o = Opdy) (51)
Concerning the second equation in (49), lowering free indices, one is left with S e = 0, ie.
the torsion in the new variables is symmetric in its first two indices. Therefore, it is a matter of

simple algebra to conclude that Sz‘y = 0 which, in turn, implies that
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2
A A
Sl“’ = g 6[/‘AD] (52)

as a consequence of (21). This proves that when the field equations for the connection are
(algebraically) solved, the torsion tensor still depends on the expected four projective degrees
of freedom that are not fixed by the dynamics of the theory.

For completeness, and for future reference, we note that the variation of (41) with respect
to the metric leads to

VT4 — g = —en T (53)
With algebraic manipulations, one can solve for g,, in terms of g,, and the matter as
Guv = 8ualfl®y, where

VIQUQTHE ) = A6#, — en®TH, . (54)
This shows that the relative deformation between the physical and auxiliary metrics is fully

determined by the stress-energy tensor of the matter sources. The field equations for g,,,, can
be obtained from equation (39) using the fact that R(,,,)(I') = R, (C), and take the form

K> T
GuV(Q) = m |:T#l/ - 55 (‘CG + 2>:| ’ (55)

where L = (1/|Q] — \)/(ex?)represents the EiBI gravity Lagrangian, G*,,(q) = ¢"*G . (q),
and T, = g"*T,,. This Einstein-like representation of the field equations for the auxiliary
metric ¢q,,,, provides an explicit example at the equations level of our general discussion in
section 4. This general representation was also rigorously derived for the general case in [9].

2.3. f(R) and f(R, T) theories

Other classes of theories to which the general method of section 2.1 can be applied are the
so-called f(R) theories [24, 29, 30], with R = g“"RW(F). For the same price we can also
consider the f(R,T) theories, with T representing the trace of the stress-energy tensor of the
matter fields, that have recently received some attention in the literature [31-35]. Furthermore,
this will be our first step towards including non-minimal couplings, case that will be fully
addressed in the next section. In both cases, the dependence on R guarantees the projective
invariance. For these theories, the action is the same as (1) provided the function F is replaced
by the corresponding f (from now on we use just f to denote both f(R) and f(R, T) theories).
The restricted dependence of the function F specifies the form of the Z-tensor (15) as follows

" = fr g", (56)

where fr = Orf (for both, f(R) and f(R,T) theories). Plugging this expression into (16),
the field equations for the connection become

1 C o v 1 A B B v v _of
ﬁv” (V—=efrg’’) ok = 5IR (Smg =587 = S5a8 ) - (5D
which can be further simplified using its trace equation and the shift transformation of the

connection (19), to end up with the analogue of (22):
1 C v < v
= Ve (Vg = eSS 8 (58)

10
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This equation makes it manifest that, as a consequence of the symmetry of the metric, both
sides must identically vanish, yielding

1

——=Vi(/=gfrg™) =0 59
N ( ) (59)
Sevp —Spra =0 & S, =0. (60)
The general procedure of section 2.1, allows to identify the auxiliary metric in the form
~ 1
W — Zhv :f7€22uu _ 7guu’ (61)
fr

leading to the conclusion (32) that the symmetric part of the shifted connection coincides with
the Christoffel symbol associated to the auxiliary metric, that is,

1
Cliv = 5 W (Ouhpy + Ouhpp — Ophyu) (62)

We thus see that the connection is generated by a metric that is conformally related to
the spacetime metric, so that the deformation matrix is proportional to the identity matrix
0%g = frd%s. As we will show later, this simple relation between the two metrics has an
important impact on the existence of a metric-compatible projective gauge.

3. General projectively invariant non-minimal couplings

In the previous section, we have considered a type of theory in which matter fields can couple
non-minimally through the trace of the energy-momentum tensor; the same results found for
minimally coupled fields apply to this case as well. The specific coupling through the trace of
the energy-momentum tensor does not have any special structure, and we will show in the fol-
lowing that it is nothing but a particular case of a larger class of theories with non-minimally
coupled matter fields.

Let us then consider general affine theories in the presence of matter fields with non-minimal
couplings. We will restrict the couplings so as to maintain the projective invariance in a very
simple way—specifically, by allowing couplings to the curvature only through the symmetric
part of the Ricci tensor, so that we will consider theories generally described by the following
action

S d*XF (g, R () (L), 1, O1)) (63)

T 22

with F an arbitrary function of the metric, the symmetric part of the Ricci tensor and the
matter fields collectively denoted by . Note that we only allow up to first derivatives of the
matter fields, and we have intentionally spelled out that such derivatives are indeed partial
derivatives, and not covariant ones. For bosonic fields this is actually the natural situation. If 1/
corresponds to a scalar field ¢, the covariant derivatives reduce to partial derivatives (assum-
ing we are dealing with true scalar fields and not scalar densities) V¢ = 0,¢. Thus, we
can include non-minimimal couplings like e.g. R*” 3,0, ¢ that would lead to Ostrogradski
instabilities in the metric formalism. For vector fields A,,, we assume that all derivatives enter
through the corresponding field strength F,,,, = 0,A, — 0, A,,.. We adopt the standard defini-
tion of the field strength as the exterior derivative of the vector field, which naturally extends
our considerations to higher p-forms. Sometimes the field strength in curved spacetime is

1
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defined by promoting partial derivatives to covariant ones in the flat spacetime definition of
F,,,,, in which case an explicit coupling to the torsion arises (that would not be allowed by our
requirements). In this case, we can include interactions of the form R*VA /A, or RFF o F,“
that, again, would give rise to ghost-like instabilities in the purely metric framework. Things
are more subtle when including fermions into the picture, since they couple directly to the spin
connection with minimal interactions. Fortunately, the minimally coupled Dirac Lagrangian
still exhibits a projective symmetry—and, thus, our analysis can be consistently extended to
the case of fermionic fields. However, adding non-minimal couplings for fermions with our
requirements must be done with more care than with bosonic fields. For simplicity, in the deri-
vation of our main result we will assume that the independent connection I';,, only appears
through the Ricci tensor. In that case, the variation of the action with respect to the connection
leads to

OF
68 = — [ d*xy/—g=—0R I,
2w | TV R () (1) (64)
and the manipulations of section 2.1 recover the same results as we found there for minimally

coupled theories. In particular, we see that we can introduce the auxiliary metric Z;w defined
by

Vfgma—F =/-zz (63)
()
so that the resolution of the connection field equations follows identically, and the connection
will thus be given by the Levi-Civita connection of the auxiliary metric ZW up to the pro-
jective mode. Obviously, similarly to the minimally coupled case, the auxiliary metric itself
depends on all the arguments of the function F, among which we find the Ricci tensor. The
crucial point is once again that the metric field equations

OF 1

@ - EFguu = K’ZTHV (66)
make it possible to obtain the symmetric part of the Ricci tensor algebraically, in terms of the
spacetime metric and the matter fields. This is where the differences between minimally and
non-minimally coupled theories arise. If the couplings are restricted to be minimal, then the
matter fields only appear on the RHS of the above equation, and the symmetric part of the
Ricci tensor will be given in terms of g,,,, and the usual energy-momentum tensor of the corre-
sponding matter fields. For non-minimally coupled fields, the LHS will also depend on the
matter fields—so that, although we will still be able to express the Ricci tensor in terms of g,
and the matter fields, the latter will appear in arbitrary combinations, not necessarily through
the energy-momentum tensor.

Finally, it is important to note that the hypermomentum H"# of the matter fields will not
vanish—and will, therefore, contribute non-trivially to the connection field equations. As we
have discussed, this fact can be easily handled, and the resulting effect will be a different
dependence of the auxiliary metric on the matter fields. Moreover, the existence of the projec-
tive symmetry in the non-minimal couplings will guarantee that the off-shell constraint given
in (37) will not be violated, i.e. we will have HX* = 0. It is sometimes argued that the pro-
jective symmetry in metric-affine theories (mainly within the context of the Einstein—Hilbert
action as in [36]) leads to inconsistencies in the field equations when introducing matter fields.
However, as discussed, for instance, in [9], even in the presence of non-minimal couplings,
inconsistencies do not necessarily arise, and our results here provide an explicit realisation of

12
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this general argument by simply imposing the same projective symmetry in the matter sector,
which is in fact a natural manner of introducing non-minimal couplings within the framework
of these theories.

4. Einstein frame representation

In the previous sections, we have worked with the field equations directly to show that the
connection is given by the Levi-Civita connection of the auxiliary metric and the torsion only
enters as a projective mode, which can therefore be gauged away. We will now re-obtain the
same results from a different approach, by showing the existence of an Einstein frame repre-
sentation for generic gravity Lagrangians which depend on the symmetric part of the Ricci
tensor, including the non-minimal couplings discussed in the preceding section. This naturally
extends the Einstein frame representation constructed in [9] for the case of minimally coupled
fields to the case of non-minimally coupled fields, and the full discussion given in that refer-
ence will be valid for the more general theories under consideration here. The Einstein frame
is achieved by first performing a Legendre transformation, so that the action is written in the
equivalent form

_
T 2K2

OF

S -
9%,

(R(HJ/) - Zuy) + Sm [guy, ¥, 3¢],

(67)
where X, is an auxiliary field. One can easily verify that variation with respect to X,,,, leads
to R (I') = X, (provided F is a non-linear function of 3,,,)), which inserted back into
the action recovers the theory (13) in the Ricci symmetric case. A key reason to introduce
the above action is that, unlike (63), this is linear in the Ricci tensor R, (I"). We can now
introduce the field redefinition given by

/_ZZHV _ — 6F i
VoS,

d4X\/jg |:F (guu,z;w, w’ 61/1) +

(68)

that makes it possible to express X, in terms of the new field Z,“,, the spacetime metric
guv and the matter field, i.e. ¥, = X, (Z,0, 8as, ¥, 0¥). In terms of the new field Z,,,, the
action can be written as

1 = .
S=353 d*x [v ~ZZ"R () (L) = V=8V (8ap: Zap Vs f%)] + Sm[gpuw» ¥, 0],

(69)
where the potential V (g3, Zag, ¥, 0) is defined as
5 OF
V(gaﬂ’zaﬁ,w,a¢) = 6272#” —F. (70)
pv

Here, the field ¥, must be replaced by its expression obtained from solving (68). This is
the step where the differences between minimally and non-minimally coupled theories arise,
since in the minimally coupled case this potential does not depend on the matter fields. On the
other hand, we can see from the equivalent action (69) that the field ZW has now the standard
Einstein—Hilbert kinetic term, and the spacetime metric g, only enters algebraically—i.e.
it is an auxiliary field that can be integrated out by solving its field equations. Since now
the potential V also depends on the matter fields, the solution for g,, does not need to be a
function of the energy-momentum tensor, as it occurs in the minimally coupled case. The

13
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corresponding solution will thus provide g, = gW(Zag, 1, 01) that can be plugged in the
action to finally obtain

1 —. I
S = 33 d*xV =ZZ" R () (D) + Sm[Zy, 0. 09, (71)

where Sy, stands for the modified matter sector resulting from integrating the spacetime met-
ric out. Since the auxiliary metric ZW now has the usual Einstein—Hilbert kinetic term in the
Palatini formalism, we can now use the extensive machinery developed for this simple action,
and we can immediately conclude that the connection will be nothing but the Levi-Civita con-
nection of Z;w up to the projective mode [36], which remains as a pure gauge freedom (see e.g
[37, 38]). The only difference now is that we have generated new matter interactions.

We thus recover the results obtained above when working at the field equations level. In
this representation, we can see again the difference between minimally and non-minimally
coupled cases—specifically, while in the former the matter fields only enter through the usual
energy-momentum tensor in the relation of the two metrics, the latter gives rise to a more gen-
eral dependence on the matter fields, not necessarily through the energy-momentum tensor. A
very straightforward application of our result concerns the extension of the f(R,T) theories
proposed in [39] to include general couplings of the Ricci tensor and the energy-momentum
tensor, so that the action depends on an arbitrary function f(R, T, R**T,, ). Although these
theories give rise to interesting cosmological phenomenology in their metric formulation, it
was shown in [40] that the additional coupling to the Ricci tensor inevitably introduces ghost-
like instabilities when considered as universal. We see, however, that these theories can be
rendered ghost-free in their metric-affine formulation according to the results obtained here,
since they correspond to a particular case of the general matter couplings considered above.

5. Projective gauge fixing and existence of a metric gauge

In the previous sections we have extensively studied the consistency of theories with a projec-
tive symmetry, including non-minimal couplings. Due to this symmetry, we have encountered
the expected presence of four gauge degrees of freedom in the solution of the connection
encoded in the vector A, = § § .- In this section, we will exploit this symmetry, and discuss the
existence of special gauge choices. In particular, we will analyse the conditions under which
a gauge without non-metricity is possible.

Let us first consider the case of f(R) and f(R,T) theories already explored above. In
those theories, the projective modes can be used to obtain different representations of the same
theory in such a way that one can have (i) a torsionless theory with nontrivial non-metricity
or (ii) a metric compatible theory with torsion. Obviously, these two representations—being
simply two different gauge choices—are physically equivalent, but the geometrical frame-
works differ'?. In order to explicitly show this, we will consider the general solution for the
connection (33), which consists of the piece compatible with the auxiliary metric, that in the
present case is given by A, = fr g.., plus the projective mode. By taking the I'-covariant
derivative of this expression we then have Vghw = %Aahw, so that the covariant derivative
of the spacetime metric is given by

12 Let us comment that equivalent representations in terms of different geometrical entities of the same gravity
theory already exist in the literature. Perhaps, the paradigmatic example is the equivalence between general
relativity, with gravity represented by the curvature of the Levi-Civita connection, and its teleparallel equivalent,
where there is no curvature and gravity is ascribed to the torsion of the Weitzenbock connection.

14
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4
Viguw = (SAa — Oa logfn> 8uv - (72)

In the study of f(R) and f(R,T) theories a la Palatini, it is common to set the torsion
to zero (A, = 0) at the onset of the analysis, which implies that the non-metricity tensor

ng = V5g,. takes the value QEW = —g,u Ou log fr. However, the above equation (73)
shows that the choice A, = %8a log fr leads to Qg = 0, which implies a metric-compatible

connection, but with torsion. An explicit analysis of the resulting field equations puts forward
that these two representations are physically equivalent, as a consequence of the freedom in
the choice of A,—see [24] for details.

Let us now investigate whether the Born—Infeld gravity theory exhibits similar features.
The most commonly (if not uniquely) studied case is the torsionless gauge (frequently without
explicit mention to that being a gauge choice of the projective mode). We want to discern here
whether this theory could also admit a metric-compatible representation with some nontrivial
torsion. We are now ready to check this by explicitly computing V1, & having in mind that,
unlike in the f(R)/f(R,T) case, the particular relation between g, and g, is no longer
conformal, but of the form g,,,, = g, 2%, with Q% satisfying (54). In this case, we find

4 ~
VE Spv = ngcguV + vgguu . (73)

The computation of VSgW can be efficiently done by employing the relation g, =
=q5(Q N = (Q_l)yﬁqm, and the fact that VSg,,, = 0, leading to

4 & 4 c _
Vg 8uv = gAaguV + ZQ/\B [gA(uVS(Q l)ﬂy):| = gAag;w -2 [VSQ/\B} g)\(lt(Q ])Bu)
(74)
that can be more compactly written as'3
r 4 A r A\ A
Vg = §Aa6 v — Vi (log Q)" | guns (75)

which nicely generalises the expression (73) to the case of Born—Infeld theories. Furthermore,
since we only used that the two metrics are related by means of the deformation matrix Q#, to
obtain the above expression, it is in fact completely general for the class of theories considered
in the preceding sections built in terms of the symmetric part of the Ricci tensor. Note also that
VEQ”,, = Vgﬂ“,,, because O, is a (1, 1)-tensor; thus, one can easily show that the A,-piece
of the ['-covariant derivative identically vanishes. As is apparent from (75), those theories for
which the deformation matrix is proportional to the identity, i.e. the two metrics are confor-
mally related, admit a gauge such that the non-metricity tensor vanishes. In the general case,
wherein the deformation matrix has a more involved structure (like in Born—Infeld theories for
instance), one cannot, in general, find a gauge with vanishing non-metricity.

Let us obtain more explicit conditions on the theories that permit a metric-compatible
gauge. For that, let us start from the condition

4 AN A

A T
§Aa§ v — Va(log Q) » = 0. (76)
13 We drop the explicit symmetrisation, since one can show that the object on the RHS is symmetric by construc-
tion [9]. Moreover, the logarithm introduced must be understood as a shortcut defined by V log 2 = VQQ~!. This

should not be confused with the formal definition of the logarithm of a matrix for which the former relation only
holds if the matrix and its derivative commute.
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The existence of solutions for this equation will guarantee the existence of a gauge without
non-metricity. If we take the trace with respect to A and v we obtain

3
Ay = Eaa log Q, (77)

where we recall that 2 = det Q, and we have used that Trlog 0= log det Q. We can now
insert this expression in (76) to rewrite it purely in terms of the deformation matrix as

1
vE [log @, — (g )%, | =o. (78)

Since the deformation matrix is fully determined by the form of the action, this equation gives
the desired condition for the existence of a metric gauge. We will not analyse here in detail the
most general theories satisfying these equations. In fact, it is conceivable that some theories
exhibit solutions of the field equations compatible with (78), so that the non-metricity can only
be removed from some specific solutions, but not in general—as we will illustrate below for
a particular case. However, the condition (78) immediately shows that theories giving rise to
a deformation matrix proportional to the identity, like those where the curvature only enters
through the Ricci scalar R, admit a gauge without non-metricity. For those theories, one can
entirely trade the torsion and the non-metricity with the corresponding equivalent representa-
tions of the theory.

In order to gain some insight on the conditions needed to obtain a metric compatible gauge
for the general case, we will now consider a scenario in which all off-diagonal terms in Q5
vanish, leaving only a diagonal object of the general form Q* B =wpg)o 2‘, with up to four dif-
ferent functions wg) (no summation over repeated indices). This is also a physically relevant
case, as many applications involving perfect fluids, scalar fields, electric fields, etc in spheri-
cally symmetric or cosmological scenarios typically involve a diagonal deformation matrix
o 2 [9]. For instance, considering a perfect fluid of density p and pressure P as matter source
in homogeneous and isotropic cosmological models, one finds T#, = diag[—p, P, P, P],
whose symmetries allow for a deformation matrix of the form Q*, = diag[wo, w;,wr,w;],
with wy and w, being functions of the cosmic time ¢. In static stellar models, we find a similar
decomposition, but with wy and w; being functions of the radial coordinate. In black hole
scenarios with electric charge ¢, we find T#,, = 8fr—;diag[fl, —1,+1, +1], whose symmetries
can again be assumed for the deformation matrix, namely Q#, = diag[wo, wo, w1, w1], With wy
and w; now being functions of the radial coordinate [41]. A similar structure appears in the
case of certain anisotropic fluids [42, 43]. For a static, spherically symmetric scalar field, one
has T#,, = diag[Ty, Ty, To, To), so one can assume Q*,, = diag|wy, wy, wp, wp), With wp and w;
being again functions of the radial coordinate [44]. Note that these algebraic properties are
quite general, and are also valid in theories different from the EiBI gravity model.

In the diagonal cases, we then have that (75) reduces to

4
Vg 8uv = <3Aa —0q1n w(u)) 8uv - (79)

According to this expression, for the simplest set-ups—specifically, those with diagonal T#,
and Q*,—it is not possible in general to set the right-hand side of (79) to zero (vanishing non-
metricity) by specifying the form of A, due to the freedom in the choice of the four gradients
Oaw(yy- Only when Q#,, represents a conformal transformation (which is the case in theories
where the curvature only enters through the Ricci scalar like in f(R) and f(R,T) theories)
is it possible to completely remove the non-metricity in favour of a specific type of torsion.
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In all the examples mentioned above, where the functions w(,y depend only on one coordinate
(time or radius), the vector A, can only absorb one of the gradients of the w(, ), wherefore the
resulting theories possess genuine non-metricity.

Summarising, the results for this simple scenario put forward that only in the case in
which the four w(,) are the same function one can use the projective gauge freedom to get
rid of all the non-metricity terms. This case in fact corresponds to a conformal transforma-
tion between the physical and the auxiliary metrics, which is characteristic of theories where
the deformation matrix is proportional to the identity, as happens for theories depending only
on the Ricci scalar R. In the EiBI theory, however, this does not happen in general, except
for a restricted class of solutions supported by very specific matter sources—e.g. the case of
a cosmological constant. This illustrates our discussion for the general case of how the non-
metricity can be removed for some solutions even if the general deformation matrix of the
theory does not identically fulfil the condition (78).

6. Summary and conclusion

In this work we have developed a general formalism for metric-affine theories of gravity with
a projective invariance that is implemented by considering Lagrangians where the connection
only enters through the symmetric part of the Ricci tensor. We have naturally extended the
results of [9] to the case of non-minimally coupled fields. In order to comply with the projec-
tive symmetry, the non-minimal couplings are again imposed to contain only the symmetric
part of the Ricci tensor. For this very large class of theories, we have obtained the general solu-
tion for the connection. We have shown that the torsion only appears as a projective mode, and
can thus be gauged away. On the other hand, the symmetric part of the connection (carrying
the physical information) is given by the Levi-Civita connection of an auxiliary metric that
is non-trivially related to the spacetime metric and the matter fields. An important property
that we have clarified is that the presence of non-minimally coupled matter fields makes the
dependence of the auxiliary metric on them more general than in the minimally coupled case,
where matter fields only enter through the energy-momentum tensor. This can, in fact, have
interesting phenomenological consequences, which will be explored elsewhere.

Finally, we have discussed the existence of a projective gauge choice without non-metricity.
‘We have shown that such a gauge always exists for theories where the two metrics are confor-
mally related, essentially reducing this family of theories to those where only the Ricci scalar
appears. On the other hand, if the two metrics are not conformally related it is, in general, not
possible to impose a gauge without non-metricity. We have explicitly shown our results for
the case of f(R)and f(R, T) theories as examples of theories admitting a metric-compatible
representation and EiBI as an example in which such a representation is not possible—non-
metricity being, therefore, an intrinsic, genuine property of such theories.

We would like to remark an interesting physical difference between the two families of
theories obtained according to the existence or not of a gauge with vanishing non-metricity.
From the two frames existing in these theories, one can easily see that gravitons propagate on
the auxiliary metric'#, while photons propagate on the spacetime metric (see the discussion on
this point in [9])—so that, even though they both are massless particles, their trajectories can
differ. As we have discussed, the metric gauge exists for theories where the two metrics are
conformally related, and—since null geodesics are conformally invariant—these theories are
characterised by the universality of the propagation of massless particles. On the other hand,

14 The relevance of the auxiliary metric for the propagation of the tensor modes was previously shown in [6] for
general Palatini theories, and in [45] for braneworld scenarios.
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theories not allowing the gauge with vanishing non-metricity will typically be characterised
by a different propagation of photons and gravitons, even if they are both massless particles.

Though this work has focused on the properties of projectively invariant theories, the
master equations (30) and (31) also contemplate cases without this symmetry. The physical
implications of the breakdown of this symmetry, and the role of the pure tensorial part of the
torsion, S’g s> in cosmological and astrophysical scenarios would be interesting to pursue. On
the other hand, the noted relationship between the general solution of the connection, includ-
ing the projective mode and the family of geometries with vector distortion introduced in
[28], also opens an interesting possibility of partially unleashing the torsion or the connection
with a general vector mode, this time dynamical. This would be at the expense of breaking
the projective invariance, but with such potentially interesting cosmological scenarios as those
studied in [46]. Irrespective of the specific route, our results encourage further exploration of
such metric-affine theories as those considered here, and possible extensions.
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