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:

Abstract. In several previous papers we had investigated the orbits of the stars
that make up galactic satellites, �nding that many of them were chaotic. Most of the
models studied in those works were not self-consistent, the single exception being
the Heggie & Ramamani (1995) models; nevertheless, these ones are built from
a distribution function that depends on the energy (actually, the Jacobi integral)
only, what makes them rather special. Here we built up two self-consistent models
of galactic satellites, freezed theirs potential in order to have smooth and stationary
�elds, and investigated the spatial structure of orbits whose initial positions and
velocities were those of the bodies in the self-consistent models. We distinguished
between partially chaotic (only one non-zero Lyapunov exponent) and fully chaotic
(two non-zero Lyapunov exponents) orbits and showed that, as could be expected
from the fact that the former obey an additional local isolating integral, besides
the global Jacobi integral, they have di�erent spatial distributions. Moreover, since
Lyapunov exponents are computed over �nite time intervals, their values reect the
properties of the part of the chaotic sea they are navigating during those intervals
and, as a result, when the chaotic orbits are separated in groups of low- and high-
valued exponents, signi�cant di�erences can also be recognized between their spatial
distributions. The structure of the satellites can, therefore, be understood as a
superposition of several separate subsystems, with di�erent degrees of concentration
and trixiality, that can be recognized from the analysis of the Lyapunov exponents
of their orbits.

Keywords: Galactic satellites, stellar orbits, chaotic motion

1. Introduction

The last �fteen years have seen an enormous increase of interest in
studies on the e�ects of chaos in the dynamics of stellar systems. It
suÆces to recall here that, while this subject deserved only a few pages
in the classic textbook of Binney and Tremaine (1987), we now have
a full textbook devoted to order and chaos in dynamical astronomy
(Contopoulos, 2002), a substantial part of which is devoted to order
and chaos in galaxies.

In the particular case of galactic satellites, the presence of chaotic
orbits was investigated by us in several previous papers: Carpintero,

c 2003 Kluwer Academic Publishers. Printed in the Netherlands.
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Muzzio and Wachlin (1999), Muzzio, Carpintero and Wachlin (2000),
Muzzio, Wachlin and Carpintero (2000), Muzzio (2001), Muzzio, Vergne,
Carpintero and Wachlin (2001) and Carpintero, Muzzio, Vergne and
Wachlin (2003). In all the models we studied, the satellite had the
same mass and was on the same circular orbit around the same galaxy,
only the structure of the satellite (i.e., its density distribution and its
potential) or the technique used for orbit classi�cation di�ered from
one investigation to another. Although the orbits of galactic satellites
tend to be strongly elongated, the use of a circular orbit allowed com-
parisons with the results of the restricted three body problem from
celestial mechanics and, besides, ensured the conservation of at least
one isolating integral, the Jacobi integral (i.e., the energy in a rotating
frame). Moreover, even though general self-consistent models of galac-
tic satellites that take into account the e�ects of tidal forces (rather
than limiting those e�ects to the existence of a tidal radius only) are
not available, in the case of circular orbits the approximate models of
Heggie and Ramamani (1995, HR hereafter) provide a good solution
for that particular case.

While our previous results clearly showed that chaotic orbits play
an important role in the internal dynamics of some galactic satellites,
they could not shed any light on the problem of how the chaotic orbits
inuence the distribution of the stars inside the satellite and, thus, how
they contribute to its spatial structure. The reason was that our models
either were not self-consistent or, in the case of the HR models, as the
distribution function depends on the Jacobi integral only, one would
not expect them to show any signi�cant di�erences between the distri-
butions of regular and chaotic orbits; we will show later on, however,
that this is not necesarily the case. A very interesting recent paper by
Voglis, Kalapotharakos and Stavropoulos (2002) suggested us a way to
investigate the inner motions in self-consistent models of galactic satel-
lites. Voglis, Kalapotharakos and Stavropoulos created self-consistent
galaxies through disipationless collapses of large N-body systems and,
subsequently, freezed the potentials of the resulting systems; orbits and
Lyapunov exponents could then be computed in those smooth and
stationary potentials and the spatial distributions of the ordered and
chaotic components could be separately established. Following on their
steps, Muzzio (2003) developed a quadrupolar code that allowed him
to investigate chaotic orbits in a self-consistent model galaxy. It seemed
reasonable to try to apply the same technique to build self-consistent
models of galactic satellites, to classify the orbits of the bodies that
make them up and to investigate separately the distributions of those
on regular and on chaotic orbits to ascertain whether there are any
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Orbits in Galactic Satellites 3

signi�cant di�erences between them. The results of that investigation
are the subject of the present paper.

2. Methods and models

2.1. N-body model building

As in our previous papers, here the gravitational constant is G = 1, the
satellite moves on a circular orbit of 100 units radius with an angular
velocity of 0.5 units and its total mass is also 1 unit. We used a rotating
Cartesian system, centered at the center of the satellite, with its x axis
along the radius of the orbit and pointing outwards, the y axis in the
direction of the velocity of the satellite and the z axis perpendicular to
the plane of the orbit. The results of Carpintero, Muzzio, Vergne and
Wachlin (2003) showed that, in order to get a signi�cant percentage
of chaotic orbits, we had to avoid highly concentrated satellite models.
Besides, in order to avoid distribution functions that depended only on
the energy (or the Jacobi integral), as the HR models did, we wanted
their velocity distributions to be anisotropic.

Following the recipe of Aguilar and Merritt (1990), Muzzio (2003)
built his model elliptical galaxy using the quadrupolar code of White
(1983) to follow the dissipationless collapse of an ensemble 105 bodies
whose initial positions and velocities had been created from appropiate
distribution laws using a random number generator. Our original idea
was to follow a similar procedure, with due allowance for the necessary
changes to account for the di�erences between the models of an isolated
elliptical galaxy and of a galactic satellite (e.g., to consider the tidal
e�ects due to the orbital motion of the satellite). Nevertheless, this
simple idea was not so easy to carry out in practice and our initial
attempts were rather dissapointing: sometimes we ended up with too
concentrated models, other times a high percentage of the initial bodies
escaped from the system, and so on.

Finally, we obtained what seemed to be an acceptable model, and
losing only a small fraction of the initial bodies, with the following
recipe. We started with an ensemble of 105 bodies whose initial posi-
tions and velocities had been obtained from the distribution function
of a politrope of index n = 4 (e.g., Binney and Tremaine, 1987), where
the energy was computed from the modi�ed Satoh (1980) model of
Carpintero, Muzzio and Wachlin (1999) with two di�erences: 1) Rather
than using the exact equation for the e�ective potential in the rotating
system centered on the satellite, we used the approximation of HR
with �1 = �0:25 and �3 = 0:125, i.e., the values that correspond to
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Figure 1. Volume density (computed in spherical shells) vs. radius for our two
satellite models; the vertical error bars are negligibly small for almost all values
thanks to the very large number of points employed in the computations.

a circular orbit of 100 units radius and 0.5 units angular velocity in
a galaxy that has a logarithmic potential, just as we had used in all
our previous investigations; 2) In order to get a more strongly triaxial
system we used b = 0:4, instead of b = 0:8, as Carpintero, Muzzio
and Wachlin had used. We let this initial distribution collapse and
we followed its evolution with the N-body quadrupolar code of White
(1983) for 10 collapse times (tcoll = 0:275). We eliminated the particles
with energies larger than that of escape, which left us with 99,564 mass
points, increased the individual masses so as to keep the total mass
equal to one, and let the system evolve one more time for 10 crossing
times (tcr = 0:25).

Figure 1 shows the �nal density distribution (computed in spherical
shells) and Table I gives the square root of the mean square x value
(i.e., the dispersion along the x axis) and the ratios of the corresponding
values for the y and z axes to that for the x axis (i.e., the attening
along the direction of motion and normal to the orbital plane). It may
be useful to recall that the dispersion values are small due to the
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Figure 2. Velocity anisotropy (given as the square root of twice the radial velocity
dispersion over the tangential velocity dispersion) vs. radius for our two satellite
models.

Table I. Dispersion along the x axis and axial ratios of the
models.

Model �x �y=�x �z=�x

n = 4 0:143 � 0:002 0:986 � 0:015 0:902 � 0:015

n = 3 0:212 � 0:002 0:844 � 0:010 0:779 � 0:009

strong concentration of the model; as comparison, its tidal radius is
1.27. Figure 2 shows the velocity anisotropy of the model.

Still, we were not fully satis�ed with that model because it was
rather concentrated and not clearly triaxial. It was only reasonable to
try to use the same recipe with an n = 3 politrope and so we did
but, although the new model turned out to be less concentrated, as
could be expected, and only a small fraction of the initial particles were
lost, it also turned out to have a fairly isotropic velocity distribution.
Therefore, we introduced a velocity anisotropy in the initial distribution
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as follows: besides generating at random the positions and velocities of
the mass points, we also generated a random number rn between 0 and
1.5 and we rejected the created mass points where the sine of the angle
between the radius and the velocity was larger than rn (i.e., we favored
mass points with velocities closer to the radial direction). Again, we
let this system collapse and followed it for 10tcoll (now, tcoll = 0:52),
eliminated the mass points with energies larger than the escape energy,
renormalized the masses to a total unit mass, and let the system (now
of 98,357 particles) evolve for an additional 10tcr (now, tcr = 0:50).
Figures 1 and 2 and Table I show the density, velocity anisotropy and
attening values in the same way as for the n = 4 model. The tidal
radius is 1.30 for this model. We notice that, at the same radius, the
density of the n = 3 model is about ten times higher than that of the
n = 4 model in the outermost regions.

2.2. Orbits and Lyapunov exponents

As a result of the procedures described in the previous subsection we
ended up with two self-consistent models of galactic satellites: for each
model we have the positions and velocities of the point masses (i.e.,
the distribution function); these point masses, in turn, create a gravita-
tional potential such that, in it, the distribution of those bodies and the
potential itself remain stationary. Nevertheless, the N-body potential is
neither smooth nor stationary so that, in order to be able to compute
orbits and Lyapunov exponents, following Muzzio (2003), we froze the
potential and represented it with the quadrupolar approximation:

�(r) = f00(p) + fxx(p)x
2 + (1� fxx(p)� fzz(p))y

2 + fzz(p)z
2;

(an equivalent expression was used by Schwarzschild, 1979). The fij
values were computed from the N-body distributions and �tted with
equations of the form:

f(p) = C=(p� + e�)�;

where the values C, �, e and � were obtained from the �tting.
The square roots of the mean square percentual di�erences between

the N-body and the smoothed potentials was 0:19% and 0:13%, respec-
tively, for the n = 4 and the n = 3 models, and we may thus conclude
that the potential is approximated very well with our equations. The
f00(p); fxx(p) and fzz(p) functions depend on the distribution of par-
ticles and can thus be used to control the stationarity of the system
as follows. All the particles in the model were allowed to evolve in the
smoothed potential for 500tcr and the f00(p); fxx(p) and fzz(p) functions
were evaluated from the distribution of particles at several times; we
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Table II. Square roots of the mean square percentual errors of the �tting
to the combined results from three di�erent times for the n = 3 model

Function/Times 0:0=0:5=1:0 0:=5:=10: 0:=25:=50: 0:=125:=250:

f00(p) 0:42% 0:36% 0:35% 0:39%

fxx(p) 4:7% 4:7% 5:7% 5:0%

fzz(p) 4:1% 3:8% 4:1% 3:9%

then combined together the results from the initial instant and two
other times and �tted our interpolating equation to them. The square
roots of the mean square percentual errors of the �ttings are then a
measure of the structural changes su�ered by the system in the time
intervals considered. Table II gives the results for the n = 3 model
(tcr = 0:50) and we see that there are no signi�cant di�erences among
the dispersions obtained combining the results of 0, 1 and 2 tcr, of 0,
10 and 20 tcr, of 0, 50 and 100 tcr and of 0, 250 and 500 tcr, so that the
system remains indeed stationary.

Orbits and Lyapunov exponents could then be computed using the
LIAMAG routine (Udry & Pfenniger 1988), just as we did in our pre-
vious investigations. It is important to recall that although Lyapunov
exponents are de�ned for an in�nite time interval, they can only be
numerically computed over �nite intervals (see Contopoulos, 2002 and
references therein). Following Voglis et al. (2002), we will call them
Finite Time Lyapunov Characteristic Numbers (FT-LCNs hereafter)
and, as in our previous work, they were computed over time intervals
of 35,000 time units (t.u. hereafter) with renormalization intervals of 3.5
t.u. As discussed by Carpintero, Muzzio, Vergne and Wachlin (2003),
the ages of globular clusters lie between about 300 and 3,000 t.u. and
those of small galaxies like the Magellanic Clouds between about 250
and 375 t.u., so that our integration interval lies between one and two
orders of magnitude longer than those ages. Since the time intervals
used for the computations are �nite, the FT-LCNs can only attain
minimum, but non-zero, values. We will show in the next section that
the limit for those minimum values is about 0:00045(t:u:)�1 but, for the
sake of brevity, we will hereafter refer to zero (below the limit) or non-
zero (above the limit) values of the FT-LCNs. Note, by the way, that
the limit corresponds to a Lyapunov time of about 2,200 t.u., i.e. longer
than the ages of most of the galactic satellites just mentioned above,
so that the bulk of the chaotic motions relevant to their dynamics can
be detected in our study.
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Figure 3. The two largest FT-LCNs vs. reduced orbital energy; dots and crosses
correspond, respectively, to the largest and to the second largest FT-LCNs. The
plot above corresponds to the n = 4 model and the one below to the n = 3 model.
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Here, the phase space volume is conserved and all the orbits obey
the Jacobi integral, so that we only need to investigate the largest and
the second largest FT-LCNs (Lmax and Lint, respectively, hereafter): if
they are both zero, the orbit is regular, while if at least one of them is
non-zero the orbit is chaotic. Furthermore, Pettini and Vulpiani (1984)
distinguished between weak (only one non-zero FT-LCN) and strong
chaos (two non-zero FT-LCNs), indicating that the fractal dimension of
the orbit was smaller for the former than for the latter. Nevertheless, the
terms weak and strong chaos have also been used in connection with the
value of the Lmax only (Contopoulos, 2002) so that we prefer to follow
Muzzio (2003) and, if Lint is zero and Lmax is not, to regard the orbit as
partially chaotic and if the two largest FT-LCNs are non-zero to regard
it as fully chaotic. The Jacobi integral is the single global isolating
integral of the system and it is the only one that obey the fully chaotic
orbits. The presence of additional local integrals (or pseudo-integrals)
in certain regions of phase space is revealed by the zero FT-LCNs:
partially chaotic orbits have only one additional isolating integral while
regular orbits obey a total of three. Thus, we can expect di�erent spatial
distributions for the di�erent kinds of orbits, as a consequence of the
limits imposed by the di�erent isolating integrals that they obey.

3. Results

3.1. Finite time Lyapunov characteristic numbers

The computation of orbits and FT-LCNs was much harder for the n = 4
model than for the n = 3 model, due to the higher concentration of the
former; besides, the n = 4 model is the one with the lower fraction
of chaotic orbits and, as a consequence, its results tended to yield
rather large statistical errors. Therefore, we preferred to concentrate
in the n = 3 model and use the results of the n = 4 model mainly for
comparison purposes. A total of 1194 and 2552 initial conditions were
randomly selected, respectively, from the n = 4 and the n = 3 mod-
els and their orbits and FT-LCNs were computed with the LIAMAG
routine. We found 13:3% of partially chaotic orbits and 13:2% of fully
chaotic orbits in the n = 4 sample, while the corresponding �gures for
the n = 3 model were 7:9% and 63:5%, respectively.

As in our previous papers, we used the reduced energy to characterize
the orbits. The constant in the potential is chosen so as to have zero
e�ective potential at the tidal radius of the satellite and the reduced
energy is the Jacobi integral divided by the potential at the center of
the satellite; it is always positive, because both terms are negative, and
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Figure 4. The two largest FT-LCNs for the n = 4 (left) and the n = 3 (right) models
are shown in the upper row; the corresponding blow-ups of the low-value regions are
shown in the lower row.

goes from zero (for a mass point at the verge of escaping) to one (for
a mass point at rest at the center of the satellite). Figure 3 shows the
distribution of the two largest FT-LCNs as a function of the reduced
energy and can be compared to equivalent �gures of Muzzio (2001) and
Carpintero, Muzzio, Vergne and Wachlin (2003). The two largest FT-
LCNs are zero for large reduced energies, which is reasonable because
those energies correspond to point masses that always remain close
to the center of the satellite, where non-linear e�ects are negligibly
small. Besides, as noted by Muzzio (2001), as one goes to lower reduced
energy values, the Lints only become non-zero after a certain threshold
is crossed. For the n = 4 model, except for some Lint values above the
0:00045(t:u:)�1 limit but close to it, we can �nd fully chaotic orbits
only for reduced energies lower than 0.27. For the n = 3 model the
threshold can be very clearly established at a reduced energy of 0.75.

The relationship between Lmax and Lint can be appreciated in Figure
4. We notice even better than in the preceeding �gure the large amount
of low, but signi�cantly non-zero, Lint values of the n = 3 model which
cause the large ratio of fully to partially chaotic orbits of that model.
The blow-ups of the low-value regions show clear blobs where the values
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Figure 5. Spectra of stretching numbers for orbits of the n=3 model. Those for
regular, partially chaotic and fully chaotic orbits are shown, respectively, on the
left, central and right columns. The reduced energies corresponding to the upper,
central and lower row are, respectively, 0.56, 0.32 and 0.18.
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orbits of the n = 4 model.
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Figure 7. The spatial distribution of the regular, partially chaotic and fully chaotic
orbits of the n = 3 model.

corresponding to the regular orbits concentrate. From those blow-ups
we see that the limit that separates zero from non-zero values of the
FT-LCNs can be adopted as 0:00045(t:u:)�1 . This value is in excellent
agreement with similar limits adopted by Muzzio (2001) and Carpin-
tero, Muzzio, Vergne and Wachlin (2003) but, anyway, its precise value
is not too critical: changing it to 0:00040(t:u:)�1 or 0:00050(t:u:)�1 only
alters the percentages of chaotic orbits between 1% and 2%.

As a body moves on its orbit, the exponential divergence of neigh-
boring orbits varies in a discontinuous way (Contopoulos, 2002) and the
stretching numbers of Voglis and Contopoulos (1994) provide quanti-
tative estimates of those changes. Moreover, Voglis and Contopoulos
showed that any orbit is associated with an invariant spectrum of
stretching numbers. Figure 5 presents examples of spectra of stretching
numbers for regular, partially chaotic and fully chaotic orbits with
diferent values of reduced energy in our n = 3 model. They were
computed over a total integration time of 35,000 t.u. (i.e., the same
as used to compute the FT-LCNs) using 1:5 � 106 time intervals.

3.2. Spatial distribution

We divided the investigated orbits in three groups: 1) Regular (both
Lmax and Lint lower than 0:00045(t:u:)�1); 2) Partially chaotic (Lmax

larger than 0:00045(t:u:)�1 and Lint lower than the same); 3) Fully
chaotic (the two largest FT-LCNs larger than 0:00045(t:u:)�1). We
chose 11 points from each orbit: the initial position and ten positions
every 3,500 t.u. (including the �nal one at 35,000 t.u.); they thus sample
the orbits over the same time interval used to compute the FT-LCNs.
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Figure 8. The spatial distribution of the partially chaotic orbits with low and high
values of their FT-LCNs for the n = 3 model.

Figures 6 and 7 show the (x; y) and (x; z) distributions for the n = 4
and the n = 3 models, respectively. Di�erent degrees of concentration
are apparent for the former, but the most outstanding di�erences are
the di�erent degrees of attening displayed by the di�erent kinds of
orbits of the n = 3 model: regular orbits provide the main contri-
bution to the triaxial shape of the satellite, while fully chaotic orbits
have an almost spherical distribution; partially chaotic orbits are in
an intermediate situation, with a more or less spherical core and a
thin triaxial halo. Table III gives the dispersion along the x axis and
the axial ratios of the other two axes for both models. The di�erent
concentrations of the di�erent orbits in the n = 4 model is con�rmed
by the values of �x, while di�erences in attening are not signi�cant
in that model. The n = 3 model shows less pronounced, albeit still
signi�cant, concentration di�erences, and very strong and signi�cant
diferences in the attening of the di�erent kinds of orbits.

Kandrup and Mahon (1994) had used short time Lyapunov char-
acteristic numbers to investigate the stochasticity of the Toda lattice,
�nding that time averages and ensemble averages coincide. Thus, the
di�erent values displayed by our FT-LCNs for each energy in Figure
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Figure 9. The spatial distribution of the fully chaotic orbits with low and high values
of their FT-LCNs for the n = 3 model.

Table III. Dispersion along the x axis and axial ratios of the
di�erent kinds of orbits for the two models.

Model Orbits �x �y=�x �z=�x

n = 4 Regular 0:131 � 0:005 0:95� 0:05 0:86 � 0:05

n = 4 Part. Ch. 0:094 � 0:012 0:97� 0:18 1:11 � 0:19

n = 4 Fully Ch. 0:246 � 0:012 0:84� 0:06 0:88 � 0:06

n = 3 Regular 0:239 � 0:005 0:63� 0:03 0:49 � 0:03

n = 3 Part. Ch. 0:184 � 0:010 0:81� 0:07 0:71 � 0:07

n = 3 Fully Ch. 0:209 � 0:004 0:91� 0:02 0:87 � 0:02

3 are just due to the fact that, as they are computed over �nite time
intervals, they are revealing the di�erent degrees of stochasticity of
di�erent parts of the same orbit. Therefore, if we sorted the partially,
or the fully, chaotic orbits according to the values of their FT-LCNs,
we might expect to �nd di�erences in their spatial distributions, the
ones with low FT-LCNs behaving in a way more similar to that of the
regular orbits.
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Table IV. Dispersion along the x axis and axial ratios of the chaotic
orbits with low and high FT-LCNs for the n = 3 model

Orbits FT-LCNs �x �y=�x �z=�x

Part. Ch. Low 0:220 � 0:015 0:74� 0:08 0:61 � 0:08

Part. Ch. High 0:101 � 0:017 1:23� 0:27 1:28 � 0:28

Fully Ch. Low 0:229 � 0:005 0:84� 0:03 0:71 � 0:03

Fully Ch. High 0:189 � 0:005 1:00� 0:04 1:05 � 0:04

To follow that idea we divided (separately for each model, and also
separately for the partially and fully chaotic orbits) the orbits in energy
bins and, within each bin, we separated them in two halves, according
to whether their FT-LCNs were lower or higher than the median of the
bin; the results of all the energy bins were then put together and we
ended up with four new classes of orbits for each model: 1) Partially
chaotic with low FT-LCNs (PL hereafter); 2) Partially chaotic with
high FT-LCNs (PH hereafter); 3) Fully chaotic with low FT-LCNs (FL
hereafter); 4) Fully chaotic with high FT-LCNs (FH hereafter).

Figure 8 presents the (x; y) and (x; z) distributions of the PL and
PH orbits of the model n = 3 and we notice that both kinds of orbits
contribute to the central, more or less spherical, core already noticed
for the partially chaotic orbits in Figure 7; nevertheless, here we see
that the extended thin triaxial halo is exclusively due to the PL orbits
and completely absent from the PH ones. We also notice in Figure 9
(same as the previous one, but for the FL and FH orbits of model
n = 3) that the FL orbits have a more triaxial distribution than the
FH orbits. The results for the dispersion along the x axis and the axial
ratios, shown in Table IV, con�rm the stronger concentration of the
PH orbits relative to the PL ones, the triaxial shape of the FL orbits
and the almost spherical shape of the FH ones; the axial ratios of the
partially chaotic orbits have rather large statistical errors and nothing
can be said about the PH ones, but the distribution of the PL orbits
is certainly attened, although it cannot be assured that their shape is
triaxial.

Although some di�erences could also be recognized between chaotic
orbits with low and high FT-LCNs of the n = 4 model, they were less
clear and had much larger statistical errors than the results for n = 3
model, so that they are not shown here.
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16 Muzzio & Mosquera

Table V. Dispersion along the x axis and axial ratios
of the HR model of Carpintero et al. (2003)

Orbits �x �y=�x �z=�x

Regular 0:196 � 0:004 0:92� 0:03 0:87 � 0:03

Chaotic 0:224 � 0:006 0:96� 0:04 0:96 � 0:04

3.3. HR model

As indicated in the Introduction, since the HR models are built upon
a distribution function that only depends on the Jacobi integral, one
would not expect them to show any signi�cant di�erences between the
distributions of their regular and chaotic orbits. Nevertheless, in view of
the present results, we decided to reexamine the model we had investi-
gated in the previous work of Carpintero, Muzzio, Vergne and Wachlin
(2003). Only the largest Lyapunov exponent had been obtained in that
investigation, so that partially and fully chaotic orbits were bunched
together under the chaotic denomination. Table V gives the dispersion
along the x axis and the axial ratios for the HR model withWo = 0:5 we
had investigated. Although the axial ratios suggest a trend similar to
the one found here, i.e., a triaxial distribution for the regular orbits and
a more spherical shape for the chaotic ones, the statistical errors do not
allow us to state that the di�erences are signi�cant. Nevertheless, there
is a very signi�cant di�erence between the values of the dispersion along
the x axis for regular and chaotic orbits. This di�erence is con�rmed
by Figure 10, which presents the volume density (computed in sperical
shells) as a function of the radius, separately for the regular and chaotic
orbits: while both curves are nearly parallel for short radii, there is an
ever increasing cuto� of regular orbits as we go toward large radii.
This e�ect could only be expected, considering the varying fractions of
chaotic orbits, as a function of reduced energy, found by Carpintero,
Muzzio, Vergne and Wachlin (2003). We may conclude that di�erent
distributions of regular and chaotic orbits can be found even in the
HR models, whose distribution function depends only on the Jacobi
integral.

4. Discussion

The clear di�erences between the distributions of regular and chaotic
orbits and between those of partially and fully chaotic ones are a conse-
quence of the fact that fully chaotic orbits only obey the (global) Jacobi
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Figure 10. Volume density (computed in spherical shells) vs. radius for the HR
satellite model of Carpintero et al. (2003).

integral, while partially chaotic orbits obey one, and regular orbits two,
additional (local) isolating integrals. Those di�erences are clearer and
more pronounced in the n = 3 model, which is reasonable because it is
the one that has a larger proportion of mass points far from the center,
where chaos is more signi�cant, and a more triaxial shape which helps,
on the one hand, to enhance chaos, and, on the other hand, to reveal
the presence of the additional integrals that cause that shape.

In the case of the n = 4 model the shape is clearly determined by
the most abundant (73:5%) regular orbits. A comparison of Tables I
and III shows that the dispersion along the x axis of the regular orbits
is very similar to that of the whole model, while those of the partially
and fully chaotic orbits are distinctly smaller and larger, respectively.
Although the statistical errors of the axial ratios are rather large we
also note that, at least for the y to x ratio, that of the regular orbits is
the one closer to that of the whole model.

The large fraction of fully chaotic orbits (63:5%) helps them to make
up the bulk of the n = 3 model. Nevertheless, although their distribu-
tion is mildly triaxial, the triaxiality of the whole model certainly owes
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18 Muzzio & Mosquera

much to the less abundant regular orbits (28:6%) and also some to
the relatively scarce (7:9%) partially chaotic orbits, as a comparison of
Tables I and III shows.

Besides attening, the most striking di�erence between the two mod-
els is probably the one between the distributions of the fully chaotic
orbits, which is easily explained by the behavior of the Lint values.
We found that those values are non-zero mainly for reduced energies
smaller than 0.27 in the n = 4 model, but that their non-zero values
extend up to reduced energies of 0.75 in the n = 3 model. Thus, in
the former model, almost all fully chaotic orbits reach large distances
from the center and their contribution to the innermost regions comes
only from the time intervals when they traverse those regions. In the
n = 3 model, instead, a wide range of energies contribute to the fully
chaotic orbits so that the innermost regions are populated, not only by
the fully chaotic orbits that pass by on their way outwards but also by
fully chaotic orbits that never leave that region.

It is not unfrequent to compute only the largest Lyapunov exponent
in investigations of chaotic phenomena (see, e.g., Voglis et al. 2002),
a practice sometimes due to the complexity or length of the compu-
tations; Carpintero, Muzzio, Vergne and Wachlin (2003), for example,
computed all six FT-LCNs for most of their satellite models, but only
the largest one for the much more complex HR models. Nevertheless,
sometimes, even when the six FT-LCNs are computed, the three posi-
tive ones are combined into the Kolmogorov entropy and no distinction
is made between partially and fully chaotic orbits (e.g., Merritt and
Fridman, 1996 and Carpintero, Muzzio, Vergne and Wachlin, 2003), a
practice that should be avoided if the distribution of the orbits is of
importance to the investigation.

Finally, as our Figures 8 and 9 and our Table IV clearly show, it is
evident that even after separating the partially from the fully chaotic
orbits there are still di�erent distributions within each class of orbits
that can be revealed from the Lmax values. The reason should be traced
to the fact that the FT-LCNs are computed over �nite time intervals
and their values reect the higher or lower chaoticity of the orbit at that
time. Therefore, not even for the fully chaotic orbits can one assume
that the distribution function depends on the energy only.
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We have revised the manuscript "Spatial structure of regular and chaotic
orbits in self-consistent models of galactic satellites", by myself and M.E. Mos-
quera, following the referee's suggestions as follows (comment numbers are the
same as those of the referee):

1) The referee is right, and we have included references to previous work.

2) We have included examples of spectra of stretching numbers, as suggested
by the referee.
The suggestion that the FT-LCNs diminish near the islands of stability came

from Kandrup and Mahon (1994), p. 767 (last paragraph) of their paper, but
the referee is right in that the variation of the FT-LCNs is not due only to
stickiness close to particular islands, so that we have improved the description
of the point in question.

3) We have improved the wording, distinguishing between the global Jacobi
integral and local integrals (or pseudo-integrals).
We have been investigating the existence of other integrals in models of galac-

tic satellites much simpler than the present ones, so far without success, but this
subject might eventually lead to a future investigation. The work of Contopou-
los et al. (2002) is not strictly comparable to the present one, because theirs
was done using a stationary and axisymmetric system, i.e., they had the axial
component of the angular momentum, besides the energy, as known integrals,
while in our case the single global integral is Jacobi's.

4) Again, we cannot apply the method of Contopoulos et al. (2002) because
our phase space has two more dimensions than theirs and even a very coarse
grid of 10 cells in each variable would demand 1,000,000 cells, and density com-
putations would su�er from very large statistical errors. Moreover, we cannot
clearly separate regular from chaotic regions (say, with Poincare surfaces of sec-
tion as they did), so that we cannot exclude the islands of regularity from our
density computations over the chaotic sea.

5) The referee is right as, in fact, our own results show. We only wanted to
mean that, at �rst sight, one might expect to �nd no signi�cant di�erences. We
have thus repeated in this section the more careful wording already used in the
Introduction and which deserved no objection from the referee.

6) We found large fractions of escapees (15%�25%) in our �rst attempts, but
the results of those attempts are not the ones used in the present paper. The
methods �nally adopted to generate the models used for the present investiga-
tion yielded very low fractions of escapees, as indicated in the paper. We have
improved the wording to make this clearer.

7) The use of moments of inertia (or the dispersion, in this case of equal
masses) is standard practice for the evaluation of the axial ratios (e.g., Aguilar
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and Merrit, 1990) but, due to the strong concentration of stellar models, they
are usually much smaller than what one expects for a "radius" of the system.
We clari�ed this matter in the new version and we also added the values of the
tidal radii of our models to give a better idea of their size.

8) The referee is right, there was a typo in this sentence: it should have read
"larger than rn" instead of "less than rn" (otherwise, we would have favored
velocities at large angles, rather than at low ones), and it was corrected. Imagine
two angles, one whose sine is 0.1 and the other whose sine is 1.0: with 0:0 <

rn < 1:0, we would have retained 90% of the former and 0% of the latter, while
with 0:0 < rn < 1:5, we retain 93:3% and 33:3%, respectively. Thus, changing
the upper limit of rn we were able to change the anisotropy of the velocity
distributions and the value 1.5 was found just by trial and error.

9) The referee's suggestion was included in the new version.

10) The sentence was reworded in the new version.

11) It was already indicated in the original version that the quadrupolar
potential �tted the N-body derived values with accuracies of 0:19% and 0:13%,
respectively, for the n=4 and the n=3 models. We added a new Table II in the
revised version to show that stationarity is very well maintained. We had failed
to mention in the original version that "e" is also a parameter obtained from
the �tting, and that was corrected in the revised version.

12) We had discussed in our previous papers the selection of the integration
time but, from the referee's comment, we realized that it was convenient to
repeat here part of our argumentation and so we did in the new version.

13) The blob corresponds to the regular orbits, as it is now explained in the
new version. We changed the lower part of Fig. 4, so as to have it somewhat
enlarged in the horizontal direction, in order to show the limits of the blobs more
clearly. As, by de�nition, Lint < Lmax, one might expect a lower limiting value
for the former and, in fact, some hint of that is o�ered by Fig. 4. Nevertheless,
the precise value of the limiting value is not too critical (and we indicate in
the new version that more than reasonable changes in that value only alter the
percentages of chaotic orbits by 1% or 2%), so that we adopted the same limit
of 0.00045 for both Lmax and Lint.

14) No, there is no continuity in that sense. What the comparison of the
Tables shows is exactly the same e�ect depicted in Fig. 5: partially chaotic
orbits tend to be more concentrated than regular orbits, while fully chaotic
orbits display a rather extended halo.
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In several previous papers we had investigated the orbits of the stars that make
up galactic satellites, �nding that many of them were chaotic. Most of the mod-
els studied in those works were not self-consistent, the single exception being
the Heggie & Ramamani (1995) models; nevertheless, these ones are built from
a distribution function that depends on the energy (actually, the Jacobi inte-
gral) only, what makes them rather special. Here we built up two self-consistent
models of galactic satellites, freezed theirs potential in order to have smooth and
stationary �elds, and investigated the spatial structure of orbits whose initial
positions and velocities were those of the bodies in the self-consistent models.
We distinguished between partially chaotic (only one non-zero Lyapunov expo-
nent) and fully chaotic (two non-zero Lyapunov exponents) orbits and showed
that, as could be expected from the fact that the former obey an additional
local isolating integral, besides the global Jacobi integral, they have di�erent
spatial distributions. Moreover, since Lyapunov exponents are computed over
�nite time intervals, their values reect the properties of the part of the chaotic
sea they are navigating during those intervals and, as a result, when the chaotic
orbits are separated in groups of low- and high-valued exponents, signi�cant
di�erences can also be recognized between their spatial distributions. The struc-
ture of the satellites can, therefore, be understood as a superposition of several
separate subsystems, with di�erent degrees of concentration and trixiality, that
can be recognized from the analysis of the Lyapunov exponents of their orbits.
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